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ARTICLE INFO ABSTRACT

Keywords: A comprehensive study is established to investigate on the thermal buckling instability and the subsequent
Rotating nanocomposite beams post-critical deflection of a rotating nanocomposite microbeam reinforced with graphene platelet. The main
Graphene platelet reinforcement scope of the current research is shedding light on the effectiveness of reinforcing a rotating microbeam with

Thermal buckling

. graphene platelet subjected to a constant temperature development. The Timoshenko beam theory comes along
Post-buckling response

the von-Karman strain displacement relations to extract the governing equations of motion in accordance
with the modified couple stress theory. The modified Halpin-Tsai micromechanical model is implemented to
determine the practical elasticity modulus of the nanocomposite beam. The Ritz technique is accompanied
by the Chebyshev orthonormal polynomial set to discretize the weak form of the nonlinear equations of
motion. The Newton-Raphson technique is applied to the discretized static nonlinear equations of motion
to compute the static deformation due to the centrifugal force. On the basis of two effective algorithms the
nonlinear equations of motion are attacked to find out the critical buckling temperature change as well as the
succeeding post-critical deflection. It is observed that adjoining the graphene phase in the form of an X-pattern
promotes the static strength of a rotating microbeam against the buckling instability. However, in contrast,
for stationary microbeams and microbeams that rotate with a velocity below a threshold speed adjoining the
graphene platelet reinforcement in the form of an O-Pattern not only does not strengthen the microbeam but
also weakens it against the buckling instability. Moreover, the buckling modeshape of rotating simply-clamped
microbeams is more impressed by the graphene phase.

1. Introduction reinforcing phase on the static instability of a rotating GPL microbeam.
Accordingly, the buckling instability and the post-critical deflection of
From enormous spaceships to tiny microturbines rotating beams are a rotating GPL micro beam in a thermal environment is addressed in

a common piece. During their life cycle they may be subjected to a this paper.
thermal ambient or even they work in a thermal environment. Further- Zhu et al. [1] conducted an examination to investigate on the
more, their applications may induce some certain support conditions static treatment and free vibrations of composite plates reinforced

which are not usual such as a clamped-free (CF) one. In this respect,
we are establishing an exploration to examine a possible buckling
instability of such structures and the associated post-critical deflection.
On other hand, we believe that making use of advanced materials,
specifically reinforcing a matrix with graphene platelet (GPL) improves
thermo-elastic features of the matrix phase. In this regard, with the aim
of illuminating the truth of such idea we examine the impression of

with carbon nanotube (CNT). The small scale analysis of post-critical
response of a Timoshenko microbeam composed of functionally graded
material (FGM) encountering a thermal ambient was addressed by
Ansari et al. [2]. An investigation on the small scale thermal static
instability as well as the free vibrations of FGM nanobeams undergone a
thermal ambient was organized by Ebrahimi and Salari [3]. The effect
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of material gradient exponent on the small scale vibration attributes
of non-uniform FGM microbeams was studied by Shafiei et al. [4].
Ghadiri and Shafiei [5] developed an investigation for the sake of
demonstrating the impact of different temperature divisions on the
free vibration features of rotating FGM microbeams regarding various
end supports. A comparison study between the two beam hypothesis
models, so-called Euler-Bernoulli, and Timoshenko models, in terms of
formulating and free vibration examination of rotating tapered FGM
microbeams was arranged by Shefiei et al. [6]. Ilkhani and Hosseini-
Hashemi [7] made an investigation on small scale free vibrations as
well as static instability of rotating beams. Selim et al. [8] studied the
free vibrations of nanocomposite plates reinforced with CNT (CNTRC
plates) in a thermal environment in the framework of the third order
shear deformation theory of Reddy. Mirjavadi et al. [9] examined the
thermal buckling of imperfect FGM porous microbeams. The modi-
fied couple stress theory (MCST) was employed to incorporate the
size dependency to the governing equations. An investigation on the
buckling instability and free vibrations of FGM nanobeams subjected
to temperature increment was accomplished by Mirjavadi et al. [10].
Sahmani and Aghdam [11] examined the buckling instability and the
post-critical deflection of GPL plates in the framework of the nonlocal
strain gradient theory. An analysis on the buckling instability and post-
critical deflection of FG GPL plates in thermal ambient was addressed
by Shen et al. [12]. The static instability and parametric resonance of
GPL beams subjected to an increment in the ambient temperature were
discussed by Wu et al. [13]. They declared that the dynamic instability
region broadens as a consequence of an increase in the axial force as
well as the temperature. Ghorbani Shenas et al. [14], and [15] arranged
a study with the purpose of illustrating the effects of pre-twisting angle,
and its rate, and material gradient exponent on the small scale thermal
static instability and the post-critical response of rotating pre-twisted
FGM microbeams. Yang et al. [16] examined the buckling instability
and free vibrations of FG GPL porous plates employing the Chebyshev—
Ritz scheme. They investigated on the influence of the porosity on
the presented outcomes. An examination was established by Zhong
et al. [17] to illuminate the impact of the dispersion pattern and the
volume fraction of the CNT on the free vibrations of CNTRC plates. The
free vibrations as well as static instability of FG GPL nanocomposite
plates bonded with two piezoelectric facesheets was examined by Lin
et al. [18]. Eyvazian et al. [19] explored the influence of quasi-static
compressive force on the buckling instability of a foam-core composite
sandwich column. They indicated that the maximum critical load is as-
sociated to a specimen with Dyneema fabrics facesheets and aluminum
plates. The free vibration analysis of damped viscoelastic sandwich GPL
plates with a magnetorheological fluid core layer was performed by
Eyvazian et al. [20]. The variations of the natural frequencies and the
corresponding loss factors in terms of the GPL distribution pattern were
demonstrated. Mao and Zhang [21] studied the electro-mechanical
buckling instability and the post-critical deflection of FG GPL piezoelec-
tric plates. The dynamic response of GPL cylindrical shells subjected to
a moving harmonic load was examined by Eyvazian et al. [22]. The
size dependency was included to the developed formulation by means
of the nonlocal strain gradient theory. An investigation on the dynamic
instability of a Timoshenko double-beam subjected to a compressive
load was accomplished by Zhao et al. [23]. The thermoelastic forced
vibration analysis of MEMS/NEMS was investigated by Zhao et al. [24]
by means of an analytical approach in regard of Green’s functions.
Arvin [25] examined the dynamic instability of rotating CF isotropic
beams subjected to a principal parametric resonance as a consequence
of varying rotational velocity. The impacts of damping ratio, and the
rotational velocity on the instability region were illuminated. The
buckling instability of rotating CNTRC beams subjected to a temper-
ature increment was studied by Khosravi et al. [26]. The impression
of the dispersion type of the CNT on the buckling modeshape and
the critical temperature was demonstrated. Khosravi et al. [27] in-
vestigated on the natural frequencies and the corresponding mode-
shapes of rotating CNTRC beams. The finite element method (FEM)
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was employed by Hosseini et al. [28] to examine the critical temper-
ature and the post-buckling transverse displacement of rotating FGM
Euler-Bernoulli micro-beams modeled in the framework of the MCST.
Hosseini et al. [29] studied on the fundamental natural frequency of ro-
tating FGM Euler-Bernoulli microbeams before the buckling incidence
and after it. Xu et al. [30] addressed the thermal static instability and
the post-critical response of rotating CNTRC beams.

