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Particle Swarm Optimization (PSO) is a powerful nature-inspired metaheuristic optimization method
that may determine optimal solutions of engineering problems in fewer evaluations compared to other
optimization methods. However, the literature shows that PSO may suffer from converging prematurely
to a local solution, and this occurs due to poor tuning of the control parameters in PSO. In this paper,
an extensive parametric sensitivity analysis was conducted to understand the impact of the individual
control parameters and their respective influence on the performance of PSO. A benchmark constrained
optimization problem was considered for studying PSO by modifying each parameter one-at-a-time.
Therefore, initially, a constraint handling technique was formulated to allow particles to update their best
historical solutions according to the feasibility. Results of the sensitivity analysis revealed that PSO was
most sensitive to the inertia weight, cognitive component, and social component. The optimal parameter
set, determined from the sensitivity analysis, was verified by comparison with metaheuristic methods.
The verification study shows that the proposed parameter setting outperformed the other methods in all
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but one case, where it performed competently.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Particle Swarm Optimization (PSO) method belongs to the class
of Nature-Inspired Algorithms (NIAs) and takes its inspiration from
the foraging behavior seen in a school of fish or a flock of birds [1].
Electrical system distribution [2], multi-robot cooperation [3], pub-
lic transit route network [4], and flyrock prediction [5] are some
examples of the real-life application of PSO. According to the no-
free lunch theorem, there does not exist an optimization method
that outperforms all other methods across every problem [6] or, in
other words, certain types of mathematical problems, the compu-
tational cost of getting a solution of certain types of optimization
problems, averaged over all problems in the class, is the same
for any solution method. This implicitly necessitates the need to
optimize a particular class of solution methods in a given area of
application. In the literature, research comparing the performance
of PSO with other metaheuristic methods display the former’s effi-
ciency in obtaining the global minimum with fewer iterations [7-9]
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and coupled with PSO’s use of memory and ease of implementation
[10], it is considered one of the most favourable NIA. Nevertheless,
it is well documented that PSO suffers from a condition, known
as premature convergence, that causes it to fail in obtaining the
global minimum and thus converge to a local solution [11]. There-
fore, many works have been performed to alleviate this problem
by either developing novel modifications or incorporating differ-
ent mechanisms into PSO. The earliest modification, by Shi and
Eberhart [12], introduced the inertia weight which controlled the
influence of a particle’s previous momentum to its future trajec-
tory. Following a similar trend, Clerc and Kennedy [13] proposed
the constriction coefficient to balance the local and global search
trade-off by damping the three components of a particle’s velocity.
These two modifications represent novel mechanisms introduced
into PSO to improve the swarm'’s ability to navigate around the
design space and avoid stagnation. Swarm diversity is heavily
linked with premature convergence - particles navigating to the
same region increases the likelihood of stagnation since there is a
lack of diverse information being shared [14]. Chaotic mapping has
been introduced into PSO in different forms to provide particles
with a certain degree of randomness to help promote diversity and
enhance search [15-17]. In HPSO-TVAC [18], a time-varying accel-
eration coefficient was applied to PSO, to orient particles from a
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global to a local search, with a reinitialization velocity scheme to
prevent particle stagnation. In another approach, Zhan et al. [19]
split the search into four states - exploration, exploitation, con-
vergence and jumping out, PSO was adapted using the Euclidean
distance of each particle as the feedback parameter. Chen et al. [20]
promoted diversity by employing a lifespan to the swam leader
and allowing particles to challenge for leadership. PSO has also
been successfully hybridized with other global optimizers such
as the Ant Colony Optimization (PSOACO) [21], Genetic Algorithm
(HGAPSO) [22], and Artificial Neural Network (PSO-ANN) [23]. In
PSOACO, the global exploration is governed by PSO while ACO con-
trols the localized search where virtual ants use pheromone trails
to refine particles’ positions. HGAPSO creates a population of indi-
viduals by mutation, crossover, and elitism, and this hybridization
imitates the maturation phenomenon. In PSO-ANN, motivated to
improve the performance of ANN, PSO was employed to determine
the optimal parameters of ANN to improve its learning ability. Poor
configuration of the control settings in PSO may lead to prema-
ture convergence, poor performance, or slow convergence [24,25].
Beielstein et al. [26] conducted an analysis of PSO using design of
experiments, this method reduces the number of simulation-runs
but does not allow the study of individual parameters, and therefore
a conclusive hypothesis cannot be established. A simple sensitivity
measure approach known as the one at a time approach is applied
in this research work to study the effect produced in the output
by changing the value of a single parameter [27,28]. The sensitivity
measure is obtained by increasing a parameter with a given incre-
ment while leaving the other parameters fixed and then quantifying
the output change in the model. This approach allows the user to
know which parameter is responsible for the failure of the model.

Many real-world engineering design problems are formulated
as constrained optimization problems. Presence of constraints has
a significant effect on the performance of an optimization algo-
rithm. The original form of any NIA lacks a system for handling
constraints [29]. Constraint handling techniques are required to
provide necessary information pertaining to the feasibility of a spe-
cific solution [30]. There exist many types such as the static penalty
[31], dynamic penalty [32], death penalty [33], and the feasibility-
based penalty [34]. In this work, the control parameters in PSO are
studied by restricting particles to feasible regions. The organization
of this work is as follows: Chapter 2 introduces the PSO algorithm,
its control parameters, describes some developed strategies and
the constraint handling approach. Chapter 3 illustrates the con-
straint handling technique applied to PSO. Chapter 4 introduces the
sensitivity analysis study and numerical results. Finally, Chapter 5
concludes the research work.

