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A B S T R A C T   

Optical tomography is investigated for time-dependent quantum states, which are generated from coherent even 
and odd coherent cavity fields interacting with a two-level system (qubit) in the presence of phase damping. The 
effects of the qubit-cavity coupling, detuning, and cavity phase damping on the optical tomography distribution 
are studied. The dynamics of the optical tomography is explored for an open cavity field. We show an aspect of 
the alteration of the optical tomography distribution.   

Introduction 

The physical properties of quantum states (QSs) can be studied 
directly using the quantum state tomography (QST). This procedure 
determines an unknown QS based on a suitable measurement set [1]. 
The QST technique represents a monotonic relation between the qua
siprobability and the field probability distributions [2], i.e., tomography 
is a probability representation of a quantum state. The goal of the optical 
tomography is to extract all possible information about the quantum 
states contained in the density operator. The optical tomography is a 
good indicator for the quantum effects [3–5] as: quantum correlations, 
coherence and phase space nonclasscality. Experimentally, QST is an 
essential tool for quantum information [6]. QST have been investigated 
theoretically and experimentally for spatial quantum states with a 
deformable mirror [6], linear optics and photon counting [7], excited 
coherent states associated to deformed oscillators [8], and dissipative 
nonlinear medium [9], nitrogen-vacancy center in diamond at room 
temperature [10]. 

Several experimental prototypes were proposed to realize qubit [11] 
as: superconducting circuits [12,13] quantum dot [14] trapped ions 
[15]. The interaction between a qubit and a cavity has been used to 
generate non-classical effects that are very useful to quantum informa
tion such as quantum correlations and non-classicality [16–20]. 

The interaction with the environment induces dissipation and 
decoherence which are the main responsible for the superposition 
vanishing [21–27]. One of the environment effects is the phase damping 
of an open cavity, which occurs when there is no energy exchange be
tween the qubit-cavity system and the surrounding environment. It is 
closely related to decoherence phenomenon, where decoupling occurs 
on a time scale shorter than the energy dissipation [28,29]. 

In previous investigations of the optical tomography [30–32], the 
study on the effects of the qubit-cavity interactions on the optical to
mography are limited to coherent states. In this work we explore the 
time-dependent optical tomography for coherent, even and odd 
coherent states in an open qubit-cavity system. 

The paper is arranged as follows: In Section “The physical system” we 
describe the physical system. In Section “Tomographic representation of 
a mixed quantum state”, the tomographic representation of a quantum 
state density matrix is introduced. In Section “Optical tomography of the 
generated states via an open qubit-cavity system”, the results and dis
cussion of the optical tomography of the generated time-dependent 
quantum states from an open qubit-cavity system are illustrated. 
Finally, the Section “Conclusions” is dedicated to the conclusion. 
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The physical system 

To generate time-dependent coherent field states, based on the initial 
superposition coherent states from an open qubit-cavity system, we 
consider an open coherent cavity field interacting with a qubit (with up 
|↑〉 and down |↓〉 states) and an energy-preserving reservoir. The qubit- 
cavity density matrix dynamic ρ(t) in the presence of the phase cavity 
damping is given by 

∂
∂t

ρ̂
(

t
)

= − i
[

Ĥ , ρ̂
(

t
)]

+Lρ̂
(

t
)

. (1) 

Under the rotating wave approximation, the qubit-cavity Hamilto
nian Ĥ is given by 

Ĥ = ω â† â +ω∘ σ̂ z

/
2+ λ

(
âσ+ + â†σ−

)
, (2)  

where ω and ω∘ are the cavity and the qubit frequencies, respectively, 
with the detuning 2δ = ω∘ − ω, â and â† represent the cavity operators, λ 
designs the qubit-cavity coupling constant, and σ̂z and σ̂± are the qubit 
Pauli density matrices. The phase damping term Lρ̂(t) that based on the 
photon number operator, N̂ = â† â is described by 

Lρ̂(t) = γ([â† â ρ̂(t), â† â] + [â† â, ρ̂(t)â† â]), (3)  

with the decoherence coupling constant γ. In the high-Q cavity regime 
(the dephase damping rate γ is very small against the coupling λ), we can 
derive an analytical solution of Eq. (1) by using the eigenstates- 
Hamiltonian method [33–36]. The technique is based on the Hamilto
nian eigenstates: For the spanned space of qubit-cavity states {|↑,n〉, |↓,
n + 1〉}(n = 0,1,2,…), the eigenstates 