In this paper, for the first time we address the buckling instability
and the post-critical deflection of rotating GPL microbeams in thermal
ambient. Beside some numerical illustrations we want to elucidate
whether the GPL phase always promotes the strength of rotating GPL
microbeams against the static instability or not. According to the
hypothesis of the Timoshenko beam theory in accompanied by the
MCST the nonlinear motion equations are developed resorting to the
von-Karman strain relations. Effective elasticity modulus of the rotating
GPL beam is defined according to the Halpin-Tsai micromechanical
model (Ref. [13]). Via the Ritz scheme in regard of the Chebyshev
polynomial set the motion equations are discretized. By means of in-
troduced qualified algorithms the static deformation induced as a result
of the rotation, the buckling instability temperature, and the afterwards
deflection are computed. The impacts of the GPL weight fraction, the
GPL distribution type, the slenderness ratio, and the rotational velocity
on the current outcomes are elucidated.

2. Deriving the motion equations

Fig. 1-a illustrates a rotating immovable clamped-clamped (CC) GPL
nanocomposite beam (GPLRC beam) with length L. The rotating GPLRC
beam is attached to a hub with radius R. The cross section of the
rotating GPLRC beam is shown in Fig. 1-b, and -c with height A, and
width b. The depicted GPL dispersion types are, respectively, X-pattern,
and O-Pattern. The origin of a rotating frame is denoted by O. It is
situated at the area center of a cross section of the beam bonded to the
hub. The rotating frame rotates at speed wy identical to the rotational
velocity of the hub. s-axis is oriented along the beam span, y-axis is
directed along the beam width, and z-axis is toward the beam height.

The longitudinal and flexural displacements of a material particle
situated at (s, y, z) are, respectively, defined by (Ref. [31]):

u = i(s) + zy(s)
w = w(s) (@)

where (s) is the flexural displacement for a material particle located
at the area center of the beam cross section at s, i(s) is its longitudinal
displacement, and w(s) is the flexural rotation of the mentioned cross
section.

In accordance with the von-Karman hypotheses for strains and
rotations (Ref. [31]), the normal and shear strains, respectively, hold
as:

1
£, = Ogu + E[asw]z, 2
and

Vez = 0 U+ 0w 3)

where ¢, stands for the normal strain, and y,, denotes the shear strain.
Furthermore, 0 represents the derivative of the upcoming variable with
respect to its subscript.