2. Particle Swarm Optimization (PSO) overview

In PSO [1], each particle represents a design point in the hyper-
space, and its current location is denoted by x(:K) where i is the
individual particle and ks the iteration number. Each particle keeps
track of its current position and its best solution so far denoted by
xfﬁ’k). Another value that is tracked by the algorithm is the best

global solution denoted by xg‘). The particle velocity v(:-K) refers
to the change in particle location at each iteration k [35]. In short,
the PSO algorithm attempts to accelerate particles by updating its
velocity towards its own personal best and the global best solu-
tion. Accordingly, v(:%) and x(:k) are both iteratively updated by
the following two equations respectively:

Wik _ 6k 4 ¢ rand,® (xg,k) _ x(i,k))

+ cyrand,® (x(ck) —x(i’k)) ci=1toN (1)

Fig. 1. Particle velocity and position update in a two-dimensional search space.
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where c¢; and ¢, the cognitive and social parameter respectively,
are collectively known as the acceleration coefficients. randl(k)
and randz(k) are vectors containing random numbers generated
at every k iteration (0 < rand < 1), and N refers to the swarm size.
In the particle velocity-update equation, three vector components
exist; namely the momentum vector, the cognitive or personal
component and the social or global component. Fig. 1 illustrates
how the three velocity vector components influence a particle
towards the search for the global best solution. The above two
equations represent the original PSO algorithm. Once the particles’
new velocity and position have been calculated, xg’k) and xg{) are
updated iteratively with the following equations respectively:

X0, iff (x00) < f (xg,k)>
xg,k), iff (x0:0) > f (xg,m)

X0 iff (x(i,k)) <f (xg{))
X = A , (4)
X;;LK), iff (x(z,k)) >f (x(g)>

Both the particle’s position and velocity are bounded according
to a predefined limit. The dynamic range of a particle’s posi-
tion is defined by the design variable limit, whereas the velocity
clamping-limit determines the particle’s velocity range. In terms
of initialization, the particles’ positions are randomly distributed
across the hyperspace, while their velocities are set as zero [36].
The initial diversity of the swarm profoundly influences the effi-
ciency of the algorithm since the higher the diversity, the higher
the chances of them locating the global solution are [37]. Egs. (1-4)
are updated at every iteration until a predefined termination crite-
rion is met. Typically, the algorithm terminates once an acceptable
global solution is obtained or a predefined maximum number of
function evaluations or iterations is reached [38].

(i.k) _
Xp =

(3)

2.1. Control parameters

The original PSO version described in the previous section has
certain parameters, known as the control parameters, which have
an impact on the overall search capabilities of the algorithm. These
control parameters, namely the acceleration coefficients, velocity
clamping-limit, swarm size and maximum number of iterations,
are briefly described as:

¢ Acceleration coefficient: The terms c¢; and ¢, when changed
could lead to particles flying to undesirable regions, therefore the
acceleration coefficients limits have both been set as 2 since the
conception of the PSO method [1]. However, this could be harmful
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Fig. 2. Effect of Clamping-Limit in Updating the Position of Particles.

to the overall search for the optimal solution since these param-
eters are key in controlling the effectiveness and efficiency of the
algorithm [39]. Therefore, a time varying acceleration coefficient
was developed to guide the particles to a global search (¢; > ¢3)
in the initial stages and then gradually direct them to a local-
ized search (¢, > c¢1) in the final iterations [18]. The acceleration
coefficients time varying forms are presented below, where c;*
and c,* are the cognitive and social parameters respectively at
iteration, cimgy and cymgy are the maximum cognitive and social
parameter respectively, C1pin and Cypin are the minimum cogni-
tive and social parameter respectively, k is the current iteration
and Max, is the maximum iteration.

c — C1min) X (Max —k
C]k — (( 1max 11111\1/;1(1))(’{( k )) + Cimin (5)
k_ _( (c2max — Camin) x (Maxy — k))
C2" = Comax ( Max;, (6)

¢ Velocity Clamping-limit: In order to clamp the maximum
step size change, the particles’ velocities are bounded by
(*Vmax valX ) [401.

Vimax = 6 x (Xmax — Xmin) (7)

where § is a clamping constant set between (0.1~1.0) and X;qx and
Xpnin are the maximum and minimum value of the design variables
[41]. The value of the maximum clamping-limit controls the coarse-
ness of the search by restricting the step size (velocity) changes
[24]. When a large Vpax is set, global exploration is promoted,
however a very large value could lead to particles overflying the
global optimum leading to premature convergence. On the other
hand, a smaller Vg facilitates local search but a very small value
would lead to particles requiring more iterations to solve the prob-
lem [42,43]. The effect of particle velocity clamping-limit for a
two-dimensional design space is illustrated in Fig. 2. In this figure,

x(ik+1) represents the position of particle i without the effect of the
clamping limit. The position x(:k*1) is the result of the clamping-

limit on both dimensions, x; and x,. The velocity v(i:k+1) is the
velocity of particle i without the clamping limit and v(-&+1) with
clamping-limit.

e Swarm Size: Swarm size, N, plays an important role in the per-
formance of the algorithm. This property refers to the number
of particles in the hyperspace - it explicitly affects the diversity

in the swarm. When a large swarm size is selected, the particles
cover more space in the search area but at the expense of com-
putational efforts. According to Arora [44], anywhere between 5
xy ~ 10 xy (where xy is the number of design variables) is a good
estimate, however in some other works anywhere between 10 ~
30 particles [45-47] proved to be successful in solving common
optimization benchmark problems.

e Maximum number of iterations: Maximum number of itera-
tions, Max;, refers to the number of iterations the PSO algorithm
goes through until it terminates. If the maximum number of iter-
ations is set as the termination criteria, then the predefined value
has a direct impact on the likelihood of the algorithm discovering
the global solution. Therefore, when a smaller value is selected,
the probability of PSO obtaining the global solution is lower than
if a larger value was selected. However, the downside of a large
maximum number of iterations is the increased computational
cost [42]. Therefore, the phenomena of premature convergence
could occur due to the poor selection of a maximum number of
iterations.

2.2. Inertia weight strategies

The introduction of the inertia weight helped promote better
searching from particles by balancing the global search and the
local search [12]. The inertia weight was incorporated into Eq. (1)
as follows:

kD) — i) 4 e rand, ® <xg”‘) _x(i,k))
+ cyrand,®) (x(ck) - x“*’”) (8)

where w is an inertia damping term that influences the momen-
tum vector. A large value enhances the particle’s global search, and
asmall value increases the particle’s local search. Shi and Eberhardt
[12] demonstrated a significant improvement in the performance
of PSO when the inertia weight linearly varied between 0.9 to 1.2.In
a subsequent study on the linearly decreasing inertia weight (PSO-
LDIW), Eberhardt and Shi [48] reported that varying the inertia
weight between 0.9 to 0.4 resulted in improved performance. The
linearly decreasing inertia weight equation is described as [42]:

k (Winax = Wiin) x (Maxy — k)

