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I. Gohberg
D. Timotin
F.H. Vasilescu
L. Zsidó
Editors



A CIP catalogue record for this book is available from the

Library of Congress, Washington D.C., USA

Bibliographic information published by Die Deutsche Bibliothek

Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie; detailed bibliographic data is available

in the Internet at <http://dnb.ddb.de>.

ISBN 3-7643-7127-7 Birkhäuser Verlag, Basel – Boston – Berlin

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is concerned,

specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting, reproduction on microfilms

or in other ways, and storage in data banks. For any kind of use permission of the copyright owner must be obtained.

© 2005 Birkhäuser Verlag, P.O. Box 133, CH-4010 Basel, Switzerland

Part of Springer Science+Business Media

Printed on acid-free paper produced from chlorine-free pulp. TCF ∞

Cover design: Heinz Hiltbrunner, Basel

Printed in Germany

ISBN 3-7643-7127-7

9 8 7 6 5 4 3 2 1 www.birkhauser.ch

Editors:

Dumitru Gaşpar
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Foreword

The Romanian conferences in operator theory, as they are now commonly called,
have started in the year 1976 as an annual workshop on operator theory held at the
University of Timişoara, originally only with Romanian attendance. The meeting
soon evolved into an international conference, with an increasingly larger partici-
pation. It has been organized jointly, initially by the Department of Mathematics
of INCREST and by the Faculty of Sciences of the University of Timişoara, then
(since 1990) by the Institute of Mathematics of the Romanian Academy and the
Faculty of Mathematics of the West University of Timişoara. The venue was usu-
ally Timişoara (and, occasionally, Herculane, Bucharest or Predeal). Since 1986
the conference has been regularly held biannually at the beginning of the summer.

The 19th Conference on Operator Theory (OT 19) took place between June
27th and July 2nd 2002, at the West University of Timişoara. It is a pleasure
to acknowledge the considerable financial support received through the pro-
gramme EURROMMAT of the European Community, under contract ICA1-CT-
2000-70022. Partial support has also been provided by the Romanian Ministry of
Education, Research and Youth, grants CERES 152/2001 and 153/2001.

The full programme of the conference is included in the sequel. It is worth
mentioning also a special event that has taken place during the conference: pro-
fessor Israel Gohberg has been awarded the title of Doctor Honoris Causa of the
West University of Timişoara.

This volume is a careful selection of papers authored by participants at the
19th Conference on Operator Theory. Traditionally, these conferences are open to
a broad range of contributions from operator theory, operator algebras and their
applications. This feature is also shared by the proceedings volume, covering a large
variety of topics, such as single operator theory, C∗-algebras, differential operators,
integral transforms, stochastic processes and operators, quantum systems, special
classes of operators, holomorphic operator functions, interpolation problems, and
system theory.

Last but not least, special thanks are due to Barbara Ionescu, of the Theta
Foundation, for her excellent work in preparing the final version of the manuscripts.

The Editors
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17:55–18:25 I. Valuşescu An operatorial view on periodic correlated

processes

Section C Chairman: M. Şabac
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17:20–17:50 I. Şerban Compact perturbations of isometries

17:55–18:25 C.G. Ambrozie Remarks on Nevanlinna-Pick interpolation



List of Participants

H. Akça, Dhahran
R. Archer, Newcastle
C.-G. Ambrozie, Bucharest
C. Antonescu, Braşov
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J.-L. Tu, Paris
V. Ungureanu, Târgu-Jiu
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1. Introduction

In this paper we study the existence, uniqueness and continuous dependence of a
mild solution of a nonlocal Cauchy problem for a semilinear impulsive functional-
differential evolution equation. Such problems arise in some physical applications
as a natural generalization of the classical initial value problems. The results for
a semilinear functional-differential evolution nonlocal problem ([2], [3], [4]) are
extended for the case of impulse effect.

We consider a nonlocal Cauchy problem in the form:
⎧
⎪⎨
⎪⎩

u̇(t) + Au(t) = f(t, u(t), u(b1(t)), . . . , u(bm(t))), t ∈ (t0, t0 + a], t �= τk,

u(τk + 0) = Qku(τk) ≡ u(τk) + Iku(τk), k = 1, 2, . . . , κ,

u(t0) = u0 − g(u),

(1.1)

where t0 ≥ 0, a > 0 and −A is the infinitesimal generator of a compact C0

semigroup of operators on a Banach space E. Ik (k = 1, 2, . . . , κ) are linear oper-
ators acting in the Banach space E. The functions f, g, bi (i = 1, 2, . . . , m) are
given functions satisfying some assumptions and u0 is an element of the Banach
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space E. Iku(τk) = u(τk + 0) − u(τk − 0) and the impulsive moments τk are such
that t0 < τ1 < τ2 < · · · < τk < · · · < τκ < t0 + a, κ ∈ N.

Theorems about the existence, uniqueness and stability of solutions of differ-
ential and functional-differential abstract evolution Cauchy problems were studied
in [2], [3], and [4]. The results presented in this paper are a generalization and
a continuation of some results reported in publication [1]. We consider a classi-
cal semilinear impulsive functional-differential equation in the case of a nonlocal
condition, reduced to the classical impulsive initial functional value problem. The
nonlinearity f in problem (1.1) is of a more general type (involves more than
one delay which may be variable) than the respective function in [1]. Also, in the
present paper the existence of a mild solution (Theorem 2.1) is proved under less
restrictive conditions using Schauder’s fixed point theorem. The Lipschitz condi-
tions are introduced later to prove the existence and uniqueness of the classical
solution of problem (1.1), and the continuous dependence of the mild solution of
problem (1.1) on the initial condition.

As usual in the theory of impulsive differential equations, at the points of
discontinuity τi of the solution t �→ u(t) we assume that u(τi) ≡ u(τi − 0). It
is clear that, in general, the derivatives u̇(τi) do not exist. On the other hand,
according to the first equality of (1.1) there exist the limits u̇(τi ∓ 0). According
to the above convention, we assume u̇(τi) ≡ u̇(τi − 0).

Throughout the paper we assume that E is a Banach space with norm ‖ · ‖,
−A is the infinitesimal generator of a C0 semigroup {T (t)}t≥0 on E, D(A) is the
domain of A. A C0 semigroup {T (t)}t≥0 is said to be a compact C0 semigroup
of operators on E if T (t) is a compact operator for every t > 0. We denote I :=
[t0, t0+a], M := sup

t∈[0,a]

{
‖T (t)‖BL(E,E)

}
and X is the space of piecewise continuous

functions I → E with discontinuities of the first kind at τ1, τ2, . . . , τκ. Let f : I ×
Em+1 → E, g : X → E (for instance, we can have g(u) = g̃(u(t1), u(t2), . . . , u(tp)),
where g̃ : Ep → E, t0 < t1 < t2 < · · · < tp < t0 + a, p ∈ N), bi : I → I (i =
1, 2, . . . , m) and u0 ∈ E. In the sequel, the operator norm ‖ · ‖BL(E,E) will be
denoted by ‖ · ‖. We need the following sets:

Eρ := {z ∈ E, ‖z‖ ≤ ρ} and Xρ := {w ∈ X, ‖w‖X ≤ ρ}, ρ > 0.

Introduce the following assumptions:

A1: f ∈ C(I × Em+1, E), g ∈ C(X, E) and bi ∈ C(I, I), i = 1, 2, . . . , m and there
are constants Ci > 0, i = 1, 2, 3, such that

⎧
⎨
⎩
‖f(s, z0, z1, . . . , zm)‖ ≤ C1 for s∈I, zi∈Er, i = 0, 1, . . . , m,

‖g(w)‖ ≤ C2 and max
k=1,2,...,κ

‖Ikw‖ ≤ C3 for w ∈ Xr,
(1.2)

where r := M(aC1 + ‖u0‖ + C2 + κC3).

A2: g(λw1+(1−λ)w2) = λg(w1)+(1−λ)g(w2) for wi ∈ Xr, i = 1, 2, and λ ∈ (0, 1)
and r is given by (1.2).
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A3: The set
{w(t0) = u0 − g(w) : w ∈ Xr} ,

where r is given by (1.2), is precompact in E.

Example 1.1. Consider the scalar problem
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

u̇(t) + Au(t) = 1
4a

(
u2(t) +

m∑
i=1

2−iu2
(
bi(t)

))
, t ∈ (t0, t0 + a], t �= τk,

u(τk + 0) = (1 + ck)u(τk), k = 1, 2, . . . , κ,

u(t0) = 1
6 − 1

2

p∑
j=1

2−ju(tj),

where E = R, A > 0, the constants ck satisfy |ck| ≤ 1
4κ , k = 1, 2, . . . , κ.

In this case T (t) = e−At, M = 1 and it is easy to see that condition A1
is satisfied with r = 1. Assumptions A2 and A3 are obviously satisfied, thus
Theorem 2.1 can be applied to this problem.

Consider the initial value problem (see [3])
{

u̇(t) + Au(t) = f(t), t ∈ (t0, t0 + a],

u(t0) = x,
(1.3)

where f : I → E, −A is the infinitesimal generator of a C0 semigroup T (t), t ≥ 0,
and x ∈ E.

Definition 1.2. A function u is said to be a strong solution of problem (1.3) on I
if u is differentiable almost everywhere on I, so that (du/dt) ∈ L1((t0, t0 + a); E),
u(t0) = x and u̇(t) + Au(t) = f(t) a.e. on I.

The unique strong solution u on I is given by the formula

u(t) = T (t − t0)x +

t∫

t0

T (t− s)f(s) ds, t ∈ I. (1.4)

Definition 1.3. A function u : I → E is said to be a classical solution of the
problem (1.3) on I if u is continuous on I and continuously differentiable on
(t0, t0 + a], such that u(t) ∈ D(A) for t0 < t ≤ t0 + a and the problem (1.3) is
satisfied on I.

If E is a Banach space and −A is the infinitesimal generator of a C0 semigroup
T (t), t ≥ 0, f : I → E is continuous on I and x ∈ D(A), then the problem (1.3)
has a classical solution u on I given by (1.4).

Next consider the initial value problem for the impulsive linear system
⎧
⎪⎨
⎪⎩

u̇(t) + Au(t) = f(t), t ∈ (t0, t0 + a], t �= τk,

u(τk + 0) = u(τk) + Iku(τk), k = 1, 2, . . . , κ,

u(t0) = x,

(1.5)

where A, f and x are as in problem (1.3), and τk and Ik are as in problem (1.1).
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Definition 1.4. A function u : I → E is said to be a classical solution of the
problem (1.5) on I if u is piecewise continuous on I with discontinuities of the first
kind at τ1, τ2, . . . , τκ and continuously differentiable on (t0, t0 + a] \ {τk}κ

k=1, such
that u(t) ∈ D(A) for t0 < t ≤ t0 + a and the problem (1.5) is satisfied on I.

If A, f and x are as above and Ik : D(A) → D(A), then the problem (1.5)
has a classical solution u on I given by the formula

u(t) = T (t − t0)x +

t∫

t0

T (t − s)f(s) ds +
∑

t0≤τk<t

T (t − τk)Iku(τk). (1.6)

Formula (1.6) motivates us to give the following definition.

Definition 1.5. A function u ∈ X satisfying the following integro-summary equa-
tion

u(t) = T (t − t0)u0 − T (t − t0)g(u)

+

t∫

t0

T (t − s)f(s, u(s), u(b1(s)), . . . , u(bm(s))) ds

+
∑

t0≤τk<t

T (t − τk)Iku(τk), t ∈ [t0, t0 + a]

is said to be a mild solution of the nonlocal Cauchy problem (1.1).

2. Existence and uniqueness theorems

Theorem 2.1. Suppose that assumptions A1–A3 are satisfied, then the impulsive
nonlocal Cauchy problem (1.1) has a mild solution.

Proof. The mild solution of the impulsive system (1.1) with nonlocal condition
satisfies the operator equation

u(t) = (Fu)(t),

where

(Fw)(t) := T (t− t0)u0 − T (t − t0)g(w)

+

t∫

t0

T (t − s)f(s, w(s), w(b1(s)), . . . , w(bm(s))) ds

+
∑

t0≤τk<t

T (t − τk)Ikw(τk), t ∈ [t0, t0 + a],

(2.1)

so that

‖(Fw)(t)‖ ≤ M‖u0‖ + MC2 + aMC1 + κMC3 = r, (2.2)
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where the impulsive moments τk are such that t0 < τ1 < τ2 < · · · < τk < · · · <
τκ < t0 + a, κ ∈ N.

Let Y := {w ∈ Xr : u0 = w(t0) + g(w)}. According to assumption A2, Y is a
convex subset of Xr. We have F : Y → Y . Moreover, A1 implies that F ∈ C(Y, Y ).
Now we will show that F (Y ) = {F (w)(t) : w ∈ Y, t ∈ I} is precompact in E.

Observe that

Y (t0) = {(Fw)(t0) : w ∈ Y, t ∈ I} = {u0 − g(w) : w ∈ Xr} = {w(t0) : w ∈ Xr} .

Thus according to the assumption A3, Y (t0) is precompact in E. Let t > t0 be
fixed. For an arbitrary ε ∈ (t0, t), define a mapping Fε on Y by the expression

(Fεw)(t) := T (t− t0)u0 − T (t − t0)g(w)

+

t−ε∫

t0

T (t− s)f(s, w(s), w(b1(s)), . . . , w(bm(s))) ds

+
∑

t0≤τk<t−ε

T (t− τk)Ikw(τk) = T (t − t0)u0 − T (t − t0)g(w)

+ T (ε)

t−ε∫

t0

T (t− s − ε)f(s, w(s)w(b1(s)), . . . , w(bm(s))) ds

+ T (ε)
∑

t0≤τk<t−ε

T (t − ε − τk)Ikw(τk).

(2.3)

Since T (t) is compact for every t > t0, then the set

Yε := {(Fεw)(t) : w ∈ Y }

is precompact in E for every ε ∈ (t0, t). Moreover, from the formulae (1.2), (2.1)
and (2.3) we have

‖(Fw)(t) − (Fεw)(t)‖

≤
∥∥∥∥

t∫

t−ε

T (t − s)f(s, w(s), w(b1(s)), . . . , w(bm(s))) ds

∥∥∥∥

+
∥∥∥

∑

t−ε≤τk<t

T (t − τk)Ikw(τk)
∥∥∥ ≤ εMC1 + MC2i(t − ε, t),

(2.4)

where i(t−ε, t) is the number of impulses on the interval (t−ε, t) and i(t−ε, t) → 0
as ε → 0, so ‖(Fw)(t) − (Fεw)(t)‖ → 0 as ε → 0, and consequently the set F (Y )
is a uniformly bounded on each interval of continuity family of functions. From
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formulae (1.2) and (2.1) we observe that

‖(Fw)(t1) − (Fw)(t2)‖
≤ ‖(T (t1 − t0) − T (t2 − t0))u0‖ + ‖(T (t1 − t0) − T (t2 − t0))g(w)‖

+

∥∥∥∥

t1∫

t0

(T (t1 − s) − T (t2 − s))f(s, w(s), w(b1(s)), . . . , w(bm(s))) ds

∥∥∥∥

+

∥∥∥∥

t2∫

t1

T (t2 − s)f(s, w(s), w(b1(s)), . . . , w(bm(s))) ds

∥∥∥∥

+
∥∥∥

∑

t0≤τk<t1

T (t1 − τk)Ikw(τk) −
∑

t0≤τk<t2

T (t2 − τk)Ikw(τk)
∥∥∥

≤ ‖T (t1 − t0) − T (t2 − t0)‖(‖u0‖ + C2)

+ C1

t1∫

t0

‖T (t1 − s) − T (t2 − s)‖ ds + MC1(t2 − t1)

+ C3

∑

t0≤τk<t1

‖T (t1 − τk) − T (t2 − τk)‖ + MC3i(t1, t2).

(2.5)

The coefficients of ‖u0‖, C1, C2 and C3 in (2.5) are independent of w ∈ Y and
those terms tend to zero when t2 → t1, except for the case t1 = τk for some
k = 1, 2, . . . , κ and t2 → τk + 0. As a consequence of the continuity of T (t) in
the uniform operator topology for t > 0, which follows from the compactness of
T (t) for t > 0, F (Y ) is an equicontinuous on each interval of continuity family
of functions. Since all the assumptions of Arzela–Ascoli’s theorem are satisfied
on each interval of continuity, then F (Y ) is a precompact subset of Y . Finally,
applying Schauder’s fixed point theorem to X, Y and F , it follows that F has a
fixed point in Y and any fixed point of F is a mild solution of the nonlocal Cauchy
problem (1.1). This completes the proof of the theorem. �

Theorem 2.2. Suppose that the functions f, g and bi (i = 1, 2, . . . , m) satisfy as-
sumptions A1 and A2, where u0 ∈ E. Then in the class of all the functions w, for
which assumption A3 holds, the nonlocal Cauchy problem (1.1) has a mild solution
u. If in addition:

(i) E is a reflexive Banach space,

(ii) there exists a constant L > 0 such that
⎧
⎨
⎩
‖f(s, u0, u1, . . . , um) − f(s̃, ũ0, ũ1, . . . , ũm)‖ ≤ L1

(
|s − s̃| +

m∑
k=0

‖uk − ũk‖
)
,

‖Ikν‖E ≤ L2‖ν‖E for ν ∈ E, k = 1, 2, . . . , κ,

where s, s̃ ∈ I, ui, ũi ∈ Er (i = 0, 1, 2, . . . , m) and L = max{L1, L2},
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(iii) u is the unique mild solution of the problem (1.1) and there is a constant
K > 0 such that

‖u(bi(s)) − u(bi(s̃))‖ ≤ K‖u(s)− u(s̃)‖ for s, s̃ ∈ I,

(iv) the element u0 ∈ D(A) and g(u) ∈ D(A),

then u is the unique classical solution of the impulsive nonlocal Cauchy prob-
lem (1.1).

Proof. Since all the assumptions of Theorem 2.1 are satisfied, then the nonlocal
impulsive Cauchy problem (1.1) possesses a mild solution u which, according to
assumption (iii), is the unique mild solution of the problem (1.1). Now, we will
show that u is the unique classical solution of semilinear, nonlocal and impulsive,
Cauchy problem (1.1). Therefore observe that

u(t + h) − u(t) = [T (t + h − t0)u0 − T (t − t0)u0]

− [T (t + h − t0)g(u) − T (t − t0)g(u)]

+

t0+h∫

t0

T (t + h − s)f(s, u(s), u(b1(s)), u(b2(s)), . . . , u(bm(s))) ds

+

t+h∫

t0+h

T (t + h − s)f(s, u(s), u(b1(s)), u(b2(s)), . . . , u(bm(s))) ds

−
t∫

t0

T (t − s)f(s, u(s), u(b1(s)), u(b2(s)), . . . , u(bm(s))) ds

+
∑

t0≤τk<t+h

T (t + h − τk)Ik(u(τk)) −
∑

t0≤τk<t

T (t − τk)Ik(u(τk))

= T (t− t0)[T (h) − I]u0 − T (t − t0)[T (h) − I]g(u)

+

t0+h∫

t0

T (t + h − s)f(s, u(s), u(b1(s)), u(b2(s)), . . . , u(bm(s))) ds

+

t∫

t0

T (t − s)[f(s + h, u(s + h), u(b1(s + h)), . . . , u(bm(s + h)))

− f(s, u(s), u(b1(s)), u(b2(s)), . . . , u(bm(s)))] ds

+
∑

t≤τk<t+h

T (t + h − τk)Ik(u(τk))

+
∑

t0≤τk<t

(
T (t + h − τk) − T (t− τk)

)
Ik(u(τk))

for t ∈ [t0, t0 + a), h > 0 and t + h ∈ (t0, t0 + a].
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Consequently we have

‖u(t + h) − u(t)‖
≤ hM‖Au0‖ + hM‖Ag(u)‖+ hMC1 + MLah

+ ML

t∫

t0

(
‖u(s + h) − u(s)‖ +

m∑

k=1

‖u(bk(s + h)) − u(bk(s))‖
)
ds

+
∑

t≤τk<t+h

‖T (t + h − τk)Ik(u(τk))‖

+
∑

t0≤τk<t

‖
(
T (t + h − τk) − T (t − τk)

)
Ik(u(τk))‖

≤ C∗h + ML(1 + mK)

t∫

t0

‖u(s + h) − u(s)‖ ds + MC3i(t, t + h),

(2.6)

where

C∗ := M
(
‖Au0‖ + ‖Ag(u)‖ + C1 + aL + ‖AIk(u(τk))‖i(t0, t)

)
.

By applying Gronwall’s inequality and from (2.6) we have

‖u(t + h) − u(t)‖ ≤
(
C∗h + MC3i(t, t + h)

)
exp(aML(1 + mK)).

Thus ‖u(t + h) − u(t)‖ → 0 as h → 0, and u is Lipschitz continuous on each
interval of continuity in I. The Lipschitz continuity of u on each interval of con-
tinuityin I combined with the Lipschitz continuity of f on I × Em+1 imply that
t �→ f(t, u(t), u(b1(t)), . . . , u(bm(t))) is Lipschitz continuous on each interval of
continuity in I. This property of t �→ f(t, u(t), u(b1(t)), . . . , u(bm(t))), together
with the assumptions of Theorem 2.2, implies that the linear Cauchy problem

v̇(t) + Av(t) = f(t, u(t), u(b1(t)), . . . , u(bm(t))), t ∈ I, t �= τk,

v(τk + 0) ≡ u(τk) + Ik(u(τk)), k = 1, 2, . . . , κ,

v(t0) = u0 − g(u),

has a unique classical solution v such that

v(t) = T (t− t0)u0 − T (t − t0)g(u)

+

t∫

t0

T (t − s)f(s, u(s), u(b1(s)), . . . , u(bm(s))) ds

+
∑

t0≤τk<t

T (t− τk)Ik(u(τk)), t ∈ I.

Consequently, u is the unique classical solution of the nonlocal impulsive Cauchy
problem (1.1), and the proof is complete. �
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3. Continuous dependence of a mild solution
on the initial condition

Theorem 3.1. Suppose that the functions f, g and I(u) satisfy the assumptions
A1–A3 and there exist constants µ1, µ2, µ3 such that

(i) ‖g(u) − g(ũ)‖ ≤ µ1‖u − ũ‖,
(ii) ‖f(s, u(s), . . . , u(bm(s))) − f(s, ũ(s), . . . , ˜u(bm(s)))‖ ≤ µ2‖u − ũ‖,
(iii) ‖Ik(u(τk)) − Ik(ũ(τk))‖ ≤ µ3‖u(τk) − ũ(τk)‖,
where u, ũ ∈ C(I, E). If u and ũ are mild solutions of the problem (1.1) with the
respective initial values u0, ũ0 and the constants µ1 and µ = max{µ2, µ3} satisfy
the inequality

µ1 <
exp(−(t0 + a)Mµ)(1 + Mµ)−κ

M
, (3.1)

then the following inequality holds:

‖u(t) − ũ(t)‖ ≤ M exp((t0 + a)Mµ)(1 + Mµ)κ

1 − Mµ1 exp((t0 + a)Mµ)(1 + Mµ)κ
‖u0 − ũ0‖. (3.2)

Proof. Assume that u, ũ are the mild solutions of problem (1.1). Then

u(t) − ũ(t) = [T (t − t0)(u0 − ũ0) − T (t − t0)(g(u) − g(ũ))]

+

t∫

t0

T (t − s)
(
f(s, u(s), u(b1(s)), u(b2(s)), . . . , u(bm(s)))

− f(s, ũ(s), ũ(b1(s)), ũ(b2(s)), . . . , ũ(bm(s)))
)
ds

+
∑

t0≤τk<t+h

T (t − τk)[Ik(u(τk)) − Ik(ũ(τk))],

where t ∈ [t0, t0 + a]. From A1–A3 and the hypotheses of the theorem, we have

‖u(ζ) − ũ(ζ)‖ ≤ M‖u0 − ũ0‖ + Mµ1‖u − ũ‖

+ Mµ2

ζ∫

t0

‖u − ũ‖ ds + Mµ3

∑

t0≤τk<ζ

‖u(τk) − ũ(τk)‖

for t0 ≤ ζ ≤ t0 + a. Using this result, it follows that

sup
ζ∈I

‖u(ζ) − ũ(ζ)‖ ≤ M‖u0 − ũ0‖ + Mµ1‖u − ũ‖

+ Mµ2

t∫

t0

‖u − ũ‖ ds + Mµ3

∑

t0≤τk<t

‖u(τk) − ũ(τk)‖.
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Thus

‖u(t) − ũ(t)‖ ≤ M‖u0 − ũ0‖ + Mµ1‖u − ũ‖

+ Mµ

{ t∫

t0

‖u − ũ‖ ds +
∑

t0≤τk<t

‖u(τk) − ũ(τk)‖
}

.

Applying Gronwall’s inequality for discontinuous functions (see [5]), it follows that

‖u(t) − ũ(t)‖ ≤ {‖u0 − ũ0‖ + µ1‖u − ũ‖}M exp((t0 + a)Mµ)(1 + Mµ)κ.

We can also write this inequality in the form

[1 − Mµ1 exp
(
(t0 + a)Mµ

)
(1 + Mµ)κ]‖u(t) − ũ(t)‖

≤ M exp
(
(t0 + a)Mµ

)
(1 + Mµ)κ‖u0 − ũ0‖.

(3.3)

Additionally, if equality (3.1) is valid, then inequality (3.3) is equivalent to in-
equality (3.2). This completes the proof of Theorem 3.1. �

Remark 3.2. If µ1 = κ = 0, then inequality (3.2) is reduced to the classical
inequality

‖u(t) − ũ(t)‖ ≤ M exp((t0 + a)Mµ)‖u0 − ũ0‖,
which is characteristic for the continuous dependence of the semilinear functional-
differential evolution Cauchy problem with the classical initial condition.
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Introduction

Our aim in the present paper is to extend to a Banach setting certain ideas that
arose in [20] in the study of a special kind of infinite-dimensional Lie groups mod-
eled over Hilbert spaces. That local study was motivated by the orbit method
in infinite dimensions, and what we are doing here is essentially to explore some
spectral theoretic aspects of that method. To explain this in more detail, let us
begin with the case of finite-dimensional groups.

In the representation theory of Lie groups, an important problem related to
the orbit method is to construct complex structures compatible with the natural
symplectic structures of the coadjoint orbits of a finite-dimensional Lie group G,
and to this end one has to make use of complex polarizations (see, e.g., [15] and
[19]). As it is well known, these are complex subalgebras of the complexified Lie
algebra of G, and are closely related to root-space decompositions (see, e.g., Propo-
sition IX.2.9 in [19]), thus essentially leaning on spectral theory of matrices.

On the other hand, in connection with the investigation of highest weight
representations of certain Hilbert-Lie groups (see [7], [8] and [20]), complex polar-
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izations of the corresponding Hilbert-Lie algebras are required again, and a central
role in their construction is played by the spectral theory of self-adjoint operators.
And the latter theory is just a Hilbert space extension of the diagonalization theory
of Hermitian matrices.

In view of some recent successful studies in representation theory of Banach-
Lie groups modeled on certain ideals of compact operators (see [16] and [18]),
the problem to relate that representation theory to complex polarizations of the
corresponding Lie algebras thus arises naturally. It is just the aim of the present
paper to do a first step in that direction, by providing a method to construct
complex polarizations for a class of Banach-Lie algebras which are more general
than the L∗-algebras dealt with in [20] (see Theorem 2.10 below). To this end, we
make use of the theory of spectral decompositions – also called local spectral theory
– for bounded linear operators on Banach spaces (see, e.g., [9], [10], [26], [12]).

Before proceeding to a more detailed description of the contents of the present
paper, let us briefly explain why we are working here only on the level of Lie al-
gebras, without making any attempt to draw consequences which our results can
have for the corresponding Lie groups. The motivation for this fact is two-fold.
Firstly, the spectral theoretic flavor of the methods we use fits the best to the
world of “linear objects”, i.e., of Lie algebras. Secondly, it is one of the basic
principles in Lie theory that things should be understood on the Lie algebraic
level first, and the corresponding Lie group problems should be approached after-
wards, starting from the already available Lie algebraic information. Accordingly,
it seems more appropriate to postpone to another paper ([3]) the consequences of
the Lie algebraic results in the present note. The paper [3] (see also [4]) includes
in particular a method to provide invariant complex structures for homogeneous
spaces of certain Banach-Lie groups, heavily leaning on the complex polarizations
constructed in the present note.

In Section 1 we are concerned with spectral decompositions for bounded
derivations of (not necessarily associative) Banach algebras. The motivation for
considering spectral decompositions in this special instance stems from the es-
sential role played by the spectral theory of derivations in order to understand
certain most interesting objects arising in the infinite-dimensional Lie theory (see,
e.g., [20] and [21]). More specifically, the main result of Section 1 is Theorem 1.4,
which essentially asserts that each normal derivation with closed range of a com-
plex Banach-Lie algebra leads to a “triangular decomposition” of that algebra.
A version of this result without the closed-range hypothesis is contained in Re-
mark 1.6.

The core of the present paper is Section 2, where we prove our main result
concerning the construction of weak Kähler polarizations by means of the spectral
decompositions (Theorem 2.10). The class of real Banach-Lie algebras to which
this result applies is described by the set of hypotheses 1◦ − 5◦ that are stated
before Lemma 2.8. An algebra g(D) of this class is constructed by means of a
bounded derivation D of a real Banach-Lie algebra g for which certain conditions
are satisfied. In particular, we require that the coadjoint representation of g should
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be embedded into the adjoint one (see hypothesis 2◦). The idea of construction of
g(D) comes from the construction of restricted Lie algebras (cf. Definition III.1
in [22]). The last result of Section 2 (namely Proposition 2.12) shows when the
Lie algebra g we are working with is a compact L∗-algebra. In this special case,
our construction of polarizations agrees with the one described in Lemma VII.4
in [20]. Though, we note that, in our more general situation, we can obtain only
weak Kähler polarizations. (See the precise definitions in the following.)

In Section 3 we take into consideration as illustrating examples the family of
Banach-Lie algebras {Cp(H)}1≤p≤∞ (the Schatten-von Neumann classes of oper-
ators on the complex Hilbert space H). As we previously mentioned, the present
note is a preliminary step of the attempt to extend the representation theory of
the Hilbert-Lie groups in [7] and [20] to the more general Banach-Lie groups in-
vestigated in [16] and [18]. The latter groups are modeled on the Schatten-von
Neumann classes, and that is why we apply the results of Section 1 and Section 2
only to Lie algebras derived from these classical Banach-Lie algebras (in the ter-
minology of [13]). In particular, we conclude Section 3 by working out the details
of a family of examples which fall under the hypotheses 1◦–5◦ of Section 2 but are
not L∗-algebras (see Example 3.5).

Preliminaries

Throughout the paper we denote by Der(A) the Banach-Lie algebra of all bounded
derivations of a Banach (not necessarily associative) algebra A. (We say that A is
a Banach algebra if A is a Banach space endowed with a bounded bilinear map
A×A → A, (a, b) �→ a ·b.) For a real or complex Banach space X we denote by idX

the identical map on X, by X∗ the topological dual of X, by B(X) the algebra of all
bounded linear operators on X and, when X is complex, for D ∈ B(X) we denote
by σ(D) the spectrum of D. In this case, for every x ∈ X we denote by σD(x) the
local spectrum of x with respect to D. We recall that σD(x) is a closed subset of
σ(D) and by definition, a complex number w belongs to C \ σD(x) if and only if
there exists an open neighborhood W of w and a holomorphic function ξ : W → X

such that
(z idX − D)ξ(z) = x for every z ∈ W.

If F is a subset of C we further denote

XD(F ) = {x ∈ X | σD(x) ⊆ F}.
We note that, in the case when X has finite dimension m, we have

XD(F ) =
⊕

λ∈F∩σ(D)

Ker ((D − λ idX)m) for every F ⊆ C,

while in the case when X is a Hilbert space and D is a normal operator with the
spectral measure ED(·) we have

XD(F ) = RanED(F ) whenever F is a closed subset of C.

We refer to Section 12 in [5] for a review of the few elements of local spectral
theory we need. (For more details see the Notes of Chapter I in [5].)
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For the sake of completeness, we now recall some elementary facts on complex
polarizations (see, e.g., Section VI in [20]). Let g be a real Banach-Lie algebra and
ω a continuous 2-cocycle of g, that is ω : g×g → R is a continuous skew-symmetric
bilinear form such that

ω([X, Y ], Z) + ω([Y, Z], X) + ω([Z, X ], Y ) = 0

for every X, Y, Z ∈ g. In this case,

h := {X ∈ g | ω(X, g) = {0} }

is a closed subalgebra of g. A complex polarization of g in ω is a closed subspace
p of the complexification gC of g such that there exists a closed subspace of gC

complementary to p and such that the following properties hold:

(C1) p is a (complex closed) subalgebra of the complex Banach-Lie algebra gC such
that [h, p] ⊆ p,

(C2) p ∩ p = hC,
(C3) p + p = gC,
(C4) ω(p, p) = {0},

where Z �→ Z denotes the complex conjugation on gC whose set of fixed points
is just g. In this case, the natural inclusion map g → gC induces an isomorphism
g/h ∼= gC/p of real Banach spaces (see Section VI in [20]), thus g/h is actually a
complex Banach space. On the other hand, note that ω induces a symplectic form
on g/h by

g/h × g/h → R, (X + h, Y + h) �→ ω(X, Y ).

This symplectic form is the imaginary part of the continuous Hermitian sesquilin-
ear form ( · | · ) which is defined on the complex Banach space g/h ∼= gC/p =
(p + p)/p by

(Z1 + p | Z2 + p) = iω(Z1, Z2) for Z1, Z2 ∈ p.

If the following condition holds,

(C5) iω(Z,Z) > 0 for every Z ∈ p \ hC,

then ( · | · ) is even a scalar product (i.e., it is positively definite) and p is called a
weak Kähler polarization. In the case when the map

g/h → (g/h)∗, X + h �→ ω(X, · ),

is moreover invertible, one says that p is a strong Kähler polarization. (An equiv-
alent condition is that ( · | · ) defines the topology of g/h, i.e., g/h is actually a
complex Hilbert space; see stage I in the proof of Proposition 2.12 below.)



Spectral Decompositions and Complex Polarizations 17

1. Spectral decompositions and derivations

The main aim of the present section is to get a sort of triangular decomposition
theorems for Banach-Lie algebras (see Theorem 1.4 and Remark 1.6). To this end,
we need the following result, whose proof uses the method of proof of Proposi-
tion 6.3 from Chapter IV of [26] (or Proposition 2 in Section 13 of [5]).

Proposition 1.1. If A is a complex Banach (not necessarily associative) algebra,
D ∈ Der(A), F1 and F2 are subsets of C, and either

(i) each of the sets F1∩σ(D) and F2∩σ(D) is at the same time open and closed
with respect to the topology of σ(D), or

(ii) D has the single-valued extension property and each of F1 ∩ σ(D) and F2 ∩
σ(D) is a closed subset of σ(D),

then we have
σD(a1a2) ⊆ F1 + F2

for every a1 ∈ AD(F1) and a2 ∈ AD(F2).

Proof. We can suppose without loss of generality that both F1 and F2 are con-
tained in σ(D). Pick z0 �∈ F1 + F2. Then there exists a compact neighborhood
Q0 of z0 such that Q0 ∩ (F1 + F2) = ∅. Next choose open subsets V0 and V of
C that are relatively compact and moreover have the properties F2 ⊆ V0 ⊆ V ,
Q0 ∩ (F1 + V ) = ∅ and the boundary Γ0 of V0 is contained in V and consists of a
finite number of piecewise smooth Jordan curves.

On the other hand, in both the situations (i) and (ii) there exist the holo-
morphic functions α1 : C \ F1 → A and α2 : C \ F2 → A such that

(t − D)α1(t) = a1 for t ∈ C \ F1

and

(s − D)α2(s) = a2 for s ∈ C \ F2.

Note that, in view of the way Q0, V0 and V have been chosen, we have t− s �∈ F1

whenever t ∈ Q0 and s ∈ Γ0. In particular, we can define a holomorphic function
γ : Q0 → A by

γ(t) =
1

2πi

∫

Γ0

α1(t − s)α2(s) ds for t ∈ Q0.

By making use of the fact that D is a bounded derivation of A, for every t ∈ Q0

we get

(t − D)γ(t) =
1

2πi

∫

Γ0

(t − D)(α1(t − s)α2(s)) ds

=
1

2πi

∫

Γ0

((t − D)α1(t − s))α2(s) ds − 1

2πi

∫

Γ0

α1(t − s)(Dα2(s)) ds

=
1

2πi

∫

Γ0

((t − s − D)α1(t − s))α2(s) ds +
1

2πi

∫

Γ0

α1(t − s)((s − D)α2(s)) ds.
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Since (t − s − D)α1(t − s) = a1 and (s − D)α2(s) = a2, we further deduce

(t − D)γ(t) = a1 ·
(

1

2πi

∫

Γ0

α2(s) ds

)
+

(
1

2πi

∫

Γ0

α1(t − s) ds

)
· a2

= a1 · a2 − 0 · a2 = a1a2,

where we have used the fact that Γ0 surrounds F2, while the A-valued function
s �→ α1(t− s) is holomorphic on a neighborhood of the closure of V0 and Γ0 is the
boundary of V0. �

The next result is a version of Example 4.9 in [25]. See also Lemma 1 in
Section 17 of [5].

Corollary 1.2. Under the hypothesis of Proposition 1.1 we have

AD(F1) · AD(F1) ⊆ AD(F1 + F2).

In particular, if the derivation D has the single-valued extension property and S is
an arbitrary subsemigroup of (C, +), then AD(S) is a subalgebra of A. If moreover
S ∩ (−S) = {0}, then AD(S \ {0}) is also a subalgebra of A.

