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ARTICLE INFO ABSTRACT

Keywords: New forms of Fresnel reflection and transmission coefficients were derived in the case of oblique
Optical interaction optical incidence at the interface of dielectric medium coated with thin partially-reflecting
Fresnel coefficients mirror. This essentially required the application of modified boundary conditions for both the

Reflective coating

electric and magnetic fields. The expressions for power reflectivity (of the mirror) were obtained
Geometrical optics

for both the transverse electric (TE) and transverse magnetic (TM) waves considering the cases of
dielectric and metallic coatings. The reflectance and transmittance of the coated surface were
also examined corresponding to different values of mirror reflectivity. It is expected that the
forms of Fresnel coefficients would be useful in modeling optical and optoelectronic mirror-based
devices.

1. Introduction

Fresnel coefficients relate to the reflection and transmission of electromagnetic (EM) waves upon interacting with certain sur-
faces. These play important roles in the studies of the phenomena of optics and optoelectronics [1-5]. The forms of Fresnel coeffi-
cients differ for both the normal and oblique incidence of waves. Furthermore, in the case of oblique incidence, these differ for both
the transverse electric (TE) and transverse magnetic (TM) waves [6-9]. In certain optical devices, Fresnel coefficients are utilized to
derive the global reflectance and transmittance. In a single layer of an optical medium, the analytical expressions of global reflectance
and transmittance can be obtained in terms of Fresnel coefficients. In multilayer structures, these coefficients can be utilized via the
transfer matrix method, in order to calculate the global reflectance and transmittance (of the relevant devices).

Fresnel equations are essential in designing many optical components, such as thin-film filters, multi-channel filters, polarizers,
and Brewster mirror windows [10-13]. In cavity-based optical devices, such as Fabry-Perot resonators, the optical medium is usually
coated with a thin layer of partially-reflecting mirror, in order to control the confinement of light [14-19]. In this case, the most
appropriate situation is to derive a new form of Fresnel coefficients where the existence of mirror is taken into account.

In the present work, we derive Fresnel reflection and transmission coefficients for a linear dielectric medium coated with a thin
partially-reflecting mirror, considering the oblique incidence of both the TE- and TM-polarized waves. The effect of mirror on Fresnel
coefficients and the surface reflectance are investigated for both these polarizations. The derived analytical expressions provide the
basis for a reliable description of light wave propagation in photonic devices at oblique incidence, such as Fabry-Perot resonators and
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Medium 1

Medium 2

Fig. 1. Schematic of the TE-polarized incidence on a surface of a medium coated with a thin partially-reflecting dielectric mirror.

multilayer structures.
2. Mathematical formulation

Let us consider a situation where the EM wave is obliquely impinged (from free-space) on a linear dielectric medium, as shown in
Fig. 1. In oblique incidence, a particular subset of waves may be considered. Here, we consider a TE wave where the electric E-field is
perpendicular and the magnetic H-field is parallel to the plane of incidence. In addition, we consider the case of a TM-polarized wave
where the H-field is perpendicular and the E-field is parallel to the plane of incidence. Mathematically, the EM wave in each medium
is described by a plane wave, and then the boundary conditions for both the E- and the H-fields are applied at the interface. We then
solve the resulting equations simultaneously, in order to derive the new forms of Fresnel coefficients. We now consider the two cases
individually.

2.1. Case I: TE-Polarized excitation

As shown in Fig. 1, the E-field of a TE-polarized wave has one component along the x-direction and perpendicular to the yz-plane
The EM wave propagates at a fundamental frequencyw relative to a rectangular coordinate system w1th the base vectors i ] k.

In the medium of incidence (i.e., the Medium 1), the total E-field can be written as E1 = E + E,, where E and E are the
incident and reflected E fields, respectively. Both E and E assume the general form of a time-independent plane wave
Epexp [l(k 7)] with E,, k and 7 being the electric field amplitude, propagation wave vector, and the position vector, respectively.
The incident electric field E,) propagates along the wave vector Z = k; 5;, where k; is the wavenumber in the medium of incidence
(i.e., the Medium 1) and §; is a unit vector in the direction of Z The reflected electric field E: propagates along the wave vector