W( )= ( Maxk ) + Whin (9)
where wy,;, is the minimum inertia weight value, wpgy is the max-
imum inertia weight, k is the current iteration, and Max,, is the
maximum iteration. w(k) decreases from Wiqy to Wy, with respect
to k and Maxy. Naturally, different dynamic strategies could be
applied to the inertia weight. For example, the random inertia
weight (PSO-RIW) by Shi and Eberhart [49] randomly determines
the inertia weight at a given iteration according to:

k
(wk 0.5+ mgd ) (10)

where rand® is a random number [0, 1], and the range of w* is
between[0.5, 1].It was reported that RIW improved the robustness
of the PSO algorithm [49]. Another effective strategy was the use
of a fuzzy system to adapt the inertia weight, which proved to be
successful in solving dynamic optimization problems [50]. Some
researchers utilized previously developed versions of the inertia
weight to enhance its influence in the particles’ search capabil-
ity. By introducing an exponential component into the PSO-LDIW,



4 M. Isiet and M. Gadala / Journal of Computational Science 41 (2020) 101086

the nonlinear inertia weight (PSO-NLIW) [51] was devised with the
following equation:

wk = ((Wmax

— Win) X (Maxy, — k)° .
(Maxk)c ) + Wnin (11)

where c is the nonlinear modulation index. It was reported that
when ¢ = 0.9~ 1.3 the inertia weight managed to efficiently navi-
gate the particles between a globalized search in the early iterations
to a more refined search in the later iterations [51]. In another
adaption, a chaotic inertia weight (PSO-CIW) was proposed by
introducing a chaotic mechanism into the PSO-LDIW [16] as fol-
lows:
wik) — ((Wmax — Wpin) x (Maxy, — k)
(Maxy)

+ wmm) x z
(12)

¢ = x Zk-1 x (1 —z"”)

where z is the chaotic term and when 3.75 <o <4 the iner-
tia weight behaves chaotically. Moreover, when o =4, the
chaotic term covers an interval of [0,1] if z0 € [0, 1] and 20 ¢
[0, 0.25, 0.5, 0.75, 1.0]. This strategy promotes more randomness
and thus increases the swarm’s diversity [52]. Furthermore, empir-
ical results demonstrated that the chaotic inertia weight managed
to improve PSO’s convergence accuracy, convergence speed, and
exploration search ability [16].

2.3. Constraint handling approach

PSO modifications are needed to handle constrained problems
[33]. By the preservation of feasible solutions, particles can search
the whole design space but keep track of the possible solutions only,
and this can be done through the tracking of constraint violations.
In the current approach, the following logical conditions are applied
for handling constraints:

e Condition 1: Any feasible solution is chosen over an infeasible
solution.

¢ Condition 2: Between two feasible solutions, the one with the
better objective function value is preferred.

¢ Condition 3: Between two infeasible solutions, the one with the
better objective function value is preferred.

By applying the first condition, the algorithm orients itself to
favor feasible solutions over infeasible ones, whereas using the sec-
ond condition forces the algorithm to direct the search towards the
feasible regions with better solutions [53]. Fig. 3 shows a schematic
of the applied constraint handling technique in UAPSO. As can be
seen in Fig. 3(a), f (x(k+1D) < £ (x(:K)) however x(:k+1) is not a
feasible solution therefore x(:K) is retained by the algorithm as
the best solution. In Fig 3(b) since x(:k+1) is a feasible solution
and (x("»"“)) <f( ) x(:k+1) js retained by the algorithm. In

case both x(:%) and x(:k+1) are infeasible and ( (i,k+1) ) <f (x('*k )

x(ik+1) js retained by the algorithm as the best solution, as shown
in Fig. 3(c).Reinitialization of particles’ initial position until all are
within the feasible region was suggested as a method [33] to
avoid premature convergence in an infeasible region. However,
this approach may increase the computational time. By applying
a penalty on unfeasible solutions [54], PSO avoids premature con-
vergence when coupled with the abovementioned conditions. Two
pieces of information are included in the penalty function [55] -
the number of constraint violations and the amount by which the

constraint was violated. The modified PSO algorithm solves the cost
function as such:

if feasible solution

fi®),

d d
1
x)+ B (Zh> + B2 (Zy) , ifinfeasible solution
i=1 i=1

where F; (x)is the penalty function, f; (x) is the original cost function,
d d

Zh is the sum of d violated constraints, Zy is the sum of the
i=1 i=1

amount of d violated constraints and 8; and B, are the penalty
factors. Both 81 and B, are set to the value of 10°.

Fi(x) =

3. PSO sensitivity analysis

The speed-reducer optimization problem [56] is a common
benchmark example used for testing and comparing optimization
methods and is displayed in Fig. 4. Here it is considered for the sen-
sitivity analysis. In this problem, the objective is to minimize the
weight of the speed-reducer while optimizing seven design vari-
ables - face width (b), module of teeth (im), number of teeth in the
pinion (z), length of the first shaft between bearings (I;), length of
the second shaft between bearings (I ), and the diameter of first (d;)
and second shafts (d, ), respectively. All design variables are contin-
uous apart from z which is an integer value and handled using the
truncated method [57]. Furthermore, the problem is constrained by
11 constraints. The problem description is given in Appendix (A).
The global minimum of this problem is 2.994 E + 04 [58].

3.1. Numerical experimental setup

The sensitivity analysis included the five control parameters of
PSO. The analysis determined the sensitivity of the performance of
PSO to variations in each parameter using a statistical approach. The
speed-reducer problem is solved by PSO 100 times for each parame-
ter set. The best global solution is stored at the end of each run and
ranked after 100 runs to determine the best and worst solutions
obtained. The mean value and standard deviation are calculated by
the following equations respectively:

s (%)

f (xan) = = (14)

SO0 () — f (o))’
\/ 100 -1 (15)

where f (x)) is the mean value obtained across 100 runs, f (x‘c) is
the best global solution obtained at runiand SD is the standard devi-
ation. The sensitivity analysis was formulated using the numerical
computing software MATLAB (R2017a - Academic Version) and the

simulations were run on Intel Core i7 with 16 GB RAM.