Proof. Use Proposition 1.1. In order to prove the last assertion note that, if S is a
subsemigroup of (C, +) such that S ∩ (−S) = {0}, then for every subsets F1 and
F2 of S \ {0} we have F1 + F2 ⊆ S \ {0}. �

Remark 1.3. In the important special situation when S is a closed half-plane,
one can prove that AD(S) is a subalgebra by making use of the remark that D
generates a 1-parameter group of automorphisms of A. To this end, recall that for
every s ∈ R

AD([s,∞) + iR) =
{
a ∈ A | lim sup

t→∞

log ‖e−tDa‖
t

≤ −s
}
,

AD((−∞, s] + iR) =
{
a ∈ A | lim sup

t→∞

log ‖etDa‖
t

≤ s
}

(see Proposition 4.1 in Chapter V of [26]). Since etD are automorphisms of A, it
then easily follows that

AD(±[s1,∞) + iR) · AD(±[s2,∞) + iR) ⊆ AD(±[s1 + s2,∞) + iR) for s1, s2 ∈ R.

In particular, AD(±[s,∞) + iR) are subalgebras of A whenever s ≥ 0. (See
also [21].) �

Now we can prove the main result of the present section. It might be thought
of as a version of the “triangular decomposition” which is obtained from a root-
space decomposition of a complex finite-dimensional semisimple Lie algebra by
fixing an order on the corresponding set of roots.

Theorem 1.4. Let A be a complex Banach-Lie algebra and assume that D ∈ Der(A)
is a normal derivation with closed range. If for some closed subsemigroup S of
(C, +) we have S ∩ (−S) = {0}, S is contained in a closed half-plane and σ(D) ⊆
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S ∪ (−S), then A has the following decomposition into a direct sum of closed Lie
subalgebras,

A = A− ⊕ A0 ⊕ A+,

where A0 = KerD, A− = AD((−S) \ {0}) and A+ = AD(S \ {0}). Moreover we
have

[A0, A±] ⊆ A±,

each of the Lie algebras A± is nilpotent and the operator ada : A → A is nilpotent
for every a ∈ A− ∪ A+.

Proof. Since D is a normal operator with closed range, Theorem 4.12 in [17] shows
that 0 is an isolated point of the spectrum of D. Thus we get the following decom-
position of A into a direct sum of closed linear subspaces of it,

A = AD((−S) \ {0})⊕ AD({0})⊕ AD(S \ {0}). (1.1)

Next note that D has the single-valued extension property by Remark 6(a) and
Theorem 2 in Section 14 of [5], hence Corollary 1.2 above implies that each term
in the decomposition (1.1) is a Lie subalgebra of A. Since D is normal, we have
AD({0}) = KerD (see Corollary 4 in Section 14 from [5]).

To see that the Lie algebra A+ is nilpotent, assume without loss of generality
that A+ �= {0}. By the hypothesis concerning S, we may suppose that S ⊆ {0} ∪
{z ∈ C | Re z > 0} (after a rotation of the complex plane, that is working with
ζD instead of D for some suitable ζ ∈ C with |ζ| = 1). Denote

λ+ = inf{Re z | 0 �= z ∈ σ(D) ∩ S}.
Since 0 is an isolated point in the spectrum of D it then follows λ+ > 0. Now

([nλ+,∞) + iR) ∩ σ(D) = ∅ for n >
1

λ+
sup

z∈σ(D)

Re z,

hence Corollary 1.2 immediately implies that the nth term of the central series of
A+ vanishes for n > sup

z∈σ(D)

Re z/λ+.

A similar reasoning shows that the Lie algebra A− is nilpotent as well. Next
take a ∈ A+. With λ+ as above we then have a ∈ AD([λ+,∞) + iR). Since
A = AD(σ(D)), for every positive integer n we have

(ada)nA ⊆
[
AD([λ+,∞) + iR),

[
. . . ,

[
AD([λ+,∞) + iR)

︸ ︷︷ ︸
n times

, AD(σ(D))
]
. . .

]]
,

hence by Corollary 1.2 it follows that

(ada)nA ⊆ AD([nλ+,∞) + iR + σ(D)).

On the other hand, recall that λ+ > 0. This implies that for n > sup
z,w∈σ(D)

(Re z −

Re w)/λ+ we have

([nλ+,∞) + iR + σ(D)) ∩ σ(D) = ∅,
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and thus for such n we get (ada)nA = {0}. One can similarly treat the case
a ∈ A−. �

Remark 1.5. The above Theorem 1.4 can also be proved by making use of Re-
mark 1.3 instead of Corollary 1.2. (See also the remarks preceding Theorem IV.5
in [21].) �

As we shall see in Section 3, the closed-range condition imposed to the deriva-
tion in Theorem 1.4 turns out to be a rather restrictive one in many concrete sit-
uations. In view of this fact, we discuss below a version of Theorem 1.4, where the
closed-range condition is replaced by the requirement that the considered deriva-
tion is Dunford scalar (see either [10] or Definition 3 in Section 14 of [5] for the
definition of the latter notion). This is the case, for example, when one deals with
a normal derivation of a complex Banach-Lie algebra whose underlying Banach
space is actually a Hilbert space, in particular when one deals with a normal
derivation of a complex L∗-algebra (see, e.g., [23] and [24]). We point out however
that, according to the results of [14], if N ∈ B(H) is a normal operator and p �= 2,
then the normal derivation adN |Cp(H) of Cp(H) is Dunford scalar if and only if
the spectrum of N is finite (see also Corollary 3.4(iii) below).

Remark 1.6. Consider a Dunford scalar derivation D ∈ Der(A) of the complex
Banach-Lie algebra A and denote by ED(·) the spectral measure of D. As in
Theorem 1.4, assume that S is a closed subsemigroup of (C, +) such that S ∩
(−S) = {0}, S is contained in a closed half-plane and σ(D) ⊆ S ∪ (−S). Then

idA = ED((−S) \ {0}) + ED({0}) + ED(S \ {0})

and all of the pairwise products of the idempotent operators ED((−S) \ {0}),
ED({0}) and ED(S \ {0}) vanish. Then

A = Ã− ⊕ A0 ⊕ Ã+, (1.2)

where

A0 = RanED({0}) = KerD, Ã− = RanED((−S) \ {0}), Ã+ = Ran ED(S \ {0}).

To see that Ã+ is a Lie subalgebra of A, assume just as in the proof of
Theorem 1.4 that S ⊆ {0} ∪ ((0,∞) + iR). Next note that, since the spectral
measure ED(·) is countably additive (see [10]), the operator ED(S \ {0}) equals
the pointwise limit of the sequence {ED(Sn)}n≥1, where Sn = S ∩ ([ 1

n ,∞) + iR)
whenever n ≥ 1.

Then for every x, y ∈ Ã+ we have

[x, y] =
[

lim
n→∞

ED(Sn)x, lim
n→∞

ED(Sn)y
]

= lim
n→∞

[ED(Sn)x, ED(Sn)y] .
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Since RanED(F ) = AD(F ) for each closed subset F of C, by either Corollary 1.2
or Remark 1.3 we get for each positive integer n

[ED(Sn)x, ED(Sn)y] ∈ [AD (Sn) , AD (Sn)]

⊆ AD (Sn + Sn) ⊆ AD

(
S ∩

([
2

n
,∞

)
+ iR

))

= Ran ED

(
S ∩

([
2

n
,∞

)
+ iR

))

⊆ Ã+.

Since Ã+ is closed, we thus get [x, y] ∈ Ã+ and it follows that Ã+ is indeed a Lie

subalgebra of A. One can similarly prove that also Ã− is a Lie subalgebra of A.

In order to compare the decompositions (1.1) and (1.2), one should note that

A− ⊆ Ã− and A+ ⊆ Ã+. �

2. Complex polarizations

In this section we are going to make use of Theorem 1.4 and Remark 1.6 for con-
structing complex polarizations of certain Banach-Lie algebras (see Theorem 2.10
below). To begin with, we prove a result which will help us to show that our
candidates for complex polarizations indeed fulfill the condition (C4) from the
Preliminaries.

Proposition 2.1. Let X be a complex Banach space, ω : X × X → C a bounded
bilinear form, and D ∈ B(X) such that ω(KerD, KerD) = {0} and

ω(D(X), Y ) = −ω(X, D(Y )) for every X, Y ∈ X.

Let S be a closed subset of C such that S ∩ (−S) = {0} and σ(iD) ⊆ S ∪ (−S).
Suppose furthermore that the operator iD is either

(i) normal with closed range, or
(ii) Dunford scalar, having the spectral measure denoted by EiD(·),

and denote accordingly

X± =

{
XiD(±S \ {0}) in the case (i),

EiD(±S \ {0}) in the case (ii),

and X0 = KerD in both cases. Then X has the following decomposition into a
direct sum of closed subspaces

X = X− ⊕ X0 ⊕ X+,

and moreover

ω(p, p) = {0},
where p = X− ⊕ X0.
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Proof. In the case (i), Theorem 4.12 in [17] implies that 0 is an isolated point in
the spectrum of iD and, in view of the hypothesis concerning S, one immediately
gets X = X− ⊕ X0 ⊕ X+. In the case (ii), just use the reasoning by which the
decomposition (2) in Remark 1.6 has been constructed.

In order to prove that ω(p, p) = {0}, first consider the dual operator D∗ ∈
B(X∗). We have σ(iD∗) = σ(iD) ⊆ S ∪ (−S) and, in the case (i), iD∗ is a normal
operator with closed range, while in the case (ii) iD∗ is a Dunford scalar operator
whose spectral measure EiD∗(·) is given by EiD∗(∆) = (EiD(∆))∗ for each Borel
subset ∆ of C. By the above reasoning, X∗ then decomposes into a direct sum of
closed subspaces

X∗ = X∗
− ⊕ X∗

0 ⊕ X∗
+,

where X∗
ε is naturally isometrically isomorphic to the dual of the Banach space Xε

for every ε ∈ {−, 0, +}, while

〈(Xε)
∗, Xδ〉 = {0} whenever ε, δ ∈ {−, 0, +} with ε �= δ, (2.1)

where 〈 · , · 〉 : X∗×X → C is the natural pairing. (See the relations between duality
and spectral decompositions in Proposition 5.6 in Chapter IV of [26].)

Next define
θ : X → X∗, X �→ ω(X, · ).

We then get
ω(X, Y ) = 〈θ(X), Y 〉 for every X, Y ∈ X.

By making use of the assumed relation between ω and D, we then have

〈θ(D(X)), Y 〉 = ω(D(X), Y ) = −ω(X, D(Y ))

= −〈θ(X), D(Y )〉 = −〈D∗(θ(X)), Y 〉
for arbitrary X, Y ∈ X. Consequently

θ ◦ D = (−D∗) ◦ θ,

and this in turn implies

θ(X−) ⊆ X∗
+ and θ(X0) ⊆ X∗

0.

(In the case (i), this is an easy consequence of the definition of the spectral sub-
spaces, see also Corollary 1 in Section 13 of [5]. In the case (ii), one moreover
makes use of a reasoning similar to the one used, e.g., in the proof of Lemma 7.23
in Chapter IV of [26].) Then by (3) we get

ω(p, p) = 〈θ(p), p〉 = 〈θ(X−) + θ(X0), X− + X0〉 ⊆ 〈X∗
+ + θ(X0), X− + X0〉

= 〈θ(X0), X0〉 = ω(KerD, KerD) = {0}. �

The following corollary will help us to show that the space p constructed in
Proposition 2.1 has the properties (C2) and (C3) needed for a complex polarization
(see the Preliminaries).

Corollary 2.2. In the setting of Proposition 2.1, if moreover S = [0,∞) and − :
X → X is a bounded conjugation commuting with D, then X0 = X0 and X± = X∓.
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Proof. One has just to remark that iD(X) = −iD(X). �

The construction in the following proposition is suggested by the construction
of restricted Lie algebras (see, e.g., Exercises VII.3–4 in [20] and Definition III.1
in [22]).

Proposition 2.3. Let (Y, ‖ · ‖Y) and (V, ‖ · ‖V) be two Banach spaces over the
field K ∈ {R, C}, and ι : V → Y be a bounded linear one-to-one operator. For
D ∈ B(Y) define

Y(D) := {Y ∈ Y | D(Y ) ∈ Ran ι} = D−1(Ran ι),

‖Y ‖Y(D) := ‖Y ‖Y + ‖ι−1(D(Y ))‖V for all Y ∈ Y(D).

Then (Y(D), ‖ · ‖Y(D)) is a Banach space and the following assertions are equiv-
alent:

(i) there exists D̃ ∈ B(V) such that ι ◦ D̃ = D ◦ ι;
(ii) Ran ι ⊆ Y(D);
(iii) D(Ran ι) ⊆ Ran ι.

If (i) holds, then we further have

(iv) D̃ is uniquely determined, in fact D̃ = ι−1 ◦ (D|Ran ι) ◦ ι;
(v) Y(D) is invariant to D;

(vi) there exists a linear isometry ψ : Y(D) → V × Y such that (D̃ × D) ◦ ψ =
ψ ◦ (D|Y(D)), where the Banach space V×Y is endowed with the sum-norm,
that is ‖(V, Y )‖V×Y = ‖V ‖V + ‖Y ‖Y for every V ∈ V and Y ∈ Y.

Proof. The proof has several steps.
1◦ The proof of the fact that (Y(D), ‖ · ‖Y(D)) is a Banach space is straight-

forward and we omit it.
2◦ In order to prove that the assertions (i)–(iii) are equivalent, first note that

the implication (i) ⇒ (ii) is obvious, and (ii) ⇔ (iii) by the very definition of
Y(D). Hence it only remains to prove the implication (ii) ⇒ (i).

If (ii) holds, we can define

D̃ = ι−1 ◦ (D|Ran ι) ◦ ι = ι−1 ◦ D ◦ ι,

which is a linear map of V into itself, satisfying ι ◦ D̃ = D ◦ ι. We have to prove
that the linear map D̃ is bounded on the Banach space V, and this follows by the
Closed Graph Theorem.

3◦ Next assume that the equivalent assertions (i)–(iii) hold. To prove (iv),

just recall that ι is one-to-one, hence ι◦ D̃ = D ◦ ι together with D(Ran ι) ⊆ Ran ι

imply D̃ = ι−1 ◦ (D|Ran ι) ◦ ι. For (v) note that, by the very definition, the image
of Y(D) under D is contained in Ran ι and then use (ii).

4◦ Finally, for proving (vi), define

ψ : Y(D) → V × Y, Y �→
(
ι−1(D(Y )), Y

)
.

Then ψ is obviously linear and for every Y ∈ Y(D) we have

‖ψ(Y )‖V×Y = ‖ι−1(D(Y ))‖V + ‖Y ‖Y = ‖Y ‖Y(D)
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as well as

(D̃ × D)(ψ(Y )) =
(
D̃(ι−1(D(Y ))), D(Y )

)

(i)
=
(
ι−1(D(D(Y ))), D(Y )

)
= ψ(D(Y )). �

Corollary 2.4. In the setting of Proposition 2.3, assume K = C. If (i) holds and

D and D̃ are either both of them Hermitian operators, or both of them Hermitian
operators with closed ranges, or both of them Dunford scalar operators with σ(D)∪
σ(D̃) ⊆ iR, then D|Y(D) has the same property as a bounded linear operator on
the Banach space Y(D).

Proof. Use Proposition 2.3(vi). In the case of Dunford scalar operators see also
Section 4 in Chapter IV of [9]. �

We now note a topological property which Y(D) can inherit from Y and V.

Corollary 2.5. In the setting of Proposition 2.3, if both Y and V are reflexive
Banach spaces, then the Banach space Y(D) is reflexive as well.

Proof. Use Proposition 2.3(vi). �

Remark 2.6. In the setting of Proposition 2.3, we always have KerD ⊆ Y(D)
and ‖Y ‖Y(D) = ‖Y ‖Y for every Y ∈ KerD. In particular, if D = 0, then
(Y(D), ‖ · ‖Y(D)) = (Y, ‖ · ‖Y).

We also note that Proposition 2.3 can be extended to the case when the
hypothesis Ker ι = {0} is replaced by the more general hypothesis that there
exists a closed subspace V0 of V such that V is the direct sum of Ker ι and V0. To
this end, in the statement and the proof of Proposition 2.3 one just has to replace

throughout ι−1 by
(
ι|V0

)−1
. �

We now describe a natural framework where the Banach space Y(D) from
Proposition 2.3 has a structure of Banach-Lie algebra.

Proposition 2.7. In the setting of Proposition 2.3, assume that Y is a Banach-Lie
algebra, that D is a derivation of Y, and that we have a bounded representation
ρ : Y → B(V) such that ι ◦ ρ(Y ) = (adY ) ◦ ι for every Y ∈ Y. Then

(j) Y(D) is a Lie subalgebra of Y which is a Banach-Lie algebra with the norm
‖ · ‖Y(D);

(jj) Ran ι is an ideal of Y;
(jjj) if (i) in Proposition 2.3 holds, then D|Y(D) is a bounded derivation of the

Banach-Lie algebra Y(D); more precisely, ‖D|Y(D)‖ ≤ max{‖D̃‖, ‖D‖}.
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Proof. (j) For arbitrary Y1, Y2 ∈ Y(D) there exist V1, V2 ∈ V such that D(Yj) =
ι(Vj) for j ∈ {1, 2}. Then

D([Y1, Y2]) = [D(Y1), Y2] + [Y1, D(Y2)]

= [ι(V1), Y2] + [Y1, ι(V2)]

= −((ad Y2) ◦ ι)(V1) + ((ad Y1) ◦ ι)(V2)

= −(ι ◦ (ρ(Y2)))(V1) + (ι ◦ (ρ(Y1)))(V2)

= ι(−(ρ(Y2))(V1) + (ρ(Y1))(V2)).

In particular D([Y1, Y2]) ∈ Ran ι, that is [Y1, Y2] ∈ Y(D). Thus Y(D) is indeed a
Lie subalgebra of Y.

On the other hand by the above computation we have

ι−1(D([Y1, Y2])) = −(ρ(Y2))(V1) + (ρ(Y1))(V2), (2.2)

so that

‖[Y1, Y2]‖Y(D) = ‖[Y1, Y2]‖Y + ‖ι−1(D([Y1, Y2]))‖V

= ‖[Y1, Y2]‖Y + ‖ − (ρ(Y2))(V1) + (ρ(Y1))(V2)‖V

≤ M‖Y1‖Y · ‖Y2‖Y + ‖ρ‖ · ‖Y2‖Y · ‖V1‖V + ‖ρ‖ · ‖Y1‖Y · ‖V2‖V

≤ C(‖Y1‖Y + ‖V1‖V)(‖Y2‖Y + ‖V2‖V)

= C‖Y1‖Y(D) · ‖Y2‖Y(D),

where C = max{M, ‖ρ‖}, M being the norm of the adjoint representation
ad : Y → B(Y).

(jj) For every Y ∈ Y and V ∈ V we have

[Y, ι(V )] = ((adY ) ◦ ι)(V ) = (ι ◦ (ρ(Y )))(V ) ∈ Ran ι.

(jjj) One applies (vi) in Proposition 2.3 together with the observation that,

since V×Y is endowed with the sum-norm, we have ‖D̃×D‖ = max{‖D̃‖, ‖D‖}.
�

We are now going to show how Theorem 1.4 and Remark 1.6 can be used
to construct complex polarizations in certain 2-cocycles of a special class of real
Banach-Lie algebras of the type of Y(D) from Proposition 2.7 above. The ap-
propriate framework in order to do so will be provided by Banach-Lie algebras
for which the coadjoint representation is “embedded” into the adjoint one (see
hypothesis 2◦ below). The examples we should have in mind are the following.

(A) The real L∗-algebras. In this case the coadjoint representation is equivalent
to the adjoint one by means of the topological isomorphism

ι : g∗ → g

defined by ι−1(X) = 〈X, ·〉 for every X ∈ g, where 〈 · , · 〉 stands for the scalar
product of the real L∗-algebra g. (See also Proposition 2.12 below.)
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(B) The unitary real form up of the complex Banach-Lie algebra Cp(H) for 2 ≤
p < ∞, that is

up = {X ∈ Cp(H) | iX is self-adjoint}.
It is well known that the topological dual of Cp(H) is naturally isomorphic
to Cq(H), where q = p/(p − 1). Since 2 ≤ p < ∞, we have q ≤ p, and thus
Cq(H) is naturally embedded into Cp(H). On the level of the real forms, we
get that the topological dual of up is isomorphic to uq, which is embedded
into up. In particular we have an injective operator

ι : (up)
∗ → up

which obviously intertwines the coadjoint representation of up and the adjoint
one.

In order to simplify the statements we are going to prove, let us now make
some hypotheses which will be assumed until the end of the present section.

1◦ Let g be a real Banach-Lie algebra whose underlying Banach space is reflexive.
We denote by

〈 · , · 〉 : g∗ × g → R

the natural pairing and perform the natural identification g = (g∗)∗.
2◦ Consider a bounded linear operator ι : g∗ → g which intertwines the coadjoint

representation of g and the adjoint one, that is, the diagram

g∗
ι−−−−→ g

ad∗X

⏐⏐"
⏐⏐"ad X

g∗
ι−−−−→ g

is commutative for every X ∈ g. Furthermore assume that Ker ι = {0} and
ι∗ = ι, where ι∗ : g∗ → (g∗)∗ = g is the operator dual to ι.

3◦ Pick D ∈ Der(g) such that

ι ◦ (−D∗) = D ◦ ι,

where D∗ : g∗ → g∗ stands of course for the operator dual to D. Next denote
(see Proposition 2.7)

g(D) = D−1(Ran ι)

and define the bilinear form

ω : g(D) × g(D) → R, ω(Y1, Y2) = 〈ι−1(D(Y1)), Y2〉.
4◦ Consider the complexification A = gC of g and denote by Z �→ Z the conju-

gation of A corresponding to g, so that g = {Z ∈ A | Z = Z}. We will always
use the same notation both for a linear operator or (multi)linear functional
on a real vector space and for its extension to the complexified space. In par-
ticular, we have the complex Banach-Lie algebra A(D) = D−1(Ran ι) (see
Proposition 2.7), which is the complexification of g(D).
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5◦ Assume that

〈V, ι(V )〉 ≤ 0 for every V ∈ g∗

and 〈V, ι(V )〉 = 0 if and only if V = 0.

We will see that, under favorable circumstances, the bilinear form ω in 3◦ is
a continuous 2-cocycle of the Banach-Lie algebra g(D). To begin with, let us prove
the continuity of ω.

Lemma 2.8. There exists a positive constant M such that

|ω(Y1, Y2)| ≤ M‖Y1‖g(D)‖Y2‖g(D)

for every Y1, Y2 ∈ g(D).

Proof. In view of the definition of ω, it obviously suffices to prove that the linear
operator

ι−1 ◦ D :
(
g(D), ‖ · ‖g(D)

)
→

(
g∗, ‖ · ‖g∗

)

is bounded. And this follows by the very definition of ‖·‖g(D) (see Proposition 2.3).
�

We now prove other basic properties of the bilinear form ω. The first of these
properties will allow us to make use of the Proposition 2.1, while the other two
properties are cocycle features of ω.

Proposition 2.9. For every Y1, Y2 ∈ g(D) and Z1, Z2 ∈ KerD + Ran
(
D|g(D)

)
we

have

(i) ω(D(Y1), Y2) = −ω(Y1, D(Y2)), and
(ii) ω(Z1, Z2) = −ω(Z2, Z1).

If we assume moreover that the operator iD is Hermitian on A, then for every
Z1, Z2, Z3 ∈ g(D) we have the above relation (ii) and moreover

(iii) ω([Z1, Z2], Z3) + ω([Z2, Z3], Z1) + ω([Z3, Z1], Z2) = 0.

Proof. (i) Denote Vj = ι−1(D(Yj)) ∈ g∗ for j ∈ {1, 2}. Then D(Yj) = ι(Vj), so
D2(Yj) = D(ι(Vj)) = −ι(D∗(Vj)) (see the above hypothesis 3◦). Consequently

ω(D(Y1), Y2) = 〈ι−1(D2(Y1)), Y2〉 = −〈D∗(V1), Y2〉 = −〈V1, D(Y2)〉.
On the other hand,

ω(Y1, D(Y2)) = 〈ι−1(D(Y1)), D(Y2)〉 = 〈V1, D(Y2)〉,
and the desired equality follows.

(ii) Since ω is bilinear, it obviously suffices to prove that ω(Z, Z) = 0 for an
arbitrary Z ∈ KerD + Ran

(
D|g(D)

)
.

Given such a Z, there exist Z0, Z̃ ∈ g(D) such that

Z = D(Z̃) + Z0
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and D(Z0) = 0. Taking into account first the bilinearity of ω and then the already
proved property (i), we get

ω(Z, Z) = ω(D(Z̃), D(Z̃)) + ω(D(Z̃), Z0) + ω(Z0, D(Z̃)) + ω(Z0, Z0)

= ω(D(Z̃), D(Z̃)) − ω(Z̃, D(Z0)) − ω(D(Z0), Z̃) − 〈ι−1(D(Z0)), Z0〉

= ω(D(Z̃), D(Z̃)).

Furthermore, since Z̃ ∈ g(D), there exists Ṽ ∈ g∗ such that D(Z̃) = ι(Ṽ ). Thus

D2(Z̃) = D(ι(Z̃)) = −ι(D∗(Ṽ ))

and we get

ω(D(Z̃), D(Z̃)) = 〈ι−1(D2(Z̃)), D(Z̃)〉 = −〈D∗(Ṽ ), D(Z̃)〉 = −〈Ṽ , D2(Z̃)〉

= 〈Ṽ , ι(D∗(Ṽ ))〉 = 〈D∗(Ṽ ), ι(Ṽ )〉

= 〈D∗(Ṽ ), D(Z̃)〉 = −〈ι−1(D2(Z̃)), D(Z̃)〉

= −ω(D(Z̃), D(Z̃)).

where the fifth equality follows since ι∗ = ι by the hypothesis 2◦. Consequently
ω(D(Z̃), D(Z̃)) = 0 and thus

ω(Z, Z) = ω(D(Z̃), D(Z̃)) = 0.

(iii) Since iD is Hermitian, its dual iD∗ is also Hermitian, hence Corollary 2.4
above shows that iD|A(D) is Hermitian as well. Then Corollary 4.5 in [17] implies
in particular that the subspace

KerD + Ran (D|A(D))

is dense in A(D), where D is viewed as an operator on A(D) (see hypothesis 4◦).
Since D commutes with the conjugation − (see 4◦ again), it then easily follows
that KerD + Ran

(
D|g(D)

)
is dense in

(
g(D), ‖ · ‖g(D)

)
, hence the already proved

property (ii) extends to all Z1, Z2 ∈ g(D). On the other hand, by the same reason,
in view of Lemma 2.8 it suffices to prove the property (jjj) only for Z1, Z2, Z3 ∈
KerD + Ran

(
D|g(D)

)
.

Since Zj ∈ g(D), there exists Wj ∈ g∗ such that D(Zj) = ι(Wj) for each
j ∈ {1, 2, 3}. Now recall the relation (2.2) from the proof of Proposition 2.7. With
the present notations, it says that

ι−1(D([Zi, Zj ])) = −(ad∗Zj)(Wi) + (ad∗Zi)(Wj)
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for every i, j ∈ {1, 2, 3}. It then follows that

ω([Z1, Z2], Z3) + ω([Z2, Z3], Z1) + ω([Z3, Z1], Z2)

= 〈(ad∗Z1)(W2) − (ad∗Z2)(W1), Z3〉
+ 〈(ad∗Z2)(W3) − (ad∗Z3)(W2), Z1〉
+ 〈(ad∗Z3)(W1) − (ad∗Z1)(W3), Z2〉

= 〈W2, [Z3, Z1]〉 − 〈W1, [Z3, Z2]〉
+ 〈W3, [Z1, Z2]〉 − 〈W2, [Z1, Z3]〉
+ 〈W1, [Z2, Z3]〉 − 〈W3, [Z2, Z1]〉

= 2
(
〈W1, [Z2, Z3]〉 + 〈W2, [Z3, Z1]〉 + 〈W3, [Z1, Z2]〉

= 2
(
ω(Z1, [Z2, Z3]) + ω(Z2, [Z3, Z1]) + ω(Z3, [Z1, Z2])

)

(jj)
= −2

(
ω([Z2, Z3], Z1) + ω([Z3, Z1], Z2) + ω([Z1, Z2], Z3)

)
.

Thus 3
(
ω([Z1, Z2], Z3)+ω([Z2, Z3], Z1)+ω([Z3, Z1], Z2)

)
= 0 and we are done. �

We can now prove the main result of the present paper. It extends Theo-
rem VII.6 in [20].

Theorem 2.10. Under the above hypotheses 1◦–5◦, if iD is a Dunford scalar oper-
ator on A with the spectral measure EiD(·) and with

σ(iD) ⊆ (−∞,−α] ∪ {0} ∪ [α,∞)

for some α > 0, then iD|A(D) is a Dunford scalar operator on A(D) whose spectral
measure is denoted by EiD|A(D)

(·), and

p = Ran EiD|A(D)

(
(−∞, 0]

)

is a weak Kähler polarization of the real Banach-Lie algebra g(D) in the cocycle ω.

Proof. First note that iD is in particular a Hermitian operator on A with re-
spect to some equivalent norm of A, hence ω is a continuous 2-cocycle of g(D) by
Proposition 2.9.

Next note that iD|A(D) is a Dunford scalar operator by Corollary 2.4. More-
over we have σ(iD|A(D)) ⊆ R since iD|A(D) is similar to the restriction of iD∗×iD :
A∗×A → A∗×A and σ(iD∗× iD) = σ(iD∗)∪σ(iD) ⊆ R. (See, e.g., Lemma 4.8 in
Chapter IV of [26] for the relation between the spectrum of an operator and the
spectrum of its restriction to a closed invariant subspace.)

In view of Proposition 2.9, we can now apply Proposition 2.1(ii) with X =
A(D) and S = {0} ∪ [α,∞) to get a decomposition

A(D) (= X) = X− ⊕ X0 ⊕ X+

where p = X− ⊕X0, ω(p, p) = {0}, and p is a closed subalgebra of the Banach-Lie
algebra A(D) (see Remark 1.6). By Corollary 2.2 it further follows that

p ∩ p = X0 and p + p = A(D).
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Thus, for p to be a Kähler polarization of g(D) in ω, we have to prove that

iω(Z, Z) > 0 whenever 0 �= Z ∈ X−. (2.3)

To this end, first note the commutative diagrams

A∗ ι−−−−→ A(D)

−iD∗

⏐⏐"
⏐⏐"iD|A(D)

A∗ ι−−−−→ A(D)

and

A∗ ι−−−−→ A

−iD∗

⏐⏐"
⏐⏐"iD

A∗ ι−−−−→ A

(see Proposition 2.3(i)–(ii), with V = A∗, Y = A and D̃ = −D∗). If we denote
the spectral measures of iD, iD∗, −iD∗ and iD|A(D) by EiD, EiD∗ , E−iD∗ and
EiD|A(D)

, respectively, then we have the following relations

(j) EiD∗(∆) = (EiD(∆))∗,

(jj) EiD|A(D)
(∆) ◦ ι = ι ◦ E−iD∗(∆) = ι ◦ EiD∗(−∆),

(jjj) EiD(∆) ◦ ι = ι ◦ E−iD∗(∆) = ι ◦ EiD∗(−∆)

for every Borel subset ∆ of R (see Section 4 in Chapter IV of [9]). In particular, if
we denote (as in the proof of Proposition 2.1)

A∗
± = RanEiD∗

(
± [α,∞)

)
, A∗

0 = Ran EiD∗

(
{0}

)
= KerD∗,

then (jj) implies

ι(A∗
ε) ⊆ X−ε, in fact ι−1(X−ε) = A∗

ε for ε ∈ {−, 0, +}, (2.4)

because A∗ = A∗
− ⊕ A∗

0 ⊕ A∗
+ and X = X− ⊕ X0 ⊕ X+.

Since X− = Ran EiD|A(D)

(
(−∞,−α]

)
, it easily follows that D(X−) = X−.

But X− ⊆ A(D), hence

X− = D(X−) ⊆ D
(
A(D)

)
⊆ Ran ι.

On the other hand, ι−1(X−) = A∗
+ (see (2.4)), so that X− ⊆ ι(A∗

+). This implies
that ι(A∗

+) = X−, hence (2.3) will follow from

iω
(
ι(V ), ι(V )

)
> 0 whenever 0 �= V ∈ A∗

+. (2.5)

To prove this fact, fix V ∈ A∗
+ \ {0} and note that

iD
(
ι(V )

)
=

−α∫

−∞

tEiD(dt)
(
ι(V )

)
,

because ι(V ) ∈ Ran EiD

(
(−∞,−α]

)
by (2.4). On the other hand,

ω
(
ι(V ), ι(V )

)
= 〈ι−1Dι(V ), ι(V )〉 = −〈D∗(V ), ι(V )〉
= 〈V ,

(
ι ◦ (−D∗)

)
(V )〉 = 〈V , D

(
ι(V )

)
〉,
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where the last but one equality follows since ι∗ = ι. Consequently

iω
(
ι(V ), ι(V )

)
= 〈V , iD

(
ι(V )

)
〉

=

∫

−∞

−αt〈V , EiD( dt)
(
ι(V )

)
〉

=

−α∫

−∞

t〈V ,
(
EiD( dt)

)2(
ι(V )

)
〉

=

−α∫

−∞

t〈EiD∗( dt)V , ι
(
E−iD∗( dt)V

)
〉

(
by (j) and (jj)

)

=

−α∫

−∞

t〈E−iD∗( dt)V , ι
(
E−iD∗( dt)V

)
〉

≥ −α〈E−iD∗

(
(−∞,−α]

)
V , ι

(
E−iD∗

(
(−∞,−α]

)
V
)
〉

= −α〈V , ι(V )〉
> 0.

(The first inequality follows since 〈E−iD∗(·)V , ι(E−iD∗(·)V )〉 is a non-negative
measure by hypothesis 5◦, and the last inequality is an easy consequence of the
same hypothesis 5◦ preceding Lemma 2.8.) Thus (2.5) is proved and we are done.

�

Remark 2.11. Under the hypothesis of Theorem 2.10, RanD is closed in A and
we have the following description of A(D):

A(D) = KerD ⊕ ι(Ran D∗).

To prove this fact we use the notation of the proof of Theorem 2.10. Recall
that ι(A∗

±) = X± and

σ(iD∗) = σ(iD) ⊆ (−∞,−α] ∪ {0} ∪ [α,∞).

On the other hand, X0 = KerD, thus

A(D) = X− ⊕ X0 ⊕ X+ = ι(A∗
+) ⊕ KerD ⊕ ι(A∗

−)

= KerD ⊕ ι(A∗
− ⊕ A∗

+) = KerD ⊕ ι(Ran D∗). �

We conclude the present section by a result connected with Example (A)
preceding the above hypotheses 1◦–5◦. It shows that the framework described by
the hypotheses 1◦–5◦ reduces to the special situation when g is a compact real
L∗-algebra (see, e.g., Section 2 in [2]) precisely when ι in hypothesis 2◦ is onto.

Proposition 2.12. Under the hypotheses 1◦–5◦, if ι : g∗ → g is onto, then the
Banach-Lie algebra g is a compact real L∗-algebra.
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Proof. The proof has two stages.

I) At this stage we consider a real Banach space Z and denote as usual by
〈 · , · 〉 the natural duality pairing Z∗ × Z → R. We prove that, if there exists a
bounded invertible map ϕ : Z → Z∗ such that the bilinear form ( · | · ),

Z × Z → R, (X, Y ) �→ (X | Y ) := 〈ϕ(X), Y 〉,

is a real scalar product, then this scalar product defines the topology of Z, thus
turning it into a real Hilbert space.

What we have to prove is that, for some positive constants m and M , we
have

m‖X‖ ≤ (X | X)1/2 ≤ M‖X‖ whenever X ∈ Z. (2.6)

The right-hand side of this inequality is a consequence of the continuity of ϕ; more
precisely,

(Y | Y )1/2 ≤ ‖ϕ‖1/2‖Y ‖ whenever Y ∈ Z.

As for the left-hand side, note that the Schwartz inequality for ( · | · ) and then
the above inequality imply

‖ϕ(X)‖ = sup
0
=Y ∈Z

|〈ϕ(X), Y 〉|
‖Y ‖ = sup

0
=Y ∈Z

|(X | Y )|
‖Y ‖ ≤ sup

0
=Y ∈Z

(X | X)1/2(Y | Y )1/2

‖Y ‖

= (X | X)1/2 sup
0
=Y ∈Z

(Y | Y )1/2

‖Y ‖ ≤ ‖ϕ‖1/2(X | X)1/2

for every X ∈ Z. Since ‖X‖ ≤ ‖ϕ−1‖·‖ϕ(X)‖, we finally get the desired inequality
(2.6) with m = ‖ϕ−1‖−1 · ‖ϕ‖−1/2 and M = ‖ϕ‖1/2.

II) We now come back to the proof. Note that the hypotheses 2◦ and 5◦ allow
us to apply the result of stage I) with Z = g and ϕ = −ι−1 to deduce that the
scalar product ( · | · ) defined on g by

(X | Y ) = −〈ι−1(X), Y 〉 whenever X, Y ∈ g

defines the topology of g. (The symmetry of ( · | · ) follows by ι∗ = ι from hypoth-
esis 2◦, while its positive definiteness follows by the hypothesis 5◦.)

Since for every X, Y, Z ∈ g we have by the intertwining property of ι from
the hypothesis 2◦

([X, Y ] | Z) = −〈(ι−1 ◦ ad X)(Y ) | Z〉 = −〈
(
(ad∗X) ◦ ι−1

)
(Y ), Z〉

= 〈ι−1(Y ), (ad X)Z〉 = −(Y | [X, Z]),

it follows that g is indeed a compact real L∗-algebra when endowed with this scalar
product. �
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3. Classical Banach-Lie algebras

This last section is essentially devoted to applying Theorem 2.10 in the special situ-
ation of the example (B) preceding the hypotheses 1◦–5◦ in Section 2 (see Example
3.5 below). We denote by H a complex Hilbert space and by {Cp(H)}1≤p≤∞ the
family of Schatten-von Neumann classes of operators on H, with the convention
that C∞(H) stands for the set of all compact operators on H.