From Eq. (1) the longitudinal and flexural displacements are put
into the given relations for the normal and shear strains, i.e. Egs. (2),
and (3). The ensuing relations, respectively, read:

£, = €9(5) + zi(s) @
and

Ysz = W(s) + 0,10(s) %)
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Fig. 1. (a)- A rotating CC GPLRC beam; A cross section of the GPLRC beam with (b)- X-pattern of GPLs, and (c)- O-pattern of GPLs.

where

O = a.i(s) + %asw(S)z, ©
and

K = 0,y (s). @

Regarding the assumption of linear elasticity the constitutive rela-
tions for the kth GPL lamina subjected to a temperature change, i.e. AT,
read (Ref. [31]):

ol = M[eO(s) + zk(s) — al¥l AT, ®
and

£k — [k]

Tyz = Q55 75z )

where AT = T — T, in which T is the current temperature while Tj, is
the reference temperature. ngl] = EW/(1-vI¥12) is the reduced stiffness
of the kth GPL lamina wherein E!¥! is the corresponding elasticity
modulus, and v is the associated Poisson’s constant. Q“;] = Gl

the reduced shear stiffness of the kth GPL lamma wherein G is the
corresponding shear modulus. Moreover, al¥] is the thermal expansion
constant of the kth GPL lamina.

The MCST (Ref. [28]) is employed to incorporate the size de-
pendency into the developed formulation for the rotating GPLRC mi-
crobeam. Accordingly, the deviatoric part of the couple stress moment
of the kth GPL lamina, m ”, is defined by (Ref. [28]):

[k] — [k][k]2
myt) =262 10)

where /'¥] is the material length scale parameter of the kth GPL lamina.
Moreover, y,, is the symmetric curvature determined by (Ref. [28]):

Xy = 1/2(()y9X +0,0)) an
wherein 0 is the rotation vector described by (Ref. [28]):
0= %(v X F) 12)

in which V is the gradient vector. F is the displacement field vector
reads:

=u 0 wl. (13)

The replacement of the displacement field vector into the rotation
vector releases the nonzero component of the rotation vector:

w(s) — —6 L 10(s) 14)

The substltutlon of the rotation vector component into the symmetric
curvature, i.e. Eq. (11), reshuffles Zxy into:

Xy =7 4 ow(s) — —6”1/0(5) (15)

Table 1
The GPL volume fraction of the kth GPL lamina according to
the GPL distribution pattern of a GPL laminate (Ref. [13]).

Pattern Ven
(k] *
X VM, =2V, 12k =Ny - 1|/N,
k] *
(o] VA, =2V}, (- 2k= N, —1|/N,)

2.1. Effective thermo-elastic constants for a GPL lamina

With the purpose of estimating the effective thermo-elastic con-
stants for a GPL lamina, the modified Halpin-Tsai micromechanical
model (Ref. [13]) is employed. Assume that the GPL volume fraction of

[k] . . ..
the kth GPL lamina is V;},, . In this respect, the corresponding elasticity
modulus is specified by (Ref. [13]):

k
5 1+ &mVap,

x
8 1- ”bVC[‘I]L

1+ &,V
gk = 3 _TalalGrL a6)

where &, = 2- 4GPL and &, = 2 barL are the geometrical aspect ratios for
a GPL. Moreover n, and 7, are éleflned respectively, by (Ref. [13]):

_ EepL/En -1
“ Egpr/En+&’
E E —1
0y = L/ En a7

EGpL/En+&,

The GPL volume fraction of the kth GPL lamina is specified in line
with the GPL distribution pattern of a GPL laminate. The associated
relations are released in Table 1: where hereafter, the GPL, and m
subscripts stand for an attribute associated to the GPL and the matrix
phases, respectively. N; is the number of GPL laminas in the GPL
laminate. Moreover, V;,, = PI+(%:‘:"/‘; ; WD) is the total GPL
volume fraction of the GPL laminate in which Wepr is the total GPL
weight fraction of the GPL laminate, and p;p;, and p,, are the mass
densities, respectively, associated to the GPL and the matrix phases.

The mass density, the Poisson’s coefficient and the thermal ex-
pansion constant of the kth GPL lamina are specified, respectively,
according to (Ref. [13]):

V[prGPL +VHp,

\/[kJ = V([;IgLVGPL +VIHy (18)

and

LI + Vg 19)
GPLYGPL m %m

where V[ =1
kth GPL lamina.

Vé’}] ;. is the volume fraction of the matrix phase of the
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2.2. Action minimization

For the sake of deriving the motion equations, the principle of the
stationary action (Ref. [32]), 65 = /*(6L)dr = /*(5K — 6Udr = 0
between two arbitrary instants, i.e. 7;, and ¢, is employed. In the
aforementioned relation, K is the kinetic energy of the system while U
is its strain energy. According to this principle, among the all possible
trajectories that are possible mathematically between the two arbitrary
times, the one which for the action is minimized occurs practically.

The virtual strain energy is defined by (Refs. [28,31]):

L in
2
oU = / /1 [o450€4,(s) + 74,0y, + 2mxy§;(xy]dzds
0 J-In
2

L pin
/ / ’ lo,s {860 (s) + 26K ()} + 7, {67, + 2m, 61, }1dzds (20)
0 —sh

[SIE

By taking an integration over the beam height we have:
L
8U = / [N 860(s) + M 8xc(s) + Q67D + 28, 6 7., 1ds 21
0

where N, O,,, M, and S

xy?
tants, respectively, defined by:

are the stress, and couple stress resul-

Ny ==NT + A;1e0%) + By x(s), (22)
O, = Ass7,:(5), (23)
My =-ML + By e(s) + Dy x(s), 24
and

Syy = Agy Xy (25)

wherein NXTS, and M.;Ts: are, respectively, the thermal force and moment
resultants while A;, i = 1, 5, By;, and D;, are the longitudi-
nal, flexural-longitudinal, and flexural elastic constants. Moreover,
A,, is the elastic constant relative to the size dependency of the mi-
crobeam. All the aforementioned parameters and constants are defined
in Appendix.