3.2. Sensitivity analysis result - maximum number of iterations
(Maxy)

Max, depends on the nature of the problem. A low value
decreases the probability of obtaining the global solution, whereas
a high value increases the computational demands. Max; is studied
within the range of [100, 1000], which was used by Danial et al.
in their study [23]. Guerdia [59] recommended a range between
200-400 iterations for highly complex problems and between
10-50 iterations for medium complex problems. For this sensitivity
analysis, the range used by Danial et al. is selected since it will help
in detecting the sensitivity of PSO with Max, as it covers a broad
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Fig. 4. Schematic representation of the speed-reducer design problem.

range. As mentioned earlier, Max;, has a significant influence on
the probability of the swarm locating the global minimum, a small
Max; would not provide particles enough time to explore the design
space and a large Max; would increase computational demand. In
this analysis, the performance of PSO with varying Max; is studied
with 50 particles, a value of 2 for each acceleration coefficient, a

velocity clamping constant of 1 and the inertia weight is set as 0.5.
The results of the sensitivity analysis can be seenin Table 1. Increas-
ing the number of iterations led to a change in the performance of
PSO up to a certain point, as evidenced by a homogenous statistical
trend from Max,, 200 onwards; this shows that increasing computa-
tional effort can be superfluous at times. Mean performance shows
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Table 1
Sensitivity Analysis of Max, with N=50,8=1,c; =c; =2,and w = 0.5.

Maxy Best Worst Mean (Standard Deviation)
100 2.994E +03 3.056 E + 03 3.016 E+03(2.032E +01)
200 2.994E+03 3.047E+03 3.014E + 03 (2.035E +01)
300 2.994E+03 3.047E+03 3.013E+03(2.050E +01)
400 2.994E + 03 3.047E + 03 3.013E+03(1.962 E +01)
500 2.994E + 03 3.047 E + 03 3.012E+03(1.957E +01)
600 2.994E+03 3.047 E+03 3.013E+03(2.004E +01)
700 2.994E + 03 3.047E + 03 3.013E+03(1.985E +01)
800 2.994E+03 3.047E+03 3.012E+03(1.957E+01)
900 2.994E+03 3.047E+03 3.013 E+03(2.004E +01)
1000 2.994E + 03 3.047E + 03 3.013E+03(1.828 E+01)
Table 2

Sensitivity Analysis of N with Max, = 500,5=1,c; =c; =2,and w = 0.5.

N Best Worst Mean (Standard Deviation)
5 2.994E +03 3.357E+03 3.083 E+03(8.679E +01)
25 2994 E+03 3.141E+03 3.026 E+ 03 (2.628 E+01)
50 2994 E+03 3.047 E+03 3.012E+03(1.957E +01)
100 2.994E +03 3.043 E+03 3.002 E+03(1.223 E+01)
150 2.994E+03 3.017E+03 2.997 E + 03 (4.950 E + 00)
200 2994 E+03 3.007 E+03 2.995 E + 03 (2.822 E + 00)
250 2994 E+03 3.007 E+03 2.994 E + 03 (2.690 E + 00)
300 2.994E +03 2.994E+03 2.994 E + 03 (3.665 E-12)
350 2994 E+03 2994 E +03 2.994E + 03 (2.825 E-12)
400 2.994E+03 2994 E+03 2.994 E + 03 (1.828 E-12)
450 2.994E +03 2.994E +03 2994 E +03(1.828 E-12)
500 2994 E +03 2994 E+03 2.994E + 03 (1.828 E-12)

that increasing Max,, doesn’t result in a more efficient performance,
a saturation point is reached where larger iterations do not impact
the performance of PSO. This study also reveals the importance of
the other control parameters in navigating the particles for avoid-
ing premature convergence. Max; can improve performance, but
cannot improve PSO’s efficiency and robustness since it only con-
trols the duration of search and not the navigation of particles in
the design space.

3.3. Sensitivity analysis result - swarm size (N)

Shi and Eberhardt [60] claimed that swarm sizes have minimal
effect in the performance of PSO by studying the impact of the
swarm size within a range of [20, 160], Daniel et al. [23] employed
arange between 25 and 500 particles and Arora [44] suggested that
the swarm size should be selected based on the number of variables.
Since there does not exist a mechanism for the determination of the
swarm size a priori, a parametric study is typically conducted [61].
A sensitivity analysis of the swarm size is conducted for a range
of 5-500 particles, a value of 2 for each acceleration coefficient,
a velocity clamping constant of 1, the inertia weight is set as 0.5
and with an iteration of 500. As expected, the results display that
by increasing diversity, PSO performs more efficiently and effec-
tively; however, this is at the expense of computational effort. In
Table 2, it can be seen that between a population of 300 and 500
similar statistical performance was recorded. Increasing the swarm
size, increases the likelihood of particles locating the global min-
imum but exceeding a certain threshold leads to a homogenous
performance. Even though small populations managed to obtain
the global minimum, the navigation of swarms with different sizes
changes. Fig. 5 displays the historical performance of PSO with vary-
ing swarm sizes. Population sizes of 250, and 500 perform very
similar, as seen in Fig. 5, and this agrees with their respective sta-
tistical performance. However, the performance of larger swarm
sizes (250 and 500) differ from the smaller sizes (5 and 50), which
disagrees with Shi and Eberhardt’s [60] results. However, this is
mostly likely due to the constrained environment, where particles

3050 -
—N=5
3040 A —N=50
N =250
53030 —N =500
=
& 3020 A
=
X
E 3010 A
)=
o
3000 A
2990 T T T T |
0 100 200 300 400 500
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Fig. 5. Effect of swarm size on the performance of PSO.
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Fig. 6. Dynamic behaviour of the considered inertia weight strategies.
Table 3

Range of the considered dynamic inertia weights.