⃒
⃒D±

n 〉 and the eigenvalues E±
n of 

the Hamiltonian Ĥ are given by 

|D0〉 =

⃒
⃒
⃒↓, 0

〉
, E0 = −

ω∘

2
,

⃒
⃒D±

n

〉
= K±

n

⃒
⃒↑, n

〉
± K∓

n

⃒
⃒↓, n + 1

〉
,

(4)  

E±
n = ω

(

n+
1
2

)

±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

δ2 + λ2(n + 1)
√

, (5)  

where 

K±
n =

1̅
̅̅
2

√

̅̅̅̅̅̅̅̅̅̅̅̅̅

1 ± δ̃n

√

, δ̃ = δ
/

πn, πn =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

δ2 + λ2(n + 1)
√

. (6) 

Let us write the photon number operator N̂, which appears in Eq. (4) 

in terms of the matrices: M̂
n
11 =

⃒
⃒
⃒D+

n 〉〈D
+
n

⃒
⃒
⃒, M̂

n
12 =

⃒
⃒
⃒D+

n 〉〈D
−
n

⃒
⃒
⃒, Mn

21 =
⃒
⃒D−

n 〉

〈D+
n

⃒
⃒ and M̂

n
22 =

⃒
⃒
⃒D−

n 〉〈D
−
n

⃒
⃒
⃒ as, 

N̂ =
∑∞

n=0

(

n+K+2
n

)

M̂
n
11 − nK −

n K+
n

(

M̂
n
12 + M̂

n
21

)

+

(

n+K − 2
n

)

M̂
n
22.

By using the canonical transformation, 

Ẇ
(

t
)

= eiĤ t∂ρ̂(t)
∂t

e− iĤ t + i
[

Ĥ ,W
(

t
)]

,

the Eq. (1) takes the form 

Ẇ(t) = 2γ
∑∞

j,k=0

(
fj M̂

j
11 + gj M̂

j
11

)
W
(

fk M̂
k
11 + gk M̂

k
11

)
+ djdk

(
M̂

j
12WM̂

k
21e2iβjk t

+ M̂
j
21WM̂

k
12e− 2iβjk t

)
− γ

∑∞

j=0

(
f 2
j + h2

j

)(
M̂

j
11W + WM̂

j
11

)
+
(

g2
j

+ h2
j

)(
M̂

j
22W + WM̂

j
22

)
,

(7)  

where fj = (j + K− 2
j ), gj = (j + K+2

j ), hj = (K+
j K−

j ), and βjk = πj − πk. 
In order to find analytical solutions, we consider that the initial state 

of the system is given by 

ρ(0) =
∑

m,n=0
PmPn

⃒
⃒
⃒
⃒
⃒
↑,m

〉〈

↑, n

⃒
⃒
⃒
⃒
⃒

=
∑

m,n=0
PmPn

[

K+
m

⃒
⃒
⃒
⃒
⃒
D+

m

〉

+ K −
m

⃒
⃒
⃒
⃒
⃒
D−

m

〉)(

K+
n

⃒
⃒
⃒
⃒
⃒
D+

n

〉

+ K −
n

⃒
⃒
⃒
⃒
⃒
D−

n

〉]

,

(8) 

Note that the qubit is initially in the upper state |↑〉. While the initial 
cavity field is considered to be a superposition of coherent states (SCS) 
that is defined as 

|α
〉

=
∑∞

n=0
Pn|n

〉

, (9)  

Pn represents the photon number distribution of the SCS, 

Pn = N

⎡

⎢
⎣

αn
̅̅̅̅
n!

√ + r
( − α)n

̅̅̅̅
n!

√

⎤

⎥
⎦e−

|α|2
2 , (10)  

where α represents the initial mean photon number operator, and r is the 
SCS parameter. The SCS can be reduced to coherent state with r = 0, 
even coherent state with r = 1, and odd coherent state with r = − 1. The 
normalization factor has the following expression, 

N2 =
1

[
1 + r2 + 2rexp

(
− 2
⃒
⃒
⃒α|2
)] . (11) 

By tracing the qubit states from the density matrix of the qubit-cavity 
system ρ̂(t), the generated time-dependent state is given by 

ρ̂f ( t
)
= Tracequbt

{
ρ̂
(
t
)}

=
∑

m,n=0

{
K+

mK+
n Λ++

mn X+
m,n

(
t
)
+ K −

mK −
n Λ− −

mn X−
mn

(
t
)