The substitution of the above-mentioned parameters into the virtual
strain energy leads to:

L
sU = / [{ - NT + Ay {o,a(s) + %asm(sf}
0
+ By {d,w(s)}}o{o,i(s) + %asliI(S)z}
+ (=MT + By, (0,a(s) + %axw(sf} + Dy (0w ()} )5{0,w(s))

s

+ {Ass{w(s) + 0,0()}16{w(s) + 0,10(5)} + 2A, ) ¥y Xxy)ds
(26)

The kinetic energy of a rotating GPL microbeam as a consequence
of a rigid body rotation is determined according to (Ref. [28]):

e 1h
K=- / / P[RR + 5 + u)’|dzds 27)
2Jo J-in

By substituting Eq. (1) into the kinetic energy relation and taking an
integration over the height of the beam, we have:

L
K:/ {%lzwiw(x,z)2+11w§w(s)[k+x+a(s)]+%lowi[R+x+zz(s)]2}ds
0

(28)

where the inertial terms, i.e. I;
pendix.

i =0 to 2, are specified in Ap-

2.3. The Ritz route

To treat the nonlinear motion equations the Ritz scheme is imple-
mented. One of the beneficial attributes of the Ritz scheme is its ability
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to attack directly the weak form of the motion equations. In this respect,
the flexural displacement, the flexural rotation, and the longitudinal
displacement, sequently, hold as (Ref. [33]):

@(s) = Z2,[A4,;0]"(5)]
w(s) = 22 [B, oY (s)]
i(s) = Z2,[C,p(s)] (29)

where A;, B,,, and C,, are the unknown Ritz coefficients, and ¢(s) is a
space dependent term. The space dependent term should be separated
into two multiplied terms, i.e. @i ¥"(s) = T,(s)R¥¥*(s); The latter,
i.e. RWVH(ys), satisfies the geometric support conditions, while the for-
mer i.e. T, (s), should be appointed from an orthonormal set (Ref. [33]).
In this respect, the Chebyshev polynomial orthonormal set is assigned
(Ref. [34]). The elements of the Chebyshev polynomial set, i.e. T;(s),
are defined according to a recursive relation (Ref. [34]):

Ty(s) = 1, Ty(s) = 2% —1,Ty(s) = 2(2% — DT (5) = T(s), i=23,...
(30)

Another part of the space dependent term that meets the geometric
support conditions is specified as a polynomial function, i.e. R¥¥(s) =
(%)‘(1 —%)/ (Ref. [35]), where i, and j can be 0 or 1 according to a given
geometric support condition. For instance, for a simply-clamped (SC)
support condition, the corresponding terms that fulfills the geometric
support conditions, read:

R“‘(s>=(%)(1—%>, RW(s)=(1—%), R“(s>=(%)<1—%) (31)

Subsequently, the introduced separated form of the displacements,
i.e. Eq. (29), along with the principle of stationary action, leads to:

i<SS =0, L&S‘ =0, 9 68 =0 (32)
0A4; 0B C

i m r

The expanded form for Eq. (32) reads:
(IK]lg, gl - e} [KORtoN _ N7 (thermalyq)
= wjFFoation o NTEINT 4 a7 pMT 4 RT RT (33)

where «[F)? stands for the force vectors induced by the centrifugal and
thermal forces. [q] = [A, B, C]7 is the Ritz constants vector, and
[K][q, ql[q] is the third order nonlinear stiffness matrix.

2.4. Efficient proposed algorithms

For the sake of extracting the outcomes three developing steps are
proposed. The first stage declares how the static deformation can be
achieved as a consequence of centrifugal force, i.e. q,. The second step
demonstrates how we can access to the buckling temperature. The last
stage defines the determination of the post-critical deflection after the
buckling instability incidence.

With the aim of determining static deformation as a result of cen-
trifugal force, at a given temperature for a specified rotational velocity,
the linearized form of Eq. (33) is solved. The obtained static defor-
mation is used to extract the updated static deformation by means of
the Newton-Raphson scheme (Ref. [31]). The route is continued until
reaching a desired precision.

For the purpose of finding the critical temperature, the nonlinear
buckling equation is linearized about the static deformation,
i.e. ([Kl[q,.q,] - w3 [KJrotation _ N7 g thermalyrg) — g At first step
the ensuing linearized buckling equation which is a standard eigen-
problem, .

i.e. {[Kllg,. q,]-w} K]0t} q) = N7 K]thermaliq) is implemented
to deliver the first approximation for the buckling temperature. All the
thermoelastic features are defined in the updated critical temperature.
The static deformation for the current critical temperature is obtained
by the Newton-Raphson scheme. The process is iterated until accessing
to the desired precision for the eigen-value of the buckling problem
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Table 2
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P, coefficients for the modulus of elasticity, thermal expansion constant, the Poisson’s constant, and the mass density of

SUS304, and Si;N, (Ref. [36]).