Proposition 3.1. Let 1 ≤ p ≤ ∞, denote by A the Banach-Lie algebra Cp(H) and
consider an arbitrary Hermitian derivation D ∈ Der(A). Then there exists a self-
adjoint operator A ∈ B(H) such that

D(C) = [A, C] for every C ∈ A

and we have

σ(D) = {t − s | t, s ∈ σ(A)}.

Proof. Since D is a derivation of A, Proposition 9 in Chapter II of [13] shows that
there exists A1 ∈ B(H) such that D(C) = [A1, C] for every C ∈ A.

Now, if p = 2, then A = C2(H) is a Hilbert space and the Hilbert space
adjoint of D is C �→ [A∗

1, C] (A∗
1 standing here for the Hilbert space adjoint of

A1). Since D is Hermitian, hence self-adjoint, we get [A1 − A∗
1, C] = 0 for every

C ∈ C2(H), hence there exists w ∈ C such that A1 − A∗
1 = w idH. Then w has to

be purely imaginary and A = A1 − (w/2) idH is the self-adjoint operator we are
looking for.

In the case p �= 2, since D is Hermitian, the main result of [6] implies that
there exist self-adjoint operators B1, B2 ∈ B(H) with

D(C) = B1C − CB2 for every C ∈ Cp(H).

Then

(A1 − B1)C = C(A1 − B2) for every C ∈ Cp(H)

and it is straightforward to deduce that there exists z ∈ C with A1 − B1 =
A1 − B2 = z idH. In particular B1 = B2 and we can take B1 for the desired
self-adjoint operator A.

The last assertion in the statement is well known: the spectrum of D can be
computed by means of Corollary 4.3 in [11]. �

Before proceeding to develop Example 3.5, let us briefly mention some facts
which put in a proper perspective the closed-range Hermitian derivations of the
classical Banach-Lie algebras Cp(H). The following result extends Lemma VII.3 in
[20] (see also Theorem IV.4 in [21]).

Corollary 3.2. Let D ∈ Der(A) be a Hermitian derivation of the Banach-Lie algebra
A = Cp(H), where 1 ≤ p ≤ ∞ is arbitrary. Then D has closed range if and only if
its spectrum is finite, and in this case D is diagonalizable.
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Proof. We use the notation of Proposition 3.1. Since D is Hermitian, by Theo-
rem 4.12 in [17] we get (as in the proof of Theorem 1.3 above) that D has closed
range if and only if 0 is an isolated point of its spectrum. Since Proposition 3.1
shows that σ(D) = {t − s | t, s ∈ σ(A)}, it easily follows that 0 is an isolated
point of σ(D) if and only if σ(A) is finite. The last assertion of the corollary is
a consequence of the fact that every Hermitian operator with finite spectrum is
diagonalizable (see, e.g., Corollary 4 in Section 14 of [5]). �

Remark 3.3. It is a well-known phenomenon that not every derivation of a classical
complex Banach-Lie algebra of compact operators on H is inner when dimH = ∞,
as it is the case for the complex finite-dimensional semisimple Lie algebras (see
[13]). See, e.g., the characterization of Hermitian derivations of Cp(H) for 1 ≤
p ≤ ∞ in Proposition 3.1 above, where the operator A ∈ B(H) need not belong
to Cp(H). Although, every derivation D of Cp(H) extends to a (inner) derivation
adA of B(H). �

From the perspective of Remark 3.3, it is interesting to note that there exist
some rather strong connections between an arbitrary derivation of Cp(H) and its
extension to a derivation of B(H). The following corollary is intended to justify
this observation.

Corollary 3.4. Let 1 ≤ p ≤ ∞ and A ∈ B(H). Denote by D the bounded inner
derivation ad A of B(H) and by D the derivation of Cp(H) which is the restriction
of D. Then the following assertions hold.

(i) σ(D) = σ(D) = {t − s | t, s ∈ σ(A)}.
(ii) D is Hermitian if and only if D is Hermitian if and only if there exists z ∈ C

such that A − z idH is self-adjoint.
(iii) If D is Hermitian, then it has closed range if and only if D has closed range

if and only if the spectrum of D is finite if and only if the spectrum of D is
finite.

Proof. (i) Use Corollary 4.3 in [11], as in the proof of Proposition 3.1 above.
(ii) If D is Hermitian, use Proposition 3.1 and its proof to deduce the asserted

properties of D and A.
On the other hand, recall that B(H) is naturally isomorphic to the topological

dual of the Banach space C1(H) and note that the dual of the operator

D∗ : C1(H) → C1(H), K �→ [K, A]

is just D. Now, if D is Hermitian it follows at once that also D∗ is Hermitian, and
the above argument used in the proof of Proposition 3.1 shows that A = A0+z idH
for some self-adjoint operator A0 ∈ B(H) and some z ∈ C.

The other implications from (ii) are obvious.
(iii) Since D is Hermitian, in view of (ii) we may assume without loss of

generality that A = A∗. First recall the main result of [1] which asserts that D
has closed range if and only if A is similar to an operator generating a finite-
dimensional C∗-algebra. Then it follows that D has closed range if and only if the
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spectrum of the self-adjoint operator A is finite (which also follows by (i) and (ii)
along with Corollary 3.2). This is further equivalent by (i) to the fact that either
the spectrum of D or the spectrum of D is finite. Now it only remains to make use
of Corollary 3.2 and we are done. �

We now finally turn to the example (B), which suggested us to introduce the
hypotheses 1◦–5◦ in Section 2.

Example 3.5. Let 2 ≤ p < ∞ and consider the real Banach-Lie algebra

g = up

of all skew-adjoint operators belonging to the Schatten-von Neumann class

A = Cp(H)

on a complex Hilbert space H. Then A = gC and g is the set of fixed points of the
conjugation

Z �→ Z = −Z∗

of the complex Banach-Lie algebra A (where Z∗ denotes the Hilbert space adjoint
of the operator Z). For the Banach space A (resp. g), the dual Banach space is
A∗ = Cq(H) (respectively g∗ = uq) with q = p/(p − 1), the duality pairing 〈 · , · 〉
being defined by

A∗ × A → C, (V, X) �→ 〈V, X〉 = Tr(V X).

Since 2 ≤ p < ∞, we have 1 < q ≤ 2 ≤ p < ∞, so that Cq(H) ⊆ Cp(H). We denote
the corresponding inclusion map of uq into up by

ι : g∗ → g.

(We use the same notation ι for the inclusion map of A∗ into A.) We have ι∗ = ι
because Tr(V X) = Tr(XV ) for every V ∈ Cq(H) and X ∈ Cp(H). The intertwining
property of ι (see hypothesis 2◦ in Section 2) is obvious.

To see that the hypothesis 5◦ from Section 2 is satisfied, note that, for X ∈
g = up, −X2 is a nonnegative trace-class operator, hence

〈X, ι(X)〉 = Tr(X2) ≤ 0

and Tr(X2) = 0 if and only if X = 0.

We now turn to the way hypothesis 3◦ from Section 2 can be realized in the
present setting. To this end, take a bounded derivation D of the complex Banach-
Lie algebra A such that iD is a Hermitian operator on A. As Proposition 3.1 shows,
then there exists a bounded skew-adjoint operator A on H such that D = adA|A
and

σ(iD) = σ(iA) − σ(iA).

For every V ∈ Cq(H) and X ∈ Cp(H) one has

〈V, D(X)〉 = Tr(V [A, X ]) = Tr([V, A]X) = 〈(ad (−A))(V ), X〉,
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so that the operator dual to D is D∗ = ad (−A)|A∗ . (Recall that A∗ =
Cq(H).) This formula for D∗ shows in particular that ι ◦ (−D∗) = D ◦ ι. Next
note that

A(D) = {X ∈ Cp(H) | [A, X ] ∈ Cq(H)}, ‖ · ‖A(D) = ‖ · ‖Cp(H) + ‖[A, · ]‖Cq(H),

g(D) = {X ∈ A(D) | X is skew-adjoint},
and

ω(Y1, Y2) = Tr([A, Y1]Y2) whenever Y1, Y2 ∈ g(D).

(Note that here we have Tr([A, Y1]Y2) ∈ R because all of the operators A, Y1, Y2

are skew-adjoint.)
Next assume that the Hermitian operator iD on A is moreover Dunford scalar.

Then the Concluding remark (b) in [14] shows that the spectrum of iA is finite,
which in turn implies that the spectrum of iD is also finite. In particular, iD has
closed range in A. Let σ(iA) = {λ1, . . . , λk}, with λ1 > · · · > λk. We have

H = Ker (iA − λ1) ⊕ · · · ⊕ Ker (iA − λ1).

Writing the operators on H as block operator matrices, we get

A(D) =

⎧
⎪⎪⎨
⎪⎪⎩

X = (Xij)1≤i,j≤k ∈ Cp(H) |

⎛
⎜⎜⎝

0 X12 ... X1k

X21 0
. . .

...
...

. ..
. . . Xk−1,k

Xk1 ... Xk,k−1 0

⎞
⎟⎟⎠ ∈ Cq(H)

⎫
⎪⎪⎬
⎪⎪⎭

(see also Remark 2.11). Now Theorem 2.10 says that

p =

⎧
⎨
⎩X =

⎛
⎝

X11 0
X21 X22

...
. . .

. . .
Xk1 ... Xk,k−1 Xkk

⎞
⎠ ∈ Cp(H) |

⎛
⎝

0 0
X21 0

...
. . .

. ..
Xk1 ... Xk,k−1 0

⎞
⎠ ∈ Cq(H)

⎫
⎬
⎭,

since iA is just the diagonal operator matrix
⎛
⎜⎝

λ1 0
. . .

0 λk

⎞
⎟⎠

with λ1 > · · · > λk, while D(X) = [A, X ] for each operator matrix X . Further
note that

A(D)/p ∼=

⎧
⎪⎪⎨
⎪⎪⎩

X =

⎛
⎜⎜⎝

0 X12 ... X1k

0
. ..

...
. .. Xk−1,k

0 0

⎞
⎟⎟⎠ ∈ Cq(H)

⎫
⎪⎪⎬
⎪⎪⎭

and for every such X ∈ A(D)/p we have

iω(X, X∗) =
∑

1≤i<j≤k

(λi − λj)‖Xij‖2
C2(H).

This formula encodes the difference between the topology of A(D)/p and the one
defined by the scalar product constructed by means of ω. �
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Commuting Triples of Subnormal Operators
and Related Moment Problems

Tudor B̂ınzar and Doru Păunescu

Abstract. Using a new characterization for subnormality of a commuting
triple of operators (due to T. Trent, [12], for single operators, extended by P.
Găvruţă and N. Suciu, [4], for commuting pairs) we shall give necessary and
sufficient conditions on a triple indexed sequence of vectors from a Hilbert
space such that it can be expressed as moments of an appropriate triple of
commuting operators. We obtain an extension of Z. Sebestyén’s similar result
([9], [10]) for simple sequences and D. Păunescu result ([7], [8]) for double
sequences. The analogue problem for triple indexed sequences of operators
acting on a Hilbert space is also obtained.

Mathematics Subject Classification (2000). 47A20, 44A66.

Keywords. Subnormal triple of operators, Positive definite kernel, Moment
problem.

Let H be a complex Hilbert space and let L (H) be the C∗-algebra of all bounded
linear operators on H ; an element S in L (H) will be called subnormal if there
exists a normal operator N acting on a larger Hilbert space that extends S. If
S1, S2, S3 ∈ L (H) commute, then the triple (S1, S2, S3) is subnormal if it has a
commuting normal extension, i.e., there exist a larger Hilbert space K ⊃ H and
three normal operators N1, N2, N3 such that:

– H is an invariant subspace under N1, N2 and N3;

– N1, N2 and N3 commute, NiNj = NjNi

(
i, j = 1, 3

)
;

– N1, N2 and N3 extends respectively S1, S2 and S3, Ni|H = Si

(
i = 1, 3

)
.

J. Bram characterizes subnormality via positivity ([1]) and this works also for
subnormal triples.

Theorem 1. Let S1, S2, S3 ∈ L (H) be commuting operators. The following affir-
mations are equivalent:

(i) (S1, S2, S3) is a subnormal triple;
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(ii) There exist a Hilbert space K ⊃ H and the commuting unitary operators
U1, U2, U3 ∈ L (K), such that for m, n, p ∈ N

S∗m
1 S∗n

2 S∗p
3 = PHUm

1 Un
2 Up

3 Sm
1 Sn

2 Sp
3 ,

S∗m
1 S∗n

2 Sp
3 = S∗p

3 PHUm
1 Un

2 U∗p
3 Sm

1 Sn
2 ,

S∗m
1 S∗p

3 Sn
2 = S∗n

2 PHUm
1 U∗n

2 Up
3 Sm

1 Sp
3 ,

S∗m
1 Sn

2 Sp
3 = S∗n

2 S∗p
3 PHUm

1 U∗n
2 U∗p

3 Sm
1 ;

(iii) There exist the triple indexed sequences of operators in L (H) denoted
(Am n p), (Bm n p), (Cm n p), (Dm n p) with (m, n, p) ∈ N × N × N, sat-
isfying:

S∗m
1 S∗n

2 S∗p
3 = Am n pS

m
1 Sn

2 Sp
3 ,

S∗m
1 S∗n

2 Sp
3 = S∗p

3 Bm n pS
m
1 Sn

2 ,

S∗m
1 S∗p

3 Sn
2 = S∗n

2 Cm n pS
m
1 Sp

3 ,

S∗m
1 Sn

2 Sp
3 = S∗n

2 S∗p
3 Dm n pS

m
1

such that the function

Fm n p =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Am n p, m, n, p ≥ 0;

A∗
−m −n −p, m, n, p < 0;

Bm n −p, m, n ≥ 0, p < 0;

B∗
−m −n p, m, n < 0, p ≥ 0;

Cm −n p, m, p ≥ 0, n < 0;

C∗
−m n −p, m, p < 0, n ≥ 0;

Dm −n −p, m ≥ 0, n, p < 0;

D∗
−m n p, m < 0, n, p ≥ 0;

is of positive type, that is
∑

j1,j2,j3
k1,k2,k3

〈Fj1−k1 j2−k2 j3−k3xj1 j2 j3 ,xk1 k2 k3〉 ≥ 0

for every finite system {xj1 j2 j3}j1,j2,j3≥0 from H.

Proof. (i) ⇒ (ii) Let N1, N2, N3 ∈ L (K) three commuting normal operators on
K ⊃ H such that Ni|H = Si, i ∈ 1, 3. From a result of T. Furuta [2], it follows that

Ni = ViPi, i ∈ 1, 3 ,

where Vi

(
i ∈ 1, 3

)
are unitary operators and Pi

(
i ∈ 1, 3

)
are positive operators

on K such that {
ViVj = VjVi

ViPj = PjVi
for any i, j ∈ 1, 3 .
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Let us define Ui = V ∗2
i ,

(
i ∈ 1, 3

)
; then for m, n, p ∈ N, we have

N∗m
1 N∗n

2 N∗p
3 = V ∗m

1 Pm
1 V ∗n

2 Pn
2 V ∗p

3 P p
3 = V ∗2m

1 V m
1 Pm

1 V ∗2n
2 V n

2 Pn
2 V ∗2p

3 V p
3 P p

3

= V ∗2m
1 V ∗2n

2 V ∗2p
3 V m

1 Pm
1 V n

2 Pn
2 V p

3 P p
3 = Um

1 Un
2 Up

3 Nm
1 Nn

2 Np
3 ,

N∗m
1 N∗n

2 Np
3 = Np

3 N∗m
1 N∗n

2 = V p
3 P p

3 V ∗m
1 Pm

1 V ∗n
2 Pn

2

= V ∗p
3 V 2p

3 P p
3 V ∗2m

1 V m
1 Pm

1 V ∗2n
2 V n

2 Pn
2

= V ∗p
3 P p

3 V ∗2m
1 V ∗2n

2 V 2p
3 V m

1 Pm
1 V n

2 Pn
2 = N∗p

3 Um
1 Un

2 U∗p
3 Nm

1 Nn
2 ,

N∗m
1 N∗p

3 Nn
2 = Nn

2 N∗m
1 N∗p

3 = V n
2 Pn

2 V ∗m
1 Pm

1 V ∗p
3 P p

3

= V ∗n
2 V 2n

2 Pn
2 V ∗2m

1 V m
1 Pm

1 V ∗2p
3 V p

3 P p
3

= V ∗n
2 Pn

2 V ∗2m
1 V 2n

2 V ∗2p
3 V m

1 Pm
1 V p

3 P p
3 = N∗n

2 Um
1 U∗n

2 Up
3 Nm

1 Np
3 ,

N∗m
1 Nn

2 Np
3 = Nn

2 Np
3 N∗m

1 = V n
2 Pn

2 V p
3 P p

3 V ∗m
1 Pm

1

= V ∗n
2 V 2n

2 Pn
2 V ∗p

3 V 2p
3 P p

3 V ∗2m
1 V m

1 Pm
1

= V ∗n
2 Pn

2 V ∗p
3 P p

3 V ∗2m
1 V 2n

2 V 2p
3 V m

1 Pm
1 = N∗n

2 N∗p
3 Um

1 U∗n
2 U∗p

3 Nm
1 .

Now the relations of (ii) follow easily from

PHN∗
i = S∗

i PH for any i ∈ 1, 3 .

Indeed, if k ∈ K, k = x + x′ with x ∈ H and x′ ∈ K ⊖H, then, for any i ∈ 1, 3,
we have

PHN∗
i k = PHN∗

i x+PHN∗
i x′ = PHN∗

i x =S∗
i x =S∗

i PHk .

Now, let x ∈ H and m, n, p be positive integers, then

S∗m
1 S∗n

2 S∗p
3 x = S∗m

1 S∗n
2 PHN∗p

3 x = S∗m
1 PHN∗n

2 N∗p
3 x = PHN∗m

1 N∗n
2 N∗p

3 x

= PHUm
1 Un

2 Up
3 Nm

1 Nn
2 Np

3 x = PHUm
1 Un

2 Up
3 Sm

1 Sn
2 Sp

3x ,

S∗m
1 S∗n

2 Sp
3x = S∗m

1 S∗n
2 Np

3 x =S∗m
1 PHN∗n

2 Np
3 x =PHN∗m

1 N∗n
2 Np

3 x

= PHN∗p
3 Um

1 Un
2 U∗p

3 Nm
1 Nn

2 x =S∗p
3 PHUm

1 Un
2 U∗p

3 Sm
1 Sn

2 x ,

S∗m
1 S∗p

3 Sn
2 x = S∗m

1 S∗p
3 Nn

2 x = S∗m
1 PHN∗p

3 Nn
2 x = PHN∗m

1 N∗p
3 Nn

2 x

= PHN∗n
2 Um

1 U∗n
2 Up

3 Nm
1 Np

3 x = S∗n
2 PHUm

1 U∗n
2 Up

3 Sm
1 Sp

3x

and finally

S∗m
1 Sn

2 Sp
3x = S∗m

1 Nn
2 Np

3 x = PHN∗m
1 Nn

2 Np
3 x

= PHN∗n
2 N∗p

3 Um
1 U∗n

2 U∗p
3 Nm

1 x

= S∗n
2 PHN∗p

3 Um
1 U∗n

2 U∗p
3 Nm

1 x = S∗n
2 S∗p

3 PHUm
1 U∗n

2 U∗p
3 Sm

1 x.

(ii) ⇒ (iii) We denote

Am n p = PHUm
1 Un

2 Up
3 |H, Bm n p = PHUm

1 Un
2 U∗p

3 |H ,
Cm n p = PHUm

1 U∗n
2 Up

3 |H, Dm n p = PHUm
1 U∗n

2 U∗p
3 |H
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for each m, n, p ∈ N. We shall establish that the function Fm n p is of positive
type. We have

∑

j1,j2,j3
k1,k2,k3

〈Fj1−k1 j2−k2 j3−k3xj1 j2 j3 ,xk1 k2 k3〉

=
∑

j1≥k1

j2≥k2

j3≥k3

〈Aj1−k1 j2−k2 j3−k3xj1 j2 j3 ,xk1 k2 k3〉

+
∑

j1≥k1

j2≥k2

j3<k3

〈Bj1−k1 j2−k2 k3−j3xj1 j2 j3 ,xk1 k2 k3〉

+
∑

j1≥k1

j2<k2

j3≥k3

〈Cj1−k1 k2−j2 j3−k3xj1 j2 j3 ,xk1 k2 k3〉

+
∑

j1≥k1

j2<k2

j3<k3

〈Dj1−k1 k2−j2 k3−j3xj1 j2 j3 ,xk1 k2 k3〉

+
∑

j1<k1

j2≥k2

j3≥k3

〈
D∗

k1−j1 j2−k2 j3−k3
xj1 j2 j3 ,xk1 k2 k3

〉

+
∑

j1<k1

j2≥k2

j3<k3

〈
C∗

k1−j1 j2−k2 k3−j3xj1 j2 j3 ,xk1 k2 k3

〉

+
∑

j1<k1

j2<k2

j3≥k3

〈
B∗

k1−j1 k2−j2 j3−k3
xj1 j2 j3 ,xk1 k2 k3

〉

+
∑

j1<k1

j2<k2

j3<k3

〈
A∗

k1−j1 k2−j2 k3−j3xj1 j2 j3 ,xk1 k2 k3

〉

=
∑

j1≥k1

j2≥k2

j3≥k3

〈
PHU j1−k1

1 U j2−k2

2 U j3−k3

3 xj1 j2 j3 ,xk1 k2 k3

〉

+
∑

j1≥k1

j2≥k2

j3<k3

〈
PHU j1−k1

1 U j2−k2

2 U∗k3−j3
3 xj1 j2 j3 ,xk1 k2 k3

〉
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+
∑

j1≥k1

j2<k2

j3≥k3

〈
PHU j1−k1

1 U∗k2−j2
2 U j3−k3

3 xj1 j2 j3 ,xk1 k2 k3

〉

+
∑

j1≥k1

j2<k2

j3<k3

〈
PHU j1−k1

1 U∗k2−j2
2 U∗k3−j3

3 xj1 j2 j3 ,xk1 k2 k3

〉

+
∑

j1<k1

j2≥k2

j3≥k3

〈
PHU∗k1−j1

1 U j2−k2

2 U j3−k3

3 xj1 j2 j3 ,xk1 k2 k3

〉

+
∑

j1<k1

j2≥k2

j3<k3

〈
PHU∗k1−j1

1 U j2−k2

2 U∗k3−j3
3 xj1 j2 j3 ,xk1 k2 k3

〉

+
∑

j1<k1

j2<k2

j3≥k3

〈
PHU∗k1−j1

1 U∗k2−j2
2 U j3−k3

3 xj1 j2 j3 ,xk1 k2 k3

〉

+
∑

j1<k1

j2<k2

j3<k3

〈
PHU∗k1−j1

1 U∗k2−j2
2 U∗k3−j3

3 xj1 j2 j3 ,xk1 k2 k3

〉

=

∥∥∥∥
∑

j1,j2,j3≥0

U j1
1 U j2

2 U j3
3 xj1 j2 j3

∥∥∥∥
2

≥ 0 .

(iii) ⇒ (i) We apply Itô-Masani test ([5], [6]). Thus we have
∑

j1,j2,j3
k1,k2,k3

〈
Sk1

1 Sk2
2 Sk3

3 xj1 j2 j3 , S
j1
1 Sj2

2 Sj3
3 xk1 k2 k3

〉

=
∑

j1≥k1

j2≥k2

j3≥k3

〈
S∗j1−k1

1 S∗j2−k2

2 S∗j3−k3

3 Sk1
1 Sk2

2 Sk3
3 xj1 j2 j3 , S

k1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1≥k1

j2≥k2

j3<k3

〈
S∗j1−k1

1 S∗j2−k2

2 Sk3−j3
3 Sk1

1 Sk2
2 Sj3

3 xj1 j2 j3 , S
k1
1 Sk2

2 Sj3
3 xk1 k2 k3

〉

+
∑

j1≥k1

j2<k2

j3≥k3

〈
S∗j1−k1

1 S∗j3−k3

3 Sk2−j2
2 Sk1

1 Sj2
2 Sk3

3 xj1 j2 j3 , S
k1
1 Sj2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1≥k1

j2<k2

j3<k3

〈
S∗j1−k1

1 Sk2−j2
2 Sk3−j3

3 Sk1
1 Sj2

2 Sj3
3 xj1 j2 j3 , S

k1
1 Sj2

2 Sj3
3 xk1 k2 k3

〉
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+
∑

j1<k1

j2≥k2

j3≥k3

〈
Sj1

1 Sk2
2 Sk3

3 xj1 j2 j3 , S
∗k1−j1
1 Sj2−k2

2 Sj3−k3

3 Sj1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1<k1

j2≥k2

j3<k3

〈
Sj1

1 Sk2
2 Sj3

3 xj1 j2 j3 , S
∗k1−j1
1 S∗k3−j3

3 Sj2−k2

2 Sj1
1 Sk2

2 Sj3
3 xk1 k2 k3

〉

+
∑

j1<k1

j2<k2

j3≥k3

〈
Sj1

1 Sj2
2 Sk3

3 xj1 j2 j3 , S
∗k1−j1
1 S∗k2−j2

2 Sj3−k3

3 Sj1
1 Sj2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1<k1

j2<k2

j3<k3

〈
Sj1

1 Sj2
2 Sj3

3 xj1 j2 j3 , S
∗k1−j1
1 S∗k2−j2

2 S∗k3−j3
3 Sj1

1 Sj2
2 Sj3

3 xk1 k2 k3

〉

=
∑

j1≥k1

j2≥k2

j3≥k3

〈
Aj1−k1 j2−k2 j3−k3S

j1−k1

1 Sj2−k2

2 Sj3−k3

3 Sk1
1 Sk2

2 Sk3
3 xj1 j2 j3 ,

Sk1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1≥k1

j2≥k2

j3<k3

〈
S∗k3−j3

3 Bj1−k1 j2−k2 k3−j3S
j1−k1

1 Sj2−k2

2 Sk1
1 Sk2

2 Sj3
3 xj1 j2 j3 ,

Sk1
1 Sk2

2 Sj3
3 xk1 k2 k3

〉

+
∑

j1≥k1

j2<k2

j3≥k3

〈
S∗k2−j2

2 Cj1−k1 k2−j2 j3−k3S
j1−k1

1 Sj3−k3

3 Sk1
1 Sj2

2 Sk3
3 xj1 j2 j3 ,

Sk1
1 Sj2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1≥k1

j2<k2

j3<k3

〈
S∗k2−j2

2 S∗k3−j3
3 Dj1−k1 k2−j2 k3−j3S

j1−k1

1 Sk1
1 Sj2

2 Sj3
3 xj1 j2 j3 ,

Sk1
1 Sj2

2 Sj3
3 xk1 k2 k3

〉

+
∑

j1<k1

j2≥k2

j3≥k3

〈
Sj1

1 Sk2
2 Sk3

3 xj1 j2 j3 ,

S∗j2−k2

2 S∗j3−k3

3 Dk1−j1 j2−k2 j3−k3S
k1−j1
1 Sj1

1 Sk2
2 Sk3

3 xk1 k2 k3

〉
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+
∑

j1<k1

j2≥k2

j3<k3

〈
Sj1

1 Sk2
2 Sj3

3 xj1 j2 j3 ,

S∗j2−k2

2 Ck1−j1 j2−k2 k3−j3S
k1−j1
1 Sk3−j3

3 Sj1
1 Sk2

2 Sj3
3 xk1 k2 k3

〉

+
∑

j1<k1

j2<k2

j3≥k3

〈
Sj1

1 Sj2
2 Sk3

3 xj1 j2 j3 ,

S∗j3−k3

3 Bk1−j1 k2−j2 j3−k3S
k1−j1
1 Sk2−j2

2 Sj1
1 Sj2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1<k1

j2<k2

j3<k3

〈
Sj1

1 Sj2
2 Sj3

3 xj1 j2 j3 ,

Ak1−j1 k2−j2 k3−j3S
k1−j1
1 Sk2−j2

2 Sk3−j3
3 Sj1

1 Sj2
2 Sj3

3 xk1 k2 k3

〉

=
∑

j1≥k1

j2≥k2

j3≥k3

〈
Aj1−k1 j2−k2 j3−k3S

j1
1 Sj2

2 Sj3
3 xj1 j2 j3 , S

k1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1≥k1

j2≥k2

j3<k3

〈
Bj1−k1 j2−k2 k3−j3S

j1
1 Sj2

2 Sj3
3 xj1 j2 j3 , S

k1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1≥k1

j2<k2

j3≥k3

〈
Cj1−k1 k2−j2 j3−k3S

j1
1 Sj2

2 Sj3
3 xj1 j2 j3 , S

k1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1≥k1

j2<k2

j3<k3

〈
Dj1−k1 k2−j2 k3−j3S

j1
1 Sj2

2 Sj3
3 xj1 j2 j3 , S

k1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1<k1

j2≥k2

j3≥k3

〈
D∗

k1−j1 j2−k2 j3−k3
Sj1

1 Sj2
2 Sj3

3 xj1 j2 j3 , S
k1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1<k1

j2≥k2

j3<k3

〈
C∗

k1−j1 j2−k2 k3−j3S
j1
1 Sj2

2 Sj3
3 xj1 j2 j3 , S

k1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉

+
∑

j1<k1

j2<k2

j3≥k3

〈
B∗

k1−j1 k2−j2 j3−k3
Sj1

1 Sj2
2 Sj3

3 xj1 j2 j3 , S
k1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉



46 T. B̂ınzar and D. Păunescu

+
∑

j1<k1

j2<k2

j3<k3

〈
A∗

k1−j1 k2−j2 k3−j3S
j1
1 Sj2

2 Sj3
3 xj1 j2 j3 , S

k1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉

=
∑

j1,j2,j3
k1,k2,k3

〈
Fj1−k1,j2−k2,j3−k3S

j1
1 Sj2

2 Sj3
3 xj1 j2 j3 , S

k1
1 Sk2

2 Sk3
3 xk1 k2 k3

〉
≥ 0,

hence (S1, S2, S3) is a subnormal triple and the proof of Theorem 1 is complete. �

The next theorem extends to triple indexed sequences the moment problem
solved in [8] for subnormal pairs. The analogue for commuting pairs of contractions
has been solved by P. Găvruţă and D. Păunescu in [3] using regular dilations; see
B. Sz.-Nagy and C. Foiaş’s book ([11]).

Theorem 2. Let (hm n p)m,n,p∈N
be a triple indexed sequence of the Hilbert space

H such that:

• (hm n p)m,n,p∈N
spans the entire space H ;

• ‖hm n p‖ ≤ Λm+n+p (m, n, p ∈ N) for some positive number Λ.

The following affirmations are equivalent:

(i) There exists a subnormal triple (S1, S2, S3) such that

hm n p = Sm
1 Sn

2 Sp
3h0 0 0 for m, n, p ∈ N .

(ii) There exists
(
hm′n′p′

m n p

)
a family of vectors in H with the following properties:

1. h0 0 0
mnp = hm n p for m, n, p ∈ N ;

2.
〈
hm′n′p′

m n p ,hi j k

〉
= 〈hm n p,hi+m′ j+n′ k+p′ 〉 for m, m′, n, n′, p, p′,

i, j, k ∈ N;

3. the inequality ∥∥∥∥
∑

m′n′p′

m n p

cm′n′p′

m n p hm′n′p′

m n p

∥∥∥∥
2

≤
∑

m′n′p′

m n p

∑

i′j′k′

i j k

cm′n′p′

m n p ci′j′k′

i j k 〈hm+i′ n+j′ p+k′ ,hi+m′ j+n′ k+p′〉

holds for each finite system of complex numbers
{
cm′n′p′

m n p

}
m,m′,n,n′,p,p′∈N

.

Proof. (i) ⇒ (ii) Let (S1, S2, S3) be a commuting subnormal triple of operators in
L (H) and U1, U2, U3 the commuting unitary operators from the characterization
Theorem 1. Then

S∗m
1 S∗n

2 S∗p
3 = PHUm

1 Un
2 Up

3 Sm
1 Sn

2 Sp
3 , (1)

S∗m
1 S∗n

2 Sp
3 = S∗p

3 PHUm
1 Un

2 U∗p
3 Sm

1 Sn
2 , (2)

S∗m
1 S∗p

3 Sn
2 = S∗n

2 PHUm
1 U∗n

2 Up
3 Sm

1 Sp
3 , (3)

S∗m
1 Sn

2 Sp
3 = S∗n

2 S∗p
3 PHUm

1 U∗n
2 U∗p

3 Sm
1 (4)
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(recall that the commuting unitary operators U1, U2, U3 are in the same space
L (K) with the normal extension of the triple (S1, S2, S3) and they are defined
using the Furuta unitary operators. We define

hm′n′p′

m n p := S∗m′

1 S∗n′

2 S∗p′

3 Sm
1 Sn

2 Sp
3h0 0 0 .

The identities 1 and 2 are immediate since

h0 0 0
m n p = S∗0

1 S∗0
2 S∗0

3 Sm
1 Sn

2 Sp
3h0 0 0 = Sm

1 Sn
2 Sp

3h0 0 0 = hm n p

respectively

〈
hm′n′p′

m n p ,hi j k

〉
=
〈
S∗m′

1 S∗n′

2 S∗p′

3 Sm
1 Sn

2 Sp
3h0 0 0,hi j k

〉

=
〈
Sm

1 Sn
2 Sp

3h0 0 0, S
p′

3 Sn′

2 Sm′

1 hi j k

〉
=

〈
hm n p, S

i+m′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉

= 〈hm n p,hi+m′ j+n′ k+p′ 〉 hold.

Inequality 3 follows from the characterization of subnormal triples of opera-
tors. ∥∥∥∥

∑

m′n′p′

m n p

cm′n′p′

m n p hm′n′p′

m n p

∥∥∥∥
2

H

=

∥∥∥∥
∑

m′n′p′

m n p

cm′n′p′

m n p S∗m′

1 S∗n′

2 S∗p′

3︸ ︷︷ ︸Sm
1 Sn

2 Sp
3h0 0 0

∥∥∥∥
2

H

=

∥∥∥∥
∑

m′n′p′

m n p

cm′n′p′

m n p PHUm′

1 Un′

2 Up′

3 Sm′

1 Sn′

2 Sp′

3︸ ︷︷ ︸Sm
1 Sn

2 Sp
3h0 0 0

∥∥∥∥
2

H

≤
∥∥∥∥

∑

m′n′p′

m n p

cm′n′p′

m n p Um′

1 Un′

2 Up′

3 Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0

∥∥∥∥
2

K

=
∑

m′n′m′

m n p

∑

i′j′k′

i j k

cm′n′p′

m n p · ci′j′k′

i j k

·
〈
Um′

1 Un′

2 Up′

3 Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0, U
i′

1 U j′

2 Uk′

3 Si+i′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉
K

.

