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A B S T R A C T

In this article, the q-deformed Sinh–Gordon equation has been investigated using exp(−𝜙(𝜉))-expansion and the
generalized projective Riccati equations (GPRE) methods. These methods successfully extract trigonometric and
hyperbolic solutions along with the suitable constraint conditions, imposed on parameters for the existence
of solutions. Besides that, the numerical results are displayed through various graphics to show the diverse
propagation patterns of solitons. The proposed equation has opened new horizons for modeling those physical
system where symmetry is violated.
Introduction

Dynamical models form the foundation of many scientific domains,
yet they are little documented in the literature. They are a major
topics of study in mathematical and applied sciences. Such models
are based on nonlinear ordinary or partial differential equations. Non-
linearity has significant impacts on describing the dynamics not just
in macroscopical systems, but also in microscopical systems governed
by quantum physics laws [1,2]. We can provide many examples like
bifurcation, chaos, Rogue waves, stability, lasing, phase transition,
correlations, squeezing, super radiance, and solitons [3–12]. Solitons
are of particular interest due to their potential for novel applica-
tions in a variety of sectors of sciences. Soliton is a traveling wave
solution with particle-like characteristics. This propriety can be de-
scribed in general by a balance of dispersion and nonlinearity. The
essential feature of integrable models is the soliton solution [13–15].
Solitons are generated by a number of well-known nonlinear PDEs such
as Kadomtsev–Petviashvili equation, nonlinear Schrödinger equation,
Sin-Gordon, Korteweg–de Vries equation, Kundu–Mukherjee–Naskar
equation, and Sinh–Gordon equations [16–23].

Nonlinear phenomena can be seen in many fields, like hydrodynam-
ics, fluid mechanics, plasma physics, quantum electronics, and optics
[24–26]. NLPDEs are commonly used to gain a better understanding of
the tendency of these areas, specifically some attractive models derived
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from the Boussinesq equation. Multiple schemes for extracting exact
as well as the numerical solutions to nonlinear evolution equations
(NLEEs) have been devised in order to give sufficient information for
comprehending physical events occurring in a number of science and
engineering fields such as the unified strategy, to discover the exact
solitary wave solutions, Painleve approach, Wronskian formulation, lin-
ear superposition principle, Hirota bilinear method, inverse scattering
method, invariant subspaces, novel auxiliary equation strategy, and
symmetry reduction strategy. The fractal vibrational principle always
leads to approximate solution instead of exact solutions are discussed in
[27–29]. This significance has led in the creation and implementation
of a variety of strategies in this respect [30–36].

More and more attention is given to these nonlinear challenges, and
much nonlinear identification research will eventually be characterized
as NLEEs. As a result, determining how to find their exact solutions
are critical for associated nonlinear scientific analysis, and this has
always been a crucial topic in mathematics and physics research. The
extraction of solitons to NPDEs, in particular, has become one of the
most fascinating and engaging areas of study. Significant progress
has been made in recent years, and numerous robust and efficient
strategies for obtaining accurate NLEE solutions have been established.
The GPRE and the exp(−𝜙(𝜉))-expansion schemes are regarded as the
most appropriate strategies for generating exact solutions for NLPDEs.
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These techniques are straightforward, easy, and successful, and they
may be applied to a wide range of NLPDEs to identify solitary wave
solutions. These approaches are useful because they are applicable to
equations with a large balancing number. In other analytical solution
methods, the computational cost rises as the balancing number rises.

This article deals with the generalized q-deformed Sinh–Gordon
equation ( Eleuch equation) [37]. It describes

𝜕2𝑚
𝜕𝑥2

− 𝜕2𝑚
𝜕𝑡2

=
[

sinh𝑞(𝑚𝛾 )
]𝑝 − 𝛿, (1)

here sinh𝑞 is the function of Arai q-deformed defined by

sinh𝑞(𝑥) =
𝑒𝑥 − 𝑞𝑒−𝑥

2
, 0 < 𝑞 ≤ 1. (2)

For 𝑞 = 1 gives standard sinh functions. The cosh𝑞(𝑥), tanh𝑞(𝑥) and
their reciprocal along with their useful properties are well described
in [37,38]. It is not restricted to mathematical, theoretical physics and
applied mathematics, but also provides applications in physics when
the symmetry of the explored system is missing or broken. We want to
use the proposed approaches to examine the optical soliton solutions of
Eq. (1). On the contrary, this work proposes unique optical solitons and
various types of solutions to this nonlinear model. This article describes
a significant advancement and gradual enhancements to past work.

