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The impact of nonlinear coupling on entanglement and teleportation in a two-qubit spin system featuring
Dzyaloshinskii-Moriya (DM) interaction was investigated while considering both homogeneous and inhomo-
geneous magnetic fields. Additionally, the dependencies of entanglement and teleportation on temperature
and magnetic field for this specific interaction were analyzed. The findings demonstrate that the nonlinear

coupling and DM interaction play significant roles in enhancing entanglement and teleportation. Furthermore,
the results show that nonlinear coupling can positively affect the negativity and accuracy of teleportation,
which are critical factors in quantum information processing. This suggests that nonlinear coupling could be
valuable in developing quantum technologies.

1. Introduction

Quantum entanglement, as an impervious nonclassical correlation
between spatially separated quantum systems, has played an essential
role in quantum information processing [1]. Several investigations
of entanglement in thermal equilibrium states of spin chains depen-
dent on an external magnetic field at finite temperature have been
made [2-4], where it is well known that an important emerging field
is quantum entanglement in matter systems such as spin chains. Re-
cently, exciting works have investigated the thermal quantum discord
in different Heisenberg models [5,6]. The anisotropic antisymmet-
ric exchange interaction is presented in phenomenological difference
by Dzyaloshinskii [7] and in microscopic grounds by Moriya [8].
Many authors introduced detailed and comprehensive studies that have
shown the dependence of entanglement and teleportation on various
parameters, for example, interaction strength, temperature, single-ion
anisotropy, and magnetic field [9-16]. The entanglement depends on
the distance between spins and other physical parameters in the case
of realistic systems, such as short-range entanglement between spins
and charge degrees of freedom it is observed in quantum dots [17,
18],nanotubes [19] and molecules [20]. Some authors paid to discuss

quantum teleportation by using thermal entangled states as entan-
glement resources [21,22]. The quantum teleportation based on the
quantum nonlocal property can be activated with the Heisenberg spin
chain as a quantum channel [23]. Based on the preceding discussion,
exploring the relationship between wave solutions of nonlinear mod-
els and spin chains reveals that a spin chain is a distinct category
of wave solution that arises in specific nonlinear partial differential
equations (PDEs) [24-30]. Spin chains have been observed in various
physical systems, including water waves [31], plasma waves [32],
and optical waves [33], and have found applications in fields such
as optical communications [34,35] and signal processing [36]. Many
authors discussed various problems in various branches of science to
investigate the nonlinear coupling in Heisenberg spin chain. There are
some effective authors in this field see for example: The nonlinear
spin excitations in one-dimensional, anisotropic Heisenberg spin chains
have been discussed [37]. The nonlinear ¢ model is properly derived
without spoiling the original spin degrees of freedom. The method
shows that a single disordered phase continuously extends from a
frustrated uniform regime to an unfrustrated distorted regime [38].
The nonlinear spin dynamics of (2 + 1)-dimensional Heisenberg ferro-
magnetic (FM) spin chains with bilinear and anisotropic interactions in
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Box I.

the semiclassical limit using the coherent state was investigated [39].
In [40], the authors demonstrate that nonlinear magnetic solitary ex-
citations (solitons) traveling through a Heisenberg spin chain may
be used as a robust tool capable of coherent control of the qubit’s
state. The authors [41] analyze the domain-wall confinement in large-
S spin-chain antiferromagnets with easy axis, singleion anisotropy.
It is motivated by the observation of discrete energy levels in the
anisotropic antiferromagnet CaFe,O, a spin-5/2 system consisting of
weakly coupled zigzag chains. Many experimental studies have shown
that there is a plethora of materials, such as the edge-shared cuprates
LiCu,0, [42], LiCuVO, [43-45], Li,ZrCuO, [46], Ca,Y,Cus0,0 [47]
and NaCu,0, [48], which can be adequately described by a chain
model with ferromagnetic (FM) nearest-neighbor (NN) interaction and
antiferromagnetic (AFM) next-nearest-neighbor (NNN) interaction.