In order to compute the inner product

(P) =
〈
Um′

1 Un′

2 Up′

3 Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0, U
i′

1 U j′

2 Uk′

3 Si+i′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉
K

,

this sum splits for every indices m, n, p, i, j, k in 23 summands as follows:
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• if m′ ≥ i′, n′ ≥ j′ and p′ ≥ k′

(P) =
〈
PHUm′−i′

1 Un′−j′

2 Up′−k′

3 Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0, S
i+i′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉
H

=

〈
PHUm′−i′

1 Un′−j′

2 Up′−k′

3 Sm′−i′

1 Sn′−j′

2 Sp′−k′

3︸ ︷︷ ︸Sm+i′

1 Sn+j′

2 Sp+k′

3 h0 0 0,

Si+i′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉
H

(1)
=

〈
S
∗(m′−i′)
1 S

∗(n′−j′)
2 S

∗(p′−k′)
3︸ ︷︷ ︸Sm+i′

1 Sn+j′

2 Sp+k′

3 h0 0 0,

Si+i′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉
H

=
〈
Sm+i′

1 Sn+j′

2 Sp+k′

3 h0 0 0, S
i+m′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉
H

;

• if m′ < i′, n′ ≥ j′ and p′ ≥ k′

(P) =
〈
Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0,

PHU i′−m′

1 U
∗(n′−j′)
2 U

∗(p′−k′)
3 Si+i′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉

H

=
〈
Sm+m′

1 Sn+j′

2 Sp+k′

3 h0 0 0,

S
∗(n′−j′)
2 S

∗(p′−k′)
3 PHU i′−m′

1 U
∗(n′−j′)
2 U

∗(p′−k′)
3 Si′−m′

1︸ ︷︷ ︸
·Si+m′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉
H

(4)
=

〈
Sm+m′

1 Sn+j′

2 Sp+k′

3 h0 0 0, S
∗(i′−m′)
1 Sn′−j′

2 Sp′−k′

3︸ ︷︷ ︸Si+m′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉

H

=
〈
Sm+i′

1 Sn+j′

2 Sp+k′

3 h0 0 0, S
i+m′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉
H

;

• if m′ ≥ i′, n′ < j′ and p′ ≥ k′

(P) =

〈
PHUm′−i′

1 U
∗(j′−n′)
2 Up′−k′

3 Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0,

Si+i′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉
H

=

〈
S
∗(j′−n′)
2 PHUm′−i′

1 U
∗(j′−n′)
2 Up′−k′

3 Sm′−i′

1 Sp′−k′

3︸ ︷︷ ︸Sm+i′

1 Sn+n′

2 Sp+k′

3 h0 0 0,

Si+i′

1 Sj+n′

2 Sk+k′

3 h0 0 0

〉
H

(3)
=

〈
S
∗(m′−i′)
1 S

∗(p′−k′)
3 Sj′−n′

2︸ ︷︷ ︸Sm+i′

1 Sn+n′

2 Sp+k′

3 h0 0 0, S
i+i′

1 Sj+n′

2 Sk+k′

3 h0 0 0

〉

H

=
〈
Sm+i′

1 Sn+j′

2 Sp+k′

3 h0 0 0, S
i+m′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉
H

;
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• if m′ < i′, n′ < j′ and p′ ≥ k′

(P) =
〈
Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0,

PHU i′−m′

1 U j′−n′

2 U
∗(p′−k′)
3 Si+i′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉

H

=
〈
Sm+m′

1 Sn+n′

2 Sp+k′

3 h0 0 0,

S
∗(p′−k′)
3 PHU i′−m′

1 U j′−n′

2 U
∗(p′−k′)
3 Si′−m′

1 Sj′−n′

2︸ ︷︷ ︸Si+m′

1 Sj+n′

2 Sk+k′

3 h0 0 0

〉

H
(2)
=

〈
Sm+m′

1 Sn+n′

2 Sp+k′

3 h0 0 0,

S
∗(i′−m′)
1 S

∗(j′−n′)
2 Sp′−k′

3︸ ︷︷ ︸Si+m′

1 Sj+n′

2 Sk+k′

3 h0 0 0

〉

H

=
〈
Sm+i′

1 Sn+j′

2 Sp+k′

3 h0 0 0, S
i+m′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉
H

;

• if m′ < i′, n′ ≥ j′ and p′ < k′

(P) =
〈
Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0,

PHU i′−m′

1 U
∗(n′−j′)
2 Uk′−p′

3 Si+i′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉

H

=
〈
Sm+m′

1 Sn+j′

2 Sp+p′

3 h0 0 0,

S
∗(n′−j′)
2 PHU i′−m′

1 U
∗(n′−j′)
2 Uk′−p′

3 Si′−m′

1 Sk′−p′

3︸ ︷︷ ︸Si+m′

1 Sj+j′

2 Sk+p′

3 h0 0 0

〉

H
(3)
=

〈
Sm+m′

1 Sn+j′

2 Sp+p′

3 h0 0 0,

S
∗(i′−m′)
1 S

∗(k′−p′)
3 Sn′−j′

2︸ ︷︷ ︸Si+m′

1 Sj+j′

2 Sk+p′

3 h0 0 0

〉

H

=
〈
Sm+i′

1 Sn+j′

2 Sp+k′

3 h0 0 0, S
i+m′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉
H

;

• if m′ ≥ i′, n′ < j′ and p′ < k′

(P) =

〈
PHUm′−i′

1 U
∗(j′−n′)
2 U

∗(k′−p′)
3 Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0,

Si+i′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉
H

=

〈
S
∗(j′−n′)
2 S

∗(k′−p′)
3 PHUm′−i′

1 U
∗(j′−n′)
2 U

∗(k′−p′)
3 Sm′−i′

1︸ ︷︷ ︸
Sm+i′

1 Sn+n′

2 Sp+p′

3 h0 0 0, S
i+i′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉
H

(4)
=

〈
S
∗(m′−i′)
1 Sj′−n′

2 Sk′−p′

3︸ ︷︷ ︸Sm+i′

1 Sn+n′

2 Sp+p′

3 h0 0 0, S
i+i′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉

H

=
〈
Sm+i′

1 Sn+j′

2 Sp+k′

3 h0 0 0, S
i+m′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉
H

;
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• if m′ < i′, n′ < j′ and p′ < k′

(P) =
〈
Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0, PHU i′−m′

1 U j′−n′

2 Uk′−p′

3 Si+i′

1 Sj+j′

2 Sk+k′

3 h0 0 0

〉
H

=
〈
Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0,

PHU i′−m′

1 U j′−n′

2 Uk′−p′

3 Si′−m′

1 Sj′−n′

2 Sk′−p′

3︸ ︷︷ ︸Si+m′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉

H
(1)
=

〈
Sm+m′

1 Sn+n′

2 Sp+p′

3 h0 0 0,

S
∗(i′−m′)
1 S

∗(j′−n′)
2 S

∗(k′−p′)
3︸ ︷︷ ︸Si+m′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉

H

=
〈
Sm+i′

1 Sn+j′

2 Sp+k′

3 h0 0 0, S
i+m′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉
H

.

By adding the previous equalities, we obtain:
∥∥∥∥

∑

m′n′p′

m n p

cm′n′p′

m n p hm′n′p′

m n p

∥∥∥∥
2

H

≤
∑

m′n′p′

m n p

∑

i′j′k′

i j k

cm′n′p′

m n p ci′j′k′

i j k

〈
Sm+i′

1 Sn+j′

2 Sp+k′

3 h0 0 0, S
i+m′

1 Sj+n′

2 Sk+p′

3 h0 0 0

〉
H

=
∑

m′n′p′

m n p

∑

i′j′k′

i j k

cm′n′p′

m n p ci′j′k′

i j k 〈hm+i′ n+j′ p+k′ ,hi+m′ j+n′ k+p′〉H .

(ii) ⇒ (i) follows from the classical Kolmogorov-Aronszajn-Pedrick kernel
theorem. Let

(
hm′n′p′

m n p

)
m,m′,n,n′,p,p′

be a six indexed sequence of vectors in H such

that:

h0 0 0
m n p = hm n p

〈
hm′n′p′

m n p ,hi j k

〉
= 〈hm n p,hi+m′ j+n′ k+p′〉

(m, m′, n, n′, p, p′, i, j, k ∈ N)

and ∥∥∥∥
∑

m′n′p′

m n p

cm′n′p′

m n p hm′n′p′

m n p

∥∥∥∥
2

H

≤
∑

m′n′p′

m n p

∑

i′j′k′

i j k

cm′n′p′

m n p ci′j′k′

i j k 〈hm+i′ n+j′ p+k′ ,hi+m′ j+n′ k+p′〉

holds for each finite system of complex numbers
{
cm′n′p′

m n p

}
m,m′,n,n′,p,p′∈N

.
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We define the kernel

Φ =
(
ϕ(m′,i′)

(m, i)
(n′,j′)
(n, j)

(p′,k′)
(p, k)

)
(m,i),(n,j),(p,k),(m′,i′),(n′,j′),(p′,k′)∈N×N

,

where

ϕ(m′,i′)
(m, i)

(n′,j′)
(n, j)

(p′,k′)
(p, k) : C × C → C ,

ϕ(m′,i′)
(m, i)

(n′,j′)
(n, j)

(p′,k′)
(p, k)

(x, y) = xy 〈hm+i′ n+j′ p+k′ ,hi+m′ j+n′ k+p′〉 .

It follows immediately that Φ is a positive definite kernel:
∑

ϕ(m′,i′)
(m, i)

(n′,j′)
(n, j)

(p′,k′)
(p, k)

(
xm′n′p′

m n p , xi′j′k′

i j k

)

=
∑

m′n′p′

m n p

∑

i′j′k′

i j k

xm′n′p′

m n p xi′j′k′

i j k (hm+i′,n+j′,p+k′ ,hi+m′,j+n′,k+p′)

≥
∥∥∥∥

∑

m′n′p′

m n p

xm′n′p′

m n p hm′n′p′

m n p

∥∥∥∥
2

≥ 0

Then there exist a complex Hilbert space H and a family of linear operators
Em′n′p′

m n p : C → H such that

ϕ(m′,i′)
(m, i)

(n′,j′)
(n, j)

(p′,k′)
(p, k)

(·, ·) =
[(

Ei′j′k′

i j k

)∗
Em′n′p′

m n p (·)
]
(·)

H = H0whereH0 = Sp
{
Em′n′p′

m n p (x) | m, m′, n, n′, p, p′ ∈ N, x ∈ C
}

.

The inner product on H0 is given by
〈

∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ) ,
∑

i′j′k′

i j k

∑

ρ,θ,σ

Ei′j′k′

i j k (yρ θ σ)

〉

=
∑

m′n′p′

m n p

∑

i′j′k′

i j k

∑

α, β, γ

∑

ρ, θ, σ

xα β γ yρ θ σ 〈hm+i′ n+j′ p+k′ ,hi+m′ j+n′ k+p′ 〉 .

We define the operators

N01 : H0 → H0 , N01

(
Em′n′p′

m n p (x)
)

= E m′ n′p′

m+1 n p (x)

N02 : H0 → H0 , N02

(
Em′n′p′

m n p (x)
)

= Em′ n′ p′

m n+1 p (x)

N03 : H0 → H0 , N03

(
Em′n′p′

m n p (x)
)

= Em′n′ p′

m n p+1 (x)

and

V0 : H0 → H , V0

(
Em′n′p′

m n p (x)
)

= xhm′n′p′

m n p .

More generally, we remark that N01 (and in the same manner N02 and N03),
respectively V0 has the form

N01

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)
=

∑

m′n′p′

m n p

∑

α,β,γ

E m′ n′p′

m+1 n p (xα β γ) ,
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respectively

V0

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)
=

∑

m′n′p′

m n p

∑

α,β,γ

xα β γh
m′n′p′

m n p .

We will prove that N01 is bounded.
∥∥∥∥N01

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)∥∥∥∥
2

=

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

E m′ n′p′

m+1 n p (xα β γ)

∥∥∥∥
2

=
∑

m′n′p′

m n p

∑

i′j′k′

i j k

∑

α, β, γ

∑

ρ, θ, σ

xα β γ xρ θ σ 〈hm+1+i′ n+j′ p+k′ ,hi+1+m′ j+n′ k+p′〉

Now, we fix ν, ν′ in N and we remark that the Cauchy-Schwarz-Buniakowski in-
equality implies: ∥∥∥∥

∑

m′n′p′

m n p

∑

α,β,γ

Em′+ν′n′p′

m+ν n p (xα β γ)

∥∥∥∥
2

=
∑

m′n′p′

m n p

∑

i′j′k′

i j k

∑

α, β, γ

∑

ρ, θ, σ

xα β γ xρ θ σ 〈hm+ν+i′+ν′ n+j′ p+k′ ,hi+ν+m′+ν′ j+n′ k+p′ 〉

=

〈
∑

m′n′p′

m n p

∑

α,β,γ

Em′+ν′+ν n′p′

m+ν+ν′ n p
(xα β γ) ,

∑

i′j′k′

i j k

∑

ρ,θ,σ

Ei′j′k′

i j k (xρ θ σ)

〉

CSB
≤

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

Em′+ν′+ν n′p′

m+ν+ν′ n p
(xα β γ)

∥∥∥∥
∥∥∥∥
∑

i′j′k′

i j k

∑

ρ,θ,σ

Ei′j′k′

i j k (xρ θ σ)

∥∥∥∥.

Evaluating the norm of N01, we obtain:

• for ν = 1 and ν′ = 0 :∥∥∥∥N01

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)∥∥∥∥
2

=

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

E m′ n′p′

m+1 n p (xα β γ)

∥∥∥∥
2

ν=1
ν′=0≤

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

Em′+1n′p′

m+1 n p (xα β γ)

∥∥∥∥ ·
∥∥∥∥
∑

i′j′k′

i j k

∑

ρ,θ,σ

Ei′j′k′

i j k (xρ θ σ)

∥∥∥∥ ;
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• for ν = 1 and ν′ = 1 :
∥∥∥∥N01

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)∥∥∥∥
22

≤
∥∥∥∥

∑

m′n′p′

m n p

∑

α,β,γ

Em′+1n′p′

m+1 n p (xα β γ)

∥∥∥∥
2

·
∥∥∥∥
∑

i′j′k′

i j k

∑

ρ,θ,σ

Ei′j′k′

i j k (xρ θ σ)

∥∥∥∥
2

ν=1
ν′=1≤

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

Em′+2n′p′

m+2 n p (xα β γ)

∥∥∥∥ ·
∥∥∥∥
∑

i′j′k′

i j k

∑

ρ,θ,σ

Ei′j′k′

i j k (xρ θ σ)

∥∥∥∥
1+2

;

• for ν = 2 and ν′ = 2 :
∥∥∥∥N01

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)∥∥∥∥
23

≤
∥∥∥∥

∑

m′n′p′

m n p

∑

α,β,γ

Em′+2n′p′

m+2 n p (xα β γ)

∥∥∥∥
2

·
∥∥∥∥
∑

i′j′k′

i j k

∑

ρ,θ,σ

Ei′j′k′

i j k (xρ θ σ)

∥∥∥∥
2+22

ν=2
ν′=2≤

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

Em′+22n′p′

m+22 n p
(xα β γ)

∥∥∥∥

·
∥∥∥∥
∑

i′j′k′

i j k

∑

ρ,θ,σ

Ei′j′k′

i j k (xρ θ σ)

∥∥∥∥
1+2+22

.

• In the general case, for ν = 2K and ν′ = 2K it results that:
∥∥∥∥N01

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)∥∥∥∥
2K+1

≤
∥∥∥∥

∑

m′n′p′

m n p

∑

α,β,γ

Em′+2Kn′p′

m+2K n p
(xα β γ)

∥∥∥∥

·
∥∥∥∥
∑

i′j′k′

i j k

∑

ρ,θ,σ

Ei′j′k′

i j k (xρ θ σ)

∥∥∥∥
1+2+22+···+2K

.
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The given sequence (hm n p) is power bounded, i.e., ‖hm n p‖ ≤ Λm+n+p (for
some positive number Λ), hence:

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

Em′+2Kn′p′

m+2K n p
(xα β γ)

∥∥∥∥
2

=
∑

m′n′p′

m n p

∑

i′j′k′

i j k

∑

α, β, γ

∑

ρ, θ, σ

xα β γ xρ θ σ

·
〈
hm+i′+2K+1 n+j′ p+k′ ,hi+m′+2K+1 j+n′ k+p′

〉

≤
∑

m′n′p′

m n p

∑

i′j′k′

i j k

∑

α, β, γ

∑

ρ, θ, σ

|xα β γ | |xρ θ σ|

·
∣∣〈hm+i′+2K+1 n+j′ p+k′ ,hi+m′+2K+1 j+n′ k+p′

〉∣∣

≤
∑

m′n′p′

m n p

∑

i′j′k′

i j k

∑

α, β, γ

∑

ρ, θ, σ

|xα β γ | |xρ θ σ|
∥∥hm+i′+2K+1 n+j′ p+k′

∥∥

·
∥∥hi+m′+2K+1 j+n′ k+p′

∥∥

≤
∑

α, β, γ

∑

ρ, θ, σ

|xα β γ | |xρ θ σ|

·
∑

m′n′p′

m n p

∑

i′j′k′

i j k

Λm+i′+2K+1+n+j′+p+k′

Λi+m′+2K+1+j+n′+k+p′

=
(
Λ2K+1

)2

·
∑

α, β, γ

∑

ρ, θ, σ

|xα β γ | |xρ θ σ|
∑

m′n′p′

m n p

∑

i′j′k′

i j k

Λm+i′+n+j′+p+k′

Λi+m′+j+n′+k+p′

.

︸ ︷︷ ︸
not
= r

Using the last evaluation for the norm of N01, we will obtain the desired
result. Indeed, the inequality

∥∥∥∥N01

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)∥∥∥∥
2K+1

≤ Λ2K+1

r

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

∥∥∥∥
2K+1−1



Triples of Subnormal Operators and Moment Problems 55

is equivalent to ∥∥∥∥N01

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)∥∥∥∥

≤ Λr2−K−1

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

∥∥∥∥
1−2−K−1

,

for every positive integer K, hence, for K → ∞ it results
∥∥∥∥N01

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)∥∥∥∥ ≤ Λ ·
∥∥∥∥

∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

∥∥∥∥

In the same manner, we obtain the boundedness of N02 and N03.
∥∥∥∥N02

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)∥∥∥∥ ≤ Λ

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

∥∥∥∥

∥∥∥∥N03

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)∥∥∥∥ ≤ Λ

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

∥∥∥∥ .

Each operator of the triple (N01, N02, N03) commutes with the others. Indeed,

N01N02

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)

= N01

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′ n′ p′

mn+1p (xα β γ)

)

=
∑

m′n′p′

m n p

∑

α,β,γ

E m′ n′ p′

m+1n+1p (xα β γ)

= N02

( ∑

m′n′p′

m n p

∑

α,β,γ

E m′ n′p′

m+1n p (xα β γ)

)

= N02N01

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)
.

The other identities follow in the same manner.
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The operator V0 is a contraction:
∥∥∥∥V0

( ∑

m′n′p′

m n p

∑

α,β,γ

Em′n′p′

m n p (xα β γ)

)∥∥∥∥ =

∥∥∥∥
∑

m′n′p′

m n p

∑

α,β,γ

xα β γh
m′n′p′

m n p

∥∥∥∥

≤
√√√√

∑

m′n′p′

m n p

∑

i′j′k′

i j k

∑

α, β, γ

∑

ρ, θ, σ

xα β γ xρ θ σ 〈hm+i′ n+j′ p+k′ ,hi+m′ j+n′ k+p′ 〉

=

√√√√√

〈
∑

m′n′p′

m n p

∑

α, β, γ

Em′n′p′

m n p (xα β γ) ,
∑

m′n′p′

m n p

∑

α, β, γ

Em′n′p′

m n p (xα β γ)

〉

=

∥∥∥∥
∑

m′n′p′

m n p

∑

α, β, γ

Em′n′p′

m n p (xα β γ)

∥∥∥∥ .

These linear bounded operators on H0 extend to H with the same norm; let
us denote N1, N2, N3 and V these extensions.

Now we shall study the adjoint of V ; to do this it is enough to study the
behavior of V ∗ on the sequence (hm n p):

〈
∑

m′n′p′

m n p

∑

α, β, γ

Em′n′p′

m n p (xα β γ) , V ∗hi j k

〉

=

〈
V

( ∑

m′n′p′

m n p

∑

α, β, γ

Em′n′p′

m n p (xα β γ)

)
,hi j k

〉

=

〈
∑

m′n′p′

m n p

∑

α, β, γ

xα β γ h m′n′p′

m n p ,h i j k

〉

=
∑

m′n′p′

m n p

∑

α, β, γ

xα β γ 〈h m n p,h i+m′ j+n′ k+p′〉 .

On the other hand:〈
∑

m′n′p′

m n p

∑

α, β, γ

Em′n′p′

m n p (xα β γ) , E0 0 0
i j k (1)

〉

∑

m′n′p′

m n p

∑

α, β, γ

xα β γ 〈h m n p,h i+m′ j+n′ k+p′〉 ,

hence we have:

V ∗hi j k = E0 0 0
i j k (1) .
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Finally, we define S1, S2 and S3 :

S1 = V N1V
∗, S2 = V N2V

∗ and S3 = V N3V
∗.

The operators S1 and S2 commute:

S1S2hi j k = V N1V
∗V N2V

∗hi j k = V N1V
∗V N2E

0 0 0
i j k (1)

= V N1V
∗V E0 0 0

ij+1k (1) = V N1V
∗h0 0 0

ij+1k

= V N1V
∗hi j+1 k = V N1E

0 0 0
ij+1k (1)

= V E 0 0 0
i+1j+1k = (1)h 0 0 0

i+1j+1k = hi+1 j+1 k ;

S2S1hi j k = V N2V
∗V N1V

∗hi j k = V N2V
∗V N1E

0 0 0
i j k (1)

= V N2V
∗V E 0 0 0

i+1jk (1) = V N2V
∗h 0 0 0

i+1jk

= V N2V
∗hi+1 j k = V N2E

0 0 0
i+1jk (1)

= V E 0 0 0
i+1j+1k (1) = h 0 0 0

i+1j+1k = hi+1 j+1 k .

In the same manner, it follows the other two relations S1S3 = S3S1 and S2S3 =
S3S2 .

We notice that

Sm
1 Sn

2 Sp
3hi j k = hm+i n+j p+k for m, n, p, i, j, k ∈ N

thus Sm
1 Sn

2 Sp
3h0 0 0 = hm n p .

We prove that (S1, S2, S3) is a subnormal triple verifying Itô’s condition. Let

{gm′ n′ p′}m′,n′,p′∈N
, gm′ n′ p′ =

∑

m,n,p

xm′n′p′

m n p hm n p,

be a finite system of vectors in H, then we have
∑

i′j′k′

m′n′p′

〈
Si′

1 Sj′

2 Sk′

3 gm′ n′ p′ , Sm′

1 Sn′

2 Sp′

3 gi′ j′ k′

〉

=
∑

i′j′k′

m′n′p′

〈
Si′

1 Sj′

2 Sk′

3

(
∑

m,n,p

xm′n′p′

m n p hm n p

)
, Sm′

1 Sn′

2 Sp′

3

(∑

i,j,k

xi′j′k′

i j k hi j k

)〉

=
∑

i′ j′k′

m′n′p′

∑

m n p
i j k

xm′n′p′

m n p xi′j′k′

i j k

〈
Si′

1 Sj′

2 Sk′

3 hm n p, S
m′

1 Sn′

2 Sp′

3 hi j k

〉

=
∑

i′j′k′

m′n′p′

∑

m n p
i j k

xm′n′p′

m n p xi′j′k′

i j k 〈hm+i′ n+j′ p+k′ ,hi+m′ j+n′ k+p′ 〉

≥
∥∥∥∥

∑

m′n′p′

m n p

xm′n′p′

m n p hm′n′p′

m n p

∥∥∥∥
2

≥ 0 . �

Using similar arguments, we are able to prove the following analogue of
Theorem 2 for operators:
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Theorem 3. Let (Am n p)m,n,p∈N
be a triple indexed sequence of operators in L (H)

such that:

• the ranges of Am n p (m, n, p ∈ N) span the entire space H ;
• ‖Am n p‖ ≤ Λm+n+p (m, n, p ∈ N) for some positive number Λ.

The following affirmations are equivalent:

(i) There exists a subnormal triple (S1, S2, S3) such that

Am n p = Sm
1 Sn

2 Sp
3A0 0 0 for m, n, p ∈ N .

(ii) There exists
(
Am′n′p′

m n p

)
a family of operators in L (H) with the following prop-

erties:
1. A0 0 0

m n p = Am n p for m, n, p ∈ N.

2. (Ai j k)
∗
Am′n′p′

m n p = (Ai+m′ j+n′ k+p′)
∗
Am n p (m, m′, n, n′, p, p′,

i, j, k ∈ N);
3. the inequality ∥∥∥∥

∑

m′n′p′

m n p

Am′n′p′

m n p xm′n′p′

m n p

∥∥∥∥
2

≤
∑

m′n′p′

m n p

∑

i′j′k′

i j k

〈
Am+i′ n+j′ p+k′xm′n′p′

m n p , Ai+m′ j+n′ k+p′xi′j′k′

i j k

〉
,

holds for each finite system of vectors
{
xm′n′p′

m n p

}
m,m′,n,n′,p,p′∈N

⊂ H.
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[3] P. Găvruţă, D. Păunescu, Sebestyén’s Moment Problem and Regular Dilations, Acta.
Math. Hung. 94(3) (2002), 223–232.
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Doru Păunescu
University “Politehnica” of Timişoara
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The Equality of the Reduced
and the Full C∗-Algebras and the
Amenability of a Topological Groupoid

Mădălina Buneci

Abstract. C. Anantharaman-Delaroche and J. Renault have proved that the
amenability of a topological locally compact groupoid implies the equality
of the reduced and the full C∗-algebras. In this paper we shall prove the
converse assertion under a technical hypothesis. We shall prove that if G is
a locally compact second countable groupoid endowed with a Haar system
having ”a bounded decomposition over the principal groupoid associated to
G”, then the equality C∗

red (G) = C∗ (G) implies the amenability of all quasi-
invariant measures. In order to prove this we shall see that the inequality
‖IIµ (f)‖ ≤

∥∥Regµ (f)
∥∥ for all f ∈ Cc (G) implies a similar inequality for all

f ∈ I (G, ν, µ) (where Regµ is the left regular representation of Cc (G) on a
quasi invariant measure µ, and IIµ is the trivial representation on µ).

Mathematics Subject Classification (2000). 22A22, 43A07, 46L52, 43A65.

Keywords. Locally compact groupoid, Amenable quasi-invariant measure, Full
C∗-algebra, Reduced C∗-algebra.

1. Introduction

For establishing notation, we include some definitions that can be found in several
places (e.g., [5], [7], [9], [12]). A groupoid is a set G endowed with a product map

(x, y) → xy
[
: G(2) → G

]

where G(2) is a subset of G×G called the set of composable pairs, and an inverse
map

x → x−1 [: G → G]

such that the following conditions hold:
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(1) If (x, y) ∈ G(2) and (y, z) ∈ G(2), then (xy, z) ∈ G(2), (x, yz) ∈ G(2) and
(xy) z = x (yz).

(2)
(
x−1

)−1
= x for all x ∈ G.

(3) For all x ∈ G,
(
x, x−1

)
∈ G(2), and if (z, x) ∈ G(2), then (zx)x−1 = z.

(4) For all x ∈ G,
(
x−1, x

)
∈ G(2), and if (x, y) ∈ G(2), then x−1 (xy) = y.

The maps r and d on G, defined by the formulae r (x) = xx−1 and d (x) =
x−1x, are called the range and the source maps. It follows easily from the definition
that they have a common image called the unit space of G, which is denoted G(0).
Its elements are units in the sense that xd (x) = r (x) x = x. Units will usually be
denoted by letters as u, v, w while arbitrary elements will be denoted by x, y, z. It
is useful to note that a pair (x, y) lies in G(2) precisely when d (x) = r (y), and that
the cancellation laws hold (e.g., xy = xz iff y = z). The fibres of the range and the
source maps are denoted Gu = r−1 ({u}) and Gv = d−1 ({v}), respectively. More
generally, given the subsets A, B ⊂ G(0), we define GA = r−1 (A), GB = d−1 (B)
and GA

B = r−1 (A) ∩ d−1 (B). The reduction of G to A ⊂ G(0) is G|A = GA
A. The

relation u˜v iff Gu
v �= φ is an equivalence relation on G(0). Its equivalence classes

are called orbits and the orbit of a unit u is denoted [u]. A groupoid is called
transitive iff it has a single orbit. The quotient space for this equivalence relation
is called the orbit space of G and denoted G(0)/G. π : G(0) → G(0)/G, π (u) = u̇ is
the canonical projection. A subset of G(0) is said saturated if it contains the orbits
of its elements.

A topological groupoid consists of a groupoid G and a topology compatible
with the groupoid structure. This means that:

(1) x → x−1 [: G → G] is continuous.

(2) (x, y)
[
: G(2) → G

]
is continuous where G(2) has the induced topology from

G × G.

We are exclusively concerned with topological groupoids which are second
countable, locally compact Hausdorff. It was shown in [10] that measured groupoids
(in the sense of Definition 2.3./p. 6 [5]) may be assume to have locally compact
topologies, with no loss in generality. A subset U of G is said conditionally compact
if for every compact subset K of G(0), U ∩ r−1 (K) and U ∩ d−1 (K) is compact in
G. If G is locally compact and G(0) is paracompact then G(0) has a fundamental
system of conditionally compact neighborhoods (Proposition II.1.9/p.56 [12]). If
X is a locally compact space, Cc (X) denotes the space of complex-valuated con-
tinuous functions with compact support. The Borel sets of a topological space are
taken to be the σ-algebra generated by the open sets.

Let G be a locally compact second countable groupoid equipped with a Haar
system, i.e., a family of positive Radon measures on G,

{
νu, u ∈ G(0)

}
, such that

1) For all u ∈ G(0), supp(νu) = Gu.
2) For all f : G → C continuous with compact support,

u →
∫

f (x) dνu (x)
[
: G(0) → C

]
is continuous.



Equality of the Reduced and the Full C∗-Algebras 63

3) For all f : G → C continuous with compact support, and all x ∈ G,
∫

f (y) dνr(x) (y) =

∫
f (xy) dνd(x) (y)

As a consequence of the existence of continuous Haar systems, r, d : G → G(0)

are open maps ([14]).
The construction of the C∗-algebra of a groupoid extends the well-known case

of a group. The space of continuous functions with compact support on groupoid is
made into a ∗-algebra and endowed with the smallest C∗-norm making its represen-
tations continuous. Let Cc (G) be the space of continuous functions with compact
support on the groupoid G. For f , g ∈ Cc (G) the convolution is defined by:

f ∗ g (x) =

∫
f (xy) g

(
y−1

)
dνd(x) (y)

and the involution by

f∗ (x) = f (x−1).

Under these operations, Cc (G) becomes a topological ∗-algebra. A representation
of Cc (G) is a ∗-homomorphism from Cc (G) into B (H), for some Hilbert space
H , that is continuous with respect to the inductive limit topology on Cc (G) and
the weak operator topology on B (H). The full C∗-algebra C∗ (G) is defined as the
completion of the involutive algebra Cc (G) with respect to the full C∗-norm

‖f‖ = sup ‖L (f)‖
where runs over all non-degenerate representation of Cc (G) which are continuous
for the inductive limit topology. Let us single out a special class of representations
of Cc (G) that serve as analogues of the regular representation of a group. If µ is
a measure on G(0), then the measure ν =

∫
νudµ (u), defined by

∫
f (y) dν (y) =

∫ (∫
f (y) dνu (y)

)
dµ (u) , f ≥ 0 Borel

is called the measure on G induced by µ. The image of ν by the inverse map
x → x−1 is denoted ν−1. µ is said quasi-invariant if its induced measure ν is equiv-
alent to its inverse ν−1. A measure belongings to the class of a quasi-invariant mea-
sure is also quasi-invariant. We say that the class is invariant. If µ quasi-invariant
measure, then Indµ (f) is the operator on L2

(
G, ν−1

)
defined by formula

Indµ (f) ξ (x) = f ∗ ξ (x)

and Indu (f) is the operator on L2
(
G, (νu)

−1
)

defined by formula

Indu (f) ξ (x) = f ∗ ξ (x) =

∫
f (xy) ξ

(
y−1

)
dνu (y) .

The reduced C∗-algebra C∗
red (G) is defined as the completion of the involutive

algebra Cc (G) with respect to the reduced C∗-norm

‖f‖ = sup ‖Indu (f)‖ .
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If µ is a quasi-invariant measure with supp (µ) = G(0), then

‖f‖red = ‖Indµ (f)‖
If µ is a quasi-invariant measure on G(0) and ν is the measure induced on G,

then the Radon-Nikodym derivative ∆ = dν
dν−1 is called the modular function of

µ. Let ν0 = ∆− 1
2 ν.

For f ∈ L1 (G, ν0) define

‖f‖I,µ = max

{∥∥∥∥u →
∫

|f |dνu

∥∥∥∥
∞

,

∥∥∥∥u →
∫

|f∗|dνu

∥∥∥∥
∞

}
.

Let I (G, ν, µ) =
{
f ∈ L1 (G, ν0) , ‖f‖I,µ < ∞

}
.

Under the convolution and the involution, I (G, ν, µ) becomes a Banach ∗-
algebra.

Every representation
(
µ, G(0) ∗ H, L

)
(see Definition 3.20/p.68 [7]) of G can

be integrated into a representation, still denoted by L, of I (G, ν, µ). The relation
between the two representation is:

〈L (f) ξ1, ξ2〉 =

∫
f (x) 〈L (x) ξ1 (d (x)) , ξ2 (r (x))〉∆− 1

2 (x) dνu (x) dµ1 (u)

where f ∈ I (G, ν, µ), ξ1, ξ2 ∈
∫ ⊕

G(0) H (u) dµ (u).
Conversely, every non-degenerate ∗-representation of any suitably large ∗-

algebra of I (G, ν, µ) is obtained in this fashion (see [6], [12]).
We denote by C∗ (G, ν, µ) the completion of I (G, ν, µ) with respect to the

norm

‖f‖ = sup ‖L (f)‖
where L ranges over all representation of (G, ν, µ).

The (left) regular representation of G on µ is the representation
(
µ, G(0) ∗ L(2) (ν) , Reg µ

)

where Reg (x) : L2
(
νd(x)

)
→ L2

(
νr(x)

)
is defined by the formula

Reg (x) ξ (d (x)) (y) = ξ
(
x−1y

)
.

The integrated form of this representation is called the (left) regular repre-
sentation of Cc (G) (also, of C∗ (G) on µ). The map

W : L2 (ν) → L2
(
ν−1

)
, Wξ = ξ∆

1
2

is a Hilbert space isomorphism that implements a unitary equivalence between
Regµ and Indµ (II.1.10 [12]). Therefore, if µ is a quasi invariant measure with

supp (µ) = G(0) and Regµ is the left regular representation of Cc (G) on µ, then

‖f‖red =
∥∥Regµ (f)

∥∥ .

In [1], C. Anantharaman-Delaroche and J. Renault have proved the following
theorem:



Equality of the Reduced and the Full C∗-Algebras 65

Theorem 1.1 (Proposition 6.1.8/p. 146 [1]). Let G be a locally compact groupoid
equipped with a continuous Haar system {νu, u ∈ G(0)}. If G is measurewise
amenable (amenable with respect to all quasi invariant measures), then C∗ (G) =
C∗

red (G).

We shall prove that under a technical hypothesis the converse assertion is
true. We shall use the following result:

Theorem 1.2. (Theorem 6.1.4, p.142 [1]). The following conditions are equivalent:

(1) (G, ν, µ) is amenable.
(2) The trivial representation of C∗ (G, ν, µ) is weakly contained in the regular

representation.

(3) The regular representation is faithful on C∗ (G, ν, µ).

We shall also use the decomposition

νu =

∫
νu,vdηu (v) for all u ∈ G(0)

of the Haar system for G over the principal groupoid associated to G (see Section1
[13], νu,v is supported on Gu

v for all u˜v, ηu is supported on [u] for all u and ηu = ηv

for all u˜v). We shall assume that the decomposition of the Haar system over the
principal groupoid is bounded. This means that there is a positive Radon measure
η0 on G(0) such that the family {ηu}u∈G(0) is dominated by η0, i.e.,

ηu (f) ≤ η0 (f) , for all positive function f ∈ Cc

(
G(0)

)
.

Obviously, locally compact second countable transitive groupoids and locally
compact groupoids for which the applications du : Gu → G(0), du (x) = d (x) are
open (in particular, locally trivial groupoids) satisfy the hypothesis.

We shall prove that if the decomposition of the Haar system over the principal
groupoid is bounded, then the equality C∗

red (G) = C∗ (G) implies the amenability
of all quasi-invariant measures. In [3] we have proved the same result for tran-
sitive locally compact second countable groupoids. In order to prove the result
for groupoids endowed with Haar systems having bounded decompositions over
the associated principal groupoids, we shall show that the inequality ‖IIµ (f)‖ ≤∥∥Regµ (f)

∥∥ for all f ∈ Cc (G) implies a similar inequality for all f ∈ I (G, ν, µ)
(where Regµ is the left regular representation of Cc (G) on a quasi invariant mea-
sure µ, and IIµ is the trivial representation on µ).

2. Functions approximated by continuous functions
in the norm of C∗ (G, ν, µ)

First we present some results on the structure of the Haar systems, as developed
by J. Renault in Section 1 of [13] and also by A. Ramsay and M.E. Walter in
Section 2 of [11]. Let

{
νu, u ∈ G(0)

}
be a continuous Haar system on G.
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In Section 1 of [13] Jean Renault constructs a Borel Haar system for G′. One
way to do this is to choose a function F0 continuous with conditionally support
which is nonnegative and equal to 1 at each u ∈ G(0). Then for each u ∈ G(0) choose
a left Haar measure νu,u on Gu

u so the integral of F0 with respect to νu,u is 1.

Renault defines νu,v = xνv,v if x ∈ Gu
v (where xνu,u (f) =

∫
f (xy) dνv,v (y)

as usual). If z is another element in Gu
v , then x−1z ∈ Gv

v, and since νv,v is a left
Haar measure on Gv

v, it follows that νu,v is independent of the choice of x. If K
is a compact subset of G, then sup

u,v
νu,v (K) < ∞. Renault also defines a 1-cocycle

δ on G such that for every u ∈ G(0), δ|Gu
u

is the modular function for νu,u. δ and

δ−1 = 1/δ are bounded on compact sets in G.

Let

R = (r, d) (G) = {(r (x) , d (x)) , x ∈ G}
be the graph of the equivalence relation induced on G(0). This R is the image of G
under the homomorphism (r, d), so it is a σ-compact groupoid. With this apparatus
in place, Renault describes a decomposition of the Haar system

{
νu, u ∈ G(0)

}
for

G over the equivalence relation R (the principal groupoid associated to G). He
proves that there is a unique Borel Haar system α for R with the property that

νu =

∫
νs,tdαu (s, t) for all u ∈ G(0).

In Section 2 of [11] A. Ramsay and M.E. Walter prove that

sup
u

αu ((r, d) (K)) < ∞, for all compact K ⊂ G

If µ is a quasi-invariant measure for
{
νu, u ∈ G(0)

}
, then µ is a quasi-invariant

measure for
{
αu, u ∈ G(0)

}
. Also if ∆R is the modular function associated to{

αu, u ∈ G(0)
}

and µ, then ∆ = δ∆R ◦ (r, d) can serve as the modular function

associated to
{
νu, u ∈ G(0)

}
and µ.

For each u ∈ G(0) the measure αu is concentrated on {u} × [u]. Therefore
there is a measure ηu concentrated on [u] such that αu = εu × ηu, where εu is the
unit point mass at u. Since

{
αu, u ∈ G(0)

}
is a Haar system, we have ηu = ηv for

all (u, v) ∈ R, and the function

u →
∫

f (s) ηu (s)

is Borel for all f ≥ 0 Borel on G(0). For each u the measure ηu is quasi-invariant
(Section 2, [11]) Therefore ηu is equivalent to d∗ (vu) (Lemma 4.5, p. 277, [9]).