PSO Variant PSO-LDIW [12] PSO-NLIW [51] PSO-RIW [49] PSO-CIW [16]
04-09 04-09 05-1.0 0.0-1.0

w Range

behave in a different manner since particles update their positions
according to the feasibility of their performance.
3.4. Sensitivity analysis result - inertia weight (w)

Inertia weight dictates the influence of a particle’s previous
momentum in updating its velocity which enables more control
over the trajectory of a particle, i.e. exploration or exploitation. A
range of constant inertia weights was applied by Shi and Eberhardt
[12], and they concluded that PSO performs best with a moderate
number of iterations when an inertia weight between the range
of [.8, 1.2] is employed. Bansal et al. [62] studied the performance
of PSO with different types of dynamic inertia weights and a con-
stant inertia weight (w = 0.7). A momentum-less (w = 0) PSO was
also studied by Shi and Eberhardt [12] where it was found that
premature convergence occurred in particles close to the global
best solution due to the lack of momentum. In the conception of
PSO [1], the inertia weight took a value of unity (w = 1.0). PSO-
LDIW, PSO-RIW, PSO-NLIW, and PSO-CIW are compared to different
constant inertia weights. Based on the abovementioned work, a
range of constant inertia weight [0, 1.2] weight is implemented. The
dynamic behavior of the considered inertia weights is displayed
in Fig. 6, and illustrates the increased randomness introduced to
the particles by PSO-RIW and PSO-CIW. The ranges of the consid-
ered dynamic inertia weights are given in Table 3. Increasing the
inertia weight resulted in a decrease in the statistical performance
of PSO. The constant inertia weight between [0, 0.5] managed to
outperform the dynamic variants of the inertia weight, which is
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Table 4a
Sensitivity Analysis of w with Max, = 500,85 =1, ¢; =c; =2, and N = 50.

w Best Worst Mean (Standard Deviation)
0.0 2.994E+03 2.994E+03 2.995E+03(2.964E + 00)
0.1 2.994E+03 3.034E+03 2.999E+03(1.104E+01)
0.2 2.994E+03 3.034E+03 3.003E+03(1.428 E+01)
0.3 2.994E+03 3.047E+03 3.009E+03(1.797 E+01)
0.4 2.994E+03 3.047E+03 3.010E+03(1.802 E+01)
0.5 2.994E +03 3.047E+03 3.012E+03(1.957E+01)
0.6 2.994E+03 3.056 E+03 3.018E+03(2.047E+01)
0.7 2.994E+03 3.056 E+03 3.023 E+03(2.048 E+01)
0.8 2.994E +03 3.056 E+03 3.029E+03(1.997 E+01)
0.9 2.995E+03 3.150E+03 3.037E+03(2.197 E+01)
1.0 3.012E+03 3.150E+03 3.051 E+03(1.807 E+01)
1.1 3.014E+03 3.183 E+03 3.060 E+03 (3.038 E+01)
1.2 3.037E+03 3.198 E+03 3.062 E+03(3.366 E+01)
PSO-LDIW 2.994E+03 3.056 E+03 3.030E+03(1.897 E+01)
PSO-RIW 2.994E+03 3.056 E+03 3.025E+ 03 (2.084E +01)
PSO-NLIW 2.994E +03 3.056 E+03 3.029 E+03(2.090E +01)
PSO-CIW 2.994E+03 3.047E+03 3.017E+03(2.009E +01)
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Fig. 7. Comparison of the convergence of PSO-Momentum-less, PSO-CIW and the
original PSO.

in contrary to multiple studies [12,62], as seen in Tables 4a and 4b.
Larger inertia weight (0.9-1.2) failed to obtain the global minimum,
and performed inefficiently. As for the performance of the dynamic
inertia weights, PSO-CIW managed to perform best due to the
increased randomness introduced to the particles, thereby promot-
ing diversity in the search leading to a more robust search. In Fig. 7,
the convergence curves of the optimal solution display that the
momentum-less version managed to converge to the global min-
imum with fewer iterations and thus performed more efficiently

Table 4b
Sensitivity Analysis of ¢; and ¢, with Max, = 500, § = 1, and N = 50.

than the CIW version, while the original PSO version prematurely
converged to a local solution.

3.5. Sensitivity analysis result - acceleration coefficients (c; and
c2)

In a study [63] of the behavior of the particles in PSO, Kennedy
suggested that the sum value of both the cognitive and social
component in the particle velocity-update equation should not
exceed 4 and this has been established from the conception of
PSO [1]. Ozcan and Mohan [64] demonstrated through theoreti-
cal analysis that particles exhibit high levels of oscillations when
the sum of the acceleration coefficients exceeds 4. Kennedy [65]
studied the performance of a social-only (c; = 0 and ¢; = 4) and a
cognitive-only PSO (c; = 4and c; = 0) where he demonstrated that
the cognitive-only PSO had a quicker convergence and efficiency.
Clerc [66] suggested the use of a constriction factor (equivalent to
w = 0.729 and c; = ¢c; = 1.49445) to ensure convergence, whereas
Trelea[46] demonstrated thatw = 0.6 and c; = ¢; = 1.7 resulted in
agood performance. After running PSO with different combinations
of acceleration coefficients, Danial et al. [23] displayed the superi-
ority of c; = 2.286 and ¢; = 1.714. Van den Bergh and Engelbrecht
[24] conducted a theoretical analysis of particle trajectories and
convergence and developed a condition, based on the inertia weight
and acceleration coefficients, that guarantees particle convergence.
As such, the sensitivity analysis of the acceleration coefficient is
studied with the studies mentioned above and further generated
combinations that satisfy the conclusions of Kennedy [63], Ozcan
and Mohan [64] and Van den Bergh and Engelbrecht [24]. Further-
more, the time-varying acceleration coefficients, implemented by
Ratnaweera et al. [18], is also included to examine whether the
promotion of global exploration in the early iterations and local
exploitation in the latter stages can effectively navigate the swarm.
Also, the nonlinear version of TVAC (NL-TVAC) developed by Yu
et al. [67] is considered and described as follows:

kxm

k_ .

c1_c11+sm<72>< axk) (16)
kxm

k_ _ .

=2 Sm(ZXMaxk) an

where ¢11 = 1 and ¢ = 2. In TVAC [18], cX varies from 2.5 to 0.5
and c’z‘ from 0.5 to 2.5. It should be noted that apart from the
parameter selection of Clerc [66] and Trelea [46], the inertia weight
was set to 0.5. An iteration of 500, velocity clamping constant of
1 and swarm size of 50 was employed. The results, displayed in