In this work, we investigate the effect of the nonlinear coupling on
the thermal entanglement in the two-qubit spin system with
Dzyaloshinskii-Moriya (DM) interaction in the presence of the homoge-
neous and inhomogeneous magnetic field. We discuss the entanglement
and teleportation via the quantum channel constructed by this system.
We also investigate the temperature and magnetic field dependence of
the thermal entanglement of this system for this interaction.

The objective of this paper is to investigate the impact of nonlinear
coupling interaction effects of the entanglement and the process of tele-
portation. The structure of the paper is as follows. Section 2 describes a
two-qubit spin system and gives the eigenvalues and the eigenvectors.
In Section 3, we calculated the system’s density matrix. We discussed
the numerical modeling results, such as the negativity and fidelity of
the system for the nonlinear coupling with different model parameters.
Finally, in Section 4, we present our conclusions.

2. Model and solution for a two-qubit
The Hamiltonian H for a two-qubit anisotropic Heisenberg model

with z-component interaction parameter D, is

H =J((+y)ojo; +(1 - y)alyag +0703) + k(1 + 7)oy o3

)

+D.(070) — 6]03) + (B + b)o} + (B — b)o}

y_y
+(1 = y)ojo; +0i0]
(€]

where J is the linear coupling coefficient, k is the nonlinear coupling,
y is the anisotropic parameter, D, is the z-component DM interaction
parameter, o'(i x,y,z) are Pauli matrices, B is a homogeneous
part of the magnetic field and b describes the inhomogeneity. All the
parameters are dimensionless. In the standard basis (|00), |01), |10),
|11)), the Hamiltonian has the following matrix form: (see the equation
in Box I). A straightforward calculation gives the following eigenvalues
and eigenvectors of the Hamiltonian H.

E, = 2VB2+ 202 44720k + 4722 + J + 47k + k
E, = 2VB2+ 202 + 42Tk + 4202 + J + 4k + k
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3. Thermal density matrix

The state of the two-qubit system at thermal equilibrium is deter-
mined by the density matrix

4
1
T =—
o) =~ ;
In the representation with basis states {|00), |01),10), |11)} the density
operator for the system under consideration in thermal equilibrium can
be worked out to be

_E.
<exp [T‘]> lwi X wil, where Z = Tr(p(T)) @

pn 0 0 py
11O pp Pz O
)= — ) )
Z10 px pz O
P41 0 0 Pag

has matrix elements given in Eq. (5) as follows: (see the equation in
Box II).

3.1. Negativity of the system

In this subsection, we consider the negativity as a measure of
entanglement and study its dependence on the system’s parameters.
Negativity measurement plays a crucial role in quantum information
theory, helping to quantify the amount of entanglement between two
quantum systems. It is also used in various tasks, such as quantum
cryptography, teleportation, and error correction. Negativity was in-
troduced by Vidal and Werner [49]. Certainly, negativity is the best
instrument to define bipartite quantum correlations [50]. With the
thermal density matrix p, we can evaluate the entanglement by using
the negativity. This measure states that if A, represents the eigenvalues
of p'2, then the negativity is given by [51,52], N = Z?:] [4;] — 1 where
T, refers to the partial transposition for the second subsystem. By using
this definition for our system, the negativity can be calculated explicitly
as, N = max[0, —2min[4;]]. The values of N range from zero to one:
For a maximally-entangled when N = 1, while for a unentangled state
N =0.
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Box II.