Let µ be a quasi-invariant measure and let µ1 =
∫

ηudµ (u). Then µ1 is

equivalent to µ. Indeed, let f ≥ 0 Borel on G(0) such that µ (f) = 0.Since µ is quasi-
invariant, it follows that for µ a.a. u νu (f ◦ d) = 0, and since ηu is equivalent to
d∗ (vu), it results ηu (f) = 0 for µ a.a. u. Conversely if µ1 (f) = 0, then ηu (f) = 0
for µ a.a. u, and therefore νu (f ◦ d) = 0. Thus the quasi-invariance of µ implies
µ (f) = 0.
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Let α the measure induced by µ1 on R, and let ∆R be the modular function of
µ1. Then ∆R = dα

dα−1 . It is easy to note that α is symmetric. Hence ∆R = 1. If ∆ is

the modular function associated to
{
νu, u ∈ G(0)

}
and µ1, then ∆=δ∆R◦(r, d)=δ.

The next lemma contains the properties of the decomposition of a Haar sys-
tem. For its proof see Section 1 of [13], Section 2 of [11], Theorem 4.4. of [5],
or [2].

Lemma 2.1. Let
{
νu, u ∈ G(0)

}
be a continuous Haar system on G. Let

νu =

∫
νu,vdηu (v) for all u ∈ G(0)

be the decomposition of the Haar system for G over the equivalence relation R.
Let µ be a quasi-invariant measure and µ1 =

∫
ηudµ (u). Let ∆ be the modular

function associated to
{
νu, u ∈ G(0)

}
and µ1. Then

1) νu,v is concentrated on Gu
v , and νu,v �= 0, for all (u, v) ∈ R.

2) For all f ≥ 0 Borel on G,

(u, v) �→
∫

f (y) dνu,v (y)
[
: R → R

]

is an extended real-valued Borel function.
3) sup

u,v
νu,v (K) < ∞, for all compact K ⊂ G.

4) For all f ≥ 0 Borel on G,
∫

f (xy) dνd(x),v (y) =

∫
f (y) dνr(x),v (y) for all x ∈ G, v ∈ [d (x)]

5) For all f ≥ 0 Borel on G,

∆(x)

∫
f (yx) dνu,r(x) (y) =

∫
f (y) dνu,d(x) (y) for all x ∈ G0, u ∈ [d (x)]

6) ∆ : G → R∗
+ is a homomorphism.

7) ∆ and ∆−1 = 1/∆ are bounded on compact sets in G.
8) For all f ≥ 0 Borel on G,

∫
f (y)dνu,v (y) =

∫
f
(
y−1

)
∆
(
y−1

)
dνv,u (y) for all (u, v) ∈ R

9) sup
u

εu × ηu ((r, d) (K)) < ∞, for all compact K ⊂ G

Throughout this section the Haar system
{
νu, u ∈ G(0)

}
and the systems of

measures in its decomposition (as in preceding lemma) will be considered fixed.

We shall need that sup
u

ηu (K) < ∞, for all compact K ⊂ G(0). If there is a

positive Radon measure η0 on G(0) such that the family {ηu}u∈G(0) is dominated
by η0, i.e.,

ηu (f) ≤ η0 (f) , for all positive function f ∈ Cc

(
G(0)

)
,
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we shall say that the decomposition of the Haar system over the principal groupoid
is bounded.

Notation 2.2. Let B be a set with the property that it intersects each orbit in
exactly one element. Let e : G(0) → G(0) be the function defined by e (u) is the
only element in B ∩ [u]. Let dB be the function

dB : GB → G(0), dB (x) = d (x) .

Lemma 2.3. If the function dB is open, then

sup
u

ηu (K) < ∞ for all compact K ⊂ G(0).

Proof. Let K be a compact subset of G(0). Since G is locally compact and dB is
continuous and open from GB onto G(0), there is a compact L ⊂ G, such that
K ⊂ dB

(
L ∩ GB

)
. We have

∫
1K (v) dηu (v) =

∫
1K (v) dηe(u) (v)

≤
∫

1dB(L∩GB) (v) dηe(u) (v)

=

∫
1(r,d)(L∩GB) (e (u) , v) dηe(u) (v)

Hence sup
u

ηu (K) < ∞. �

Example 2.4. Groupoids which satisfy the hypothesis (dB is open):

1) locally compact transitive groupoids

2) locally compact groupoids for which the applications du : Gu → G(0), du (x) =
d (x) are open. In particular, locally trivial groupoids satisfy the hypothesis.

3) locally compact group bundles having the bundle maps open.

Remark 2.5. If the orbit space of the groupoid G is discrete with respect to the
quotient topology, then any Haar system on G has a bounded decomposition over
the principal groupoid associated to G.

Notation 2.6. Let µ be a quasi-invariant probability measure and let µ1 =∫
ηudµ (u). Then µ1 is equivalent to µ. We replace µ with µ1 (see [4]). Let ∆ be

the modular function associated to
{
νu, u ∈ G(0)

}
and µ1 Let ν be the measure

induced by µ1 on G, and ν0 = ∆− 1
2 ν.

For f ∈ L1 (G, ν0) define f∗ by f∗ (y) = f (y−1) and
‖f‖I,µ = max

{∥∥u →
∫
|f |dνu

∥∥
∞ ,

∥∥u →
∫
|f∗|dνu

∥∥
∞
}

‖f‖II,µ = sup{
∫
|f (y) j (d (y) k (r (y))) |∆(y)−

1
2 dν (y) :

j, k ∈ L2
(
G(0), µ1

)
,
∫
|j|2dµ1 =

∫
|k|2dµ1 = 1}.

It is easy to see that ‖f‖L1(G,ν0)
= ‖f∗‖L1(G,ν0)

≤ ‖f‖II,µ = ‖f∗‖II,µ ≤
‖f‖I,µ = ‖f∗‖I,µ.
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Let I (G, ν, µ) =
{
f ∈ L1 (G, ν0) , ‖f‖I,µ < ∞

}

Let II (G, ν, µ) =
{
f ∈ L1 (G, ν) , ‖f‖II,µ < ∞

}

Remark 2.7. If L is the integrated form of a representation,
(
µ, G(0) ∗ H, L

)
, of

the groupoid G, then

|〈L (f) ξ, η〉| ≤
〈
IIµ (|f |) ξ̃, η̃

〉

where ξ̃ (u) = ‖ξ (u)‖ . Therefore ‖L (f)‖ ≤ ‖IIµ (|f |)‖ = ‖f‖II,µ ≤ ‖f‖I,µ.

Lemma 2.8. Let us assume that the decomposition of the Haar system over the
principal groupoid is bounded. Let f ∈ L1 (G, ν0) such that f∆ ∈ L∞ (

G(0), µ
)
,

where for µ-a.a w ∈ G(0)

f∆ (w) =

∫∫ (∫
|f (x)|∆(x)

− 1
2 dνu,v (x)

)2

dηe(w) (u) dηe(w) (v) .

Then there is a sequence (fn)n in Cc (G) such that

lim
n

‖f − fn‖II,µ = 0.

Proof. Let g ∈ L1 (G, ν0) such that g∆ ∈ L∞ (
G(0), µ

)
, where

g∆ (w) =

∫∫ (∫
|g (x)|∆(x)

− 1
2 dνu,v (x)

)2

dηe(w) (v) dηe(w) (v) , w ∈ G(0).

We claim that

‖g‖2
II,µ ≤ ‖g∆‖∞ (in L∞

(
G(0), µ

)
)

Indeed, let j, k ∈ L2
(
G(0), µ1

)
with

∫
|j|2dµ1 =

∫
|k|2dµ1 = 1. We have

∫
|g (x) j (d (x)) k (r (x))|∆(x)

− 1
2 dν (x)

=

∫ ∫ ∫ ∫
|g (x)|∆(x)

− 1
2 dνu,v (x) |j (v)| |k (u)|dηe(w) (u) dηe(w) (v) dµ (w)

≤
∫ ⎛

⎝
(∫∫ (∫

|g (x)|∆(x)
− 1

2 dνu,v (x)

)2

dηe(w) (u) dηe(w) (v)

) 1
2

·
(∫∫

|j (v)|2 |k (u)|2 dηe(w) (u)dηe(w) (v)

) 1
2

)
dµ (w)

≤
√
‖g∆‖∞ ·

(∫∫
|j (v)|2 dηe(w) (v) dµ (w)

) 1
2
(∫∫

|k (u)|2 ηe(w) (u) dµ (w)

) 1
2

=
√
‖g∆‖∞.

Consequently,
‖g‖II,µ ≤ ‖g∆‖∞
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Let Bc (G) be the space of bounded Borel functions on G, each with compact
support. Let η0 be a dominant for {ηu}. If f ∈ Bc (G), then f is the limit almost
everywhere with respect to

∫
νu,vd (η0 × η0) (u, v), of a sequence, (fn)n, in Cc (G)

that is uniformly bounded and supported on some compact set supporting f . Let
K be the support of f . Since

∫∫
|f (x) − fn (x)|∆(x)

− 1
2 dνu,v (x) d (η0 × η0) (u, v) → 0 (n → ∞)

it follows that there is a subsequence of (fn)n such that
∫

|f (x) − fnk
(x)|∆(x)−

1
2 dνu,v (x) → 0 (k → ∞) a.e

Because of the boundedness properties of f , (fn)n and the boundedness of
the system {νu,v, ( u, v) ∈ R} and ∆ on compact sets, it results that there exists
M > 0 such that

(∫
|f (x) − fnk

(x)|∆(x)
− 1

2 dνu,v (x)

)2

≤ M1r(K) (u) 1d(K) (v) .

Since

sup
w

∫∫ (∫
|f (x) − fnk

(x)|∆(x)−
1
2 dνu,v (x)

)2

dηe(w) (v) dηe(w) (u)

≤
∫∫ (∫

|f (x) − fnk
(x)|∆(x)

− 1
2 dνu,v (x)

)2

dη0 (v) dη0 (u)

which converges to zero, by the Dominated Convergence Theorem, it follows that

lim
k

‖f − fnk
‖II,µ = 0.

Let f ∈ L1 (G, ν0) such that

‖f∆‖∞ < ∞
Let gn(x) = f(x) if |f(x)| ≤ n, gn(x) = 0 otherwise. Let (Kn)n be an increasing
sequence of compact sets with

⋃
n Kn = G. Let fn = gn1Kn . |f − fn| converges

pointwise to zero, dominated by |f |. Hence
∥∥∥∥∥w →

∫∫ (∫
|f (x) − fn (x)|∆(x)

− 1
2 dνu,v (x)

)2

dηe(w) (v) dηe(w) (u)

∥∥∥∥∥
∞

≤
∫∫ (∫

|f (x) − fn (x)|∆(x)
− 1

2 dνu,v (x)

)2

dη0 (v) dη0 (u)

which converges to zero, by the Dominated Convergence Theorem. It follows that
there is a sequence in Bc (G) such that

lim
n

‖f − fn‖II,µ = 0. �
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Proposition 2.9. Let us assume that the decomposition of the Haar system over the
principal groupoid is bounded. If f ∈ I (G, ν, µ) and g ∈ Cc (G), then the function
f ∗ g ∈ L1 (G, ν0) and the function

w →
∫∫ (∫

|f ∗ g (x)|∆(x)
− 1

2 dνu,v (x)

)2

dηe(w) (v) dηe(w) (v) , w ∈ G(0)

is in L∞ (
G(0), µ

)
.

Proof. Let K be the support of g. Let M = sup
v,w

(∫
|g (y)|∆(y)

− 1
2 dνw,v (y)

)
.

νu,v

(
|f ∗ g|∆− 1

2

)

=

∫ ∣∣∣∣
∫∫

f (xy) g
(
y−1

)
dνd(x),w (y) dηe(d(x)) (w)

∣∣∣∣∆(x)
− 1

2 dνu,v (x)

≤
∫∫ ∫ ∣∣f (xy) g

(
y−1

)∣∣ dνd(x),w (y) dηe(u) (w) ∆ (x)
− 1

2 dνu,v (x)

=

∫∫ ∫ ∣∣f (xy) g
(
y−1

)∣∣∆(x)
− 1

2 dνv,w (y) dνu,v (x) dηe(u) (w)

=

∫∫ ∫ ∣∣f (xy) g
(
y−1

)∣∣∆(x)−
1
2 dνu,v (x) dνv,w (y)dηe(u) (w)

=

∫∫ ∫ ∣∣f (x) g
(
y−1

)∣∣∆
(
y−1

)
∆
(
xy−1

)− 1
2 dνu,d(y) (x) dνv,w (y) dηe(u) (w)

=

∫∫ ∫ ∣∣f (x) g
(
y−1

)∣∣∆(x)
− 1

2 ∆(y)
− 1

2 dνu,w (x) dνv,w (y) dηe(u) (w)

=

∫ (∫
|f (x)|∆(x)

− 1
2 dνu,w (x)

∫
g
(
y−1

)
∆(y)

− 1
2 dνv,w (y)

)
dηe(u) (w)

=

∫ (∫
|f (x)|∆(x)−

1
2 dνu,w (x)

∫
|g (y)|∆(y)−

1
2 dνw,v (y)

)
dηe(u) (w)

=

∫ (∫
|f (x)|∆(x)

− 1
2 dνu,w (x)

∫
|g (y)|∆(y)

− 1
2 dνw,v (y)

)

· 1r(K) (w) dηe(u) (w) 1d(K) (v)

≤ sup
v,w

(∫
|g (y)|∆(y)

− 1
2 dνw,v (y)

)∫∫
|f (x)|∆(x)

− 1
2 dνu,w (x)

· 1r(K) (w) dηe(u) (w) 1d(K) (v)

= M1d(K) (v)

∫∫
|f (x)|∆(x)

− 1
2 dνu,w (x) 1r(K) (w) dηe(u) (w)

≤ M1d(K) (v)

∫ (∫
|f (x)| dνu,w (x)

) 1
2
(∫

|f (x)|∆(x)
−1

dνu,w (x)

) 1
2

· 1r(K) (w) dηe(u) (w)
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≤ M1d(K) (v)

∫ (∫
|f (x)| dνu,w (x)

) 1
2
(∫ ∣∣f

(
x−1

)∣∣ dνw,u (x)

) 1
2

· 1r(K) (w) dηe(u) (w)

≤ M1d(K) (v)

(∫∫
|f (x)| dνu,w (x) dηe(u) (w)

) 1
2

·
(∫∫ ∣∣f

(
x−1

)∣∣ dνw,u (x) 1d(K) (w) dηe(u) (w)

) 1
2

≤ M1d(K) (v)

(∫∫
|f (x)| dνu(x

) 1
2

·
(∫∫ ∣∣f

(
x−1

)∣∣ dνw,u (x) 1r(K) (w) dηe(u) (w)

) 1
2

≤ M1d(K) (v) (‖f‖I)
1
2

(∫∫ ∣∣f
(
x−1

)∣∣ dνw,u (x) 1r(K) (w) dηe(u) (w)

) 1
2

µ-a.e.

Then
∫∫ (∫

|f ∗ g (x)|∆(x)
− 1

2 dνu,v (x)

)2

dηe(s) (v) dηe(s) (u)

=

∫∫
M2 ‖f‖I 1d(K) (v)

·
(∫ ∣∣f

(
x−1

)∣∣ dνw (x)

)
1d(K) (w) dηe(s) (v) dηe(s) (w)

= M2 ‖f‖I

∫∫
1d(K) (v)

·
(∫ ∣∣f

(
x−1

)∣∣ dνw (x)

)
1d(K) (w) dηe(s) (v) dηe(s) (w)

= M2 ‖f‖I

∫∫
1d(K) (v)

·
∫ ∣∣f

(
x−1

)∣∣ dνw,u (x) dηe(s) (u)dηe(s) (v) 1r(K) (w) dηe(s) (w)

≤ M2 ‖f‖2
I

∫∫
1d(K) (v) 1d(K) (w) dηe(s) (v) dηe(s) (w)

< ∞, µ-a.e. �

3. The inequality ‖IIµ (·)‖ ≤
∥∥Regµ (·)

∥∥
Proposition 3.1. Let G be a locally compact groupoid equipped with a continuous
Haar system. Assume that the decomposition of the Haar system over the prin-
cipal groupoid is bounded and that C∗

red (G) = C∗ (G). Let µ be a quasi-invariant
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probability measure with supp (µ) = G(0).Then

‖IIµ ( f) ‖ ≤ ‖Regµ (f) ‖
for all f ∈ I (G, ν, µ).(Regµ is the left regular representation of Cc (G) on µ.)

Proof. Let

νu =

∫
νu,vdηu (v) for all u ∈ G(0)

be the decomposition of the Haar system for G over the principal groupoid associ-
ated to G Let µ1 =

∫
ηudµ (u). Then µ1 is equivalent to µ. Let ∆ be the modular

function associated to
{
νu, u ∈ G(0)

}
and µ1. Let ν be the measure induced by µ1

on G, and ν0 = ∆− 1
2 ν.

If f ∈ Cc (G), then

‖f ‖red = ‖Indµ (f) ‖
where Ind µ (f) is the operator on L2

(
G, ν−1

)
defined by formula

Indµ (f) ξ (x) = f ∗ ξ (x)

([7], p. 50). The map W : L2 (G, ν) → L2
(
G, ν−1

)
defined by the formula, Wξ =

ξ∆
1
2 is a Hilbert space isomorphism that implements a unitary equivalence between

Regµ (the left regular representation of Cc (G) on µ) and Ind µ.([12], II.1.10).

Therefore, if µ is a quasi-invariant measure with supp (µ) = G(0), then

‖f ‖red = ‖Regµ (f) ‖. (3.1)

Since µ1 =
∫∫

ηe(u) (w) dµ (u) is equivalent to µ, it follows that ‖Regµ (f) ‖ =
‖Regµ1

(f) ‖ and ‖Indµ (f) ‖ = ‖Indµ1 (f) ‖.
Since C∗

red (G) = C∗ (G), for all f ∈ Cc (G)

‖IIµ ( f) ‖ ≤ ‖f ‖red. (3.2)

From (3.1) and (3.2) it follows that

‖IIµ ( f) ‖ ≤ ‖Regµ (f) ‖ = ‖Indµ (f) ‖ (3.3)

for all f ∈ Cc (G). If f ∈ Cc (G), f ≥ 0, then ‖IIµ ( f) ‖ = ‖Regµ (f) ‖ =
‖Indµ (f) ‖.

If f ∈ L1 (G, ν0) and
∫∫∫ (∫

|f (x)|∆(x)
− 1

2 dνu,v (x)

)2

dηe(w) (v) dηe(w) (v) dµ (w) < ∞,

then there is a sequence a sequence (fn)n, in Cc (G) such that

lim
n

‖f − fn‖II,µ = 0.

Hence

lim
n

‖L (f − fn)‖ = 0

for any representation L of G. From (3.3) it follows that ‖IIµ ( f) ‖ ≤ ‖Regµ (f) ‖
for all f with the above property.
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Let f ∈ I (G, ν, µ) and g ∈ Cc (G). By the preceding lemma, the function
f ∗ g has the property that

∫∫∫ (∫
|f ∗ g (x)|∆(x)

− 1
2 dνu,v (x)

)2

dηe(w) (v) dηe(w) (v) dµ (w) < ∞.

It follows that

‖IIµ ( f ∗ g) ‖ ≤ ‖Regµ (f ∗ g) ‖.
Let (Kn)n be a sequence of compact subsets of G(0) with ∪Kn = G(0). By

Corollary 2.11 of [8] (or Lemma 5.48 of [7]), the ∗-algebra Cc (G) has a two-sided
approximate identity with respect to the inductive limit topology, (en)n, with the
following properties:

1) en (x) ≥ 0, for all x ∈ G

2)
∣∣∫ en (x) dνu (x) − 1

∣∣ < 1
n , for all u ∈ Kn

3) en (x) = en

(
x−1

)
, for all x ∈ G.

Let ξ ∈ L2
(
G, ν−1

)
. Since ‖Indµ (en) ξ − ξ‖2 = ‖en ∗ ξ − ξ‖2 → 0 (n → ∞),

the Banach-Steinhaus Theorem implies that (‖Indµ (en)‖)n is bounded. Thus
there is M > 0, such that ‖en‖II,µ = ‖IIµ (en)‖ = ‖Indµ (en)‖ ≤ M for all n.

Let f ∈ I (G, ν, µ). First, we shall assume that d (supp (f)) is a compact set
in G(0).

For each n, en ∈ L2
(
G, ν−1

)
because en ∈ Cc (G). Hence f ∗en ∈ L2

(
G, ν−1

)

(‖f ∗ en‖2 ≤ ‖f‖I ‖en‖2).

Since f ∈ I (G, ν, µ) ⊂ L1 (G, ν), it follows that for each ε, there is g ∈ Cc (G),
such that

∫
|f − g| dν < ε. We have

∫
|f − f ∗ en| dν ≤

∫
|f − g|dν +

∫
|g − g ∗ en| dν +

∫
|(f − g) ∗ en| dν

and
∫

|(f − g) ∗ en| dν =

∫ ∣∣∣∣
∫

(f − g) (y) en

(
y−1x

)
dνr(x) (y)

∣∣∣∣ dν (x)

≤
∫∫

|f − g| (y) en

(
y−1x

)
dνr(x) (y)dν (x)

≤
∫∫∫

|f − g| (y) en

(
y−1x

)
dνr(x) (y) dνu (x) dµ (u)

=

∫∫∫
|f − g| (y) en

(
y−1x

)
dνu (x) dνu (y)dµ (u)

=

∫∫∫
|f − g| (y) en (x) dνd(y) (x) dνu (y) dµ (u)

≤
(

1 +
1

n

)∫
|f − g|dν

for n with the property that d (supp (f) ∪ supp (g)) ⊂ Kn.
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Hence limn

∫
|f − f ∗ en| dν = 0. Since limn

∫∫
|f − f ∗ en|dνudµ1 (u) = 0,

passing to a subsequence we may assume that limn

∫
|f − f ∗ en|dνu = 0 a.e.,

dominated by 3 ‖f‖I for all n such that d (supp (f)) ⊂ Kn.

If a ∈ Cc

(
G(0)

)
, then

∫
|f ∗ en| (x) |a (d (x))|2 ∆−1 (x) dν (x)

=

∫
|f ∗ en|

(
x−1

)
|a (r (x))|2 dν (x)

=

∫∫ ∣∣en ∗ f∗
∣∣ (x) |a (r (x))|2 dνu (x) dµ1 (u)

≤
∫∫∫

en (y)
∣∣f∗ (y−1x

)∣∣ dνr(x) (y) |a (r (x))|2 dνu (x) dµ1 (u)

=

∫∫∫
en (y)

∣∣f∗ (y−1x
)∣∣ |a (u)|2 dνu (y) dνu (x) dµ1 (u)

=

∫∫
en (y)

(∫ ∣∣f∗ (y−1x
)∣∣ dνu (x)

)
|a (u)|2 dνu (y) dµ1 (u)

=

∫∫
en (y)

(∫
|f∗ (x)| νd(y) (x)

)
|a (u)|2 dνu (y) dµ1 (u)

≤ ‖f‖I

∫∫
en (y) dνu (y) |a (u)|2 dµ1 (u)

≤
(

1 +
1

n

)
‖f‖I ‖a‖

2
2

for all n such that supp (a) ⊂ Kn.

If a ∈ Cc

(
G(0)

)
and b ∈ L2

(
G(0), µ

)
, then limn |〈II (f − f ∗ en) a, b〉| = 0.

Indeed,

|〈IIµ (f − f ∗ en) a, b〉| ≤
∫

|f (x) − f ∗ en (x)| |a (d (x))| |b (r (x))| dν0 (x)

≤
(∫

|f (x) − f ∗ en (x)| |a (d (x))|2 ∆−1 (x) dν (x)

) 1
2

·
(∫

|f (x) − f ∗ en (x)| |b (r (x))|2 dν (x)

) 1
2

≤
(∫∫

|f (x) − f ∗ en (x)| dνu (x) |a (u)|2 dµ (u)

) 1
2

·
(∫

|f (x) − f ∗ en (x)| dνu (x) |b (u)|2 dµ (u)

) 1
2

≤ ‖a‖2 (3 ‖f‖I)
1
2

(∫
|f (x) − f ∗ en (x)| dνu (x) |b (u)|2 dµ1 (u)

) 1
2

.
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Since Cc

(
G(0)

)
is dense in L2

(
G(0), µ1

)
and (‖IIµ (f − f ∗ en)‖)n is bounded,

it follows that limn |〈IIµ (f − f ∗ en) a, b〉| = 0 for all a, b ∈ L2
(
G(0), µ1

)
.

Finally, we have

|〈IIµ((f) a, b〉| ≤ lim
n

|〈IIµ((f ∗ en − f) a, b〉| + lim
n

|〈IIµ ((f ∗ en) a, b〉|
≤ lim

n
‖IIµ ((f ∗ en)‖ ‖a‖2 ‖b‖2

≤ lim
n

‖Indµ ((f ∗ en)‖ ‖a‖2 ‖b‖2

≤ lim
n

‖Indµ (f) Indµ (en)‖ ‖a‖2 ‖b‖2

≤ lim
n

‖Indµ (f)‖ ‖Indµ (en)‖ ‖a‖2 ‖b‖2 .

Thus ‖IIµ (f)‖ ≤ ‖Indµ((f)‖.

Let f ∈ I (G, ν, µ). Let (Kn)n be a sequence of compact subsets of G(0) with

∪Kn = G(0). If fn = f1Kn ◦ d, then |fn − f | converges to zero dominated by
|f |. Hence, if a, b ∈ L2

(
G(0), µ1

)
, then limn |〈IIµ (f − fn) a, b〉| = 0. On the other

hand, if ξ ∈ L2
(
G, ν−1

)
,

‖Indµ (fn) ξ‖2 = ‖fn ∗ ξ‖2 = ‖(f1Kn ◦ d) ∗ ξ‖2

= ‖f ∗ (ξ1Kn ◦ r)‖2 ≤ ‖Indµ (f) (ξ1Kn ◦ r)‖2

≤ ‖Indµ (f)‖ ‖(ξ1Kn ◦ r)‖2 ≤ ‖Indµ (f)‖ ‖ξ‖2 .

Thus ‖Indµ (fn)‖ ≤ ‖Indµ (f)‖ .

For a, b ∈ L2
(
G(0), µ

)
, we have

|〈IIµ (f) a, b〉| ≤ lim
n

|〈IIµ(fn − fa, b〉| + lim
n

|〈IIµ (fn) a, b〉|
≤ lim

n
‖IIµ (fn)‖ ‖a‖2 ‖b‖2

≤ lim
n

‖Indµ ((fn)‖ ‖a‖2 ‖b‖2

≤ lim
n

‖Indµ (f)‖ ‖a‖2 ‖b‖2 .

It follows that

‖IIµ (f)‖ ≤ ‖Indµ (f)‖ = ‖Regµ (f) ‖
for all f ∈ I (G, ν, µ). �

Proposition 3.2. Let G be a locally compact groupoid equipped with a continuous
Haar system {νu, u ∈ G(0)}. Assume that the decomposition of the Haar system
over the principal groupoid is bounded and that C∗

red (G) = C∗ (G). Then G is
measurewise amenable.

Proof. Let µ be a quasi-invariant probability measure. First, we shall assume that
µ is a quasi-invariant probability measure with supp (µ) = G(0). From the preced-
ing propositions it follows that the trivial representation of C∗ (G, ν, µ) is weakly
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contained in the regular representation. Therefore (G, ν, µ) is amenable (Theo-
rem 6.1.4, p. 142, [1]).

Let µ be an arbitrary quasi-invariant measure, µ0 be a quasi-invariant mea-
sure with supp (µ0) = G(0), and µ1 = µ0 + µ. Then µ1 is quasi-invariant measure
with supp (µ1) = G(0), and therefore (G, ν, µ1) is amenable. Proposition 3.2.14 (iii)

of [1] shows that there exists a sequence (gn) in Bb (G, ν)
+

normalized and
such that

lim
n

∫
h (u)

[∫
|f ∗ gn − (ν (f) ◦ r) gn| dνu

]
dµ1 (u) = 0

for all f ∈ Bb (G, ν) and h ∈ L1 (µ1).
Since µ << µ1, there exists a Borel function g such that µ = gµ1. If h ∈

L1 (µ), then hg ∈ L1 (µ1) and

lim
n

∫
h (u) g (u)

[∫
|f ∗ gn − (ν (f) ◦ r) gn| dνu

]
dµ1 (u) = 0

lim
n

∫
h (u)

[∫
|f ∗ gn − (ν (f) ◦ r) gn| dνu

]
dµ (u) = 0.

Therefore (G, ν, µ) is amenable. �
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ρ-Numerical Radius in Banach Spaces

Laurent Carrot

Abstract. In this paper, we extend the definition of the ρ-numerical radius to
Banach spaces. In order to do so, we use one of the classical characterizations
of the Cρ classes, which can be naturally extended. Then, we give a first study
of this concept. Some of the properties given in the Banach case are original,
but most of them are a generalization of the Hilbert case, even if the proofs
have to be done in completely different ways.

Mathematics Subject Classification (2000). Primary: 47A12, 46B25.

Keywords. Operator on Banach space, Numerical radius.

1. Introduction

The ρ-numerical radius was first introduced by Sz.-Nagy and Foias [13] on Hilbert
spaces as the operator radius associated with the classes Cρ, where an operator T
is in Cρ (ρ > 0) if and only if T is in B(H) and there exists a unitary operator U
on some Hilbert space K such that K contains H as a subspace and such that

T nh = ρPHUnh, for all h ∈ H, n = 1, 2, . . . .

This concept has been studied a lot (see especially [1, 10, 11, 13]), and, as I
was giving a kind of survey on this subject for the working party “Théorie des
opérateurs et analyse complexe” in Lyon, G. Cassier has given me the idea of
extending the definition of classes Cρ to Banach spaces. Of course, we can’t apply
the definition of Sz.-Nagy and Foias. We use one of the multiple characterizations
of these classes (pointed out by Davis [7]):

T ∈ Cρ ⇔ r(T ) ≤ 1 and ‖zT [(ρ− 1)zT − ρI]−1‖ ≤ 1, for each z ∈ D.

where r(T ) denotes the spectral radius of T. This characterization can be immedi-
ately extended to Banach spaces. So, from now on, if (E, ‖ · ‖) is a Banach space,
we define:

Cρ, ‖·‖ = {T ∈ B(E) : r(T ) ≤ 1 and ‖zT [ρ− 1)zT − ρI]−1‖ ≤ 1, for each z ∈ D},



80 L. Carrot

and
wρ, ‖·‖(T ) = inf{1/r : r > 0 and rT ∈ Cρ, ‖·‖} ; T ∈ B(E).

Here, we indicate the norm because one can see that the Cρ classes depend much
on it. Similarity problems show that we should indicate which is the considerated
norm even in Hilbert spaces because an operator which is in Cρ, ‖·‖1

can be in
C1, ‖·‖2

for another Hilbert norm. Of course, in case of no ambiguity, we write Cρ

instead of Cρ, ‖·‖.
In this paper, we are interested in listing some hilbertian properties which

still hold in Banach spaces, and sometimes, we give counter-examples to some
unverified properties. We will not (and cannot) be exhaustive. This study has
mainly two interests:

– It allows us to distinguish norm properties from (typically) hilbertian ones.
– the own interest of the functionals wρ, ‖·‖( · ) which include the norm (w1( · ))

and the spectral radius r( · ).
This paper will be divided in four sections

• First, we give some “elementary” properties of Cρ, ‖·‖ and wρ, ‖·‖( · ), and we
do a first comparison with existing “tools” (the norm ‖·‖, the spectral radius
r( · ) and the numerical radius introduced by Bauer [3] v( · ))

• Then, we study the ρ-numerical radius of direct sum of operators and of
quotient operators.

• In the third part, we construct a power bounded operator which is in no
Cρ, ‖·‖, ρ > 0.

• Finally, we give a look to nilpotent-operators case, which is a source of
counter-examples. It will also allow us to obtain the optimality of some con-
stants.

From now on, we denote by (E, ‖ · ‖) a Banach space.

2. Elementary properties

First, we have to verify that wρ( · ) is well defined:

Proposition 2.1. We have:
wρ(T ) < ∞

for any operator T ∈ B(E).

Proof. The mapping

f : z �→ ‖zT [(ρ− 1)zT − ρI]−1‖
is defined at least in a neighborhood of 0, and it is continuous on this neighborhood.
Moreover, as f(0) = 0, there exists r0 > 0 such that:

r(r0T ) ≤ 1 and f(z) ≤ 1, for each complex z such that |z| < r0.

Finally, if r < r0, then rT ∈ Cρ. Hence we have:

wρ(T ) ≤ 1/r0 < ∞. �
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Remarks.

1) This proof also allows us to write without ambiguity:

wρ(T ) = 1/ sup{r > 0 : rT ∈ Cρ},
a notation that we shall use in some proofs.

2) From the definition, one can immediately see that an operator T is in C1 if
and only if T is a contraction, and so w1( · ) = ‖ · ‖.
In Hilbert spaces, several proofs (see [7, 11]) lead to the redundancy of the

condition r(T ) ≤ 1 in the Cρ classes definition. We give a new proof of this redun-
dancy, based on the following lemma:

Lemma 2.2. Let T be an operator in B(E) and ρ > 0 such that:

‖zTh‖ ≤ ‖((ρ − 1)zTh− ρh‖ ; z ∈ D, h ∈ E.

Then we have r(T ) ≤ 1.

Proof. As, for ρ = 1, the condition become

‖zTh‖ ≤ ‖h‖ ; z ∈ D, h ∈ E.

T is a contraction, and its spectral radius is smaller than 1. In order to prove this
lemma for ρ �= 1, we chose λ an element of the spectrum of T such that |λ| = r(T ).
With this choice, λ is an approximate eigenvalue for T, i.e.,

∃hn : ‖hn‖ = 1 and Thn = λhn + gn, with gn −−−−→
n→∞

0.

Then, if z is in D \ {0}, we have:

|‖[(ρ − 1)z − ρI]hn‖ − |(ρ − 1)zλ − ρ| |
= |‖[(ρ − 1)z − ρI]hn‖ − ‖[(ρ − 1)zλ − ρ]hn‖|
≤ ‖[(ρ − 1)zT − (ρ − 1)zλ]hn‖
= ‖(ρ − 1)zgn‖ → 0 when n → ∞.

Hence we deduce:

lim
n→∞

‖zThn‖ = |z| |λ| ≤ |(ρ − 1)zλ − ρ|, for all z ∈ D \ {0}.

In order to be able to conclude, we must first show that r(T ) < ρ/|ρ− 1|. To
do so, let us suppose that r(T ) = |λ| ≥ ρ/|ρ− 1|. Then, by dividing the preceding
inequality by |z| (�= 0), we obtain:

r(T ) ≤ |(ρ − 1)λ − ρz| (z �∈ D̄),

and so

r(T ) ≤ inf{|(ρ − 1)λ − ρz|, z �∈ D̄}.
Now, in that case (|λ| ≥ ρ/|ρ − 1|), this infimum is equal to 0, therefore we get
r(T ) = 0, which is impossible. We have proved that

|λ| = r(T ) < ρ/|ρ − 1|.
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We can now conclude. Let ǫ be in ]0, 1[ and take z in D such that |z| = 1− ǫ
and arg(z) = −arg((ρ−1)λ). Then, the inequality |z||λ| ≤ |(ρ−1)zλ−ρ| become:

(1 − ǫ)|λ| ≤ |(1 − ǫ)|ρ − 1||λ| − ρ| = ρ − (1 − ǫ)|ρ − 1||λ|.
Let ǫ tend to 0, then we get

|λ| ≤ ρ − |ρ − 1||λ|,
and finally

1 ≥ |λ| = r(T ). �

Remark. A more precise end of proof leads to the inequality

r(T ) ≤ ρ/(2 − ρ),

which holds only for ρ ≤ 1.
Now, if T is an operator in B(E) such that

‖zT [(ρ− 1)zT − ρI]−1‖ ≤ 1 (z ∈ D),

then we have:

‖zTh‖ ≤ ‖(ρ − 1)zTh − ρh‖ ; z ∈ D, h ∈ E.

Hence we get r(T ) ≤ 1, from the preceding lemma.
Reciprocally, let T be an operator such that:

‖zTh‖ ≤ ‖(ρ − 1)zTh − ρh‖ ; z ∈ D, h ∈ E.

Then, fix z in D,

– if ρ ≥ 1, we have r(T ) ≤ 1, and so ((ρ − 1)zT − ρI) is invertible. Hence we
get:

‖zT [(ρ− 1)zT − ρI]−1‖ ≤ 1.

– if 0 < ρ ≤ 1, we have, from the preceding remark,

r(T ) ≤ ρ

2 − ρ
<

ρ

1 − ρ
,

and so ((ρ − 1)zT − ρI) is invertible. Hence we also get:

‖zT [(ρ− 1)zT − ρI]−1‖ ≤ 1.

Now, we can give the new definition of the classes Cρ, in which the redundant
condition r(T ) ≤ 1 does not appear:

Definition 2.3. Let T be an operator in B(E),

T ∈ Cρ ⇔ ‖zT [(ρ− 1)zT − ρI]−1‖ ≤ 1 ; z ∈ D

⇔ ‖zTh‖ ≤ ‖(ρ − 1)zTh− ρh‖ ; z ∈ D, h ∈ E.

The next characterization for wρ( · ) was pointed out by Ando and Nishio
([1]) in Hilbert spaces:

Proposition 2.4. Let T be an operator in B(E). Then

wρ(T ) ≤ α ⇔ ‖T [(ρ− 1)T − ραzT ]−1‖ ≤ 1, z �∈ D̄,
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Proof. Ando’s and Nishio’s proof, already based on norm characterizations, still
holds in Banach spaces. �

With this characterization, we immediately obtain, as in Hibert case ([1]),
the Ando’s and Nishio’s law:

Proposition 2.5. Let T be an operator in B(E) and ρ ∈]0, 2[. We have:

ρwρ(T ) = (2 − ρ)w2−ρ(T ).