The remainder of the article is structured as following. Section
‘‘The mathematical analysis’’ covers the fundamentals of mathemati-
cal analysis. Section ‘‘Outline of the analytical techniques’’ presents
an overview of the applicable techniques. Section ‘‘Construction of
solutions using proposed methods’’ describes how to generate soliton
solutions using the proposed method. Section ‘‘Graphical illustrations’’
contains a graphical representation of the obtained solutions to the
problems. Finally, in Section ‘‘Conclusion’’, the work’s conclusion is
presented.

The mathematical analysis

The following transformation is used to determine the traveling
wave solution of Eq. (1) [37],

𝜁 = 1
√

1 − 𝛼2
(𝑥 − 𝛼𝑡), (3)

where 𝛼 denotes the speed of traveling wave. Using Eq. (3), Eq. (1) has
been converted into following ODE [37],

𝑑2𝑚(𝜁 )
𝑑𝜁2

=
[

sinh𝑞(𝑚𝛾 (𝜁 ))
]𝑝 − 𝛿. (4)

In this paper, Eq. (4) has been studied for the case 𝑝 = 1, 𝛾 = 1 and 𝛿 = 0
which represent the q-deformed-Sinh–Gordon equation. The traveling
wave solutions for Eq. (4) will be obtained in the subsequent sections
using proposed analytical methods by applying the transformation

𝑛(𝜁 ) = 𝑒𝑚(𝜁 ). (5)

fter utilizing Eq. (5), Eq. (4) becomes

− 2𝑛′2 + 2𝑛𝑛′′ − 𝑛3 + 𝑞𝑛 = 0. (6)

utline of the analytical techniques

This section goes over the analytical techniques in detail.

ethod-I: exp(−𝜙(𝜁 )) method

According to this technique [39,40], the solution has the form,

(𝜁 ) =
𝑁
∑

𝐴𝑝 (exp(−𝛷(𝜁 )))𝑝 , (7)
2

𝑝=0
𝑝 represents arbitrary constants and 𝛷(𝜁 ) obeys the following ODE

′(𝜁 ) = exp(−𝛷(𝜁 )) + 𝑚1 exp(𝛷(𝜁 )) + 𝑙. (8)

q. (8) possesses the following hyperbolic, trigonometric and rational
olutions.

When 𝑙2 − 4𝑚1 > 0 and 𝑚1 ≠ 0, then

1(𝜁 ) = ln

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−
√

𝑙2 − 4𝑚1 tanh

(

√

𝑙2−4𝑚1
2 (𝜁 + 𝐶)

)

− 𝑙

2𝑚1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

. (9)

When 𝑙2 − 4𝑚1 < 0 and 𝑚1 ≠ 0, then

2(𝜁 ) = ln

⎛

⎜

⎜

⎜

⎜

⎜

⎝

√

4𝑚1 − 𝑙2 tan

(

√

4𝑚1−𝑙2

2 (𝜁 + 𝐶)

)

− 𝑙

2𝑚1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

. (10)

When 𝑙2 − 4𝑚1 > 0 and 𝑚1 = 0 and 𝑙 ≠ 0 then

3(𝜁 ) = − ln
(

𝑙
cosh(𝑙(𝜁 + 𝐶)) + sinh(𝑙(𝜁 + 𝐶)) − 1

)

. (11)

hen 𝑙2 − 4𝑚1 = 0 and 𝑚1 ≠ 0 and 𝑙 ≠ 0, then

4(𝜁 ) = ln
(

−
2(𝑙(𝜉 + 𝐶)) + 2

𝑙2(𝜁 + 𝐶)

)

. (12)

hen 𝑙2 − 4𝑚1 = 0 and 𝑚1 = 0 and 𝑙 = 0, then

5(𝜁 ) = ln (𝜁 + 𝐶) . (13)

he balancing principle determines the value of 𝑁 . When Eq. (7)
s substituted into ODE, an algebraic equation involving powers of
xp(−𝛷(𝜁 )) is produced. A system of algebraic equations for 𝐴𝑝 is
btained by equating the coefficients of each power of exp(−𝛷(𝜁 )) to
ero.

ethod-II: Key points of GPRE technique

The solution takes the form given by GPRE method [38]

(𝜁 ) = 𝐴0 +
𝑁
∑

𝑝=1
𝛺𝑝−1(𝜁 )