- -
kr = ki'S, with S, being a unit vector in the direction of k,. From the geometry of Fig. 1, the wave vectors of the incident and the
reflected waves are confined in the yz-plane; these can be written as

bd A ~ ~
ki = ky5 = sinj — cos6; k (@9)]
- A~ ~ ~
k. = k5, = sinb,j + cos6.k (2

In Egs. (1) and (2), 6; and 6, are the angle of incidence and reflectance, respectively. In addition, the reflected electric field amplitude
E,, is written as Ey, = p,,Eq;, where p,, is the Fresnel reflection coefficient. In a similar fashion, the total H-field in the medium of

incidence (i.e., the Medium 1) is written as 71_1) = YJ_: + ;I_:, where YJ_: and Ey) are the incident and the reflected H-fields, respectively.
In general, for a nonmagnetic medium, the H-field can be obtained from the E-field using Maxwell’s equation

ﬁ(r) = [1iwp, ]V % T (r), following a standard procedure in the EM theory. Hence, for both the fields in the medium of incidence,
we can have

E{ = Eyexp (i kyy sind; ) [exp(—i kyz cos®; ) + p,,exp (i kyz cosd; )]f 3

E)(y, 2) = @{—[coseif + sin@ifc\ lexp (i kyy sinf; — i kyz cos6; )
Wity

+0,, [coserf - sin@,fc\ lexp (i kyy sinb, + ikz cos6, )} 4
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In the medium of transmittance (i.e., the Medium 2), the transmitted E-field (i.e., 75_;) assumes a general form of a plane wave with

- ~ . . . . ~ . . . . . -
a wave vector k, = k,5;, where k; is the wavenumber in the medium of transmittance and §; is a unit vector in the direction of k,. From
the geometry of Fig. 1, we can write the wave vectors of the transmitted wave as

- ~ A ~
ky = koS, = sinbj — cosb; k 5)

In Eq. (5), 6 is the angle of transmittance. The amplitude of the transmitted E-field can also be written as 5,E, where 7, is the
Fresnel transmission coefficient.

In a similar fashion, we can evaluate the H-field in the medium of transmittance. As such, for both the E- and H-fields in the
medium of transmittance, we can write

_E_;(y, Z) = maEpexp (i kyy sinb, — ikycos 6,z )’i\ 6)
ﬁz)(y, z) = —lo B T2 [cos@tf + sin@,fc\ lexp (i kyy sinb; — i kyz cos6; )
Wity @

The mirror can be a thin metallic or dielectric layer at the interface between the Mediums 1 and 2. Due to the existence of mirror
at the interface, the usual form of boundary conditions are altered, particularly, the continuity of the tangential components of the H-
field. In this case, the EM boundary conditions for the tangential components of both the E- and H-fields (i.e., E" and H") can be stated
as [14,15,20]

(ED)z—o = ENzeo,  (HY' = HY)z—0 = 1y (Bl 2)z0 8

In Eq. (8), ,, is the mirror coefficient, given as 7, = oy Sy — iweoern Sy, Whereoy, Sy, and &, are the mirror conductivity, thickness,
and permittivity, respectively. The coefficients w and ¢, are the operating angular frequency and free-space permittivity, respectively.
The mirror coefficient 7,, is complex-valued where the real part represents the metallic contribution, whereas the imaginary part
corresponds to the dielectric contribution. The derivation of the previous form of modified boundary conditions is shown in Appendix
A.

We now substitute the tangential components of fields from Egs. (3),(4),(6) and (7) into the boundary conditions in Eq. (8), and
solve for p,; and 7,. In this case, the following expressions for the new Fresnel reflection and transmission coefficients are obtained
under the phase-matching conditions:

_ kcosb, — kcosO + ay o= 2k; cos 6;
P kicos8; + kcos6, — o 2 [kycos6; + kycosB, — ay] )
oM = wpgny, = wuyoMSy — 1w kgEoEr Oy (10)

It should be noted at this point that the boundary conditions for the E-fields under phase-matching conditions necessitate the
satisfaction of Fresnel laws of reflection and refraction. That is, 6; = 6, = 6, and k; sin 6; = k; sin 6,. The dimensional mirror coefficient
aM in Egs. (9) and (10) is complex with the units of m L. The former modified coefficients 05 and 7, in Egs. (9) and (10) may
alternatively be expressed in the terms of refractive index or characteristic impedance, as known in the literature [7,21,22].

ny cos6; — ny cos6; + o 2n, cos 6;
= iy =
2y cos 6 + mycosb, —a;’ n cos6; + nycosb; — ag 11

. g
oy = Qg — ity = CUyOMOM — l(?)£M5M 12)
In these equations, ay is the scaled form of the mirror coefficient ), wherein a, and a; are, respectively, the real and imaginary parts.
As oy does not have a very direct physical significance, it is then important to derive a relationship between a; and the power
reflectivity of Ry of the coating mirror at the interface under linear approximation. To do so, we use Ry = p21p2*1 (with ,02’"1 being the
complex conjugate of p,,). This leads to the following equations for Ry:

(mcosf; — mycos6, ) + (af + ag)(mcosf; — mycos b, ) + oot
V=
(nycos6; + nycos6,)? — (af + a;)(n cos6; + nycos6, ) + oo (13)

For a pure dielectric mirror, where the metallic conductivity oy — 0, the term a, — 0, and ¢ reduces to— ia, = —iwey Sy /c. In the
case of an ideal metallic mirror, the dielectric permittivity of the mirror material g, — 0, the term a;, — 0, and «; reduces to
as = ag = ciyomdy [20]. Consequently, Eq. (13) splits to the following two equations for the dielectric and metallic mirrors:

(m cosB; — nycos B, )* + af
(n cos6; + nycos6,)? + af 14

Ry, 1EsDiclectric =

[(m cos8; — nycos b, ) + 20, (my cos6; — nycosf, ) + a2

[(nycos6; + nycosf;) — 20t5](ny cos6; + nycos ;) + a? (15)

R, 18 Metatiic =

Exploiting these equations, we can find the corresponding reflectivity Ry 1z of the mirror for each value of the mirror coefficient o in
the case of a TE-polarized wave.
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Reflecting mirror

Fig. 2. Schematic of the TM-polarized incidence on a surface of a medium coated with a thin partially-reflecting dielectric mirror.

2.2. Case II: TM-Polarized excitation

As in the previous section, the incident and reflected electric fields for the TM-polarized wave also assume the general form of a
uniform time-independent plane wave. As shown in Fig. 2, the incident electric field 75_,) propagates along the wave vector z = kS,
where k; is the wavenumber in the medium of incidence (i.e., the Medium 1) and §; is a unit vector in the direction of Z

From the geometry of Fig. 2, we may write §; = sin 91-3'\ — cos 6; k. However, for a TM wave, the E-field points towards an
arbitrary direction relative to the Cartesian coordinate system. Hence, E = Eyé¢;, where E, is the incident E-field amplitude and ¢; is a
unit vector pointing towards the arbitrary direction of _ET Fig. 2 also allows to write & = cos 91-3'\ + sin 6 k. In a similar fashion, the
reflected electric field E has the amplitude E, pointing along &, where &, = cos e,j‘ — sin 6, k,and propagates along the wave vector
?, = k5, with §, = sin 9,}'\ + cos 6,k . However, the application of boundary conditions requires only the tangential components of
both the E- and H-fields. Therefore, the tangential components for EM field in the Medium 1 can be written as

E, = Eocos 6; exp [iky (v sin§; — zcos6;)] + Eyp,, cos 6, exp [ik; (v sin6; + z cos6;)] (16)
EOkl . . . .

Hy ) = ——{exp|[iki (y sin6; — zcos6;)] — p,, exp [ik; (y sin 6; + z cos ;) ]}
Wity 17

With reference to the geometry of Fig. 2, the y-component of the transmitted electric field f; and the corresponding magnetic
field in the Medium 2 may also be written in the following form:

By, 2) = m2Eq cos 6 exp [ik; (y sin 6, — z cos 6,)] (18)

G2Fo ky exp [iky (y sin 6; — z cos 6;)]

W (19)
Similar to the previous section, we substitute the tangential field components from Egs. (16)—(19) into the boundary conditions in
Eq. (8), and then solve the system simultaneously under the phase-matching conditions. After some mathematical steps; we finally
obtain the following expressions:

Hy =

_ kicosf — kycos6; — ap cos;cos 6 nycos6; — nycos 6 — a, cos 6; cos 6

21

B ky cos6; + k; cos6; + ay cos 6; cos 6, B ny cos 6, + ny cos 6; + a cos b; cos b, (20)
= 2k; cos 6; _ 2n, cos 6;
. kycos6; + ky cos6; + oy cosB;cos6,  mycosb, + nycosb; + o cosb; cosb, (21)

Egs. (20) and (21), respectively, describe the Fresnel reflection and transmission coefficients in the case of TM-polarized wave.
In the former equations, the mirror parameters o), and «; remain as in the previous case corresponding to the TE-polarized
incidence. In this case, the mirror reflectivity Ry, mn = 0, 1305, 1 Of the TM wave can be written as

[(ny cos 6, — nycos6;)? — () + cts) cos 6; cos 6, (ny cos B, — n, cos 6;) + lexs? cos? 6; cos? 6, ]
[(ny cos6; + nycos6;)? + (af + o) cos 6; cos 6, (n; cos 6; + ny cos6;) + lagl? cos?6; cos? 6] (22)