The growth of the classes Cρ, as ρ increases, is still true, but the proof is quite
different:

Proposition 2.6. The classes Cρ are growing as ρ increases.

Proof. Using Ando’s and Nishio’s law, we only have to prove the growth for ρ ≥ 1.
So, let ρ ≥ 1, T be an operator in Cρ and ρ′ > ρ. Now, with such assumptions, we
can compute, if z ∈ D and h ∈ E,

ρ′
∥∥∥ρ′ − 1

ρ′
zTh− h

∥∥∥− ρ
∥∥∥ρ − 1

ρ
zTh− h

∥∥∥

≥ ρ′
(∥∥∥ρ − 1

ρ
zTh− h

∥∥∥−
∥∥∥(

ρ′ − 1

ρ′
− ρ − 1

ρ
)zTh

∥∥∥
)
− ρ

∥∥∥ρ − 1

ρ
zTh − h

∥∥∥

= ρ′
∥∥∥ρ − 1

ρ
zTh − h

∥∥∥− ρ′
ρ′ − ρ

ρρ′
‖zTh‖− ρ

∥∥∥ρ − 1

ρ
zTh − h

∥∥∥

= (ρ′ − ρ)
(∥∥∥ρ − 1

ρ
zTh− h

∥∥∥− ‖zTh‖/ρ
)

≥ 0, because T ∈ Cρ.

Therefore, we have:

‖zTh‖ ≤ ρ
∥∥∥ρ − 1

ρ
zTh − h

∥∥∥ ≤ ρ′
∥∥∥ρ′ − 1

ρ′
zTh− h

∥∥∥ ; z ∈ D, h ∈ E,

which is a sufficient condition(see Definition 2.3) for T to be in Cρ′ . The proof is
complete. �

This growth and the definition of the ρ-numerical radius lead immediately to
the following corollary:

Corollary 2.7. If T is any fixed operator in B(E), then the mapping ρ �→ wρ(T ) is
decreasing.

Now, we can define:

Definition 2.8. For any operator T in B(E), we write:

w∞(T ) = lim
ρ→∞

wρ(T ).

As in Hilbert spaces ([10]), we have w∞(T ) = r(T ). In order to prove this
equality, we need the following lemma:
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Lemma 2.9. Let T be an operator in B(E) such that r(T ) < 1. Then there exists
ρ > 0 such that T ∈ Cρ.

Proof. As r(T ) < 1, there exists s > 1 such that r(sT ) < 1. Hence there exists
B > 0 such that

sn‖T n‖ ≤ B, for any n ≥ 0.

Let ρ > 1 and z ∈ D. Then,
∥∥∥
(ρ − 1

ρ
zT − I

)−1∥∥∥

≤ ‖I‖ +

∞∑

n=1

∥∥∥
(ρ − 1

ρ
zT

)n∥∥∥

≤ 1 +

∞∑

n=1

‖T n‖ ≤ 1 +

∞∑

n=1

B/sn ≤ M, which does not depend on ρ.

Therefore, if ρ > 1 and z ∈ D, we have:

‖zT ((ρ− 1)zT − ρI)−1‖ =
∥∥∥z

ρ
T
(ρ − 1

ρ
zT − I

)−1∥∥∥

≤
∥∥∥z

T

ρ

∥∥∥ ·
∥∥∥
(ρ − 1

ρ
zT − I

)−1∥∥∥ ≤ ‖T ‖
ρ

M.

One only has to chose ρ big enough (ρ ≥ ‖T ‖M) to get T ∈ Cρ. The proof is
complete. �

Now, the same proof as in Hilbert spaces [10] entails the desired equality:

Proposition 2.10. Let T be an operator of B(E), we have:

w∞(T ) = r(T ).

We also obtain (same proof as in [10]):

Proposition 2.11. If we denote by PWB(E) the set of power bounded operators on
E, then

(PWB(E)) ∩
( ⋃

ρ>0

Cρ

)
is dense in PWB(E) for the norm of B(E).

In Hilbert spaces, Ando and Nishio ([1]) obtained the log-convexity of ρ �→
wρ(T ). This question seems much more difficult in Banach spaces. However, we
still have a convexity property:

Proposition 2.12. Let T be an operator in B(E). The mapping

f : x �→ log((ex + 1)wex+1(T ))

is convex on R.

Proof. The proof of Ando and Nishio ([1]), based on a modified version of
Hadamard’s three circles theorem ([14]), still works in Banach spaces. �
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Then, as a corollary, we have:

Corollary 2.13. Let T be an operator in B(E), then we have:

‖T ‖ ≥ wρ(T ) ≥ ‖T ‖
ρ

(ρ > 1).

Proof. We have already proved the left hand side of this inequality in Corollary 2.7.
This is obvious for T = 0. Now, for T �= 0, the mapping of the previous proposition
is convex, and

lim
x→−∞

f(x) = log(‖T ‖).
Therefore, we obtain:

log((ex + 1)wex+1(T )) ≥ log(‖T ‖), for any real number x.

Finally, we get:
ρ wρ(T ) ≥ ‖T ‖ (ρ > 1). �

Remark. this inequality should lead us to think that wρ( · ) is a norm equivalent to
‖ · ‖ on B(E). But this is surely not always the case: of course, for ρ = 1 (w1(T ) =
‖T ‖), this is true, but even in Hilbert spaces [10], wρ( · ) fails to be a norm for
ρ > 2. This question is more difficult in Banach spaces.

As a second corollary, we can give the following:

Corollary 2.14. Let T be a fixed operator in B(E). The mapping

ρ �→ wρ(T ) (ρ > 0)

is continuous.

Proof. As the mapping f of Proposition 2.12 is convex on R, it is continuous on
R. And then, we easily obtain the announced corollary. �

Now, we are interested in obtaining, after a few steps, the continuity of the
mapping:

T �→ wρ(T ).

The first step is the following lemma, which we shall give without proof. It gives
a formula for the resolvent of a perturbated operator:

Lemma 2.15. Let T and R be two operators in B(E). We denote by ρ(T ) the
resolvent set of T, and by Rz(T ) the following operator: (zI − T )−1. If z is an
element of ρ(T ) such that r(R.Rz(T )) < 1, then z ∈ ρ(T + R) and

Rz(T + R) = Rz(T ) +

∞∑

n=1

Rz(T ).(R.Rz(T ))n

= Rz(T ) +

∞∑

n=1

(R.Rz(T ))n.Rz(T ).

The second lemma gives an idea of the behavior of ‖zT ((ρ− 1)zT − ρI)−1‖
as we perturb T :
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Lemma 2.16. Let T be an operator in B(E) such that r(T ) ≤ 1, ρ �= 1 and β be
such that β < ρ/|ρ− 1|. Then, for any ǫ > 0, there exists η > 0 such that:

∀R, ‖R‖ ≤ η ⇒ ∀z : |z| < β,

|‖z(T + R)((ρ − 1)z(T + R) − ρI)−1‖ − ‖zT ((ρ− 1)zT − ρI)−1‖| ≤ ǫ.

Proof. The inequality is always verified for z = 0. So we only have to consider
the case z �= 0. In the proof, R may be chosen small enough that it satisfies the
conditions of the previous lemma. Hence, using the notations of this lemma, if z
is an element of ρ(T ), we have:

z ∈ ρ(T + R) and Rz(T + R) = Rz(T ) + Rz(T ) ·
∞∑

n=1

(R.Rz(T ))n.

For z �= 0, let note α = ρ/((ρ − 1)z), then

‖z(T + R)((ρ − 1)z(T + R) − ρI)−1‖
= ‖z

ρ
α(T + R)Rα(T + R)‖

=
∥∥∥z

ρ
αT · Rα(T ) +

z

ρ
αR · Rα(T ) +

z

ρ
α(T + R) · Rα(T ) ·

∞∑

n=1

(R · Rα(T ))n
∥∥∥.

Therefore,
∣∣∣
∥∥∥z

ρ
αRα(T + R)

∥∥∥−
∥∥∥z

ρ
αT · Rα(T )

∥∥∥
∣∣∣

≤
∥∥∥z

ρ
αR · Rα(T ) +

z

ρ
α(T + R) · Rα(T ) ·

∞∑

n=1

(R · Rα(T ))n
∥∥∥

≤ ‖R‖
ρ − 1

· (‖Rα(T )‖ + ‖Rα(T )‖ · ‖(T + R)Rα(T )‖ · ‖(I − R · Rα(T ))−1‖).

Now, as β < ρ/|ρ− 1|, the term into brackets is uniformely bounded on {z : |z| ≤
β}, and therefore, there exist K ≥ 0 and η > 0 such that, if R is an operator with
‖R‖ ≤ η, then

1 + ‖(T + R)Rα(T )‖ · ‖(I − R · Rα(T ))−1‖ ≤ K, for all z with |z| < β.

Then, choosing R small enough, we have the announced lemma. �

The third lemma is concerned with a growth property of a mapping:

Lemma 2.17. Let T �= 0 be an operator in B(E). Then the mapping

Φ : r �→ max{‖zT ((ρ− 1)zT − ρI)−1‖, |z| ≤ r}
is strictly growing.

Proof. The proof, based on the maximum modulus principle for analytic functions,
is easy. �
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Now, we have all the necessary tools to prove:

Proposition 2.18. Let ρ > 0. The mapping T �→ wρ(T ) is continuous on B(E).

Proof. We only consider the case ρ �= 1, because it is trivial for ρ = 1 (remember
that w1(X) = ‖X‖). Using Ando’s and Nishio’s law, we can suppose for the proof
that ρ > 1. As, for any operator R in B(E), 0 ≤ wρ(R) ≤ ‖R‖, the continuity at
T = 0 is verified. Let T be a fixed operator of B(E) \ {0}. By homogeneity, we can
suppose that wρ(T ) = 1, and therefore r(T ) ≤ 1. We prove the continuity at T in
2 steps: first, we prove upper-semi-continuity, and then lower-semi-continuity.

⋆ Fix ǫ > 0 and let γ be such that 1 + ǫ = 1/(1− γ). Then, from Lemma 2.17,
there exists δ > 0 such that, for any z �= 0 with modulus smaller than 1− γ,

∥∥∥z

ρ
αTRα(T )

∥∥∥ < 1 − δ,

where Rz(T ) = (zI − T )−1 and, as in Lemma 2.16, α = ρ/((ρ − 1)z.
Now, from Lemma 2.16, as 1 − γ < 1 < ρ/(ρ − 1), there exists η > 0

such that: ∣∣∣
∥∥∥z

ρ
α(T + R)Rα(T + R)

∥∥∥−
∥∥∥z

ρ
αTRα(T )

∥∥∥ | < δ,

for any z �= 0 with modulus smaller than 1 − γ and any R in B(E) with
‖R‖ < η, and consequently, we have:

∥∥∥z

ρ
α(T + R)Rα(T + R)

∥∥∥ ≤ 1.

This means that, for any R in a neighborhood of 0,

sup{x : x.(T + R) ∈ Cρ} ≥ 1 − α,

and therefore

wρ(T + R) = inf
{ 1

x
: x.(T + R) ∈ Cρ

}
≤ 1

1 − γ
= 1 + ǫ.

⋆ To obtain lower-semi-continuity, we can suppose that ǫ is small enough to
ensure 0 < 1/(1 − ǫ) < ρ/(ρ − 1) and chose γ such that 1 − ǫ = 1/(1 + γ).
Then, from Lemma 2.17, there exist β > 0 and z0 such that,

|z0| = 1 + γ and
∥∥∥z0

ρ
α0Rα0(T )

∥∥∥ = 1 + β,

where α0 = ρ/((ρ − 1)z0).
Now, from Lemma 2.16, as |z0| = 1 + γ = 1/(1 − ǫ) < ρ/(ρ − 1), there

exists η > 0 such that, for any R in B(E) with ‖R‖ ≤ η, we have:
∣∣∣
∥∥∥z0

ρ
α0(T + R)Rα0(T + R)‖ − ‖z0

ρ
α0TRα0(T )

∥∥∥
∣∣∣ <

β

2
,

and consequently:
∥∥∥z0

ρ
α0(T + R)Rα0(T + R)

∥∥∥ ≥ 1 +
β

2
> 1.
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This means that: sup{x : x · (T + R) ∈ Cρ} ≤ 1 + γ, for any R in a
neighborhood of 0, and therefore

wρ(T + R) = inf
{ 1

x
: x · (T + R) ∈ Cρ

}
≥ 1

1 + γ
= 1 − ǫ.

⋆ Combining these two points, we obtain the continuity. �

Now, we can prove the following theorem:

Theorem 2.19. The mapping W : (R+ ×B(E)) → R+ defined by W (ρ, T ) = wρ(T )
is continuous.

Proof. As the mapping T �→ w1(T ) = ‖T ‖ is of course continuous, T �→ wρ(T )
is continuous for all ρ > 0. Then, combining with Corollary 2.14, a standard
argument gives the theorem. �

Finally, we can wonder whether there is a link between wρ( · ) and v( · ),
the numerical radius on Banach spaces introduced by Bauer ([3]; but also, in a
different way by Lumer, [12]); a survey about this subject can be found in [4, 5]).
We shall give, for the convenience of the reader, the definition of the numerical
radius introduced by Bauer:

Definition 2.20. If T is an operator in B(E), the numerical range, V (T ), and the
numerical radius v(T ) of T are defined by

V (T ) = {f(Th) : h ∈ E, f ∈ E′, f(h) = ‖f‖ = ‖h‖ = 1},
v(T ) = sup{|λ| : λ ∈ V (T )},

where E′ denotes the Banach space of continuous linear functionals on E.

We can immediately observe that v( · ) and w2( · ) coincide on Hilbert spaces,
and, as we shall see later, we can think that this equality only occurs in this case.
In general Banach spaces, we can only give the following inequality:

Proposition 2.21. Let T be an operator in B(E). Then, we have:
ρ

e + ρ − 1
wρ(T ) ≤ v(T ) ≤ ρ wρ(T ) (ρ ≥ 1),

where e denotes exp(1).

Proof. First, we give an inequality (for a proof, see for example [4] or [8]) verified
by Bauer’s numerical radius:

‖T ‖
e

≤ v(T ) ≤ ‖T ‖.

Combining this inequality with Corollary 2.13, we have:

wρ(T )

e
≤ v(T ) ≤ ρwρ(T ).

The right-hand side of the inequality is proved. In order to obtain the left-hand
side, let λ > 0, z ∈ D, ρ ≥ 1 and h ∈ E such that ‖h‖ = 1. Then, if we denote
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by fh an element of E′ (dual of E) such that ‖fh‖ = |fh(h)| = 1 (such an element
always exists), we have:

∥∥∥
(
ρ − 1

)
z

T

λv(T )
h − ρh

∥∥∥ ≥
∣∣∣fh((ρ − 1)z

T

λv(T )
− ρh)

∣∣∣

=
∣∣∣(ρ − 1)z

fh(Th)

λv(T )
− ρfh(h)

∣∣∣

≥ ρ − (ρ − 1)
v(T )

λv(T )
= ρ

(
1 − 1

λ

)
+

1

λ

and ∥∥∥ z

λv(T )
Th

∥∥∥ ≤ 1

λv(T )
‖T ‖ ≤ ev(T )

λv(T )
=

e

λ
.

Therefore, if λ is such that

e

λ
≤ ρ

(
1 − 1

λ

)
+

1

λ
,

i.e.,

λ ≥ e + ρ − 1

ρ
,

then ∥∥∥z
T

λv(T )
h
∥∥∥ ≤

∥∥∥(ρ − 1)z
T

λv(T )
h − ρh

∥∥∥ ; z ∈ D, h ∈ E,

and therefore T
λv(T ) is in Cρ, i.e.,

wρ

( T

λv(T )

)
≤ 1.

Finally, by homogeneity, we have

wρ(T ) ≤ λv(T ),

and, by choosing λ = e+ρ−1
ρ , we obtain the desired inequality:

wρ(T ) ≤ e + ρ − 1

ρ
v(T ). �

Remarks.

1) Proposition 2.21 is a generalization of the following inequality:

‖T ‖
e

≤ v(T ) ≤ ‖T ‖.

2) We shall see later (Corollary 5.3), that the constant ρ in this inequality is
the best possible.
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3. ρ-numerical radius of “evoluated” operators

In this part, at first, we compute what the ρ-numerical radius of a direct sum of
operators is. Then, we give an estimate of the ρ-numerical radius of a quotient
operator, and finally, an estimate of the ρ-numerical radius of a restriction.

Proposition 3.1. Let Tn ∈ B(En), n ∈ N
∗, a family of operators such that

sup{‖Tn‖, n ≥ 1} < ∞. Then, we have:

wρ(⊕Tn) = sup{wρ(Tn), n ≥ 1}, ρ > 0, ρ �= ∞.

This is true as soon as the norm defined on the direct sum of the spaces En verifies:

for any (x1, . . . , xn, . . .) and (y1, . . . , yn, . . .) in ⊕ En such that

‖xi‖Ei = ‖yi‖Ei (i ≥ 1),

we have:

‖(x1, . . . , xn, . . .)‖ = ‖(y1, . . . , yn, . . .)‖.

Proof. First, as sup{‖Tn‖, n ≥ 1} < ∞, we have sup{wρ(Tn), n ≥ 1} < ∞ for
any ρ ≥ 1 (use Corollary 2.13). Now, using Ando’s and Nishio’s law, we obtain
the existence of this supremum for any ρ > 0. Let ρ > 0 and denote by a this
supremum. Then,

Tn

a
∈ Cρ, for all n ≥ 1,

i.e., by definition,
∥∥∥z

a
Tn((ρ − 1)

z

a
Tn − ρIn)−1

∥∥∥ ≤ 1 ; z ∈ D, n ≥ 1.

Hence, we have:
∥∥∥⊕

(z

a
Tn((ρ − 1)

z

a
Tn − ρIn)−1

)∥∥∥ ≤ 1 ; z ∈ D,

and consequently
∥∥∥z

a
⊕ Tn((ρ − 1)

z

a
⊕ Tn − ρ ⊕ In)−1

∥∥∥ ≤ 1 ; z ∈ D.

This means that
1

a
⊕ Tn ∈ Cρ,

and so, by homogeneity,

wρ(⊕Tn) ≤ a = sup{wρ(Tn)}.
Now, if we note b = wρ(⊕Tn) ≤ a < ∞, then

∥∥∥z

b
⊕ Tn((ρ − 1)

z

b
⊕ Tn − ρ ⊕ In)−1

∥∥∥ ≤ 1 ; z ∈ D.

We immediately obtain:
∥∥∥⊕

(z

b
Tn((ρ − 1)

z

b
Tn − ρIn)−1

)∥∥∥ ≤ 1 ; z ∈ D,
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and consequently
∥∥∥z

b
Tn((ρ − 1)

z

b
Tn − ρIn)−1

∥∥∥ ≤ 1 ; z ∈ D, n ≥ 1.

This means that:

wρ(Tn) ≤ b, for all n ≥ 1,

and finally

sup{wρ(Tn)} ≤ b = wρ(⊕Tn). �

Remark. We have proved (Proposition 2.10) that w∞( · ) = r( · ), the spectral
radius. Therefore, we cannot have an equality in the previous proposition for ρ = ∞
(see for example [11]), but we always have:

r(⊕Tn) ≥ sup{r(Tn), n ≥ 1}.
Now, we investigate the case of operators acting on a quotient space:

Proposition 3.2. Let T be an operator in B(E) and F a closed subspace of ker(T ).
We define Tp ∈ B(E/F ) by:

h + F �→ Th + F.

Then

wρ, ‖.‖E
(T ) ≥ wρ, ‖.‖E/F

(Tp) (ρ > 0).

Proof. Let z in C be such that:

‖zTh‖E ≤ ‖(ρ − 1)zTh − ρh‖E, for any h ∈ E.

As we have:

‖(ρ − 1)zTph − ρh‖E/F = inf{‖(ρ − 1)zTh− ρh + f‖E, f ∈ F},
and, if f is in F,

‖(ρ − 1)zTh− ρh + f‖E = ‖((ρ − 1)zT − ρI)(h + f/ρ)‖E (because f ∈ kerT )

≥ ‖zT (h + f/ρ)‖E (cf. choice of z)

= ‖zTh‖E (because f ∈ kerT )

≥ inf{‖zTh + f‖E, f ∈ F}
= ‖zTph‖E/F ,

we get:

‖(ρ − 1)zTph − ρh‖E/F ≥ ‖zTph‖E/F .

Using Definition 2.3, we obtain:

{r : rT ∈ Cρ} ⊂ {r : rTp ∈ Cρ,‖·‖E/F
},

and therefore the desired inequality. �

Finally, we give an estimate of the ρ-numerical radius of a restriction of an
operator to any closed invariant subspace:
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Proposition 3.3. Let T be an operator in B(E) and F a closed subspace of E,
invariant by T. Then

wρ(T |F ) ≤ wρ(T ).

Proof. By homogeneity, we only have to prove that

T ∈ Cρ ⇒ T |F∈ Cρ.

Now, to prove this, using Definition 2.3, one only has to see that if we have:

‖zTh‖ ≤ ‖(ρ − 1)zTh− ρh‖, for any z ∈ D and h ∈ E,

then

‖zT |F f‖ = ‖zTf‖ ≤ ‖(ρ − 1)zTf − ρf‖ = ‖(ρ − 1)zT |F f − ρf‖,
for any z ∈ D and f ∈ F ⊂ E. �

4. Example of operator power bounded, but not in any Cρ

In this part, we are interested in producing such an operator. In Hilbert spaces, the
first example was given by Sz.-Nagy and Foias ([13]). This operator was involutive.
Our example will also be involutive.
First, we compute an underestimate of the ρ-numerical radius for some involutive
operators:

Lemma 4.1. Let T be an operator in B(E) such that T 2 = I and ‖T ‖ ≥ 5. Then

wρ(T ) ≥ ρ + 1

ρ
(ρ ≥ 1).

Proof. As T 2 = I, we immediately have r(T ) = 1. Therefore, if z ∈ D, we can
compute:

(
I − ρ − 1

ρ
zT

)−1

=
( ∞∑

k=0

(ρ − 1

ρ
z
)2k)

I +
( ∞∑

k=0

(
ρ − 1

ρ
z)2k

)ρ − 1

ρ
zT

and then
∥∥∥z

T

ρ

(
I − ρ − 1

ρ
zT

)−1∥∥∥

=
∥∥∥z T

ρ

(( ∞∑

k=0

(
ρ − 1

ρ
z)2k

)
I +

( ∞∑

k=0

(ρ − 1

ρ
z
)2k)ρ − 1

ρ
zT

)∥∥∥

=
∣∣∣z
ρ

∣∣∣ ·
∣∣∣

∞∑

k=0

(ρ − 1

ρ
z
)2k∣∣∣ ·

∥∥∥T
(
I +

ρ − 1

ρ
zT

)∥∥∥

=
∣∣∣z
ρ

∣∣∣ · 1
∣∣∣1 −

(
ρ−1

ρ z
)2∣∣∣

·
∥∥∥T +

ρ − 1

ρ
zI
∥∥∥.
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As ‖T ‖ ≥ 5, we have,
∥∥∥T − ρ − 1

ρ
z
∥∥∥ ≥ ‖T ‖ −

∥∥∥ρ − 1

ρ
zI
∥∥∥ ≥ 4,

and

2r
(
T +

ρ − 1

ρ
zI
)
≤ 2

(
r(T ) + r

(ρ − 1

ρ
zI
))

≤ 4.

Therefore,
∥∥∥z

T

ρ

(
I − ρ − 1

ρ
zT

)−1∥∥∥ ≥ 2
∣∣∣z
ρ

∣∣∣ · 1
∣∣∣1 −

(
ρ−1

ρ z
)2∣∣∣

· r
(
T +

ρ − 1

ρ
zI
)
.

Now, as T �= λI (because T 2 = I and ‖T ‖ ≥ 5 > 1), we obtain:

r
(
T +

ρ − 1

ρ
zI
)

= max
(
|1 +

ρ − 1

ρ
z|, |1 − ρ − 1

ρ
z|
)
,

and, consequently,
∥∥∥z

T

ρ

(
I − ρ − 1

ρ
zT

)−1∥∥∥ ≥ 2
∣∣∣z
ρ

∣∣∣ · 1
∣∣∣1 −

(
ρ−1

ρ z
)2∣∣∣

·
∣∣∣1 +

ρ − 1

ρ
z
∣∣∣

= 2
∣∣∣z
ρ

∣∣∣ · 1∣∣∣1 − ρ−1
ρ z

∣∣∣
, for any z ∈ D.

Therefore, we have the following inclusion:

[0, 1] ∩ {r : ∀|z| ≤ r, 2
∣∣∣z
ρ

∣∣∣ · 1∣∣∣1 − ρ−1
ρ z

∣∣∣
≤ 1} ⊃ [0, 1] ∩ {r : rT ∈ Cρ}.

But a quick study of the left set shows that it is in fact [0, ρ/(ρ+1)], which finally
leads to the desired inequality. �

Remarks.

1) The constant 5 is not the best possible to get this underestimate.
2) It can be shown that, if T is an operator such that T 2 = 1 and T ∈ Cρ, then

‖T ‖ ≤ 2, where 2 is the best possible constant.

Proposition 4.2. Let T be an operator in B(E) such that T 2 = I and ‖T ‖ ≥ 5.
Then T is not contained in any of the classes Cρ (ρ > 0).

Proof. The previous lemma shows that every involutive operator T of norm greater
than 5 is not in any Cρ (ρ ≥ 1), but as ‖T ‖ > 1, T will not be in Cρ for ρ < 1. �

Remark. We can prove that if the norm of T is strictly greater than 2, then T is
not in any Cρ (ρ > 0).

The second lemma, which we shall not prove, will enable us to build an
involutive operator on E from another on a subspace of dimension 2.



94 L. Carrot

Lemma 4.3. In a Banach space, any finite-dimensional subspace is complemented
(ie there exists a continuous projection on this subspace).

Finally, we can produce our example:

Theorem 4.4. Let E be a Banach space of dimension greater than 2, then there
exists a power bounded operator on E which does not belong to any of the classes
Cρ (ρ > 0).

Proof. Using Proposition 4.2, we only have to produce an involutive operator
with norm greater than 5, which will be automatically power bounded. Using
Lemma 4.3, we take two closed subspaces F1 and F2 such that dim(F1) = 2 and
E = F1 ⊕ F2. Then, we define T on E by:

• T |F2= I |F2 ;
• Te1 = 5e2 and Te2 = e1/5, where (e1, e2) is a normed basis of F1.

Then, T is well defined, ‖T ‖ ≥ 5 and T 2 = I. The proof is complete. �

This example also entails the following corollary:

Corollary 4.5. Let E be a Banach space, and ‖.‖1 and ‖.‖2 be two (Banach) norms
on E. We cannot affirm

⋃

ρ>0

Cρ, ‖·‖1
=

⋃

ρ>0

Cρ, ‖·‖2
,

even if these norms are equivalent.

Proof. One only has to consider the Banach space C2, the canonical basis (e1, e2),
and the two equivalent norms:

‖xe1 + ye2‖1 = |x| + |y| and ‖xe1 + ye2‖α = |x| + 5|y|.
Then, let T be the operator defined by

T (e1) = e2 and T (e2) = e1.

This operator verifies ‖T ‖1 = 1, and therefore T ∈ C1,‖·‖1
; but as ‖T ‖α ≥ 5, T is

not in Cρ,‖·‖α
(ρ > 0). �

5. Study of nilpotent operators

Here, we will focus on the study of nilpotent operators which, in Hilbert spaces,
produce a lot of examples and counter-examples. The study of 2-nilpotent op-
erators (ie such that T 2 = 0) have many consequences. First we compute the
ρ-numerical radius for 2-nilpotent operators:

Proposition 5.1. Let T be a 2-nilpotent operator in B(E). Then

wρ(T ) =
‖T ‖
ρ

.
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Proof. For any α > 0, we obtain, from the characterization given in Proposition 2.4

wρ(T ) ≤ α ⇔ ∀z �∈ D̄, ‖T ((ρ − 1)T − ραzI)−1‖ ≤ 1

⇔ ∀z �∈ D̄,
∥∥∥ T

ραz
(
ρ − 1

ραz
T − I)−1

∥∥∥ ≤ 1

⇔ ∀z �∈ D̄,
∥∥∥ T

ραz
(
ρ − 1

ραz
T + I)

∥∥∥ ≤ 1

⇔ ∀z �∈ D̄,
∥∥∥ T

ραz

∥∥∥ ≤ 1

⇔ ∀z �∈ D̄, ‖T ‖ ≤ ρα|z|

⇔ α ≥ ‖T ‖
ρ

. �

As a first corollary, we have, as in Hilbert spaces,

Corollary 5.2. The Cρ classes are strictly growing, as ρ increases, as soon as the
dimension is greater than 2.

Proof. Using Lemma 4.3, we obtain two closed subspaces F and G such that
E = F ⊕ G and dim F = 2. Then, we define T on E by T |F is a 2-nilpotent
operator of norm 1, and T |G= 0. T is a 2-nilpotent operator of norm 1 on E.
Now, if we denote by Tρ = ρT, then Tρ ∈ Cρ, and, as we have:

wρ′ (Tρ) =
ρ

ρ′
, for any ρ′ > 0,

we obtain:

Tρ �∈ Cρ′ , for any 0 < ρ′ < ρ. �

Using this computation, we also obtain:

Corollary 5.3. In general, the constant ρ in the following inequality:

v(T ) ≤ ρwρ(T )

is optimum.

Proof. Just consider the space l21 (= C2, with norm 1). If we denote by S2 the
truncated shift on this space, then v(S2) = 1 and wρ(S2) = 1/ρ. The proof is
complete. �

Remark. An easy computation shows that:

v(S2, ‖ · ‖p) =
(p − 1

p

) p−1
p
(1

p

) 1
p

(p > 1).

when w2,‖·‖p
(S2) = 1/2. The graph of v(S2, ‖ · ‖p), as p varies, leads us to think

that the following is true:

if v(T ) = w2(T ) for every T ∈ B(E), then E is a Hilbert space.



96 L. Carrot

0.4

0.5

0.6

0.7

0.8

0.9

1

y

2 4 6 8 10 12 14 16 18 20
p

Figure 1. Graph of v(S2, ‖ · ‖p), as p varies

As a matter of fact, this is true when E = lp (p > 1), and, in this spaces, one only
has to see what happens with S2. Moreover, further computations, even if they do
not allow us to give a definitive answer, seem to support this idea.

Studying 3-nilpotent operators also leads to many consequences. First, let us
give an estimate of the ρ-numerical radius for such operators:

Proposition 5.4. Let T be an operator such that T 3 = 0 and ‖T ‖ = ‖T 2‖ = 1.
Then, we have:

2(ρ − 1)

ρ(
√

1 + 4(ρ − 1) − 1)
≥ wρ(T ) ≥ 2(ρ − 1)

ρ(
√

1 + 4(ρ − 1) + 1)
(ρ > 1).

Remark. The overestimate remains true, even if ‖T 2‖ �= 1.

Proof. Let T be a 3-nilpotent operator, ρ > 1 and r > 0. We have:

rT ∈ Cρ ⇔ ∀z ∈ rD, ‖zT ((ρ− 1)zT − ρI)−1‖ ≤ 1

⇔ ∀z ∈ rD,
∣∣∣z
ρ

∣∣∣ ·
∥∥∥T

(ρ − 1

ρ
zT − I

)−1∥∥∥ ≤ 1

⇔ ∀z ∈ rD,
∣∣∣z
ρ
| ·
∥∥∥T

(
I +

(ρ − 1

ρ
zT

)
+
(ρ − 1

ρ
zT

)2)∥∥∥ ≤ 1

⇔ ∀z ∈ rD,
∣∣∣z
ρ

∣∣∣ ·
∥∥∥T +

ρ − 1

ρ
zT 2

∥∥∥ ≤ 1

Now, we have:

ρ − 1

ρ
|z|‖T 2‖ − ‖T ‖ ≤

∥∥∥T +
ρ − 1

ρ
zT 2

∥∥∥ ≤
∥∥∥T ‖ +

ρ − 1

ρ
|z|

∥∥∥T 2‖,
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and, as ‖T ‖ = ‖T 2‖ = 1, we obtain:
{
r > 0 :

r

ρ

(ρ − 1

ρ
r−1

)
≤ 1

}
⊃ {r > 0 : rT ∈ Cρ} ⊃

{
r > 0 :

r

ρ

(ρ − 1

ρ
r+1

)
≤ 1

}
.

A quick study of the left and right sets shows that

{
r > 0 :

r

ρ

(ρ − 1

ρ
r − 1

)
≤ 1

}
=

]
0,

ρ + ρ
√

1 + 4(ρ − 1)

2(ρ − 1)

]

and {
r > 0 :

r

ρ

(ρ − 1

ρ
r + 1

)
≤ 1

}
=
]
0,

−ρ + ρ
√

1 + 4(ρ − 1)

2(ρ − 1)

]
.

So we obtain the desired inequality. �

Corollary 5.5. Let S3 denotes the truncated shift on C3 and T be an operator acting
on (E, ‖ · ‖) such that T 3 = 0. Then, we have:

wρ, ‖·‖(T ) ≤ ‖T ‖wρ, ‖·‖1
(S3) (ρ > 0).

Proof. Using Ando’s and Nishio’s law, we can suppose ρ > 1. Now, in that case,
if z ∈ C, we have: ∥∥∥S3 +

ρ − 1

ρ
zS2

3

∥∥∥ = 1 +
ρ − 1

ρ
|z|,

and therefore

wρ,‖·‖1
(S3) =

2(ρ − 1)

ρ(
√

1 + 4(ρ − 1) − 1)
. �

A precise re-reading of the proof of Proposition 5.4 leads to a generalization
of the previous corollary:

Proposition 5.6. Let n ≥ 2, Sn denote the truncated shift on Cn, and T be an
operator acting on (E, ‖ · ‖) such that T n = 0. Then, we have:

wρ, ‖·‖(T ) ≤ ‖T ‖.wρ, ‖·‖1
(Sn) (ρ > 0).

Proof. By homogeneity, we can assume that ‖T ‖ = 1, and, for such an operator,

‖zT ((ρ − 1)zT − ρI)−1‖

≤
∣∣∣z
ρ

∣∣∣
(
‖T ‖ + · · · +

(ρ − 1

ρ

)n−2

‖T n−1‖
)

≤
∣∣∣z
ρ

∣∣∣
(
1 + · · · +

(ρ − 1

ρ

)n−2)

≤
∣∣∣z
ρ

∣∣∣
(
‖Sn‖1 + · · · +

(ρ − 1

ρ

)n−2

‖Sn−1
n ‖1

)

= ‖zSn((ρ − 1)zSn − ρI)−1‖1.

The end of the proof is easy. �
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Remark. In Hilbert spaces, Haagerup and de la Harpe [9] gave an estimate for the
numerical radius of nilpotent operators:

if T n = 0, then w2(T ) ≤ ‖T ‖w2(Sn).

Later, in their study of constrained von Neumann inequalities [2], Badea and
Cassier gave, as a consequence, a generalization of this result:

if T is a contraction such that T n = 0, then

wρ(p(T )) ≤ wρ(p(Sn)) for any polynomial p in C[X ].

The previous result is a kind of analogous to these results in Banach spaces.

Finally, we give a last theorem, which is a generalization of a computation
for truncated shifts in Hilbert spaces [6]:

Theorem 5.7. Let T be an operator such that ‖T ‖ = ‖T n−1‖ = 1 and T n = 0, then

wρ(T ) ∼
ρ→∞

ρ−
1

n−1 .

Proof. As T n = 0, we have:

(
I − ρ − 1

ρ
zT

)−1

=

n−1∑

j=0

(ρ − 1

ρ
zT

)j

, for any z ∈ C.

Moreover,

r(T ) = 0 ⇒ wρ(T ) −−−→
ρ→∞

0,

so we can, for any k ≥ 2, by considering ρ ≥ ρk > 2, suppose that wρ(T ) ≤ 1/k,
and so ]0, k] ⊂ {r > 0 : rT ∈ Cρ}.

We will prove this theorem using two asymptotic estimates. First, we give an
overestimate. We compute an overestimate of:

∥∥∥z

ρ
T (I − ρ − 1

ρ
zT )−1

∥∥∥ =
∥∥∥z

ρ
T (

n−1∑

j=0

(
ρ − 1

ρ
zT )j)

∥∥∥

=
∥∥∥

n−1∑

j=1

(ρ − 1)j−1

ρj
zjT j

∥∥∥

≤
n−1∑

j=1

∥∥∥ (ρ − 1)j−1

ρj
zjT j

∥∥∥

≤
n−1∑

j=1

(ρ − 1)j−1

ρj
|z|j

=
|z|
ρ

·
1 −

(
ρ−1

ρ |z|
)n−1

1 −
(

ρ−1
ρ |z|

) (if
ρ − 1

ρ
|z| �= 1).
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Therefore we obtain the following inclusion:

{
r ≥ k :

r

ρ
·
1 − (ρ−1

ρ r)n−1

1 − (ρ−1
ρ r)

≤ 1
}
⊂ {r ≥ k : rT ∈ Cρ}.

Now, as r ≥ k ≥ 2 and ρ ≥ ρk ≥ 2, we have r > ρ/(ρ− 1), and so ρ− (ρ− 1)r < 0.
Then we deduce:

r ≥ k and
r

ρ

1 − (ρ−1
ρ r)n−1

1 − (ρ−1
ρ r)

≤ 1

⇔ r ≥ k and r − r
(ρ − 1

ρ
r
)n−1

≥ ρ − ρr + r

⇔ r ≥ k and r
(ρ − 1

ρ
r
)n−1

≤ ρr − ρ

⇔ r ≥ k and
(ρ − 1

ρ
r
)n−1

≤ ρ(1 − 1/r)

it is enough to verify that r ≥ k and
(ρ − 1

ρ
r
)n−1

≤ ρ
(
1 − 1

k

)

⇔ r ≥ k and r ≤ ρ1/(n−1)
(
1 − 1

k

)1/(n−1) ρ

ρ − 1
.