Material P P, P_, P, P, Py

E[Pa] 201.04¢9 0 3.079¢ — 4 —6.534¢ -7 0
SUS304 @l 12.33¢ -6 0 8.086e — 4 0 0

v 0.28 0 0 0 0

p [kg/m3] 8166 0 0 0 0

E[Pa] 348.43¢9 0 —3.07e—4 2.16¢ -7 —8.946¢ — 11
SiyN, @[] 5.8723¢ -6 0 9.095¢ — 4 0 0

v 0.28 0 0 0 0

p [kg/m3] 2170 0 0 0 0

Table 3

which is the thermal buckling temperature alongside its corresponding
eigen-vector.

For the sake of determining the post-critical deflection after the
buckling incidence, the nonlinear buckling equation about the static
deformation, i.e. {[Kl[q., q]+[KI[q,. q]+[KI[g,, q,]-o%[K]fOUON }[q] =
NT (kjthermaljq1 - is employed. At the first step the mid-point of the
rotating GPLRC microbeam at position (L/2,0,0) is appointed as the
observing point. A final desired value for the deflection of the observing
point is assumed, i.e. w?'. Resorting to an assumed step size, the in-
terval between the maximum deflection of the observing point and the
minimum deflection which is zero is deviled into some sections to have
smooth post-critical deflection curves. At the first stage the deflection
of the observing point is considered equal to the assumed step size. The
achieved eigen-vector in the buckling stage is rescaled, i.e. q,, in order
to have a deformation equal to the current assumed deflection for the
observing point. Thereafter, the nonlinear buckling equation is defined
which is {[K][q,.q,] + [KI[q,.q,] + [Kl[q,.q,] — o}[K]FOUON}q] =
NT [K]thermal[q]. The associated eigen-problem delivers the critical
post-critical temperature along with its eigen-vector. The procedure is
resumed until we reach our desired precision at the assumed deflection
for the observing point. Subsequently, the deflection of the observing
point is updated by the step size. Thereafter, the process is executed for
the new deflection until we reach the maximum assumed deflection for
the observing point.

3. Discussion and results

In this section, we address the present numerical analysis in line
with the introduced scopes of the research and the subsequent im-
plications. Before we start, the developed formulation is verified. In
this respect, the thermal buckling point of a stationary CC FGM beam
(Ref. [36]) is examined. The slenderness ratio is 7 = £ = 25, and the
microbeam material length scale constant to the height proportion is
0.25. The metal phase, i.e. m-phase, is stainless steel 304, i.e. SUS304
and the ceramic phase, i.e. c-phase, is silicon-nitride, i.e. Si;N,. The
associated material properties are temperature dependent. They are

2 3
determined by means of P = P, + P, (TLO) + P, (Tlo) + Py (Tlo) +

P, <T10>4 where Tj, is the reference temperature equal to 300 K, while
T is the real-time temperature. The P, coefficients for the modulus
of elasticity, thermal expansion constant, the Poisson’s constant, and
the mass density, are mentioned in Table 2. The volume fraction of
the ceramic phase is defined by V, = (1/2 + z/h)" in which # is the
power law exponent. The elasticity modulus of the FGM microbeam is
determined according to E(z) = (E, — E)V+E,. The present buckling
temperature increments versus the associated values from Ref. [36] for
n = 0, and n = 1 are represented in Table 3. Comparing the both
elucidates the precision of the present developed formulation.

The other validation has been adjusted for the determination of
the post-buckling response of a rotating CC symmetric sandwich FGM
Euler-Bernoulli beam (Ref. [37]). The host lamina is made of a metal
material namely SU S304. The facesheets are FGM. The FGM composed
of a linear distribution of SU.S304 as its metal state, and Si; N, as its

The present buckling temperature increments for an FGM stationary
Timoshenko beam versus the associated values from Ref. [36].

The power law exponent Current examination Results of Ref. [36]

n=0 619.1180 618.74
=1 454.3356 453.88

ceramic state. The FGM material attributes had been provided earlier
in Table 2. The facesheets bonded to the host lamina at their metal

phase surface. The beam rotates at w} = wgL E‘;’B 5= 0.15 in which
m

E300 denotes the elasticity modulus of the metal phase specified in 300
K. The rotor radius to the length of the FGM sandwich beam ratio is
0.1. The bottom, and the top facesheets thicknesses are equal given by
h, =h, = éhc where A, denotes the host lamina thickness. The post-
buckling curves are provided in terms of the dimensionless deflection
of the mid-point of the sandwich beam, i.e. w,/h., in Fig. 2 for two
beam slenderness ratios, i.e. = L/h = 30, and n = 40, where h stands
for the total thickness of the sandwich beam. The results indicate that
the outcomes match with a high accuracy.