RM,TM =
Eq. (22) can also be used to obtain the reflectivity of both the cases of dielectric and metallic mirrors for the TM-polarized wave.
Finally, the respective equations are as follows:

(ncosB; — nycos6;)? + a cos?f; cos? 6,
b
(m cos 6, + ny cos6;)? + ai cos?6; cos? 6, (23)

Ryt 10 Dpielectric =
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Fig. 3. Plots of Fresnel reflection and transmission coefficients of the surface medium vs. the angle of incidence at different values of mirror
reflectivity in the cases of (a) TE- and (b) TM-polarized incidence excitations.

(m cos 6, — ny cos6;)? — 2a, cos 6; cos B, (n cos 6, — n, cos 6;) + a2 cos?6; cos? 6,

Ryt rv Metaltic =
AT (1 cos 6, + m,c086;)% + 20, cos 6; cos 6, (m cos B, + n, cos ;) + a2 cos?6; cos? 6, (24)

Egs. (23) and (24) describe the reflectivity of partially-reflecting dielectric and metallic mirrors, respectively, placed at the surface of
a linear dielectric medium. Similar to Egs. (14) and (15), Egs. (23) and (24) draw a direct connection between the mirror coefficient
ap and the corresponding mirror reflectivity Ry for both the TE- and TM-polarized waves at different angles of incidence.

3. Discussion

In the following section, we discuss the implication of the existence of mirrors on the reflection coefficients. In Fig. 3, we plot the
reflection and transmission coefficients of the dielectric medium in the cases of both the TE- and TM-polarized incidence excitations,
whereas in Fig. 4, we plot the surface reflectance R and transmittance T using the same parameters, as in Fig. 3.

In Figs. 3 and 4 both, the solid curves represent the usual case without utilizing a mirror (i.e., , = 0), while in other curves, the
mirror coefficient increases gradually. The family of curves with the value of a; as 1, 2 and 3 maintain the typical behavior for both
the TE- and TM-polarized waves. For example, the relation R + T = 1 holds for all curves. In addition, for the TE-polarized incidence,
the reflectance increases gradually with increasing 6;, while the transmittance T decreases. However, in the case of TM wave in-
cidence, the reflectance decreases first, reaches a minimum value, and increases thereafter.

For the TM-polarized excitation, without a mirror, the reflectance reaches zero at Brewster angle 6. However, when «;, # 0,
Brewster angle disappears even when the reflectance reaches the minimum. This seems natural when the surface is coated with a
dielectric mirror with a slightly different dielectric permittivity, since the mirror always reflects a specific portion of light. In ad-
dition, a shift in the minimum value of R or the maximum value of T occurs at higher values of 6,.

At normal incidence (i.e., §; = 0), for both the TE- and TM-polarized waves, the reflectivity R of the coated surface increases with
the increase in mirror reflectivity Ry For example, for the cases of TE and TM waves both, the surface reflectivity is 17% when
a, = 1. Corresponding to a; = 2, the surface reflectivity increases to 41%, and at a;, = 2, it becomes 61%.

In general, at any value of 6;, the surface reflectivity is elevated because of the mirror, and this elevation depends on the mirror
confect or reflectivity. It is also interesting to note that, the reflectance and transmittance of the surface become equal at a specific
angle of incidence. Here, for the TE-polarized wave, at o, = 0, R = T at6; = 6, ~ 79°. With the existence of mirror, this angle of equal
reflectance and transmittance is shifted to 6, ~ 70° for o = 1, and 6, ~ 38° for a;, = 2. However, no intersection between R and T
occurs at a, = 3, as shown in Fig. 4a. For the TM-polarized wave, the angle of equal reflectance and transmittance 6, occurs at
6, ~ 79°for all values of ay, i.e., &, = 0, 1, 2, and 3. Interestingly, for o, = 3, the situation of R = T occurs at 6, = 42° as well.