As the right member of the previous inequality tends to +∞ as ρ → ∞, we deduce
the existence of ρ′k ≥ ρk such that:

ρ1/(n−1)
(
1 − 1

k

)1/(n−1) ρ

ρ − 1
≥ k, for any ρ ≥ ρ′k.

Consequently, for any k ≥ 2, there exists ρ′k > 2 such that:

{r > 0 : rT ∈ Cρ} =]0, k] ∪ {r ≥ k : rT ∈ Cρ}

⊃]0, k] ∪
[
k, ρ1/(n−1)

(
1 − 1

k

)1/(n−1) ρ

ρ − 1

]

=
]
0, ρ1/(n−1)

(
1 − 1

k

)1/(n−1) ρ

ρ − 1

]
, for any ρ ≥ ρ′k,

and finally:

wρ(T ) ≤ ρ − 1

ρ
· 1

ρ1/(n−1)(1 − 1/k)1/(n−1)
.

Now, we look for an underestimate. We compute an underestimate of:

∥∥∥z

ρ
T
(
I − ρ − 1

ρ
zT

)−1∥∥∥ ≥
∥∥∥ (ρ − 1)n−2

ρn−1
zn−1T n−1

∥∥∥−
∥∥∥

n−2∑

j=1

(ρ − 1)j−1

ρj
zjT j

∥∥∥

≥ (ρ − 1)n−2

ρn−1
|z|n−1 − |z|

ρ
·
1 −

(
ρ−1

ρ |z|
)n−2

1 − ρ−1
ρ |z|

.
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Therefore we have the following inclusion:

{r ≥ k : rT ∈ Cρ} ⊂
{

r ≥ k :
(ρ − 1)n−2

ρn−1
rn−1 − r

ρ
·
1 −

(
ρ−1

ρ r
)n−2

1 −
(

ρ−1
ρ r

) ≤ 1

}
.

Now,

r ≥ k and
(ρ − 1)n−2

ρn−1
rn−1 − r

ρ
·
1 − (ρ−1

ρ r)n−2

1 − (ρ−1
ρ r)

≤ 1

⇔ r ≥ k and − r
(
1 −

(ρ − 1

ρ
r
)n−2)

≥ (ρ − (ρ − 1)r)
(
1 − (ρ − 1)n−2

ρn−1
rn−1

)

⇔ r ≥ k and − r + r
(ρ − 1

ρ
r
)n−2

≥ρ − rρ + r − r
(ρ − 1

ρ
r
)n−2

+ r
(ρ − 1

ρ
r
)n−1

⇔ r ≥ k and rρ − ρ − 2r ≥ r
(ρ − 1

ρ
r
)n−2

(
ρ − 1

ρ
r − 2)

⇒ r ≥ k and rρ ≥ r
(ρ − 1

ρ
r
)n−2(ρ − 1

ρ
r − 2

)

⇒ r ≥ k and ρ ≥ (
ρ − 1

ρ
r)n−2 ρ − 1

ρ
r
(
1 − 2

ρ

r(ρ − 1)

)

⇒ r ≥ k and ρ ≥
(ρ − 1

ρ
r
)n−2 ρ − 1

ρ
r
(
1 − 4

k

)

(because ρ ≥ 2 and r ≥ k, and so − 2
ρ

r(ρ − 1)
≥ −4

k
)

⇒ r ≥ k and
ρ

1 − 4/k
≥
(ρ − 1

ρ
r
)n−1

(for all k > 4)

⇒ r ≥ k and r ≤
( ρ

1 − 4
k

)1/(n−1) ρ

ρ − 1

As the right member of the previous inequality tends to +∞ as ρ → ∞, we deduce
the existence of ρ′′k ≥ ρk such that:

( ρ

1 − 4/k

)1/(n−1) ρ

ρ − 1
≥ k, for any ρ ≥ ρ′′k.

Consequently, for any k ≥ 2, there exists ρ′′k > 2 such that:

{r > 0 : rT ∈ Cρ} =]0, k] ∪ {r ≥ k : rT ∈ Cρ}

⊂]0, k] ∪
[
k,

( ρ

1 − 4/k

)1/(n−1) ρ

ρ − 1

]

=
]
0,

( ρ

1 − 4/k

)1/(n−1) ρ

ρ − 1

]
, for any ρ ≥ ρ′′k ,

and finally

wρ(T ) ≥ ρ − 1

ρ

(1 − 4/k

ρ

)1/(n−1)

.
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In order to conclude, one only has to combine the two estimates to obtain:

∀ǫ>0, ∃ρǫ :∀ρ≥ρǫ, 1−ǫ≤ρ1/(n−1)wρ(T )≤1+ǫ, i.e. |ρ1/(n−1)wρ(T )−1|≤ǫ,

where ρǫ is computed using ρ′k and ρ′′k. We have the desired asymptotic result. �

Remark. A precise re-reading of the proof shows that the overestimate remains
true event if ‖T n−1‖ < 1, but not the underestimate.

Acknowledgments

The author wishes to express his gratitude to Gilles Cassier for his help.

References

[1] T. Ando, K. Nishio, Convexity Properties of Operator Radii Associated with Unitary
ρ-Dilations. Michigan Math. J. 20 (1973), 303–307.

[2] C. Badea, G. Cassier, Constrained von Neumann Inequalities. Adv. Math. 166 (2002),
no 2, 260–297.

[3] F.L. Bauer, On the Field of Values Subordinate to a Norm. Numer. Math. 4 (1962),
103–111.

[4] F.F. Bonsall, J. Duncan, Numerical Ranges of Operators on Normed Spaces and of
Elements of Normed Algebras. London Math. Soc. Lect. Note. Series 2 (1971).

[5] F.F. Bonsall, J. Duncan, Numerical Ranges. II, London Math. Soc. Lect. Note. Series,
No. 10 (1973).

[6] L. Carrot, Computation of the ρ-Numerical Radius for Truncated Shifts. to appear
in Math. Sz.

[7] C. Davis, The Shell of a Hilbert-Space Operator. Acta Sci. Math. (Szeged) 29 (1968),
69–86.

[8] B.W. Glickfeld, On an Inequality of Banach Algebra Geometry and Semi-Inner Prod-
uct Space Theory. Ill. J. Math. 14 (1970), 76–81.

[9] U. Haagerup, P. de la Harpe, The Numerical Radius of a Nilpotent Operator on a
Hilbert Space. Proc. Amer. Math. Soc. 115 (1992), 371–379.

[10] J.A.R. Holbrook, On the Power-Bounded Operators of Sz.-Nagy and Foias. Acta Sci.
Math. (Szeged) 29 (1968), 299–310.

[11] J.A.R. Holbrook, Inequalities Governing the Operator Radii Associated with Unitary
ρ-Dilations. Michigan Math. J. 18 (1971).

[12] G. Lumer, Semi Inner-Product Spaces. Trans. Amer. Math. Soc. 100 (1961), 29–43.

[13] B. Sz.-Nagy, C. Foias, On Certain Classes of Power-Bounded Operators in Hilbert
Space. Acta Sci. Math. 27 (1966), 17–25.

[14] W. Rudin, Real and Complex Analysis. third edition, McGraw-Hill Book Co., New
York, 1987.

Laurent Carrot
Institut G. Desargues
Université de Lyon I
F-69622 Villeurbanne, France





Operator Theory:
Advances and Applications, Vol. 153, 103–122
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Generalized Toeplitz Operators
and Cyclic Vectors

G. Cassier, H. Mahzouli and E.H. Zerouali

Abstract. We give in this paper some asymptotic von Neumann inequalities
for power bounded operators in the class Cρ∩C1,· and some spacial von Neu-
mann inequalities associated with non zero elements of the point spectrum,
when it is non void, of generalized Toeplitz operators. Introducing perturbed
kernel, we consider classes CR which extend the classical classes Cρ. We give
results about absolute continuity with respect to the Haar measure for oper-
ators in class CR ∩ C1,·. This allows us to give new results on cyclic vectors
for such operators and provides invariant subspaces for their powers. Rela-
tionships between cyclic vectors for T and T ∗ involving generalized Toeplitz
operators are given and the commutativity of {T}′, the commutant of T is
discussed.

Mathematics Subject Classification (2000). 47B35, 47B99.

Keywords. Generalized Toeplitz operator, von Neumann inequality, Invariant
subspaces.

1. Introduction

Throughout of this paper, we denote H2 the Hardy space of analytic functions
on the unit disc D, S the unilateral unweighted shift on H2 and S∗ its adjoint
operator. Toeplitz operators are defined as solutions of the operator equation
S∗XS = X . They have been intensively treated during the last years and turn
out to be a rich source of examples and counter examples in operator theory.
Generalized Toeplitz operators were introduced as follows. Let H be a complex
Hilbert space, let B(H) be the algebra of all bounded operators on H , and suppose
T ∈ B(H). The set of T -Toeplitz operators, C(T ) is defined to contain operators
satisfying the operator equation T ∗XT = X . We denote C+(T ) as the set of
positive T -Toeplitz operators.

Recall first the following known result ([5]). Let ρ > 0, and T ∈ B(H) whose
spectrum is included in the closed unit disc. The operator T is in Cρ if and only
if Kρ

r,t(T ) ≥ 0 for every (r, t) ∈]0, 1] × R. This leads to the next definition.
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Definition 1.1. Let R be a polynomial and let T be an operator acting on a Hilbert
space, we say that T is in class CR if and only if

σ(T ) ⊂ D̄ and KR
r,t(T ) = Kr,t(T ) + R(re−itT ) + R(reitT )∗ − I ≥ 0.

Remark. When R = ρ/2 > 0 the class CR is exactly the usual class Cρ.

G. Cassier and T. Fack showed, in [5], that if T is a contraction in C1,. which
has a positive generalized Toeplitz operator with eigenvalues, then T has a non
zero noncyclic element, that is a non zero vector y ∈ H such that span{T ny : n ≥
0} �= H . In particular T has a non trivial invariant subspace. To this aim, they
provided some spacial von Neumann inequalities for T .

In this paper we study the structure of cyclic vectors for powers of power
bounded operators in the class CR ∩ C1.. See Section 2 for definitions.

In Section 2, basic background and some known results are given. We recall
the notion of almost convergence and Banach limits. We also relate these notions to
generalized Toeplitz operators and define the asymptotic kernel for power bounded
operators.

In Section 3, we establish the von Neumann spacial inequality for operator in
the class Cρ ∩C1,.. We refine this inequality in the case where T has a generalized
Toeplitz operator with non void point spectrum.

We investigate in Section 4 the problem of cyclic vectors for power bounded
operators in CR ∩ C1,.. We show in Theorem 4.4, that completely non unitary
operators in CR ∩ C1,. are intertwined with the unilateral shift on some Hilbert
space in a satisfactory way. This leads to an extension of a result of Nagy-Foias
([12]) “there exists N such that T n has no cyclic vector for n ≥ N”. Other results
from [11] are generalized. The use of generalized Toeplitz operators allows to give
more precise results in the general case of power bounded operators. Namely,
we link cyclic vectors for T and T ∗ through generalized Toeplitz operators. We
finally study the commutativity of the commutant of completely non unitary power
bounded operators in the class C1,..

In Section 5, we provide spacial von Neumann inequalities associated to per-
turbed kernel. We give explicit computations in the case where R(T ) = βT +
β̄T ∗ + I. This shed light on the role of the existence of eigenvalues of a generalized
Toeplitz vector associated with T .

2. Preliminaries

2.1. Generalized Toeplitz operators

A complex sequence ξ ∈ l∞(N, C) almost converges to the complex number c if

lim
k→∞

sup
n∈N

∣∣∣c − k−1
n+k−1∑

j=n

ξ(j)
∣∣∣ = 0.

The sequence ξ is said to be almost convergent is the strong sense to c if |ξ − c ·1|
is almost convergent to 0, where 1 is the constant sequence of value 1.
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A Banach limit L is a positive functional on l∞ satisfying

1. L((un)n≥0) = 1 for un ≡ 1
2. L((un)n≥0) = L((un+1)n≥0)
3. If (un)n≥0 converges, then L((un)n≥0) = lim

n→+∞
un.

We denote by B the set of all Banach limits. We refer to [8, 9, 10] for further
details.

The following classes of operators were considered in [11, 12, 13, 14].

C1,. = {T ∈ B(H)/ ∀x ∈ H \ {0}, ‖T nx‖ does not converges to zero}

C.,1 = {T ∈ B(H)/ ∀x ∈ H \ {0}, ‖(T ∗)nx‖ does not converges to zero}
and

C1,1 = C.,1 ∩ C1,..

Let PWB(H) := {T ∈ B(H) : sup
n≥0

‖T n‖ < +∞} be the set of power bounded

operators. Simple computations permit to show that if T ∈ PWB(H) is such that
lim
n≥0

‖T n‖ �= 0 then the spectral radius r(T ) of T equals 1. This last affirmation

will be assumed to be true for all our operators.

Let T be a power bounded operator and L be a Banach limit. Consider the
functional

y �→ (x | y) := L((〈T nx | T ny〉)n≥0).

Using positivity of Banach limits, we see that

|(x | y)| ≤ M2‖x‖‖y‖,
where M = sup

n≥0
‖T n‖. In particular ( · | · ) is continuous and by Reisz representa-

tion theorem, there exists a positive bounded operator XL such that (x | y) =
〈XLx | y〉. Following ([4]) such operators are called canonical generalized Toeplitz
operators and their set is denoted τ(T ). Recall that, τ(T ) is reduced to a singleton
if and only if the sequence (T ∗)nT n is weakly almost convergent. In every finite von
Neumann algebra, the sequence (T ∗)nT n is always weakly almost convergent ([4]).
If T is in the class Cρ, then (T ∗)nT n converges in the strong topology of operators
([6]). In particular, in both previous cases τ(T ) is reduced to a singleton.

We collect in the following proposition some properties of canonical Toeplitz
operators (for the proof see [4]).

Proposition 2.1. Let T be a Power Bounded Operator and X ∈ τ(T ). Then

a. X ∈ C+(T ).
b. τ(T ) contains an injective element if an only if X is injective for any X ∈

τ(T ).
c. {x ∈ H such that T nx → 0} ⊂ ker(X) for any X ∈ τ(T ). In particular,

T ∈ C1,. when τ(T ) contains an injective element.
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We assume for the following theorem that T ∈ C1,. and let X ∈ τ(T ). The

associated mapping ( · | · ) induces an inner product on H . Denote by H̃ the Hilbert
completion of H with respect to the norm |‖ · ‖|, induced by the inner product

( · | · ) and denote by T̃ the canonical extension of T to H̃ . For every x ∈ H we
have

|‖T̃ x‖|2 =(T̃ x | T̃ x)=L((〈T n+1x |T n+1x〉)n≥0)=L((〈T nx |T nx〉)n≥0)= |‖x‖|2.

Since H is a dense subspace of H̃ , we conclude that T̃ is an isometry.

In the invariant subspace problem, since Im(T ) and ker(T ), if non trivial,
provide invariant subspaces. It is always assumed (and we will do) that T has a

dense range. This forces T̃ to be dense range, and so T̃ became a unitary trans-

formation. Let µ0 be the spectral measure on S1 = {eit/t ∈ R} associated with T̃ .
Consider for f ∈ L∞(S1, µ0) the invariant subspace introduced by B. Beauzamy
in [1]:

Ef = H ∩ Ker(f(T̃ )). (2.1)

In [5], it is shown, when T is a contraction, that Ef = KerXf for some
positive generalized Toeplitz operator Xf associated with T . Outlining the proof
of this result, we generalize as follows

Theorem 2.2. ([5], Theorem 7) Let T be a cyclic power bounded operator acting on
Hilbert space H with dense range, assume that T is completely non unitary (c.n.u
for short) in the class C1,.. For f ∈ L∞(S1, µ0), let Ef be the closed invariant
subspace generated by f . Then, there exists Xf ∈ C+(T ) such that Ef = Ker(Xf ).

We end this section by recovering some properties of generalized Toeplitz
operators associated with power bounded operators. Denote pM =: M the constant
gauge, we have

Proposition 2.3. Let T be a power bounded operator, ‖T n‖ ≤ M and let XL ∈
C+(T ) be associated with a Banach limit LpM . Then for X ∈ C+(T ) we have

0 ≤ X ≤ M2‖X‖XL.

In particular ker(X) ⊂ ker(XL) and hence if XL is one to one, then every X ∈
C+(T ) is one to one.

Proof. Let x ∈ H ,

|〈Xx | x〉| = |〈XT nx | T nx〉| ≤ ‖X‖ ‖T nx‖2.

By using the p-Banach limit we obtain

〈Xx | x〉 ≤ M2‖X‖〈XLx | x〉. �
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3. Asymptotic spacial von Neumann inequalities
for operators in Cρ

3.1. Asymptotic kernels

Let T ∈ PWB(H) be such that r(T ) = 1 and X ∈ B(H) be an arbitrary operator.
The asymptotic kernel associated with X is the operator-valued function,

K∞
r,t(T, X) = X(I − re−itT )−1 + (I − reitT ∗)−1X − X

and the kernel associated with T is

Kr,t(T ) = K∞
r,t(T, I) = (I − re−itT )−1 + (I − reitT ∗)−1 − I

for (r, t) ∈ [0, 1[×[0, 2π[.
These kernels were studied in [5] and applied to obtain asymptotic spacial von

Neumann inequalities which allowed the authors to provide invariant subspaces for
some classes of contractions.

The following proposition is inspired from [5] assemble some properties of the
asymptotic kernel and the proof runs similarly.

Proposition 3.1. ([5]) Let T be a power bounded operator, X ∈ C+(T ) and
let K∞

r,t(T, X) be the asymptotic kernel associated with X defined on (r, t) ∈
[0, 1[×[0, 2π[. Then

1. K∞
r,t(T, X) ∈ C+(T ) and satisfies

K∞
r,t(T, X) = (1 − r2)(I − reitT ∗)−1X(I − re−itT )−1

2. For f an analytic function on neighborhood of the unit closed disc, we have

Xf(rT ) =

∫ 2π

0

f(eit)K∞
r,t(T, X)

dt

2π

and

f(rT ∗)X =

∫ 2π

0

f(e−it)K∞
r,t(T, X)

dt

2π

for every 0 ≤ r < 1.

Using Proposition 2.3, We get

Proposition 3.2. Let T be a power bounded operator, then for every X ∈ C+(T )
and (r, t) ∈ [0, 1[×[0, 2π[, we have K∞

r,t(T, X) ∈ C+(T ) and

K∞
r,t(T, X) ≤ ‖X‖K∞

r,t(T, XL),

where XL ∈ C+(T ) is associated with a Banach limit L.

Proof.

K∞
r,t(T, X) = (1 − r2)(I − reitT ∗)−1X(I − re−itT )−1

≤ (1 − r2)‖X‖(I − reitT ∗)−1XL(I − re−itT )−1

≤ ‖X‖K∞
r,t(T, XL). �
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3.2. Asymptotic spacial von Neumann inequalities and point spectrum
of generalized Toeplitz operators

We fit the generalized von Neumann inequality given in [3] to our situation. The
use of asymptotic kernels in the proof was crucial. For X ∈ C+(T ), r ∈ [0, 1[ and
x ∈ H , denote dµX

r,x(t) = 〈K∞
r,t(T, X)x | x〉 dt

2π , then

Proposition 3.3. Let T be a power bounded operator and X ∈ C+ (T ) . Then for
any pair (f,g) of analytic functions on a neighborhood of the closed unit disc, x ∈ H
and 0 ≤ r ≤ 1, we have

‖[f(rT ∗)X + Xg(rT )]x‖2 ≤ ‖X‖2
∫ 2π

0

∣∣f(e−it) + g(eit)
∣∣2 dµX

r,x(t).

We develop in the rest of this section asymptotic spacial von Neumann in-
equalities for power bounded operators in Cρ.

Proposition 3.4. Let T be a power bounded operator and X ∈ C+(T ). Suppose that
X has a nonzero eigenvalue α and denote y a corresponding normalized eigenvec-
tor. Let P, Q be polynomials, then

|〈Q(T )P (T )y | y〉| ≤ 1

α
‖
√

XP (T )y‖ ‖
√

XQ(T )y‖, (3.1)

Proof. Simple computations give

〈K∞
r,t(T, X)y | y〉 = α〈Kr,t(T )y | y〉.

For (r, t) ∈ [0, 1[×[0, 2π[ and for every polynomials P, Q, we obtain

|〈Q(rT )P (rT )y | y〉| =

∣∣∣∣
∫ 2π

0

P (eit)Q(eit)〈Kr,t(T )y | y〉 dt

2π

∣∣∣∣

=
1

α

∣∣∣∣
∫ 2π

0

P (eit)Q(eit)dµX
r,y(t)

∣∣∣∣.

Since K∞
r,t(T, X) is a positive operator, by applying the Cauchy-Schwarz in-

equality we obtain

|〈Q(rT )P (rT )y | y〉|

≤ 1

α

∫ 2π

0

|P (eit)Q(eit)|
∥∥∥
√

K∞
r,t(T, X)y

∥∥∥
∥∥∥
√

K∞
r,t(T, X)y

∥∥∥ dt

2π
.

Denote I the left side of the inequality above and apply the Cauchy-Schwarz
inequality again

I ≤ 1

α

(∫ 2π

0

|P (eit)|2dµX
r,y(t)

) 1
2
(∫ 2π

0

|Q(eit)|2dµX
r,x(t)

) 1
2

=
1

α

∥∥∥
√

XP (rT )y
∥∥∥
∥∥∥
√

XQ(rT )y
∥∥∥.

Equation 3.1 is then obtained by taking r → 1. The proposition is proved. �
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As in [5] we associate with an operator T in Cρ the kernel given by

Kρ
r,t(T ) = (I − re−itT )−1 + (I − reitT ∗)−1 + (ρ − 2)I = Kr,t(T ) + (ρ − 1)I.

Note that ρ-kernels allow to reformulate the definition of the class Cρ. More pre-
cisely an operator T belongs to Cρ if the associated ρ-asymptotic kernel (Kρ

r,t ) is
positive and if ρ is minimal in this sense. See [5] for further information.

Let P1, P2 be polynomials. Fix I(y) = ‖(P1(rT
∗) + P2(rT ))y|‖2 and set

J(x) = 〈(P1(rT
∗) + P2(rT ))y | x〉 for x ∈ H . The following provides asymptotic

spacial von Neumann inequalities for operators in the class Cρ.

Proposition 3.5. Under the assumptions above, we have

I(y) ≤ 1

α

∫ 2π

0

|(1 − ρ)(P1(0) + P2(0)) + P1(e
−it) + P2(e

it)|2dµX
r,y

+ ρ(ρ − 1){‖P1 − P1(0)‖2
2 + ‖P2 − P2(0)‖2

2}‖y‖2

+
ρ − 1

ρ
|P1(0) + P2(0)|2‖y‖2.

(3.2)

Proof. Since

J(x) =

∫ 2π

0

[1 − ρ

ρ
(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)
]
〈Kρ

r,t(T )y | x〉 dt

2π

and since Kρ
r,t(T ) is a positive operator ( T ∈ Cρ ), by applying the Cauchy-

Schwarz inequality twice, we obtain

|J(x)|2 ≤
∫ 2π

0

∣∣∣
(1 − ρ

ρ

)
(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)
∣∣∣
2

〈Kρ
r,t(T )y | y〉 dt

2π

×
∫ 2π

0

〈Kρ
r,t(T )x | x〉 dt

2π
.

This leads to the inequality,

|J(x)|2 ≤ ρ‖x‖2

∫ 2π

0

∣∣∣1 − ρ

ρ
(P1 + P2)(0) + P1(e

−it) + P2(e
it)
∣∣∣
2

〈Kρ
r,t(T )y | y〉 dt

2π
.

Using the identity 〈K∞
r,t(T, X)y | y〉 = α〈Kr,t(T )y | y〉, we get

〈K∞
r,t(T, X)y | y〉 = α(〈Kρ

r,t(T )y | y〉 − (ρ − 1)‖y‖2),

thus

〈Kρ
r,t(T )y | y〉 =

1

α
〈K∞

r,t(T, X)y | y〉 + (ρ − 1)‖y‖2.
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Now taking the supremum for ‖x‖ ≤ 1 gives

I(y) ≤ ρ

∫ 2π

0

∣∣∣1 − ρ

ρ
(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)
∣∣∣
2

×
{ 1

α
〈K∞

r,t(T, X)y | y〉 + (ρ − 1)‖y‖2
} dt

2π

=
ρ

α

∫ 2π

0

∣∣∣1 − ρ

ρ
(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)
∣∣∣
2

〈K∞
r,t(T, X)y | y〉

+ ρ(ρ − 1)‖y‖2
∥∥∥1 − ρ

ρ
(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)
∥∥∥

2

2
.

The last term in the right side of the inequality above equals

ρ − 1

ρ
|P1(0) + P2(0)|2‖y‖2 + ρ(ρ − 1){‖P1 − P1(0)‖2

2 + ‖P2 − P2(0)‖2
2}‖y‖2.

Thus

I(y) ≤ ρ

α

∫ 2π

0

∣∣∣1 − ρ

ρ
(P1 + P2)(0) + P1(e

−it) + P2(e
it)
∣∣∣
2

dµX
r,x(t)

+
ρ − 1

ρ
|P1(0) + P2(0)|2‖y‖2 + ρ(ρ − 1)

× {[‖P1 − P1(0)‖2
2 + ‖P2 − P2(0)‖2

2]‖y‖2}.
The proof is complete. �

Remark. In the case where ρ = 1 we obtain for every polynomial Q,

‖(Q(T ))y|‖2 ≤ 1

α
‖
√

XQ(T )y‖2 ≤ 1

α
‖
√

X‖2‖Q(T )y‖2

thus, T is similar to an isometry on E = span{T ny, n ≥ 0}. The existence of non
trivial invariant subspaces is derived directly from [5].

Proposition 3.6. Let T be a power bounded operator in the class Cρ and suppose

that µX
y,y is absolutely continuous with respect to the Haar measure dm = dt

2π .
Define Φ on polynomials by Φ(P ) = P (T )y. Then there exists a positive measure
ν such that Φ is extendible to H2(dν) and intertwines T with the unilateral shift
on H2(dν).

Proof. Before starting the proof, note that every vector, in the singular invariant
subspace associated with the singular part of µX

y,y, is non cyclic thus we can assume

without loss of generality that “µX
y,y is absolutely continuous with respect to the

Haar measure dm = dt
2π ”.

For n ≥ 1, we have X = T ∗nXT n, it follows that

‖T nQ(T )y‖2 ≤ ρ

α
‖
√

XT nQ(T )y‖2 + ρ(ρ − 1)‖Q(eit)‖2

2‖y‖2

=
ρ

α
‖
√

XQ(T )y‖2 + ρ(ρ − 1)‖Q(eit)‖2

2‖y‖2.
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If Y is a canonical Toeplitz operator, there exists a Banach limit L such that
Y = L(T ∗nT n). Thus,

‖
√

Y Q(T )y‖2 = 〈Y Q(T )y | Q(T )y〉
≤ ρ

α
‖
√

XQ(T )y‖2 + (ρ)(ρ − 1)‖Q(eit)‖2

2‖y‖2

=

∫ 2π

0

|Q(eit)|2dν

with dν = ρ
αµX

y,y + ρ(ρ− 1)dm. Define Φ : H2(dν) → H by Φ(Q) = Q(T )y, then Φ

can be extended to H2(dν). Let Sν be the unweighted shift on H2(dν), we clearly
have,

T ◦ Φ = Φ ◦ Sν . �

4. Cyclic vectors for operators in CR ∩ C1,·

Recall that T ∈ B(H) is said to be a cyclic operator if ET (x) := span{T nx, n ≥
0} = H for some x ∈ H . Such a vector is called a cyclic vector and we denote
Cyc(T ) the set of all cyclic vector for T . It is clear that T has a non trivial
invariant subspace if and only if Cyc(T ) �= H . We also see that the lattice of
invariant subspaces is large if Cyc(T ) = ∅

Let R =
∑n

k=0 akzk be a polynomial and T be an operator in the class
CR. Since KR

r,t(T ) ≥ 0, when r → 1−, the positive quasi spectral measures

KR
r,t(T )dt/2π converge in the weak measure topology to a positive quasi-spectral

measure γ. Consequently, the quasi-spectral measure Kr,t(T )dt/2π weakly con-
verges to a quasi-spectral measure µT (not necessarily positive), and we have

γx,y = µT,x,y +
[ n∑

k=1

ake−ikt〈T kx, y〉 +

n∑

k=1

akeikt〈T ∗kx, y〉

+ (2Re(a0) − 1) 〈x, y〉
] dt

2π
.

(4.1)

for any (x, y) ∈ H × H . As in the proof of the classical von Neumann inequality
given in [2], we can prove a spacial von Neumann inequality associated to the
kernel KR

r,t(T )

∥∥[f(rT ∗)T ∗n+1 + T n+1g(rT )
]
x
∥∥2

≤
∫ 2π

0

∣∣f(e−it) + g(eit)
∣∣2 〈KR

r,t(T )x, x〉 dt

2π
.

(4.2)

We investigate in this section the nature of cyclic vectors for operators in CR∩C1,..
We show that if T is an operator in CR ∩C1,., then T N fails to have cyclic vectors
for some N , and hence the lattice of invariant subspaces of T N is very large. We
assume throughout of this section that T is injective with dense range. If such



112 G. Cassier, H. Mahzouli and E.H. Zerouali

assumption is not satisfied the existence of non zero non cyclic vectors is trivial.
We first give some preliminary results.

4.1. Perturbed kernel and absolute continuity

The following result has independent interest and will be used in our proof.

Proposition 4.1. Let T be an injective operator with dense range and for any pos-
itive integer p, set Ep = {x, ∀ n ≥ p, T ∗nT nx = T nT ∗nx = x}. Then Ep = E0 for
any p, furthermore T|E0

is a unitary operator and T|E⊥
0

is completely non-unitary.

Proof. Let us first prove that E reduces T p (that is invariant for T p and for (T p)∗),
we claim that if x ∈ E, we have T qx ∈ E for every q ≥ p. Indeed

T ∗q(T ∗nT nT qx − T qx) = T (n+q)∗T n+qx − T ∗qT qx = x − x = 0,

thus, T ∗nT nT qx − T qx ∈ KerT ∗ = R(T )
⊥

= {0} and so, T ∗nT nT qx = T qx for
n ≥ p. Similarly T nT ∗nT qx = T qx, the claim is proved. Ep is invariant for T ∗q in
a same way. For every x ∈ Ep and y ∈ E⊥

p , we have

〈Tx | y〉 = 〈TT pT ∗px | y〉 = 〈T ∗px | T ∗(p+1)y〉 = 0

and since E⊥
p is invariant for T p and for T ∗(p+1), we obtain Ep is invariant for T .

Likewise we see that Ep is invariant for T ∗.
To see that Ep = E0 for p ≥ 0, let x be in Ep and note that

‖Tx‖2
= ‖TT pT ∗px‖2

=
∥∥T p+1(T ∗px)

∥∥2
= ‖T ∗px‖2

= ‖x‖2
.

Similar arguments show that ‖T ∗x‖2 = ‖x‖2, for any x ∈ Ep. It follows that T|Ep

is a unitary operator, consequently Ep = E0.

To complete the proof, note that if E is a reducing space for T such that T|E′

is a unitary operator, then necessarily T ∗nT nx = T nT ∗nx = x and hence E ⊂ E0.
In particular T|E⊥

0
is completely non unitary. �

Remark.

1. The set E0 considered here was introduced when T is a contraction under
the form {x, ‖T nx‖ = ‖T ∗nx‖ = ‖x‖}, ([11], Chapter 1, Theorem 3.2. for
example).

2. The proposition holds for some class of operators without the assumption
injective with dense range namely normal operators, contractions. . .

Proposition 4.2. Let T ∈ CR be an injective operator with dense range. If T is
completely non unitary, then T is absolutely continuous. Moreover, for every x ∈
H\ {0} there exists hx,x ∈ L1(dm) such that ln(hx,x) ∈ L1(dm) and that satisfies

γx,y = lim
w∗

〈KR
r,t(T )x | x〉dm(t) = hx,xdm.
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Proof. For x, y in H we have

〈KR
r,t(T )x | y〉dm(t) →w∗ γx,y

and by the Jordan decomposition we get γx,y = hx,ydm+ νx,y with hx,y ∈ L1(dm)
and νx,y a singular measure with respect to the Haar measure. Applying the
Cauchy-Schwarz inequality to the bilinear application

H × H → L1(dm)
(x, y) �→ hx,y

gives

∣∣∣∣
∫

f(eit)hx,ydm(t)

∣∣∣∣ ≤
√∫

|f(eit)|hx,xdm(t)

√∫
|f(eit)|hy,ydm(t)

for all positive functions. Then it is clear that F = {x ∈ H : hx,y = 0∀y ∈ H}
is a closed subspace of H . Indeed more is given, F = {x ∈ H\hx,x = 0} and
F⊥ = {x ∈ H : νx,x = 0}. Let Ω be a compact subset of the support of νx,y such
that m(Ω) = 0 (since νx,y is singular with respect to the Haar measure). There
exists a sequence (fk)k∈N in the disc algebra A(D)

(i) |fk| ≤ 1

(ii) fk(z) → 1Ω(z), |ν̃|-almost everywhere, where ν̃ is an associated basic measure,

(iii) fk(eit) → 0 m-almost everywhere (see [7] for more details).

We deduce that fk(T ) → µT (Ω) in the strong convergence of operators topol-
ogy with 〈µT (Ω)x | y〉 =

∫
Ω dµT,x,y. But from equation (4.1), we see that

γx,y = µT,x,y +
[∑

ake−ikt〈T kx, y〉 +
∑

akeikt〈T ∗kx, y〉

+ (2Re(a0) − 1) 〈x, y〉
]
dm.

Thus γ(Ω) = µT (Ω) = µT (Ω)
∗

and µT (Ω) ∈ {T }′ is an orthogonal projection. In
particular T|F is unitary. Since T is completely non unitary, we get F = {0} and
hence T is absolutely continuous.

To prove the second assertion, suppose that ln(hx,x) is not integrable. By
Szegő’s formula, we have

inf
p∈C[eiθ ]

∫
|1 − eiθp(eiθ)|2dγx,x = exp

[∫
ln(hx,x)dm(eiθ)

]
= 0.

We derive that for every k ≥ p = d◦R+1, there exists a sequence (pn)n∈N ⊆ C[eiθ]
such that ∫

|1 − ei(k+p)θpn(eiθ)|2dγx,x(θ) → 0

Using spacial von Neumann’s inequality (equation (4.2)), we get

‖T px − T k+2ppn(T )x‖2 ≤
∫

|1 − ei(k+p)θpn(eiθ)|2dγx,x(θ) → 0
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and

‖T ∗kx − T ppn(T )x‖2 ≤
∫

|e−ikθ − eipθpn(eiθ)|2dγx,x(θ) → 0

we deduce that T px = lim
n→+∞

T k+2ppn(T )x = T k+pT ∗kx and since KerT = {0},
we obtain T kT ∗kx = x. Using the same arguments, we have T ∗kT kx = x, thus
x ∈ Ep. Using Proposition 3.2, we derive that T|E0

is unitary, this contradicts, T
is c.n.u. Finally ln(hρ

x,x) is integrable. �

Proposition 4.3. Let X ∈ C+(T ). For every x, y ∈ H the measure µX
x,y is absolutely

continuous with respect to the Haar measure on the unit circle.

Proof. Let p be a polynomial. For x, y ∈ H , we have

〈Xp(T )x | y〉 =

∫ 2π

0

p(eit)dµX
x,y(t)

and
∫ 2π

0

p(eit)dγx,Xy(t)

=

n∑

k=1

akp̂(k)〈T kx, Xy〉 + (2Re(a0) − 1) 〈x, Xy〉 +

∫ 2π

0

p(eit)dµT,x,Xy(t)

=

n∑

k=1

akp̂(k)〈T kx, Xy〉 + (2Re(a0) − 1) 〈x, Xy〉 + 〈XP (T )x, y〉

=

n∑

k=1

akp̂(k)〈T kx, Xy〉 + (2Re(a0) − 1) 〈x, Xy〉 +

∫ 2π

0

p(eit)dµX
x,y(t).

If we set

ν = µX
x,y +

[ n∑

k=1

ake−ikt〈T kx, Xy〉 + (2Re(a0) − 1) 〈x, Xy〉
]
dm − γx,Xy,

we see that ν̂(n) = 0 for n ≥ 0 then ν is absolutely continuous with respect to
the Haar measure. The preceding lemma asserts that γx,y is absolutely continuous
and hence µX

x,y is absolutely continuous with respect to the Haar measure. �

4.2. Cyclic vectors

We give and prove now one of the two main theorems of this section.

Theorem 4.4. Let T ∈ CR ∩ C1,. and x ∈ H

1. There exists Nx ∈ N such that x /∈ Cyc(T N) for arbitrary N ≥ Nx.
2. There exists N0 ∈ N such that Cyc(T N) = ∅ for any N ≥ N0.
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Proof. 1. Let x ∈ H be a nonzero element. If x /∈ Cyc(T ), then it is trivial that
x /∈ Cyc(T n) for every n ≥ 0. Hence, we can assume that x ∈ Cyc(T ). Denote
µ = µX

x,x = ϕdm with ϕ ∈ L1(dm). We have

‖p‖2
L2(µ) =

∫ 2π

0

|p(eit)|2dµ(t) = ‖
√

Xp(T )x‖2 ≤ ‖X‖ ‖p(T )x‖2

and hence the operator L : p(T )x ∈ ET (x) → p ∈ H2
µ is extendible to a bounded

operator on H (that we also denote L). The following diagram is commutative

H L
−→ H2

µ

T ↓ ↓ Sµ

H L
−→ H2

µ

(4.3)

where Sµ is the usual shift on H2
µ.