Moving forward some case studies reveal the impression of the
material length scale parameter, the slenderness ratio, the rotational
velocity, the GPL weight fraction, and the GPL dispersion type on the
buckling temperature and the post-critical response outcomes. All the
material properties are taken from Ref. [13] as follows; The matrix
phase is epoxy; its elasticity modulus is 3.0 Gpa, its Poisson’s constant is
0.34, its mass density is 1200 kg/m>, and its thermal expansion constant
is 60 x 107 1/K. The GPL elasticity modulus is 1080 Gpa, its Poisson’s
constant is 0.186, its mass density is 1062.5 kg/m>, and its thermal
expansion constant is 5.0 x 107° 1/K. The weight fraction of the GPL
is 0.3%. The height of the beam is A"¢/ = 17.6 x 107® m, the length of
the microbeam to its height is L™/ /h"/ = 30, and the hub radius is
R = 0.1L"%/. The material length scale parameter is considered to be
constant for the microbeam equal to / = 0.2h"/. The dimensionless

. N Ioy .
rotational velocity is &g = wgr where 7 = L/ Aﬁ in which
Ilm

Ajm = E 0 /(1 =12), and I, = p, h"/. Henceforth, all the above-
mentioned values hold for our analyses except when another value for
a constant or a parameter is appointed.

Prior to establish some numerical analyses a convergence analysis
has been set up. Fig. 3-(a) depicts the critical temperature of a rotating
SC X-GPLRC microbeam versus the number of the Ritz terms used in
the discretization procedure. The beam rotates at @z = 0.3. On the
other hand, a convergence study for the post-critical response of the
observing point of the given rotating beam is presented in Fig. 3-(b). It
is deduced that with N =9 the desired precision is achieved.

Here, the influence of simultaneous rotational and thermal loadings
on the buckling instability is illustrated. Fig. 4-(a) shows how the
critical temperature is affected by means of the slenderness ratio for
a stationary SC X-GPLRC microbeam next to a rotating one. It is seen
that at a small slenderness ratio, the rotational velocity promotes the
buckling strength that predicted for a stationary microbeam. This is as
a consequence of the net axial force resulting from the rotational and
thermal loadings along the beam span. In contrast by increasing the
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terms of the slenderness ratio for a rotating SC X-GPLRC microbeam for pure rotational loading as well as its mutuality with thermal loading.

beam is monotically decreasing when the hub radius is increasing. In
contrast, for a rotating SC X-GPLRC beam, the critical temperature in-
creases for small rotational speeds (@ < 0.2); increases then decreases
for moderate rotational speeds (@ = 0.2); and decreases monotically
for large rotational speeds (& > 0.2). As it was mentioned earlier, this
is as a consequence of the resulting compressive-stretching axial forces

slenderness ratio, the rotational velocity weakens the aforementioned
buckling strength. The implication is that by increasing the slenderness
ratio, the net distribution of the axial forces inclines to stretch the
rotating beam. Consequently, since the end supports are immovable,
the immovability tends to push forward the buckling instability. An-
other study, i.e. Fig. 4-(b) depicts the critical rotational velocity for
pure rotational loading as well as its mutuality with thermal loading. toward the beam span.
It is deduced that operating a rotating beam at a thermal environment The effect of the rotational velocity on the critical temperature
reduces the critical slenderness ratio as well as the critical rotating of a rotating CS/SC X-/O-GPL microbeam in comparison with a non-
speed sharply. reinforced microbeam is illustrated in Fig. 6. The presented results are
Fig. 5 renders how the critical temperature of a rotating clamped- in regard of the MCST and the classical continuum theory (CCT) when
simply (CS)/SC X-GPLRC beam varies with in conjunction with the hub I/h = 0.0. It is observed that for zero to moderate rotational velocities
radius. It is seen that the critical temperature of a rotating CS X-GPLRC adjoining the GPL phase to the matrix reduces the buckling strength,
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in comparison with a non-reinforced microbeam.

i.e. the strength of the microbeam against the incidence of the buckling,
of a rotating O-GPL microbeam. This is owing to the wide discrepancy
between the thermal expansion constants of the matrix phase and
the GPL phase. Hence, adding the GPL phase is not recommended at
this situation because it diminishes the buckling strength. Moreover,
for a rotating SC beam, the buckling temperature increases initially
by the decrease of the rotational velocity in an identical trend to a
rotating CS beam; however, after reaching a threshold value specified
in the figure, it begins to diminish subsequently. This is owing to
the mutual distribution of the centrifugal force and the thermal force
along the microbeam span when it comes along the support condition.
The threshold value of the rotational speed for the assumed data
for a rotating SC X/0O GPLRC microbeam is @y = 0.2. Accordingly,
the threshold value for the rotational speed is the velocity at which
the maximum critical temperature arises. Above, and below of the
corresponding speed, the critical temperature reduces, sequently, by the
increment, and the decrement of the rotational velocity. Furthermore,
the results based on regarding the size dependency of the microbeam
demonstrates a more stiff structure against the buckling instability.
Fig. 7 shows the impression of the material length scale parameter
to the height of the microbeam, i.e. //h, on the critical tempera-
ture of a rotating SC GPLRC microbeam for two different rotational
velocities and two various dispersion patterns in comparison with a
non-reinforced microbeam. It is implicated that by the decrement of
the //h ratio the critical temperature decreases. In addition, in some
circumstances the rotational velocity induces a buckling instability to
the rotating microbeam at T = 300 K, i.e. without the assistance of
any thermal loading. Moreover, with the current data, the rotating SC
GPL microbeam with X-pattern does not buckle without the assistance
of the temperature increment. Subsequently, it can be inferred that
the buckling strength of a microbeam with X-GPL pattern is more
than a microbeam with O-GPL pattern. Furthermore, adjoining the
GPL phase improves the buckling strength of the rotating microbeam.
In addition, at the same conditions, the increment of the rotational