c1 C 1 +c Best Worst Mean (Standard Deviation)
35 0.25 3.75 3.013E+03 3.498 E + 03 3.159E + 03 (1.094 E + 03)
3.25 0.5 3.75 2.994E +03 3.085E +03 3.007 E+03(1.819E +03)
3.0 0.5 3.5 2.994E+03 3.078 E+ 03 3.001 E+ 03 (1.652 E + 03)
2.5 1.0 35 2.994E+03 3.034E+03 2.997 E + 03 (8.978 E + 00)
2.0 1.75 3.75 2.994E +03 3.047E+03 3.012E+03(1.923 E+01)
2.0 2.0 4.0 2.994E+03 3.047E + 03 3.012E+03(1.957E +01)
1.75 2.0 3.75 2.994E+03 3.047E+03 3.016 E+03(1.941 E+01)
1.0 2.5 35 2.994E+03 3.141E+03 3.032E+03(2.439E+01)
0.5 3.0 3.5 2.994E+03 3.222E+03 3.063 E+03(5.372E+01)
0.5 3.25 3.75 2.994E +03 3.222E+03 3.062 E+ 03 (5.825E+01)
0.25 35 3.75 2.994E+03 3.222E+03 3.077E+ 03 (6.673 E+01)
0.0 4.0 4.0 2.994E +03 3.222E+03 3.104E+03(7.679E +01)
1.49445 1.49445 2.9889 2.994E+03 3.047E+03 3.021 E+ 03 (2.070 E +01)
1.7 1.7 34 2.994E+03 3.047E+03 3.012E+03(2.020E +01)
2.286 1.714 4.0 2.994E +03 3.047 E+03 3.009E +03(1.761 E+01)
1.714 2.286 4.0 2.994E+03 3.056 E + 03 3.022E+03(2.195E+01)
NL-TVAC 3.0 2.994E+03 3.047E+03 3.017E+03(2.101 E+01)
TVAC 3.0 2.994E+03 3.034E+03 2.998 E+03(1.015E +01)
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Table 5
Sensitivity Analysis of Viax with Max;, = 500, w =1, ¢; = ¢ =2 and N = 50.

8 Best Worst Mean (Standard Deviation)
No Velocity Clamping 2.994E+03 3.047E+03 3.013E+03(1.962 E+01)
0.1 2.994E+03 3.047E+03 3.011 E+03(1.974E +01)
0.2 2.994E+03 3.034E+03 3.006 E+03(1.694E +01)
0.3 2.994E+03 3.047E+03 3.010E+03(1.938 E+01)
0.4 2.994E+03 3.047E+03 3.006 E+03 (1.702 E + 01)
0.5 2.994E+03 3.047E+03 3.012E+03(2.006 E+01)
0.6 2.994E+03 3.047E+03 3.015E+03(2.002E+01)
0.7 2.994E+03 3.047E+03 3.012E+03 (1.899 E +01)
0.8 2.994E+03 3.047E+03 3.015E+03(2.049E +01)
0.9 2.994E+03 3.047E+03 3.011E+03(1.796 E + 01)
1.0 2.994E+03 3.047E+03 3.012E+03(1.957 E+01)
Vinax = Xmax 2.994E+03 3.047E+03 3.013E+03(1.973E+01)
LSE 2.994E+03 3.047E+03 3.011 E+03(1.931 E+01)
VCLDM 2.994E+03 3.047E+03 3.016 E+ 03 (2.071 E+01)
RM 2.994E+03 3.047E+03 3.015E+01(1.948E+01)
APS 2.994E+03 3.047E+03 3.014E+01(1.990E +01)
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5 ¢, =25.¢,= 1.0 —— Vmax = Xmax —No velocity clamping
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Fig. 8. Comparison of the convergence of PSO (¢; = 2.5, ¢, = 1.0), TVAC and the
original PSO.

Table 5, show that the conventional setting of the acceleration
coefficients did not perform effectively, and this is in agreement
with Van den Bergh and Engelbrecht [24]. Due to the absence of
a global leader the particles behaved statically in the cognitive-
only PSO [65] and thus this version was omitted. The original PSO
version managed to perform better than the social-only version;
this is in contrary Kennedy [65]. In terms of the dynamic adapta-
tions, TVAC managed to navigate the swarm effectively resulting in
a strong performance, and outperformed NL-TVAC. The best per-
forming combination (c¢; = 2.5, ¢, = 1.0) managed to produce a
consistent and efficient performance. In Fig. 8, the convergence
curve of the conventional acceleration coefficients is compared
with the TVAC and the best performing combination. It can be
seen that both constant combinations led to quick convergence
whereas TVAC required more iterations as it directed the particles
to explore the design space in the initial iterations and then towards
the end of the search TVAC promoted convergence to the global
solution.

3.6. Sensitivity analysis result — velocity clamping-limit (Viax)

When studying the trajectory of particles, Van den Bergh and
Engelbrecht [24] showed that velocity clamping is necessary when
employing the original PSO formulation since particles would
diverge and leave the desirable regions. Typically, the velocity
clamping-limit is set to that of the dynamic range of a particle’s
position (Vmgx = Xmax) [10,48]. Shahzab et al. [68] used a value
of 0.1 to clamp the particle’s velocities, whereas Marini and Wal-
czak [69] suggested anywhere between [0.0, 0.5]. However, Viax is
problem-dependent and thus a sensitivity analysis will need to be
conducted to determine the optimal value [70]. A linearly decreas-

Iteration

Fig. 9. Comparison of the convergence of PSO (¢; = 2.5, ¢; = 1.0), TVAC and the
original PSO.

ing clamping-limit (LDCL) was suggested by a couple of studies
[42,71]. Barrera et al. [71] tested various polynomial functions that
reduce Vinax, and found that a parabola function that orients parti-
cles towards a more localized search proved successfully:

k " Xmax — Xmin
o) (gt

where, when, n = 3 or 5 good performance was reported by Barrera
et al. Ratnaweera et al. [18] employed a velocity reinitialization
scheme according to a random probability to avoid stagnation,
while Ghalia [72] utilized an active penalty scheme that reset the
particle’s velocity component responsible for driving the particle
outside the design space. The sensitivity analysis of Vinax is stud-
ied, here, with different clamping constants [0.0, 1.0]. Furthermore,
the local search enhancer (LSE) [71], the velocity clamping-limit
decreasing method (VCLDM), the reinitialization method (RM)[18]
and the active penalty scheme (APS) [72] are also considered.
The results produced show that the clamping-limits have minimal
impact on the algorithm’s performance; LSE, LDCL, VCLDM and RM
performed in a likewise manner. However, this behaviour might be
due to the nature of the problem as the maximum velocity is com-
monly set to the dynamic range of the design variables [10,49]. The
empirical results of the sensitivity analysis of the clamping-limit on
the PSO algorithm are displayed in Table 5. The convergence history
displayed in Fig. 9 demonstrate that the different velocity clamp-
ing strategies resulted in a very similar performance with respect
to particle navigation.