[

𝐴𝑝𝛺(𝜁 ) + 𝐵𝑝𝛶 (𝜁 )
]

, (14)

here 𝐴0, 𝐴𝑝 and 𝐵𝑝 are the unknown constants. The functions 𝛺(𝜁 )
nd 𝛶 (𝜁 ) obey the following ODEs
′(𝜁 ) = 𝑒1𝛺(𝜁 )𝛶 (𝜁 ), (15)

′(𝜁 ) = 𝑅1 + 𝑒1𝛶
2(𝜁 ) −𝑀𝛺(𝜁 ), 𝑒1 = ±1, (16)

here

2(𝜁 ) = −𝑒1

(

𝑅1 − 2𝑀𝛺(𝜁 ) +
𝑀2 + 𝑟1

𝑅1
𝛺2(𝜁 )

)

. (17)

Eqs. (15)–(16) possess the following solutions
Family 1 𝑒1 = −1, 𝑟1 = −1, 𝑅1 > 0, 𝑀 ≠ 0

𝛺1(𝜁 ) =
𝑅1 sech(

√

𝑅1𝜁 )

𝑀 sech(
√

𝑅1𝜁 ) + 1
, 𝛶1(𝜁 ) =

√

𝑅1 tanh(
√

𝑅1𝜁 )

𝑀 sech(
√

𝑅1𝜁 ) + 1
.

Family 2 𝑒1 = −1, 𝑟1 = 1, 𝑅1 > 0, 𝑀 ≠ 0

𝛺2(𝜁 ) =
𝑅 csch(

√

𝑅1𝜁 )

𝑀 csch(
√

𝑅1𝜁 ) + 1
, 𝛶2(𝜁 ) =

√

𝑅1 coth(
√

𝑅1𝜁 )

𝑀 csch(
√

𝑅1𝜁 ) + 1
.

Family 3 𝑒1 = 1, 𝑟1 = −1, 𝑅1 > 0, 𝑀 ≠ 0

𝛺3(𝜁 ) =
𝑅 sec(

√

𝑅1𝜁 )
√

, 𝛶3(𝜁 ) =

√

𝑅1 tan(
√

𝑅1𝜁 )
√

.

𝑀 sec( 𝑅1𝜁 ) + 1 𝑀 sec( 𝑅1𝜁 ) + 1
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Family 1 𝑒1 = 1, 𝑟1 = 1, 𝑅1 > 0, 𝑀 ≠ 0

𝛺4(𝜁 ) =
𝑅1 csc(

√

𝑅1𝜁 )

𝑀 csc(
√

𝑅1𝜁 ) + 1
, 𝛶4(𝜁 ) =

√

𝑅1 cot(
√

𝑅1𝜁 )

𝑀 csc(
√

𝑅1𝜁 ) + 1
.

Plugging Eq. (14) into ODE and collecting the coefficients of same
powers of 𝛺𝑝(𝜁 )𝛶 𝑗 (𝜁 ) (𝑗 = 0, 1,…; 𝑝 = 0, 1,…) (or 𝛺𝑝(𝜁 ), 𝑝 = 0, 1,…) and
equating them to zero. The constants 𝐴0, 𝐴𝑝, 𝐵𝑝, 𝑚 and 𝑅, 𝑝 = 1, 2,… , 𝑁
are extracted upon solving the system of algebraic equations.

Construction of solutions using proposed methods

This section gives the extraction of soliton solutions for the proposed
model Eq. (1) for 𝑝 = 1, 𝛾 = 1 and 𝛿 = 0 by employing one of the most
fficient analytical methods namely exp(−𝜙(𝜁 ))-expansion method and

the generalized projective Riccati equations (GPRE) method.

Method-I

In this part, Eq. (6) is solved using the exp(−𝜙(𝜁 )) approach to
produce soliton solutions.
In Eq. (6), balancing 𝑛′2 and 𝑛3 produces 𝑁 = 2. The suggested solution
is as following:

𝑛(𝜁 ) =
2
∑

𝑝=0
𝐴𝑛 (exp(−𝛷(𝜁 )))𝑝 , (18)

Using the approach described in Section ‘‘Outline of the analytical
techniques’’. The values of the unknowns 𝐴0, 𝐴1, 𝐴2 are calculated as:
SET 1:

𝐴0 = 𝑙2, 𝐴1 = 4𝑙, 𝐴2 = 4, 𝑞 = (𝑙2 − 4𝑚2
1).