velocity decreases the corresponding critical temperature. The last both
findings are due to the fact that the two assumed rotational velocities
are above the threshold value of the rotating speed for the SC GPLRC
microbeam specified in Fig. 6-(b), i.e. &y = 0.2.

The impact of the weight fraction of the GPL on the critical tempera-
ture of a rotating SC microbeam for three different rotational velocities
and two various distribution patterns of GPL is illuminated in Fig. 8.
It is deduced that by the decrement of the GPL weight fraction, the
critical temperature reduces except for the case that we have applied
the threshold value of the rotational speed for a rotating SC O-GPL
microbeam, i.e. ®x = 0.2. In this case, by the decrement of the
weight fraction of the GPL the critical temperature increases initially
but subsequently, it starts to decrease. It is thanks to the reciprocal
dispersion of the centrifugal force and the thermal force along the mi-
crobeam span when it combines with the support condition. Although
we have detected this phenomenon for a rotating O-GPL microbeam,
it is observable for a rotating X-GPL microbeam at some rotational
velocities.

The impression of the GPL weight fraction on the normalized buck-
ling modeshape, i.e. @, of a stationary/rotating CS/SC
non-reinforced/reinforced X-/O-GPLRC microbeam is presented
in Fig. 9. It is seen that although according to Fig. 6 the critical temper-
ature of a stationary CS/SC GPLRC microbeam differs by appending the
reinforcement phase as well as the type of the division model of the GPL
phase, the associated buckling modeshapes are identical. On the other
hand, the buckling modeshape of a rotating GPLRC beam is affected
by means of the two aforementioned factors. It is worth mentioning
that the buckling modeshape as well as the position of its maximum
incidence is impressed more effectively for a rotating SC GPLRC beam
relative to a CS one.

Fig. 10 elucidates the impact of the rotational velocity alongside
the slenderness ratio on the critical temperature of a rotating CS/SC
X-/0-GPL microbeam in accordance with the MCST and the CCT. It is
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implicated that by weakening the microbeam as a result of the growth
of the slenderness ratio, the critical temperature decreases.

After a comprehensive examination on the thermal buckling in-
stability of a rotating GPL microbeam and studying the influences of
the engaged parameters on the critical temperature, with the intention
of finding out the impact of the aforementioned parameters on the
post-critical deflection some case studies are designed.

The influence of the rotational velocity on the dimensionless post-

critical deflection of the observing point, i.e. w,,, /r wherein r = y/L

A
(in which I is the second area moment of inertia about the y-axis

and A is the microbeam cross-section) is the radius of gyration, of a

rotating CS/SC X-GPL microbeam is depicted in Fig. 11. It is seen that
at a similar temperature by the increment of the rotational velocity the
observed deflection for the CS microbeam increases. In contrast, for a
rotating SC microbeam the associated deflection decreases from zero to
the specified threshold value of the rotational velocity while it increases
from the specified threshold value to high rotational velocity range. It is
seen that the post-critical deflections of a stationary CS and a stationary
SC X-GPL microbeams are identical.

Fig. 12 illustrates the influence of the GPL weight fraction on the
post-critical deflection for the observing point of a rotating O-GPL
CS/SC microbeam for two different rotational velocities. It is shown
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Fig. 12. The influence of the GPL weight fraction on the post-critical deflection for the observing point of (a)-a rotating O-GPL CS, and (b)-a rotating O-GPL SC microbeams for

two different rotational velocities.

that by the increment of the GPL weight fraction at the same tem-
perature the post-critical deflection of a stationary CS/SC microbeam
increases while an inverse trend is seen for a rotating CS/SC mi-
crobeam. The latter is due to the fact that the considered rotational
velocity is beyond the specified threshold value of the rotational speed
for a rotating SC GPLRC microbeam, i.e. @z = 0.2. Moreover, the post-
critical deflection for stationary microbeams is more impressed by the
GPL weight fraction.

The post-buckling configuration for a rotating CS/SC
non-reinforced/reinforced X/O-GPLRC microbeam at different snap-
shots of the deflection of the observing point has been shown in Fig. 13.
It is mentioned earlier that the observing point for the CS, and SC
GPLRC microbeam has been situated at the mid-span. Accordingly,
the deflection of the mid-span of the provided configurations for
the rotating CS/SC non-reinforced/reinforced X/O-GPLRC microbeams
at each snapshot is identical. It is seen that in contrast to rotating
microbeams, the post-buckling configuration of stationary microbeams

is not affected by the GPL division model, and its weight fraction.
In addition, the post-buckling configuration of rotating SC GPLRC
microbeams is more impressed by the GPL weight fraction as well as
its division model.