Table 6

Description of the considered state-of-the-art metaheuristic methods.
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Method

Description

Adaptive Firefly Algorithm (AFA) [73]

Mine Blast Algorithm (MBA) [74]

Cuckoo Search (CS) [75]

Krill Herd (KH) [76]

Firefly Algorithm (FA) simulates the behaviour of the flashing of fireflies. To improve, an adaptive FA (AFA) was
proposed where both adaptive and self-adaptive parameters were utilized. The penalty function approach was

employed for handling constraints.

MBA simulates the explosion of mine bombs and aims to locate the mine that would create the biggest explosion.

Moreover, a set of feasibility rules are utilized for handling constraints.

CS simulates the obligate brood parasitic behaviour of some cuckoo species in combination with the Lévy flight
behaviour of some birds and fruit flies.
KH simulates the behaviour of krill individuals, where the global minimum is located by determining the minimum
distance to the food and the highest density of the krill swarm. The penalty function approach was employed for

handling constraints.

Table 7

Best solution and statistical performance of the PSO-OPS and the considered algorithms for the speed-reducer design problem.

D.V. AFA [73] MBA [74] CS[75] KH [76] Original PSO Present work
X1 3.500 E + 00 3.500 E + 00 3.501 E +00 3.500 E + 00 3.508 E + 00 3.500 E + 00
X2 0.700 E + 00 0.700 E + 00 0.700 E + 00 0.700 E + 00 0.700 E + 00 0.700 E + 00
X3 1.700E + 01 1.700E + 01 1.700E + 01 1.700E + 01 1.700E + 01 1.700E + 01
X4 7.302 E +00 7.300 E + 00 7.605 E + 00 7.366 E + 00 7.300 E + 00 7.300 E + 00
X5 7.800 E + 00 7.716 E+ 00 7.818 E+00 7.823 E+00 8.300 E + 00 7.715 E + 00
X6 3.350E+00 3.350E + 00 3.352E+00 3.350E + 00 3.365E + 00 3.350E + 00
X7 5.287 E+00 5.287 E+00 5.287 E+00 5.287 E+00 5.290 E + 00 5.287 E+ 00
Best 2.996 E + 03 2.994E + 03 3.001 E+03 2.997E+03 3.012E+03 2.994E+03
Worst 2,997 E+03 3.000E +03 3.009E +03 3.011E+03 3.150E+03 2.994E+03
Mean 2996 E+03 2997E+03 3.007E+03 3.006 E+03 3.051E+03 2994 E+03
SD 9.000 E-02 1.560 E + 00 4.968 E + 00 2.638 E +00 1.807 E + 01 1.583 E-07

4. Verification of sensitivity analysis

The results of the sensitivity analysis are verified by comparing
the performance of PSO with other metaheuristic methods from
the literature. Since a large swarm size and a maximum number
of iterations increase computational efforts, a population of 50
particles and iteration of 500 are set to reduce function evalua-
tions. The best performing acceleration coefficients combination
(c1 = 2.5, c; =1.0) and inertia weight (w = 0) are employed in
this verification study, this parameter set is hereby referred to
as PSO-OPS (PSO-Optimal Parameter Set). Similar to the statisti-
cal approach taken in the sensitivity analysis, the best, worst, and
mean solution, and standard deviation are considered for compar-
ison. The speed-reducer, the tension/compression spring and the
three-bar truss constrained optimization problems are used in this
study, and run 30 times to extract statistical data. The problem
descriptions are given in the Appendix. Five metaheuristic meth-
ods, Adaptive Firefly Algorithm (AFA) [73], Mine Blast Algorithm
(MBA) [74], Cuckoo Search (CS) [75], Krill Herd (KH) [76], and PSO
[1], are used for the verification study and their descriptions are
given in Table 6.

3050 -
——Present work

2029 9 —Original PSO

(8]

(=

(%)

(=]
1

3020 A

3010 A

Optimized Solution

3000 -

2990

T

0 100 200 - 300 400 500
[teration

T 1

Fig. 10. Comparison of the convergence of PSO-OPS and the original PSO for the
speed-reducer design problem.

4.1. Speed-Reducer

The speed-reducer problem considered in the sensitivity
analysis is reintroduced in this algorithm comparative study. The
best solution obtained with PSO-OPS is x = [3.500000, 0.700000,
17.000000, 7.300000, 7.715320, 3.350215, 5.286654] with
f(x)= 2.994E + 04. Comparison between the statistical perfor-
mance and the best solutions obtained by the PSO-OPS and the
other considered metaheuristic algorithms is presented in Table 7.
The considered algorithms are AFA, MBA, CS, KH and PSO. In
terms of obtaining the best solution, MBA, and PSO-OPS managed
to obtain the best solution, f(x) = 2994.471066, while AFA, CS,
KH, and PSO could not. As for the quality of results, PSO-OPS
outperformed the considered methods by producing the lowest
worst and mean solution, and standard deviation. Fig. 10 depicts
the convergence curves of PSO-OPS and the original PSO for the
speed-reducer problem, where the optimized solution refers to
the best-obtained solution by the swarm.

4.2. Tension/Compression spring

The tension/compression spring design problem consists of a
nonlinear objective function with four nonlinear inequality equa-
tions [77] and is illustrated in Fig. 11. The objective of this problem
is to minimize the structural weight of the coil spring, and it con-
sists of three continuous design variables. The design variables are
the wire diameter d (x; ), mean coil diameter D (x,), and the num-
ber of active coils N (x3). Furthermore, the spring is subjected to
constraints on minimum deflection, shear stress, surge frequency,
and the outer diameter of the spring. The best solution obtained
with PSO-OPSisx = [0.051704, 0.357071, 11.268276] withf (x) =
1.267E - 02.

Comparison between the statistical performance and the best
solutions obtained by the PSO-OPS and the other considered
metaheuristic algorithms is presented in Table 8. The considered
algorithms are AFA, MBA, KH and PSO. In terms of obtaining the
best solution, AFA, MBA, and PSO-OPS managed to obtain the best
solution, f(x) = 0.012665, while KH, and PSO could not. As for
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Fig. 11. Schematic representation of the tension/compression spring design problem.