In Fig. 1(a) we plot the negativity N as a function of the nonlinear
coupling k with different values DM interaction D, = 10 dashed dot
line, D, = 5 dashed line, D, = 0 solid line, with the absence of a
homogeneous and nonhomogeneous magnetic field B = b = 0, with
the linear coupling coefficient J = —1, the temperature 7 = 1 and the
anisotropic parameter y = 2. We note that the negativity conserve on
complete entanglement for D_ = 0 more than D, = 10. So, for D, =10
dashed dot line, we find that the initially unentangled state, there is a
death of entanglement, we observed that the negativity starts from The
highest value (N = 1) and then it go to down to zero, with the evolution
value of k the negativity grows to the top quickly to reaches steady-
going values at 1. For D, = 5 dashed line, we find that the initially
short entangled state, and there is a death of entanglement, Thus, the
curve ascends to maximum value of entanglement. for D, = 0 solid
line, we find that the initially long entangled state and happen a death
of entanglement, then we have a Permanently entanglement. The of
the negativity are shown in Fig. 1(b) as the function of the nonlinear
coupling constant & in the presence of a homogeneous magnetic field
B = 5,b = 0, we find that the initially non-zero entanglement, then
it gets the same behavior as the function in the previous Fig. 1(a),
we see that the negativity starts from 0.9 and decay slowly before
the revival and reaches to steady-going values at 1 as in Fig. 1(b).
Fig. 1(c) shown that the effect of an inhomogeneous magnetic field
B 1,b = 1 with DM interaction for versus k. It notes that the
negativity decays very fast before the revival and reaches to steady-
going values. Happen a height faster increasing of the entanglement
with increasing of the values DM interaction, so the negativity reaches
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to steady-going values. With increasing an inhomogeneous magnetic
field B = 1,b = 5, there is a faster death before it reaches to steady-
going values as in Fig. 1(d). In Fig. 2(a) we plot the negativity N as a
function of temperature T with different values DM interaction in the
absence of a homogeneous magnetic field B = 0, b = 0, with the linear
coupling coefficient J = -1, the nonlinear coupling ¥ = —1 and the
anisotropic parameter y = 2. We observed that negativity start from
The highest value for the entanglement at 1 and sudden death occur.
With increase of homogeneous magnetic field B = 5,5 = 0, we see that
the entanglement decay rapidly. For the entanglement begins from 0.75
and decay quickly with increase DM interaction as Fig. 2(b). In Fig. 2(c)
we studied the effect of an inhomogeneous magnetic field B=1,b=5,
with different values DM interaction, there is a homogeneous magnetic
field on N versus T. We observed that N decay and occurs phenomenon
sudden death. When increasing an inhomogeneous magnetic field, we
see that N decay quickly with increase values of DM interaction as seen
in Fig. 2(d).

Fig. 3(a) shown for B = 1,b = 1 the behaviors of the negativity as
the function of temperature T and the nonlinear coupling constant k.
We find that the negativity monotonically decreases with the increase
of temperature. At the same time, we see that the critical temperature
T, does not improved with increasing k. Fig. 3(b) shows the negativ-
ity versus DM interaction and nonlinear coupling k. It is clear that
the negativity decrease slowly with increasing DM interaction, while
that N decreases quickly and increase to reaches constant values. In
Fig. 3(c) we see that the negativity is always larger than zero for any
value of k and a homogeneous magnetic field B, which means that the
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(r=1,b=0,B=0)in (a), (T =1,b=0,B=5)in (b), T=1,B=1,b=1)in (¢) and (T =1,B=1,b=15) in (d).
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Fig. 2. The evolution of Negativity (N) in terms of T. The solid, dashed and dot-dashed curves are evaluated for D, = 0,5,10, respectively, with (y = 2, J = —1). We set

(k=-1,b=0,B=0)in (@), (k=-1,b=0,B=5)in (b), (k=-1,B=1,b=1) in (c) and (k=-1,B=1,b=5) in (d).

anisotropic parameter y does not completely of the entanglement but than zero for any value of k and an inhomogeneous magnetic field b,
generates entanglement. Fig. 3(d) shows that the negativity versus b we see that the negativity slowly decreases with the increase of b, while
and nonlinear coupling k, we see that the negativity is always larger the negativity has been increased with k increased.
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3.2. The effect of initial state and inputting state on the fidelity