1

1
T fora, =0 T fora, = T
08__5_f__a_” quorab=3 08_-_-__b__-— e
sF ———ys) N OSETT=TTTTTTT e
: Tsfor ab=1 T .\.>'~\ - 3 T, for a”_l . -
g - SNt S Tt L .
: 0.6 = R _for a =?l“,.."'\‘ K (.6 framemt T, for a :Z,T’ 5
N § - - pfor a, =
S = - = R =3
= N — ~ for a,
3 0.4 S 0dprEmTa, ._lgp.j."arab=2\p\ l
R fora, =1, 6 Y., K
02 o2b 2 b | e
Rl’for (sz—0‘L e —— -
0 0
0 20 40 9 60 80

Fig. 4. Plots of reflectance and transmittance of the medium vs. the angle of incidence at different values of mirror reflectivity in the cases of (a) TE-
and (b) TM-polarized incidence excitations.
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4. Conclusion

New forms of Fresnel reflection and transmission coefficients at the interface of a dielectric medium, coated with a thin partially-
reflecting mirror, are developed at the oblique incidence of the TE- and TM-polarized excitations. With the existence of a thin
partially reflecting mirror, these coefficients contain a complex-valued mirror parameter a = a, — ia, the real part of which re-
presents a metallic coating of mirror material, whereas the imaginary part the dielectric mirror coating. For pure metallic coating, the
mirror parameter «, is a function of its thickness 6y, and conductivity oy;, whereas for pure dielectric coating, the mirror parameter a;
is a function of its thickness 8, and the dielectric permittivity . The expressions for power reflectivity Ry, of the mirror coating for
both the TE- and TM-polarized excitations for the dielectric as well as metallic coatings are also derived. With these expressions, a
direct relationship between the power reflectivity of mirror and the mirror parameter could be established. The reflectivity of mirror
coating is found to be the functions of mirror parameter, angle of incidence, angle of transmittance, and the refractive index of both
the incidence and transmitting mediums.

The features of this new form of Fresnel coefficients (o,;, 7,), and the corresponding reflectance and transmittance (R, T) of
surface, are also examined for different values mirror reflectivity. The obtained results provide a proper form of Fresnel coefficients
for the modeling of mirror-based devices, such as Fabry-Perot resonators and multilayer structures.
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Appendix A

Boundary conditions at the interface between two mediums separated by thin coating mirror [14,15,20]

Let us consider two mediums, identified by the dielectric permittivity values g, ¢, are separated at the boundary by a thin
(metallic or dielectric) mirror of thickness &y, dielectric permittivity &, and conductivity o). We apply the boundary conditions at
the interface to an infinitesimal volume element positioned with its upper-half lying in the Medium 1 and the lower-half in the Medium
2. As stated, both the mediums are separated by a thin mirror, as shown in the Fig. Al.

The first boundary condition for the electric E-field is obtained upon applying the Maxwell-Faraday law to the contour abcd, i.e.,

ADFE.dl =2 [B.ds
The direction of contour integral c follows the right-hand rule with the unit normal, as in the diagram. The magnetic flux

[B. ds =0 is based on the Gauss law of magnetic field. Therefore, we obtain
N

(A2)$E . dl = Eydy — Eydy =0

As such, we can have

(A.3)Ey = Ey;

The second boundary condition corresponding to the magnetic H-field is obtained upon using the Maxwell-Ampere law
ADFH.dl =—iw[D.ds + [J.ds

N N
As for the electric flux density, in the case without a mirror, the rectangle sides Az perpendicular to the boundary are allowed to

A f 4 e z

n IAZ y

I €, Ax X

a Ay d S
15-" Medium 1 = J)'
TR I
‘ i b Mt
V' ' C

[ %

Fig. Al. Infinitesimal volume element with its upper-half in the medium 1 and the lower-half in the medium 2; the two mirrors being separated by a
very thin coating mirror in the middle.
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shrink to zero. Therefore, the electric flux density % /D. ds =0 and the current flux density [T . ds =0 cutting the loop are

allowed to shrink to zero. However, when a thin mirror is placed at the boundary, the electric flux density and current flux density
shrink to a small area with length Ay and thickness Az = &),. In this case, Eq. (A.4) reduces to the following form:

(A.5)Hy Ay — Hy Ay = —iw(Dy,mAySy) + JomAySu

In the linear régime, D, = €&y Eym and Jun = on Ep u; this gives

(A.6)H2[ - Hlt = —inOEMéME,,,M + UM5ME,,,M

Therefore, the application of boundary conditions on the face abcd gives the following:

(A.7)Eyy = Ey, Hy — Hyy = 0y Eixor 200 My = OnOm — iweoen Oy

As seen in Eq. (A.7), the field inside the mirror can either be represented by the field in the Medium 1 or the Medium 2. In a

similar fashion, if we apply the boundary conditions on the other contour edcg, we obtain

(A.8)E\ = Eyy, Hixy — Hy = 77ME1y or 2y
The difference in the sign of magnetic field in both the equations results from the direction of line integral, which has to follow the

right-hand rule with the net flux pointing outward.
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