Table 8
Best solution and statistical performance of the PSO-OPS and the considered algo-
rithms for the tension/compression spring design problem.

Table 9
Best solution and statistical performance of the PSO-OPS and the considered algo-
rithms for the three-bar truss design problem.

D.V. AFA[73] MBA [74]  KH[76] Original PSO Present work D.V. KH]J76] MBA [74]  CS[75] Original PSO Present work
X1 5.167 E-02 5.166 E+00 5.166 E + 00 5.000 E-02 5.170 E-02 X1 7.885E-01 7.886E-01 7.887E-01 7.881E-01 7.886 E-01
X2 3.562E-01 3.559E+00 3.559E+00 3.174 E-01 3.571 E-01 X2 4.088 E-01 4.086 E-01 4.090 E-01 4.099 E-01 4.082 E-01
X3 1.132E+01 1.134E+01 1.134E+01 1.404E +01 1.127E + 01 Best 2.639E+02 2.639E+02 2.640E+02 2.639E +02 2.639E+02
Best 1.267 E-02 1.267 E-02 1.268 E-02 1.273 E-02 1.267 E-02 Worst 2.650 E+02 2.639E+02 N/A 2.639E+02 2.639E+02
Worst 1.271 E-02 1.290E-02 1.290E-02 3.046 E-02 1.616 E-02 Mean 2.639E+02 2.639E+02 2.641E+02 2.639E +02 2.639E+02
Mean 1.268 E-02 1.271E-02 1.270E-02 1.389 E-02 1.335 E-02 SD 1.658 E-01 3.930E-03 9.000 E-5 9.904 E-02 1.354 E-03
SD 1.281 E-05 6.300E-05 3.000 E-04 3.398 E-03 7.994 E-04
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Fig. 12. Comparison of the convergence of PSO-OPS and the original PSO for the

speed-reducer design problem.
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P

Fig. 13. Schematic representation of the three-bar truss design problem.

the quality of results, PSO-OPS was outperformed by the consid-
ered methods. However, despite PSO-OPS weaker performance, it
managed to outperform PSO and produced a better statistical per-
formance. Fig. 12 depicts the convergence curves of PSO-OPS and
the original PSO for the speed-reducer problem, where the opti-
mized solution refers to the best-obtained solution by the swarm.

Fig. 14. Comparison of the convergence of PSO-OPS and the original PSO for the
speed-reducer design problem.

4.3. Three-bar truss

The three-bar truss design problem consists of a nonlinear
objective function with three nonlinear inequality equations [77]
and is illustrated in Fig. 13, where [ is the length of the bar (and
P is the applied load. The objective of this problem is to min-
imize the structural weight of the truss, and it consists of two
continuous design variables. The design variables are the cross-
sectional area of the bars a; and a, (x; and x,). The best solution
obtained with PSO-OPS is x = [0.788677, 0.408244] with f (x) =
2.639E + 02. Comparison between the statistical performance and
the best solutions obtained by the PSO-OPS and the other con-
sidered metaheuristic algorithms is presented in Table 9. The
considered algorithms are KH, MBA, CS and PSO. In terms of obtain-
ing the best solution, KH, MBA, PSO, and PSO-OPS managed to
obtain the best solution, f (x) = 2.639E + 02, while CS could not.
As for the quality of results, PSO-OPS outperformed the considered
methods by producing the lowest worst and mean solution, and
standard deviation. Fig. 14 depicts the convergence curves of PSO-
OPS and the original PSO for the speed-reducer problem, where
the optimized solution refers to the best-obtained solution by the
swarm.
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5. Conclusion

Particle Swarm Optimization method may suffer from prema-
ture convergence and sensitivity to the initial control settings. An
extensive sensitivity analysis was conducted to study the impact
of the control parameters, and to determine the optimal parameter
combination. A constrained optimization problem was considered
for the parameter analysis, and the results revealed that PSO was
most sensitive to the inertia weight and the acceleration coeffi-
cients. The optimal parameter combination was verified through a
comparative study with other metaheuristic algorithms by solving
three constrained design problems. The verification study revealed
that PSO with the proposed parameters managed to outperform the
other considered methods in all but one case, where it performed
competitively.

The next step in this line of research will be to conduct a more
comprehensive parameter analysis by studying different combi-
nations simultaneously, as opposed to the proposed methodology
of one-at-a-time sensitivity analysis. The applied method has its
merit since it allows the user to determine the parameter respon-
sible for failure. The applied constrained technique will need to be
considered as well since it affects particle navigation, and could
potentially further improve the performance of PSO.
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Appendix A. Benchmark Constrained Optimization
Problems

A.1. Speed Reducer
minf (x) = 0.7854x;x3(3.3333x% + 14.9334x3 — 43.0934)

—1.508%(Xg +X3) + 7.4777(x3 + X3) + 0.7854(X4XZ + X5X3)

27
c(x); = x -1<0
14543
397.5
c(x)y = — -1<0
18273
1.93x3
c(x)3 = _— -1<0
28643
1.93x3
c(x)y = _— -1<0
24643
2 6
\/745()(;“;3) +16.9 x 10
c(x)s = 3 -1<0
110xg
2 6
\/745({2?3) +157.5% 10
c(x)g = -1<0

3
85x3

X2X3

c(x); = quo
c(x)g = %— <0
c(X)g = 1’2‘;2 ~1<0
(X0 = w—lfo
c(X)1 = W—lfo

where 2.6 <x; <3.6,0.7 <x; <0.8,17 <x3 <28,7.3 <x4 <8.3,
7.3 <x5<83,29<x5<3.9and5.0 <x; <5.5.
A.2. Tension/Compression Spring

minf (x) = (X3 + 2)x2x3

3
X5X3
cx)y=1-—2—— 7=
71785x]
4x2 — x1x 1
CX)y= o2 120
12566(x2x7 —x7)  5108x3
3 X2X3
X2 + X1

c(x)4:T—1§O

where 0.05 < x; <2.00, 0.25 <X, <1.30 and 2.00 < x3 < 15.00.
A.3. Three-Bar Truss

minf (x) = 200+/2x; + 100x;

c(x); = M_]<0
U V2x12 4 2x1%) -
X2
c(x)y= —————-1<0
(%), V2x12 + 2X1Xy -
c(x) S 1<0
a \/ZX2+X1 -

where 0.0 < xq, x5 <1.0.
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