The fidelity between p;, and p,, characterizes the quality of the
teleported state p,,, [53,54]. By teleporting the state of one of the two
entangled qubits, we consider partial teleportation of entanglement. We
consider inputting a two qubits state in the special pure state

win) = cos(l01) + ¢ sin(2110), ©)

where 0 < 0 < 7, 0 < ¢ < 2x. The output state is then given by [55]

Pout(t) = Z Pij (0; ® o-j)pl'"(o-i ® 0j ), @
ij

where o;(i = 0, x, y, z) signify the unit matrix I and three components of

the Pauli matrix respectively,

Py = trlE (DYl E/p(T)L, Y, Py = 1. ®)

Here E0 = [y~ )(y~|, E' =|¢~ )¢~ |, E? =|¢*)(@*], E* =|y*)(y*], and
wE L2|01)i |10), ¢p* = L2|00)4_r |11). Fidelity is often a useful test of
the quality of teleportation. It is between the teleported state p,,, and
the initial state to be teleported p,,, it describe as following

2
F(pin’pour) = [Tr< \/ﬁﬂom\/ﬁ)] .

For F(p;,, poy) = 0, it means that the information is completely de-
stroyed in the transmission process, and the teleportation fails. While
for F(p;,. pou) = 1 it means that the final state is identical to the initial
state, In common situation 0 < F < 1 it results in distortions to the
quantum information at a certain extent after being transmitted.

In Fig. 4(a) we plot the Fidelity versus the nonlinear coupling k
with different values DM interaction in the absence of a homogeneous
magnetic field. We observed that it happen long death, before happen
revival quickly and reaches to steady-going values at 1. With increase
DM interaction, occurs revival quickly at long periods. In the presence
of a homogeneous magnetic field B 0, there is the long death
before occurs revival quickly and reaches to steady-going values at 1.

)]
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With increase DM interaction B = 5, the long death occurs at long
periods with increase DM interaction and occurs grows of Fidelity with
the increase of k as seen in Fig. 4(b). In Fig. 4(c) we studied the
effect of an inhomogeneous magnetic field with different values DM
interaction when there is a homogeneous magnetic field b 1 on
Fidelity with versus k. The short death occurs at long periods with
increase DM interaction, with increase of the inhomogeneous magnetic
field, there is a short death before that revival quickly and reaches to
the steady-going values at 1 as in Fig. 4(d).

In Fig. 5(a) we plot the Fidelity versus T with different values
DM interaction, D, 10 dashed dot line, D, = 5 dashed line,
D, = 0 solid line. In the absence of a homogeneous magnetic field
B = 0, we observed that the Fidelity increased with increasing of T
and it increased faster for large DM interaction. In the presence of a
homogeneous magnetic field at B 5, there is increased slowly of
Fidelity by with increase DM interaction as see in Fig. 5(b). In Fig. 5(c)
we studied the effect of an inhomogeneous magnetic field with different
values DM interaction on the Fidelity against T with a homogeneous
magnetic field B = 1. We observed that it increased slowly of fidelity
with increase DM interaction. With increased of an inhomogeneous
magnetic field » = 5, we found that faster grows of fidelity as seen
in Fig. 5(d).

In Fig. 6(a) we plotted the fidelity as a function of nonlinear
couplings k and temperature T, we find that the fidelity monotonically
increases with the increase of temperature. At the same time, and the
critical temperature 7, is improved with increasing k. Fig. 6(b) shows
the fidelity versus DM interaction and nonlinear coupling k. It is clear
to see that the fidelity decay by increasing DM interaction, while that
k decreases quickly and increase before it reaches to a constant values.
In Fig. 6(c) we see that the fidelity versus B and nonlinear coupling
k. We observed that the fidelity quickly decreases with the increase of
B, while increase with k. Fig. 6(d) shows that the fidelity versus b and
nonlinear coupling k. We see that the fidelity go slowly decreases with
the increase of b, while it increase with k before it reaches to a constant
values.