The effect of the rotational velocity on the post-critical deflec-
tion for the observing point of a rotating CS/SC X-GPL microbeam
is illustrated in Fig. 14 for three different rotational velocities in the
framework of MCST and the CCT. It is deduced that by the increment
of the rotational velocity the post-critical deflection of a rotating CS
X-GPL microbeam increases at an identical temperature. On the other
hand, for the rotating SC X-GPL microbeam that rotates at zero to the
specified threshold value for the rotational velocity, the post-critical
deflection reduces while on the contrary, it increases for the range of
rotational speed between the specified threshold value to high speeds.
On the other hand, at the same temperature the MCST predicts a lower
deflection relative to the CCT which implies the stiffening impact of the
consideration of the length scale parameter.
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Fig. 15. The impression of the GPL weight fraction on the post-critical deflection of (a)-a rotating/stationary CS, and (b)-a rotating/stationary SC X-GPL microbeams.

Fig. 15 illuminates the impression of the GPL weight fraction on
the post-critical deflection of a rotating/stationary CS/SC X-GPL mi-
crobeam. It is inferred that at the same temperature by the increment
of the weight fraction of the GPL the post-critical deflection of the
observing point of the CS/SC X-GPL microbeam reduces. On the other
hand, the GPL weight fraction becomes less effective on the post-
critical deflection of rotating GPL microbeams relative to stationary
GPL microbeams.

4. Conclusions

In accordance with Halpin-Tsai micromechanical model, the von-
Karman strain relation in terms of the displacements, and the MCST
hypothesis, the thermal buckling instability and the post-critical de-
flection of a rotating GPL microbeam were addressed in regard of the
Timoshenko beam hypothesis. This research was established for the
sake of illuminating the effectiveness of the GPL reinforcement phase

on the buckling strength of rotating microbeams in thermal ambient.
The Newton-Raphson scheme along with the Ritz procedure delivered
the static deformation owing to the centrifugal force induced by the ro-
tation. Some efficient algorithms on the basis of an iterative procedure
revealed the buckling temperature and the post-critical deflection of the
rotating GPLRC microbeam. The impact of the GPL weight fraction, the
GPL distribution pattern, the rotational velocity, and the slenderness
ratio on the results were illuminated. It is concluded that:

» At low to a specified threshold value for the rotational velocity
range adjoining the GPL phase in the form of an O-GPL pattern
reduces the buckling strength of a rotating microbeam.

» For the full range of rotational velocity adjoining the GPL phase
in the form of an X-GPL pattern improves the buckling strength
of a rotating microbeam.

» Despite a rotating CS microbeam, the trend of the buckling insta-
bility temperature and the post-critical deflection of a rotating SC
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microbeam depends thoroughly on the rotational velocity value.
In other words, we cannot predict qualitatively, the response
before a numerical analysis; A numerical analysis that specifies
the threshold value of the rotational velocity. The threshold value
of the rotational velocity for SC GPLRC microbeams is the speed
at which the maximum critical temperature is predicted.
Increasing the slenderness ratio reduces the buckling temperature
of a rotating GPLRC microbeam.

For a SC GPLRC microbeam as a consequence of increasing the
hub radius, the critical buckling temperature increases, increases
then diminishes, and reduces, sequently, if the rotating speed
is below, about, and above the specified threshold value. How-
ever, for a CS one at similar circumstances the critical buckling
temperature diminishes.

At an identical temperature, increasing the rotational velocity,
increases the post-critical deflection of a rotating CS GPLRC mi-
crobeam.

At a same temperature, the increment of the rotational veloc-
ity, enlarges the post-critical deflection of a rotating SC GPLRC
microbeam after an initial decrease.

By the increment of the temperature, the impact of the GPL
weight fraction on the post-critical deflection of a rotating GPLRC
microbeam decreases.

At an identical temperature, the growth of the GPL weight frac-
tion diminishes the post-critical deflection of a rotating CS/SC
O-GPL microbeam when the rotational velocity is larger than
its threshold value. Moreover, the predicted trend for stationary
CS/SC O-GPL microbeams is reverse.

At a similar temperature, the MCST predicts a lower post-critical
deflection relative to the CCT.

The buckling, and post-buckling modeshapes of stationary GPLRC
microbeams is independent of the GPL weight fraction and its
scattering pattern. However, they are influenced for rotating
GPLRC microbeams. The buckling modeshape and the position of
its maximum occurrence for a rotating SC GPLRC microbeam is
more affected by the variation of the GPL weight fraction rather
than a CS one.
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Appendix
Thermal stress resultants:

Ly
{NS{,Mg;}=/f [0),(2)ATa(2){1, z)1dz (34)
1

2
The longitudinal, longitudinal-flexural, and flexural elastic constants:

=

h
{A;;, Bjj, D;; } =/lh[Q,-,~(z){1,z,zz}]dz (35)
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The size-dependent elastic constant:

Lp
A, = / T 26271z (36)
iy
2
The inertial constants:
Ly
)= [ v =2 37)
iy
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