The hyperbolic function solutions corresponding to SET 1 are
When 𝑙2 − 4𝑚1 > 0 and 𝑚 ≠ 0, then

(𝜁 ) = ln

⎡

⎢

⎢

⎢

⎢

⎣

(

𝑙2 − 4𝑚2
1 + 𝑙

√

𝑙2 − 4𝑚2
1 tanh[

1
2

√

𝑙2 − 4𝑚1(𝐶 + 𝜁 )]
)2

(

𝑙 +
√

𝑙2 − 4𝑚1 tanh[
1
2

√

𝑙2 − 4𝑚1(𝐶 + 𝜁 )]
)2

⎤

⎥

⎥

⎥

⎥

⎦

. (19)

The trigonometric function solutions are
When 𝑙2 − 4𝑚1 < 0 and 𝑚1 ≠ 0, then

𝑚(𝜁 ) = ln

⎡

⎢

⎢

⎢

⎢

⎣

(

𝑙2 − 4𝑚2
1 − 𝑙

√

−𝑙2 + 4𝑚2
1 tan[

1
2

√

−𝑙2 + 4𝑚1(𝐶 + 𝜁 )]
)2

(

𝑙 −
√

−𝑙2 + 4𝑚1 tan[
1
2

√

−𝑙2 + 4𝑚1(𝐶 + 𝜁 )]
)2

⎤

⎥

⎥

⎥

⎥

⎦

. (20)

he hyperbolic function solutions corresponding to SET 1 are
When 𝑙2 − 4𝑚1 > 0 and 𝑚1 = 0 and 𝑙 ≠ 0 then

(𝜁 ) = ln
[

𝑙2 coth[ 1
2
𝑙(𝐶 + 𝜁 )]

]

, (21)

where 𝐶 is the constant of integration.

Method-II

In this article, Eq. (6) is solved using the GPRE method to generate
soliton solutions. Eq. (14) has the following form for 𝑁 = 2.

𝑛(𝜁 ) = 𝐴0 +
2
∑

𝑝=1
𝛺𝑝−1(𝜁 )

[

𝐴𝑝𝛺(𝜁 ) + 𝐵𝑝𝛶 (𝜁 )
]

, (22)

where 𝐴0, 𝐴1, 𝐴2 and 𝐵1, 𝐵2 are the unknown constants to be found by
inserting Eq. (22) in the Eq. (6) and adopting the proposed method as
mentioned. The values of unknowns 𝐴0, 𝐴1, 𝐴2 and 𝐵1, 𝐵2 are summa-
rized as SET 1.

𝐴0 =
√

𝑞, 𝐴1 = −2𝑀, 𝐴2 =
2(𝑀2 + 𝑟1)

√
, 𝐵1 = 0, (23)
3

𝑞

𝐵2 = ±
2
√

𝑀2 + 𝑟1

𝑞
1
4

, 𝑅1 =
√

𝑞.

The hyperbolic solutions have been calculated corresponding to SET 1,
for Family 1

𝑚(𝜁 ) = ln

⎡

⎢

⎢

⎢

⎣

√

𝑞 − 2𝑀

⎛

⎜

⎜

⎜

⎝

√

𝑞 sech(
√

√

𝑞𝜁 )

𝑀 sech(
√

√

𝑞𝜁 ) + 1

⎞

⎟

⎟

⎟

⎠

(24)

+
2(𝑀2 − 1)

√

𝑞

⎛

⎜

⎜

⎜

⎝

√

𝑞 sech(
√

√

𝑞𝜁 )

𝑀 sech(
√

√

𝑞𝜁 ) + 1

⎞

⎟

⎟

⎟

⎠

2

±2
√

𝑀2 − 1

𝑞
1
4

⎛

⎜

⎜

⎜

⎝

√

𝑞 sech(
√

√

𝑞𝜁 )

𝑀 sech(
√

√

𝑞𝜁 ) + 1

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

√

√

𝑞 tanh(
√

√

𝑞𝜁 )

𝑀 sech(
√

√

𝑞𝜁 ) + 1

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

.

he hyperbolic solutions have been calculated corresponding to SET 1,
or Family 2

(𝜁 ) = ln

⎡

⎢

⎢

⎢

⎣

√

𝑞 − 2𝑀

⎛

⎜

⎜

⎜

⎝

√

𝑞 csch(
√

√

𝑞𝜁 )

𝑀 csch(
√

√

𝑞𝜁 ) + 1

⎞

⎟

⎟

⎟

⎠

(25)