N. Zidan et al. Alexandria Engineering Journal 100 (2024) 260-267

1.0 — — —

0.8 I/ / 0.8 ’[, /
506 | I 506 ' I
i ,:
o4 ! o4

P !
0.2 i / 0.2 I’ I
/ . ,
0035 ~05 0.0 0.5 10 %03 1 0 1 2
K K
© (0
0 — — 1.0 y; Yy
/ / /

0.8 / 0.8 ' /

0.6 [' I 0.6 ll
5 : s o
T 04 i T 04 |

| I I |
0.2 I / 0.2 1
' / /
/ - /
0035 —05 0.0 0.5 10 %09 ~05 0.0 0.5 1.0
K K

Fig. 4. The behavior of Fidelity in terms of k. The solid, dashed and dot-dashed curves are evaluated for D, = 0,5, 10, respectively, with (y =2, J =-1). Weset T=1,b=0,B=0
in(@),T=1,b=0,B=5in(b), T=1,B=1,b=1in(c) and T=1,B=1,b=5 in (d).

0.25 0.25
0.20
>0.15 >
° kS
RS 9
% 0.10 iy
0.05
0.00
0
(©)
0.25
0.20 0.20
>0.15 >0.15
2 kS
RS 9
L 0.10 % 0.10
0.05 0.05
0.00 0.00
0 0 10 20 30 40
T T
Fig. 5. The behavior of Fidelity in terms of T. The solid, dashed and dot-dashed curves are evaluated for D. = 0,5, 10, respectively, with (y =2, J = —1). We set k=—-1,b=0,B=0

in(@), k=-1,b=0,B=5in (b), k=—-1,B=1,b=1in (c) and k=-1,B=1,b=35 in (d).

265



N. Zidan et al.

Alexandria Engineering Journal 100 (2024) 260-267

1;1.0
:v°'5F/demy
*5;0.0
10 .
| 3 VA
"0.5Fide/ity “‘%‘YA““A.«M"A‘ g "0.5Fide/ity

-1.0

-1.0

Fig. 6. The behavior of Fidelity against the different parameters. In (a) is plotted between T and k at B=1,b=1,D, = 1, in (b)is plotted between D, and k at B=1,b=1,T =1,
in (c) is plotted between B and k at T =1,D, =1,b=1, and in (d) is plotted between b and k at B=1,T =1,D, =1 with (y =2,J =-1).

4. Conclusions

This research study explores the effects of nonlinear coupling on
different phenomena that occur in both homogeneous and inhomo-
geneous magnetic fields. The study reveals that nonlinear coupling
can significantly impact entanglement. It is a fundamental concept in
quantum mechanics that describes the correlations between two or
more particles that exist even when a considerable distance separates
them. The study further investigates the impact of nonlinear coupling
on passivity and teleportation accuracy. Passivity measures how well a
quantum system resists changes to its state. At the same time, teleporta-
tion is a process that allows the transfer of quantum information from
one place to another without physically transporting the information
carrier. The results of the study show that nonlinear coupling has a pos-
itive effect on both passivity and teleportation accuracy. Additionally,
the study demonstrates that nonlinear coupling can positively affect
the negativity and accuracy of teleportation. Negativity measures the
degree of entanglement between two quantum systems, while accuracy
measures how closely the teleported state matches the original state.
These factors are crucial in quantum information processing, and the
study suggests that nonlinear coupling could be a valuable tool in
developing quantum technologies.

In summary, this research study provides insights into the effects of
nonlinear coupling on various phenomena in quantum mechanics. The
study’s results suggest that nonlinear coupling can positively impact en-
tanglement, passivity, and teleportation accuracy, which are essential
factors in the development of quantum technologies.
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