+K −
mK+

n Λ− +
mn Y −

mn

(
t
)
+ K+

n K −
n Λ+−

mn Y+
mn

(
t
)}
⃒
⃒
⃒
⃒
⃒
m

〉〈

n

⃒
⃒
⃒
⃒
⃒
+
{

K −
mK −

n Λ++
mn X+

m,n

(
t
)

+ K+
mK+

n Λ− −
mn X−

mn

(
t
)
− K+

mK −
n Λ− +

mn Y −
mn

(
t
)
− K −

n K+
n Λ+−

mn Y+
mn

(
t
)}
⃒
⃒
⃒
⃒
⃒
m

+ 1

〉〈

n + 1

⃒
⃒
⃒
⃒
⃒

]

,

(12)  

where Λ±±
mn = e− i(E±

m − E±
n )t and the coefficients X±

mn(t) and Y±
mn(t) are 

X±
mn

⎛

⎜
⎜
⎜
⎜
⎝

t

⎞

⎟
⎟
⎟
⎟
⎠

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

K±
mK±

n PmPn e− γ[(Φ±
m − Φ±

n )
2
+Θ2

m+Θ2
n]t ∀ m ∕= n;

1
2
PnPn

(

1 ±
δ
μn

e− 2γΘnt
)

∀ m = n.

(13)  

where Φ±
n = n + K∓2

n ,Θn = K+
n K−

n , and 

Y±
mn

(
t
)
= K±

mK∓
n PmPn e− γ[(Φ±

m − Φ∓
n )

2
+Θ2

m+Θ2
n]t ∀ m, n. (14) 

Based on the reduced cavity density matrix ρ̂f
(t), the optical to

mography dynamic of the generated field states will be discussed in the 
following section. 

Tomographic representation of a mixed quantum state 

The optical tomography for a quantum state represented by the 
density operator ρ̂ = |ψ〉〈ψ| is defined as [30]: 
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ω
(

Xθ, θ
)
=
〈

X̂ θ|ρ̂|X̂ θ

〉
, (15)  

where 
⃒
⃒
⃒X̂θ〉 represents the eigenstate of the homodyne quadrature 

operator 

X̂ θ =
1̅
̅̅
2

√

[

âexp
(

− iθ
)

+ â†exp
(

iθ
)]

, (16)  

with eigenvalue Xθ and the local oscillator phase θ. â and â† represent 
the single-mode field operators. The above Eq. (15) satisfies the 
normalization condition, 
∫

ω
(

Xθ, θ
)

dXθ = 1. (17) 

After using the single-mode cavity field density matrix ρ̂f
(t) of Eq. 

(12) into (15), the optical tomography formula is then 

ω
(

Xθ, θ, t

)

=
∑∞

m,n=0
ρf

mn

(

t

)〈

Xθ, θ|m

〉〈

n|Xθ, θ

〉

, (18)  

where ρf
mn(t) represent the elements of the matrix ρ̂f

(t), and 

〈

Xθ, θ|m

〉

= e−
X2

θ
2

π
1
4

e− imθHm(Xθ)̅̅̅̅̅̅̅
m!2m

√ ,

〈

n|Xθ, θ

〉

= e−
X2

θ
2

π
1
4

einθHn(Xθ)̅̅̅̅̅̅
n!2n

√ ,

where Hn(.) denotes the Hermite polynomial of order n. Eq. (18) sheds 
light on the temporal evolution of the optical tomography of a system 
containing the qubit-field interaction represented by the Eq. (2). In the 

Fig. 1. Optical tomography, at λt = 0, of the cases: r = 0 in (a), r = 1 in (b) and r = − 1 in (c) for θ ∈ [0,2π],Xθ ∈ [ − 10,10] and 
⃒
⃒
⃒α|2 = 16. (d) shows ω

(
Xθ, θ = π

2

)

with different values of 
⃒
⃒
⃒α|2 at the fixed value θ = π

2. 

Fig. 2. Optical tomography of the generated coherent field cavity state for r = 0, θ ∈ [0,2π],
⃒
⃒
⃒α|2 = 16, δ = 0 and γ = 0 with different times: λt = 1

2tR in (a) and λt = tR 

in (b). 

A.-B.A. Mohamed et al.                                                                                                                                                                                                                       



Results in Physics 22 (2021) 103940

4

following sections we discuss the temporal evolution of the optical to
mography for different types of initial states, namely coherent, even 
coherent, and odd coherent states in presence and absence of the phase 
damping. 