+
2(𝑀2 + 1)

√

𝑞

⎛

⎜

⎜

⎜

⎝

√

𝑞 csch(
√

√

𝑞𝜁 )

𝑀 csch(
√

√

𝑞𝜁 ) + 1

⎞

⎟

⎟

⎟

⎠

2

±2
√

𝑀2 + 1

𝑞
1
4

⎛

⎜

⎜

⎜

⎝

√

𝑞 csch(
√

√

𝑞𝜁 )

𝑀 csch(
√

√

𝑞𝜁 ) + 1

⎞

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎝

√

√

𝑞 coth(
√

√

𝑞𝜁 )

𝑀 csch(
√

√

𝑞𝜁 ) + 1

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

.

pplying GPRE method, the values of constants are determined for
1 = 1 as
ET 2

0 = −
√

𝑞, 𝐴1 = 2𝑀, 𝐴2 = −
2(𝑀2 + 𝑟1)

√

𝑞
, 𝐵1 = 0, (26)

𝐵2 = ±
2
√

−𝑀2 − 𝑟1

𝑞
1
4

, 𝑅1 =
√

𝑞.

Following trigonometric solutions have been calculated corresponding
to SET 2, for Family 3

𝑚(𝜁 ) = ln

⎡

⎢

⎢

⎢

⎣

−
√

𝑞 + 2𝑀

⎛

⎜

⎜

⎜

⎝

√

𝑞 sec(
√

√

𝑞𝜁 )

𝑀 sec(
√

√

𝑞𝜁 ) + 1

⎞

⎟

⎟

⎟

⎠

(27)

−
2(𝑀2 − 1)

√

𝑞

⎛

⎜

⎜

⎜

⎝

√

𝑞 sec(
√

√

𝑞𝜁 )

𝑀 sec(
√

√

𝑞𝜁 ) + 1

⎞

⎟

⎟

⎟

⎠

2

±2
√

−𝑀2 + 1

𝑞
1
4

⎛

⎜

⎜

⎜

⎝

√

𝑞 sec(
√

√

𝑞𝜁 )

𝑀 sec(
√

√
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Fig. 1. (a) is 3D plot of Eq. (19) by taking 𝑙 = 1, 𝑚1 = 0.01 and 𝐶 = 0, (b) Contour plot and (c) is 2D line plots of Eq. (19) against 𝑥.

Fig. 2. (a) is 3D plot of Eq. (20) by taking 𝑙 = 1, 𝑚1 = 1 and 𝐶 = 0, (b) Contour plot and (c) is 2D line plots of Eq. (20) against 𝑥.
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Fig. 3. (a) is 3D plot of Eq. (28) by taking 𝑀 = 1.5, (b) Contour plot and (c) is 2D line plots of Eq. (28) against 𝑥.
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Graphical illustrations

In this part, we provide graphical illustrations of few of the de-
termined results. It is important to mention here that explicit and
consistent wave solutions are extracted by applying two different re-
liable schemes. The graphical illustrations of few of the determined
solutions are depicted here. It is important to mention here that explicit
and consistent wave solutions are extracted by applying two different
reliable schemes. Figs. 1–3 represent, the 3D, 2D plots and contour plots
of Eqs. (19), (20) and (28) respectively by taking 𝑞 = 0.5 and 𝛼 = 0.9.

Conclusion

Our work provides a detailed presentation of the sine–Gordon mod-
els as well as the presence of many soliton solutions. The exp(−𝜙(𝜁 ))-
expansion and the GPRE methods are effectively employed in this
research to obtain solutions to an interesting q-deformed Sinh–Gordon
equation. The investigation of analytical solutions and numerous prop-
erties of the traveling wave solutions for the q-deformed Sinh–Gordon
equation are certainly pertinent. These approaches have successfully
retrieved trigonometric and hyperbolic solutions, as well as the appro-
priate constraint conditions imposed on parameters to ensure solution
existence. Such current results provide a solid framework for proceed-
ing forward in this direction. The q-deformed Sinh–Gordon equation
is useful not only in applied mathematics and mathematical physics,
but it is also relevant to applications in physics when the system
model’s symmetry is broken or missing. Using various parameters,
several dynamic features of the generated solutions were investigated
and illustrated in figures. The Figs. 1–3 show that the model under
study has diverse propagation patterns and consists of trigonometric
and hyperbolic solitons. It is further highlighted that the proposed
solutions are efficient, novel, and can be used to various fields of
science, particularly nonlinear optics.
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