Optical tomography of the generated states via an open qubit- 
cavity system 

The time-dependent evolution of the optical tomography of the 
generated field states under the phase damping will be displayed. Fig. 1 
shows the optical tomography ω(Xθ, θ, t = 0) of initial coherent, even 
coherent and odd coherent states. From Fig. 1(a), we observe that the 
optical tomography of the coherent state is a regular 2π-periodic sinu
soidal function on θ. Its maximum value remains constant in the θ − Xθ 

plane. The sinusoidal path of the optical tomography depends on the 

Xθ-parameter, it passes through the points (Xθ,θ) = (

⃒
⃒
⃒α|2

̅̅̅
2

√
,0), (Xθ, θ) =

( −
⃒
⃒α
⃒
⃒
̅̅̅
2

√
, π) , and then the point (Xθ,θ) = (

⃒
⃒α
⃒
⃒
̅̅̅
2

√
,2π). Figs. 1(b) and (c) 

illustrate the optical tomography of the even r = 1 and odd r = − 1 
coherent states. The optical tomography of each of them is appeared as 
two regular sinusoidal paths, which are symmetric around Xθ = 0 with 

π-period as a function of θ. This result completely agrees with the Eq. 
(17), since regular 2π-periodic sinusoidal function in the case (r = 0) is 
divided into two identical paths in the cases r = ±1. The optical to
mographies of the even and odd coherent states differ only at interfer

ence regions, which are centered at 
(

θ, Xθ) =

(
(2n+1)

2 , 0
)

(n = 0, 1
)

. 

Figs. 1(d) shows that this difference, between the optical tomography of 
the even and odd coherent states, depends on the initial coherent field 

intensity 
⃒
⃒
⃒α|2 = 16. It confirms that for the large field intensity values, 

the non-classicality of the even and odd coherent states are approx
imatively the same. At the fixed angle θ = π

2, the optical tomography has 
a symmetric oscillatory dynamics with respect to Xθ = 0. For r = − 1, 
the maximum values of the optical tomography are larger than those of 
the case r = 1. 

Fig. 2 illustrates the effect of the qubit-cavity interactions on the 
optical tomography of the coherent state for the resonance δ = 0. At t =
1
2tR, the generated optical tomography ω(Xθ, θ, t) is a π-period function 
with respect to θ. It has two irregular sinusoidal paths, with respect to 
the axis Xθ = 0, which are similar to shape optical tomography of the 
superposition of the coherent states |α〉 and | − α〉. This similarity can be 

Fig. 3. The same of Fig. 2 but for the off-resonance case δ = 5λ.  

Fig. 4. The same of Fig. 2 but for γ = 0.02λ in (a,b) and γ = 0.2λ in (c,d).  
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used as an indicator to the ability of the qubit-cavity interactions to 
generate the non-classicality or the quantum coherence in the qubit- 
cavity states. The function ω(Xθ, θ, t) has a maximum value at θ = 0. 
It decreases and splits into two branches in two different paths as θ in
creases. It is followed by an increase until it reaches a maximum value at 
θ = π

2, then a rise until it reaches the maximum value at θ = π, see Fig. 2 
(a). At the revival time t = tR, the optical tomography is similar to that of 
the coherent state (see Fig. 1a) with different amplitudes and oscilla
tions. The optical Tomography plot in Fig. 2(b) is similar to the one of 
Fig. 1a. This means that at the revival time t = tR, the coherent cavity 
state has the same non-classicality as the initial optical tomography. 

Fig. 3 displays the effect of the qubit-cavity detuning on the gener
ated optical tomography. By comparing the Fig. 2 and Fig. 3, we find 
that the detuning affects the symmetry and regularity of the optical 
tomography. We observe that the qubit-cavity detuning affects the 
maximum values of the optical tomography as well as the shape distri
bution. The qubit-cavity detuning leads to an another nonclassicality. 

Fig. 4, illustrates the effect of the cavity phase damping with 

different values γ = 0.02λ and γ = 0.2λ. With this effect, the optical 
tomography maximum gradually decreases until it is completely wiped 
out. For small value of the phase damping, the irregular sinusoidal paths 
and distribution amplitudes of the optical tomography are reduced. 
From Fig. 4(c,d), we observe that the increase of the cavity phase 
damping leads to the vanishing of the sinusoidal distribution. The 
generated optical tomography is distributed between the two axes Xθ =

±4
̅̅̅
2

√
. 

Fig. 5 shows the optical tomography for the field states at different 
times when the cavity field is initially in the even coherent state. For the 
resonance case δ = 0 and λt = 1

2tR (see Fig. 5a), the symmetry and reg
ularity of the optical tomography sinusoidal paths are pronounced, and 
are less than those of the initial even coherent state. The qubit-cavity 
interactions reduce the oscillation amplitudes of the initial optical to
mography distributions. At λt = tR (see Fig. 5b), the qubit-cavity in
teractions increase the interfered buttons and picks of the initial optical 
tomography. The generated interfered distributions of the optical to
mography is due to the non-classicality of the even coherent state which 

Fig. 5. Optical tomography for r = 1, θ ∈ [0,2π],
⃒
⃒
⃒α|2 = 16 and γ = 0 at different times: λt = 1

2tR in (a) and λt = tR in (b). With δ = 0 in (a,b) and δ = 5λ in (c, d).  

Fig. 6. The same of Fig. 5 but for the initial odd coherent. state r = − 1.  
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is larger than the one of the coherent state. 
The plots of the Figs. 5c and 5d illustrate the effect of the qubit-cavity 

detuning on the optical tomography distributions for the case r = 1. The 
results confirm that the detuning affects the symmetry and regularity of 
the optical tomography. The detuning leads to the change of the am
plitudes, frequency, and shapes of the optical tomography. From Fig. 6, 
we deduce that the generated optical tomography when the cavity field 
is initially in the odd coherent state r = − 1 is similar to the case of even 
coherent state r = 1. This confirm that, for large field intensity values 
⃒
⃒
⃒α|2 = 16, the non-classicality of the even and odd coherent states are 

approximatively the same. 
Fig. 7 illustrates the dynamics of the maxima of the optical tomog

raphy for the cases r = 0 and r = ±1. For r = 0, the maximum value of 
the optical tomography ωmax( − 5.5, π, t) is determined from Fig. 1a. 
While for the cases r = ±1,ωmax(0.3,1.5π, t) is chosen from Fig. 1b,c. For 
the coherent state (see Fig. 7a), the optical tomography ωmax( − 5.5, π, t)
starts from its maximum value, oscillates and collapses for a large time 
interval. After this collapse/disappearance interval, the optical tomog
raphy increases, as can be seen in the Fig. 7a. The collapse interval and 
the maximum values of the optical tomography are increased for the 
non-resonance case. Dash-dot curve shows that, after a short period of 
time, the generated optical tomography decays to reach its non-zero 
stationary value ωmax(0.3,1.5π,∞) ≈ 0.1. 

Fig. 7b is plotted for the even coherent state case. We find that the 
oscillations of the distribution ωmax(0.3,1.5π, t) have small amplitudes 
and large frequencies compared to those of the coherent case. The qubit- 
cavity detuning δ = 5λ leads slightly to the rise of the optical tomogra
phy distribution. Consequently the periods of collapse increase. Dash- 
dot curve illustrates the cavity phase damping effect on the optical 

tomography distribution. 
Fig. 7c shows the dynamics of the optical tomography ωmax(0.3,1.5π,

t) for the case of the odd coherent state under the effects of the qubit- 
cavity detuning and the cavity phase damping. We find that the ampli
tudes, frequency, and stationary value of the generated optical tomog
raphy oscillations depend on the detuning and the dephasing. They 
differ from those of the case of the even coherent state. 

Conclusions 

In this paper, we have studied the time-dependent evolution of the 
optical tomography of an open coherent cavity field interacting with a 
qubit system. The energy-preserving reservoir coupling that leads to 
cavity phase damping is considered. The effect of the qubit-cavity 
coupling, qubit-cavity detuning, and cavity phase damping on the op
tical tomography distribution is studied for the cavity field in the 
coherent, even and odd coherent states. It is found that the regularity 
and the symmetry of the optical tomography distributions are more 
pronounced with the detuning in the case of the even and odd coherent 
states. The amplitude, frequency, and stationary value of the generated 
optical tomography oscillations are very sensitive to the initial cavity 
field, detuning and the phase damping. 
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Fig. 7. The dynamics of the maximum value of the optical tomography ωmax( − 5.5, π, t) for the case r = 0 in (a) and ωmax(0.3, 1.5π, t) for the cases r = 1 in (b) and r =

− 1 in (c) with different values for δ and γ at 
⃒
⃒
⃒α|2 = 16. 
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