Seeking a contradiction, let u be arbitrary in H and suppose that u ∈ ET nk (x)
for some sequence nk ≥ 0 that goes to infinity. Thus there exist pn polynomials,
such that u = lim

n→∞
pn(T nk)x. Using the diagram (4.3),

L(u) = lim
n→∞

L(pn(T nk)x) = lim
n→∞

pn(Snk
µ )Lx

this leads to the inclusion Im(L) ⊂ span{(Snk
µ )nLx : n ≥ 0} and since L is dense

range, we deduce that ψ := L(x) ∈ Cyc(Snk
µ ) for every k ≥ 0. We show now that

this fact is impossible. �

Lemma 4.5. Let Sµ be the shift operator on H2
µ and ψ ∈ H2

µ. Then there exists N0

such that ψ /∈ Cyc(SN
µ ) for every N ≥ N0.

Proof. Suppose that ψ ∈ Cyc(Snk
µ ) for some given sequence (nk)k≥0 tending to

infinity. As ln(t), (t ∈]0, 2π]) is integrable, there exists h ∈ H∞(⊂ H2
µ) such that

|h(eit)| = t, a.e with respect to Lebesgue measure. Thus for some sequence (qn)n≥0

of polynomials, we have lim
n→∞

‖qnψ − hψ‖H2
µ

= 0. We derive that for N ≥ 0,

2π∫

0

|t − |qn(eiNt)||2|ψ|2dµ ≤
2π∫

0

|h(eiNt) − qn(eiNt)| |ψ|2dµ

= ‖qnψ − hψ‖H2
µ
→ 0 when n → ∞.

Let Ω be the support of ψ, there exists a subsequence of qn that we denote
qnk

such that

|qnk
(eiNt)| → t a.e. with respect to Lebesgue measure. (4.4)

If we set Ωk = Ω− 2kπ
N for 0 ≤ k ≤ N − 1, then Ωk ∩Ωp = ∅ for 0 ≤ k, p ≤ N − 1.

To see this consider t ∈ Ωk ∩ Ωp, and write t = t1 + 2kπ
N = t2 + 2pπ

N . Then by
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equation (4.4), and since 0 ≤ p, k ≤ N − 1, we obtain t1 = t2 and p = k. To get
our contradiction, note that

1 = m(T ) ≥
N−1∑

k=0

m(Ωk)

= Nm(Ω) (Invariance by translations)

for every N , hence m(Ω) = 0. Which is impossible.
2. In a similar way 2. is a direct consequence of the following lemma. �

Lemma 4.6. Let Sµ be the shift operator on H2
µ and Ω = supp(µ). Then for every

N > 1
m(Ω) , the operator SN

µ has no cyclic vector.

Proof. It outlines the proof of Lemma 4.5 by observing that Ω ⊂ supp(φ) for every
cyclic vector φ for Sn

µ . �

Remark. Theorem 4.4 gives a rich set of invariant subspaces for some power of
T but seems not to give any information about invariant subspaces for T that
arise directly from non cyclic vectors. If S is the usual shift on the Hardy space
H2, then an easy proof shows that S2 has no cyclic vectors (a fact that is also a
consequence of Lemma 4.6) while S has a large set of cyclic vectors. Namely all
outer functions.

In [11] B. Nagy and C. Foias were interested in the following problem. Let
T be a contraction in the class C1,., under which assumption we have, T is cyclic
implies T ∗ is cyclic.

The rest of this section deals with this problem for power bounded operators
in the class C1,.. We generalize their result to such operators by relying generalized
Toeplitz operators, cyclic vectors for T and cyclic vectors for T ∗.

Theorem 4.7. Let T be a power bounded cyclic operator of the class C1,., and let
X ∈ C+(T ) be injective.

1. If D ∩ (σ(T ) \ σp(T )) �= ∅, then X(Cyc(T )) ⊂ Cyc(T ∗). In particular T ∗ is
cyclic.

Moreover, if T is a completely non unitary the assumption D∩ (σ(T ) \σp(T )) �= ∅
is no more needed to say that T ∗ is cyclic and we have

2. If the function ln(µX
a,a/dm) is not Lebesgue integrable, then X(Cyc(T )) ⊂

Cyc(T ∗).
3. If the function ln(µX

a,a/dm) is Lebesgue integrable, then Im(
√

X) ∩ Cyc(T ∗)
�= ∅

Proof. Fix a ∈ Cyc(T ) and write
√

XT = U
√

X and suppose that T ∗ − λ is

injective for some λ ∈ σ(T ) such that |λ| < 1. From the equality (T ∗ − λ)
√

X =√
X(U∗ − λ), it follows that λ /∈ σp(U

∗). In particular U − λ̄ is dense range,
and since it is closed range we get U − λ̄ is onto. We conclude, because U is an
isometry, that U is a unitary transformation. On the other hand, observing that
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√
XP (T )a = P (U)

√
Xa and using the fact that X is dense range, we have b = Xa

is a cyclic vector for U . But for unitary transformation (in fact for normals) we
have ‖q(U)b − q̄(U∗)b‖ = ‖q̄(U∗)b − q(U)b‖ for every polynomials P, Q. This lead

to
√

Xa is a cyclic vector for U∗ and it follows that Xa is a cyclic vector for T ∗.
By Proposition 4.1, we know that µX

a,a is absolutely continuous with respect

to m, thus there exists ϕ ∈ L1(dm) such that µX
a,a = ϕdm. We have the following

alternative:

1◦) The function lnha,a = lnϕ is not Lebesgue integrable. Using Szegő’s
theorem, we see that for every positive integer p there exists a sequence (pn)n≥0 ⊆
C[eiθ] such that

∫
|1− ei(p+1)θpn(eiθ)|2ϕ(eiθ)dm(θ) → 0. If p(z) =

∑n
k=1 p̂(k)zk is

a polynomial, we denote by p the polynomial given by p(z) =
∑n

k=1 p̂(k)zk. By
Proposition 3.3, we have

‖p(T ∗)T ∗Xa − XT pa‖2 ≤ ‖X‖2
∫ 2π

0

∣∣∣p(eit)e−it − eipt
∣∣∣
2

ϕ(eit)dm(t) → 0.

Let us denote by F =
∨

k≥0 T ∗k(Xa) the closed subspace generated by the se-

quence (T ∗k(Xa))k≥0. The previous inequality implies that T p(a) ∈ F for any
p ≥ 0. Therefore, we get that

X(H) = X
( ∨

k≥0

T k(a)
)
⊆ F.

Since X is an injective positive operator, we have H = X(H) ⊆ F , thus F = H
and Xa is cyclic for T ∗.

2◦) The function lnha,a = lnϕ is Lebesgue integrable. Then, there exists

ψ in H2 such that ϕ(eit) =
∣∣ψ(eit)

∣∣2. Since X is an injective operator which
belongs to C+(H), by the polar decomposition there exists an isometry V such

that
√

XT = V
√

X. Observe that

∥∥∥p(V )
√

Xa
∥∥∥

2

=

∫ 2π

0

∣∣p(eit)
∣∣2 ∣∣ψ(eit)

∣∣2 dm(t).

and it follows that b =
√

Xa is cyclic for V . On the other hand, the previous
formula shows that the operator W : p(V )b ∈ H → p(eit) ∈ H2

µ is extendible to a
unitary operator (that we also denote W ). Let Sγ be the usual shift on the space

H2(γ), where γ is the measure given by γ =
∣∣ψ(eit)

∣∣2 dm(t). Since we clearly have
W ◦V = Sγ ◦W , we get that V is unitarily similar to Sγ . The operator S∗

γ clearly
admit cyclic vectors (for instance, every vector φ/ψ where φ is a cyclic vector for
the usual backward shift). It follows immediately that V ∗ admit cyclic vectors, let
b0 be such a cyclic vector. Since X is a positive operator with a dense range, the
relation T ∗√X =

√
XV ∗ ensures that b =

√
Xb0 is cyclic for T ∗. This ends the

proof. �

As a corollary we retrieve the first result in [9],
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Corollary 4.8. Let T be a cyclic contraction in the class C1,.. Then T ∗ is cyclic in
each of the following cases

1. If D ∩ (σ(T ) \ σp(T )) �= ∅.
2. T is a completely non unitary.

4.3. Cyclic vectors and the commutativity of the commutant

The second problem treated in [13] is the following. Let T be a contraction in the
class C1,.. Under which conditions is the commutant {T }′ commutative?

In this section, we describe the commutant of a power bounded operator and
deduce its commutativity under more general assumptions.

We first give a generalization of a theorem in [5]. The proof runs in a similar
way and will be omitted.

Theorem 4.9. Let T ∈ PWB(H) and X ∈ τ(T ). Assume that T is cyclic. Then
the map

f → µX(f)

is a linear surjection from L∞(µX) onto C(T ), which induces a faithful order
preserving surjection from L∞(µX)+ onto C+(T ).

We have

Theorem 4.10. Let T ∈ PWB(H) be in the class C1,. and a ∈ Cyc(T ). Then {T }′
is commutative. Moreover, for any X ∈ τ(T ), we have

X{T }′ = µX(H∞(µX
a,a))

where H∞(µX
a,a) is the weak closure of polynomials is L∞(µX

a,a).

Proof. The proof lies on the two following ingredients.

Ingredient 1. For any R ∈ {T }′ and pn such that pn(T )a → Ra, the sequence pn

converges in L2(µX) to the symbol associated with XR = µX(φ) by the previous
theorem. Indeed, since

‖Xpn(T )a − Xpm(T )a‖2 =

∫ 2π

0

|pn(eit) − pm(eit)|2dµX
a,a

the sequence pn converges to a function ψ ∈ L2(µX). Observe that for any poly-
nomials p, q

∫ 2π

0

φ(eit)p(eit)q(eit)dµX
a,a = 〈µX(φ)p(T )a, q(T )a〉 = 〈XRp(T )a, q(T )a〉

= lim
n→+∞

〈Xpn(T )p(T )a, q(T )a〉 = lim
n→+∞

∫ 2π

0

φ(eit)pn(eit)p(eit)q(eit)dµX
a,a

=

∫ 2π

0

ψ(eit)p(eit)q(eit)dµX
a,a.

Hence ψ = φ dµX
a,a a.e and since a ∈ Cyc(T ), it follows that ψ = φ dµX a.e.
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Ingredient 2. Let R1 and R2 be in the commutant of T and write R1a = lim
n→+∞

pn(a)

and R2a = lim
n→+∞

qn(a). Fix f1 = lim pn and f2 = lim qn obtained by Ingredient 1.

Since X1 = XR1 and X2 = XR2 belong to C(T ), using again the previous theo-
rem, there exists f1, and f2 in H∞(µX) such that X1 = µX(f1) and X2 = µX(f2).
For any r, s polynomials, we have

〈X1R2r(T )a, s(T )a〉 = lim
n→+∞

〈Xqn(T )r(T )a, s(T )a〉

= lim
n→+∞

∫ 2π

0

qn(eit)r(eit)s(eit)f1(e
it)dµX

a,a

=

∫ 2π

0

f2(e
it)r(eit)s(eit)f1(e

it)dµX
a,a.

Similarly, 〈X2R1r(T )a, s(T )a〉 =
∫ 2π

0
f2(e

it)r(eit)s(eit)f1(e
it)dµX

a,a.

Thus XR1R2 = X2R1 = X1R2 = XR2R1. The injectivity of X leads to
R1R2 = R2R1.

The commutativity of {T }′ is obtained.

From the proof of the first assumption, we see that X{T }′ ⊂ H∞(µX). To
show the reverse inclusion, it suffices to use again Theorem 4.9. �

5. The perturbed kernel and spacial von Neumann inequalities

The aim of this section is to provide asymptotic von Neumann inequality associated
with perturbed kernels. We give complete computations in the case where the
perturbation is R(T ) = βT +βT ∗. The general case of trigonometric perturbation
follows immediately.

Let T ∈ L(H) and β = reit ∈ C. We denote the perturbed kernel associated
with T , Lβ(T ) = Kβ(T ) + βT + βT ∗, the asymptotic perturbed kernel associated

with T , L∞
β (T, X) = K∞

β (T, X) + βXT + βT ∗X , and the ρ-perturbed kernel

associated with T Lρ
β(T ) = Kρ

β(T ) + βT + βT ∗. Then, direct computations give

1. 〈Lβ(T, X)y | y〉 = α〈Lβ(T )y | y〉.
2. f(rT ) =

∫ 2π

0
f(eit)Lβ(T ) dt

2π − |β|f ′(0)T.

3. f(rT ∗) =
∫ 2π

0 f(e−it)Lβ(T ) dt
2π − |β|f ′(0)T ∗.

As before, we set

J(x) = 〈(P1(rT
∗) + P2(rT ))y | x〉.
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Then

J(x) =

∫ 2π

0

[(
1 − ρ

ρ
)(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)]〈Kρ

r,t(T )y | x〉 dt

2π

=

∫ 2π

0

[(1 − ρ

ρ

)
(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)
]
〈Lρ

β(T )y | x〉

− 〈βT + βT ∗y | x〉 dt

2π

=

∫ 2π

0

[(1 − ρ

ρ

)
(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)
]

× 〈Lρ
β(T )y | x〉 dt

2π
− |β|P ′

1(0)〈Ty | x〉 − |β|P ′
2(0)〈T ∗y | x〉.

By the Cauchy-Schwarz inequality

|J(x)| ≤
(∫ 2π

0

[∣∣∣
(1 − ρ

ρ

)
(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)
∣∣∣
2]

× 〈Lρ
r,t(T )y | y〉 dt

2π

∫ 2π

0

〈Lρ
r,t(T )x | x〉 dt

2π

) 1
2

+ |β| |P ′
1(0)| |〈Ty | x〉| + |β| |P ′

2(0)| |〈T ∗y | x〉| ,

we obtain

|J(x)| ≤ ρ
1
2 ‖x‖

{∫ 2π

0

[∣∣∣
(

1 − ρ

ρ

)
(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)
∣∣∣
2]

×〈Lρ
β(T )y | y〉 dt

2π

} 1
2

+ |β| |P ′
1(0)| ‖Ty‖ ‖x‖+ |β| |P ′

2(0)| ‖T ∗y‖ ‖x‖.

As 〈Lρ
β(T )y | y〉 = 1

α 〈Lβ(T, X)y | y〉 + (ρ − 1)‖y‖2, by the preceding inequality

and taking the supremum for ‖x‖ ≤ 1, we get

I(y)1/2 ≤ ρ

α

1
2

[∫ 2π

0

∣∣∣
(1 − ρ

ρ

)
(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)
∣∣∣
2

× 〈Lβ(T, X)y | y〉 dt

2π

+
ρ

(ρ − 1)

[
‖P1 + P2‖2

2 +
(1 − ρ2

ρ2

)
|(P1(0) + P2(0))|2

]
‖y‖2)

] 1
2

+ |β| |P ′
1(0)| ‖Ty‖+ |β| |P ′

2(0)| ‖T ∗y‖.

Remark. It is easy to see that if we take, R(T ) = βT n + βT n∗, then

∫ 2π

0

f(eit)Kβ(T )
dt

2π
=

∫ 2π

0

f(eit)Lβ(T )
dt

2π
− |β|f (n)(0)T n
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the corresponding von Neumann asymptotic inequality is

I(y)1/2 ≤ ρ

α

1
2

[∫ 2π

0

∣∣∣
(1 − ρ

ρ

)
(P1(0) + P2(0)) + P1(e

−it) + P2(e
it)
∣∣∣
2

× 〈Lreit(T, X)y | y〉 dt

2π

+
ρ

(ρ − 1)

[
‖P1 + P2‖2

2 +
(1 − ρ2

ρ2

)
|(P1(0) + P2(0))|2

]
‖y‖2)

] 1
2

+ |β| |P (n)
1 (0)| ‖T ny‖ + |β| |P (n)

2 (0)| ‖T ∗ny‖.

Now, if we consider Lreit(T ) = Kreit(T )+
∑j=n

j=1 νje
ijtT j +

∑j=n
i=1 µje

−ijtT ∗j, then
it is not hard to show that

I(y)1/2 ≤ ρ

α

1
2

[∫ 2π

0

∣∣∣
(1 − ρ

ρ

)
(P1(0) + P2(0)) + (P1(e

−it) + P2(e
it)
∣∣∣
2

× 〈Lreit(T, X)y | y〉 dt

2π

+
ρ

(ρ − 1)

[
‖P1 + P2‖2

2 +
(1 − ρ2

ρ2

)
|(P1(0) + P2(0))|2

]
‖y‖2)

] 1
2

+

j=inf(n,degP1)∑

j=1

|νj | |P (j)
1 (0)| ‖T jy‖

+

j=inf(n,degP2)∑

i=1

|µj | |P (j)
2 (0)| ‖T ∗jy‖.
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Abstract. We discuss two different approaches to the study of the long-time
behavior of some disordered quantum anharmonic chains.

Mathematics Subject Classification (2000). Primary 82C10, 47A35. Secondary
82B44, 46L55.

Keywords. Quantum dynamics; Non equilibrium statistical mechanics; Er-
godic theory; Disordered systems; Non commutative dynamical systems.

1. Introduction

Notwithstanding the rising interest in the ergodic properties of infinite systems,
only a limited amount of results are available for non linear quantum evolutions.
This is particularly true if one wants to gain a knowledge of invariant states that
are not necessarily KMS states for the system. The latter problem is of interest
since, if there exist invariant non-KMS states which are stable with respect to
a wide class of perturbations, then their physical relevance could be comparable
with the one of the KMS states. Indeed, it is shown in [6], that this is the case for
an infinite chain with one defect, in which only one spring is subject to a small
anharmonic perturbation. More precisely, starting from the model studied in [4],
it was considered in proper units, the Hamiltonian

H(q, p) =
1

2

∑

i∈Z

p2
i +

1

2

(
1

M
− 1

)
p2
0 +

1

8

∑

i∈Z

(qi+1 − qi)
2

+
∑

i∈Z

κ

2
q2
i +

K

2
q2
0 + V (q0) , (1.1)

where the non linear part V is small and regular in some appropriate sense.
It is well-known (see, e.g., [3]) that the corresponding linear system (i.e., when

V ≡ 0) exhibits a multitude of quasi-free states invariant with respect to the free
dynamics α0

t , due to the integrable nature of the Hamiltonian. It is proven in [6]
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that, for such a class of perturbations V �= 0, the infinite dynamics αt associated
to (1.1) is well defined on an appropriate C∗-algebra M and is described by a
uniformly convergent series with respect to the time.

Recall that for a dynamical system (A, γt, ϕ) with ϕ invariant for the dynam-
ics, forward mixing (or equivalently strong clustering) means that

lim
t→+∞

ϕ(B∗γt(A)B) = ϕ(B∗B)ϕ(A) (1.2)

for each A, B ∈ A.1 Our definition of (forward) mixing slightly differs from the
standard one

lim
t→+∞

ϕ(Bγt(A)) = ϕ(A)ϕ(B) , (1.3)

see, e.g., [9], see also [11] for very recent developments on ergodicity in quantum
setting. We adopt the former as it is more suitable for applications to quantum
mechanics (e.g., [8] where (1.2) is referred as the property of “return to equilib-
rium”).

It is expected that (1.2) is stronger than (1.3). However, we have

Proposition 1.1. Property (1.2) implies (1.3). Conversely, if the dynamical system
(A, γt) is asymptotically abelian in norm, or if Ωϕ is cyclic for πϕ(A)′, then (1.2)
and (1.3) are equivalent, (πϕ,Hϕ, Ωϕ) being the GNS triplet of ϕ.

Proof. It is immediate to verify that (1.2) and (1.3) are equivalent if (A, γt) is
asymptotically abelian in norm.

As Ωϕ is cyclic for πϕ(A), (1.2) implies that, if Ψ ∈ Hϕ, then 〈Ψ, πϕ(γt(A))Ψ〉
−→ ‖Ψ‖2ϕ(A) which gives by polarization

ϕ(Bγt(A)) ≡ 〈πϕ(B∗)Ωϕ, πϕ(γt(A))Ωϕ〉

−→
(

1

4

∑

ω4=1

ω‖(πϕ(B∗) + ωI)Ωϕ‖2

)
ϕ(A) ≡ ϕ(A)ϕ(B) ,

that is (1.2) ⇒ (1.3).

Let Ωϕ be cyclic for πϕ(A)′. As Ωϕ is cyclic for πϕ(A), we get 〈Φ, UtΨ〉 −→
〈Φ, Ωϕ〉〈Ωϕ, Ψ〉, for each Φ, Ψ ∈ Hϕ, where Ut is the unitary implementation of γt

in the GNS representation. By applying this with Φ = T ∗πϕ(B)Ωϕ, Ψ = πϕ(A)Ωϕ

for T ∈ πϕ(A)′, we obtain 〈Ωϕ, πϕ(B∗)πϕ(γt(A))TΩϕ〉 −→ 〈Ωϕ, πϕ(B∗)TΩϕ〉ϕ(A).
As Ωϕ is cyclic also for πϕ(A)′, the last result is true for generic Ψ ∈ Hϕ instead
of TΩϕ. The assertion (1.3) ⇒ (1.2) when Ωϕ is also cyclic for πϕ(A)′ follows by
computing the last limit for Ψ = πϕ(B)Ωϕ. �

The results contained in [6] can be summarized as follows.

Theorem 1.2. Suppose that the potential V in (1.1) is sufficiently small and regular.
Then there exists a class of states on M, which is invariant and mixing w.r.t. the
linear dynamics α0

t , such that the following assertions hold true.

1The backward mixing is defined analogously.
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(i) To any state ω in the class mentioned above, it corresponds a unique state
ω∞ invariant w.r.t. the non linear dynamics αt, which is obtained as the
following pointwise limit

ω∞(A) = lim
t→±∞

ω(αtA) .

(ii) The dynamical system (M, αt, ω∞) is mixing.

In the situation described above, the perturbed dynamical system (M,αt,ω∞)
exhibits the same strongly ergodic properties as the unperturbed system (M,α0

t ,ω).
Namely, there exists a non trivial class of states, non necessarily KMS, which are
“stable” for suitable perturbations of the dynamics.

From the technical point of view, the results in [6] are based on a sort of
L1-asymptotic abelianess for the free dynamics, in accordance with the standard
technique used in perturbation theory, see, e.g., [9] and the literature cited therein.
Loosely speaking, it is shown that, calling {W (λek)}λ∈R the Weyl operators asso-
ciated to the variables of the kth particle, it holds true for each fixed j, k in the
chain, ∫

R+

‖ [W (ej), α
0
t W (ek)]‖ dt < +∞ .

Of course, one can criticize [6] by saying that it is limited to a bounded
perturbation of a linear infinite system, and that such a small and local perturba-
tion cannot suffice to alter the statistical properties of an infinite system. In other
words, the allowed perturbations are unreasonably restricted from the physical
point of view. Accordingly, the stability of non-KMS states with respect to such
perturbations is really too limited to imply something about the realistic stability
of infinite states.

It is then natural to address the possibility to investigate a translation in-
variant perturbation, that is a locally small perturbation, but present at each site
of the chain. Of course, in such a case the perturbation would be unbounded. To
treat such a model with a perturbative approach in the spirit of [6], it would be
necessary to have a sort of L1 space-time asymptotic abelianess, that is

sup
k∈Z

[∑

j∈Z

∫

R+

‖ [W (ek), α0
t W (ej)] ‖ dt

]
< +∞ . (1.4)

Unfortunately, harmonic lattices, or harmonic lattices with finitely many de-
fects, do not seem to enjoy such strong ergodic properties. Nevertheless, there
exist translation invariant non linear dynamics for which (1.4) is satisfied. These
are related to the attempt to make sense of the dynamics associated to the formal
random Hamiltonian

H(q, p) =
1

2

∑

i∈Z

p2
i + κiq

2
i +

1

2

∑

|i−j|=1

(qi − qj)
2 + V (qi − qj) , (1.5)
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where the κi are random variables on a common probability space satisfying cer-
tain reasonable properties.2 The model described by the Hamiltonian (1.5) can be
thought as an anharmonic chain with infinitely many random defects subjected to
neighbor interactions. The construction of such a dynamics is based on the pertur-
bation of a quasi-free dynamics given by Bogoliubov transformations acting on a
phase-space of a CCR algebra, defined by averaging the commutators with respect
to the random environment. One then considers quasi-free states ω determined by
the truncated quenched state. In such a context, it is proven in [7], the analogous
version of Theorem 1.2, see the next sections for further details.

A natural criticism to the above result is that to average and then quantize it
is not the same as to quantize and then average. In other words, it could be physi-
cally more relevant to study the dynamics associated to the (formal) Hamiltonian
(1.5) for each fixed realization of the spring constants {κi}i∈Z, and then average
with respect to the randomness. These two alternatives are better illustrated in
Section 2. Unfortunately, it is not clear how to define the infinite dynamics for
each spring configuration, since (1.4) does not hold pointwise. In addition, the
C∗-algebra in such a case would inevitably have a non trivial center, and this
also contributes to spoil the ergodic properties (again see Section 2 for more de-
tails). On such issues, no rigorous result relative to long-time behavior seems to
be available in literature.

In order to pursue the program related to the latter approach, some new
preliminary results on the long-time behavior can be obtained, limited to finite
systems and to linear dynamics. This is done in Section 4.

2. Disordered harmonic chain. Two alternative constructions

Let us describe more precisely how the model associated to the Hamiltonian (1.5)
can be investigated.

We start by considering the disordered system obtained by putting V = 0 in
(1.5). By disordered we mean that all the elastic constants {κi}i∈Z appearing in
(1.5), are random variables defined on a probability space (X, P ). Namely, let us
consider the infinite block matrix

A =

(
0 I

∆ − K 0

)
(2.1)

where ∆ is the discrete Laplacian given by (∆v)i = vi+1 + vi−1 − 2vi, and
K = K(ξ) is a random multiplication operator given, for generic ξ ∈ X , by
(K(ξ)v)i := κi(ξ)vi. The block matrix A(ξ) acts componentwise on the double
sequence {(qi, pi)}i∈Z. It is the generator of the linear flow at fixed environment
{κi(ξ)}i∈Z. We assume that all κi are identically equidistributed independent ran-
dom variables with law p supported in some interval [a, b] ⊂ R+. In such a way, we

2We have chosen the unity of measure such that the mass of all particles is equal to one, and the
Planck constant � = 1.
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get for the sample space, X ≡ [a, b]Z, and for the law, P ≡ ∏
i∈Z

p. To insure that
the results in the present section apply to non trivial cases, it suffices to assume
that

p( dx) = f(x) dx

with f ∈ D((a, b)); see [7], Section 3.

Such a system can be seen both as a collection of Hamiltonian systems, one
for each fixed environment (that is for almost all the realizations of the random
variables), as well as a single Hamiltonian system on an appropriate (huge) phase
space. Let us briefly discuss the second alternative. We start with a classical dis-
ordered one-dimensional chain described by the random Hamiltonian

Hξ(q, p) :=
1

2

n∑

i=1

p2
i + κi(ξ)q

2
i +

1

2

∑

|i−j|=1

(qi − qj)
2

which takes into account the quadratic part of (1.5) and where, for simplicity, the
system is a finite one. Consider the infinite-dimensional symplectic space (V , Ω)
consisting of an appropriate linear subspace V of measurable functions on X with
values in the phase-space R2n equipped with the symplectic form Ω given by

Ω((q, p), (Q, P )) :=

∫

X

σ((q(ξ), p(ξ)), (Q(ξ), P (ξ)))µ( dξ) . (2.2)

Here, σ is the canonical symplectic form on the phase-space R2n, and µ is
any measure on X in the measure-class determined by P .

The equations of motion associated to the functional Hamiltonian

H(q, p) :=

∫

X

Hξ(q(ξ), p(ξ))µ( dξ) , (2.3)

read (q̇(ξ), ṗ(ξ)) = A(ξ)(q(ξ), p(ξ)) and determine a Hamiltonian flow T ∗
t . Such

a flow determines uniquely, almost everywhere, the time evolution at fixed envi-
ronment. In such a situation, the above points of view are essentially equivalent.
Moreover, in the second case it is natural to quantize the symplectic space (V , Ω)
by specifying the measure in Formulae (2.2), (2.3) as the probability P describing
the randomness. In this way we have a genuine CCR-algebra: the commutation
function between (linear combinations of) fields and conjugate momenta is a mul-
tiple of the identity operator determined by the symplectic form (2.2). Such an
approach was firstly pursued in [7] in order to study the long-time behavior of an-
harmonic crystals in the setting of perturbation theory. The arising model exhibits
good strongly ergodic properties which are stable for a wide class of perturbations.

This approach differs from the natural procedure in the alternative point of
view: that is first quantize at fixed environment and then study the collection
of the resulting systems. The algebra of observables in this case can be taken to
be the “product” of the CCR-algebras corresponding to each fixed environment.3

3More precisely, the algebra of observables is modeled by a direct integral, see Section 4.
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This is a different algebra than the previous one. In fact, it has a non trivial center
and it is not a CCR.

To have a more concrete idea of the situation, consider the trivial case
in which the system consists of a one-dimensional harmonic oscillator with two
possible values of the spring. In this case, the largest possible V is isomorphic
to R4. For such a choice, the CCR in our quantization scheme (i.e., the ap-
proach followed in [7]) is naturally represented on the Hilbert space L2(R4).
The generated von Neumann algebra is B(L2(R4)), i.e., the algebra of all the
bounded operators on L2(R4). The alternative quantization scheme yields the al-
gebra B(L2(R2)) ⊕B(L2(R2)). The non trivial center consists of all the operators
with two diagonal blocks proportional to the identity. Notice that there is no canon-
ical way to compare these algebras, as well as the Hilbert spaces on which they
canonically act. However, both algebras contain a common remarkable subalgebra,
that is the algebra generated by the constant functions at time t = 0.

To insure strong ergodic properties in the case of the Hamiltonian (1.5), one
must choose V rather small, this is precisely what is done in [7], where V consists
of the smallest space containing the constant functions and invariant with respect
to the linear evolution. Further, only quasi-free states are considered. Such states
are defined on the Weyl operators as

ω(W (v)) = eE(− 1
2 B(v,v)) , (2.4)

where B is a random two-point function which uniquely determines the quasi-free
state, and E denotes the average w.r.t. the randomness, see Formulae (3.6), (3.7).

On the contrary, in the environment-by-environment scheme, it is natural to
define the quenched, or eventually, the annealed states. For example, the quenched
state ωq and the annealed one ωa at inverse temperature β are defined as

ωq(A) = E

(
Tr(e−βHA)

Tr(e−βH)

)
, ωa(A) =

E(Tr(e−βHA))

E(Tr(e−βH))
,

when the r.h.s. are well defined. In the case at hand, the quenched state can be
defined in the environment-by-environment scheme as

ωq(W (v)) = E

(
e−

1
2 B(v,v)

)
. (2.5)

Notice that the quenched state (2.5) is not quasi-free. To compare the two
states one must consider them on some common subalgebra, in our case the algebra
generated by the constant functions. On such a subalgebra, the states described
by (2.4) are the truncated functionals associated to the quenched states given in
(2.5), see, e.g., [3].4

Let us see in more detail what can be said in the two approaches just outlined.

4In addition, their two point functions coincide even at different times, that is

∂λ∂µω(W (λv)W (µTtw))
∣∣
λ=µ=0

= ∂λ∂µωq(W (λv)W (µTtw))
∣∣
λ=µ=0

.
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3. Disordered chains. The approach of [7]

In the present section, we report the main results of [7]. Consider the sequences
v = {vk

m} where k = 1, 2 distinguishes the position from the momentum, and
m ∈ Z is the index relative to the site. Define then the norm

[]v[] :=
∑

m∈Z

eǫ|m|(|v1
m| + |v2

m|)

where ǫ > 0 is a fixed constant determined by the linear part of the Hamiltonian
(1.5). Let L2 := {v | []v[] < ∞}. The space L2 becomes in a natural way a phase-
space when it is equipped with the complex conjugation C, and the commutation
function

θ(u, v) =

〈
u,

(
0 iI

−iI 0

)
v

〉
, (3.1)

see, e.g., [1, 2]. Further, for each ξ ∈ X , let A(ξ) be the random operator (2.1)
on the phase-space (L2, C, θ). The associated one parameter group of Bogoliubov
automorphisms is given by

Tt(ξ)v := etA(ξ)∗v . (3.2)

The group Tt(ξ) is easily computed ([5], Formula (1.2)) obtaining

Tt(ξ) =

(
cos(H(ξ)1/2t) −H(ξ)1/2 sin(H(ξ)1/2t)

H(ξ)−1/2 sin(H(ξ)1/2t) cos(H(ξ)1/2t)

)
. (3.3)

As already mentioned, we will restrict our discussion to a rather small C∗-
algebra. We start by considering the constant functions v(ξ) = v, and the functions
Tt(ξ)v generated by the dynamics. We call the collection v := (v, t) of such func-
tions deterministic variables.

The space D(L), spanned of all deterministic variables, is a phase-space in a
natural way, if one defines as C the usual complex conjugation on functions, and
the “commutation function” θ as

θ(u,v) :=

∫

X

θ(u(ξ),v(ξ))P ( dξ) . (3.4)

If v = (v, τ), the map (3.2) again defines a one parameter group of Bogoliubov
automorphisms Tt on all of D(L) by

Ttv(ξ) := Tt+τ (ξ)v . (3.5)

To define a state, we consider fiberwise the two-point function

BF (u, v) =

〈
u(ξ),

(
F (H(ξ)) i

2I
− i

2I H(ξ)F (H(ξ))

)
v(ξ)

〉
, (3.6)

where F is a suitable bounded Borel function on the common spectrum (see,
e.g., [10]) of almost all H(ξ).5 The two-point function BF on the phase-space

5One must assume F (x) > 0, and xF (x)2 ≥ 1
4

in order to insure that the form be positive

defined.
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(D(L),C, θ) is given by

BF (u,v) =

∫

X

BF (u(ξ),v(ξ))P (dξ) . (3.7)

The corresponding quasi-free state ω on the Weyl algebra associated to the
real part of (D(L),C, θ) is obtained by

ω(W (u)) = e−
1
2BF (u,u) .

Note that ω is invariant for the one parameter group of Bogoliubov automor-
phisms (3.5). The commutation rule (3.4) translates on the Weyl operators as

W (u)W (v) = e−
1
2 θ(u,v)W (u + v) .

Let W be the C∗-algebra generated by all the Weyl operators associated to
the GNS representation of the quasi-free state ω which is kept fixed during the
analysis.

While the C∗-algebra W is large enough to accommodate the linear dynamics,
it cannot be invariant under the non linear time evolution. On the other hand, W′′

is most likely too large for our purposes, and the dynamics on it may very well
have poor ergodic properties. This problem can be solved by enlarging W enough
to accommodate the non linear dynamics, but not as much as to spoil its ergodic
properties.

Let M be the collection of all the triples m = (m,h, µ), where m ∈ N,
h : Rm → D(L) and µ is an appropriate measure on Rm, see [7], Section 6 for
more details. For each m ∈ M define

W (m) =

∫

Rm

W (h(x))µ(dx) ,

where the integrals are meant w.r.t the weak (or, equivalently strong) operator
topology of B(H), H being the Hilbert space of the GNS representation of the
state under consideration. Next, we consider the linear set of operators

M := span {W (m) | m ∈ M} .

It is easy to check that M is a ∗-subalgebra of W′′. Define M as the C∗-
algebra generated by M. Notice that W ⊂ M ⊂ W′′. Denoting again by ω and
α0

t the natural extensions of the state and the linear dynamics to all of M, it is
shown in [7] that the resulting dynamical system (M, α0

t , ω) is mixing.

In order to treat the non linear part V in (1.5), we consider perturbations as-
sociated to functions given by the (inverse) Fourier transform of “good” measures.
Namely,

V (x) :=

∫

Rd

eiλ·xν(dλ)

of a complex bounded Borel measure ν on R satisfying certain boundedness prop-
erties. The corresponding perturbation is obtained by an integral in the weak
operator topology of B(H); see [7], Section 5 for further details. Let the dynamics
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{αΛN
t }ΛN⊂Z restricted to an increasing sequence of finite boxes {ΛN} be defined

by the Dyson expansion (see, e.g., [3, 9]).
The main results of [7] are summarized in the following

Theorem 3.1. There exists a one parameter group of automorphisms {αt}t∈R of
M such that, for each A ∈ M, the following pointwise norm-limit holds true

αtA = lim
ΛN↑Z

αΛN
t A .

In addition, the σ(M∗, M)-limit

lim
t→±∞

α∗
t ω =: ω∞

exists and defines an invariant state which is mixing for the dynamics αt.

The proof of the above theorem is based on a uniform control in time of the
power series defining the dynamics (see [6, 7]). In turns, this depends on the fact
that the linear dynamics satisfies a kind of space-time asymptotic abelianess (1.4).

In conclusion, the model constructed in [7] and briefly outlined here, exhibits
good strongly ergodic properties which are stable for a wide class of infinitely
extended perturbations of the dynamics.

4. Disordered chains. The quenched approach

As already mentioned, there are serious technical problems to develop, in the case
described in this section, a program similar to that of the previous one. To clearly
illustrate the situation, we will limit ourselves to the study of finite linear systems.
Although such results are limited, they are the first necessary step in order to
understand ergodic properties exhibited by disordered systems. Further, they set
the stage for the possible subsequent steps:

(1) take the thermodynamic limit,
(2) consider non linear perturbations.

In order to investigate the long-time behavior of the disordered harmonic
chain, we start again with the Hamiltonian

H(q, p) :=
1

2

n∑

i=1

p2
i + kiq

2
i +

1

2

n−1∑

i=1

(qi+1 − qi)
2

describing the finite system of particles allocated to the sites 1, 2, . . . , n on the
line, with free boundary conditions. The i-particle is subjected to the elastic force
described by the elastic constant ki, and a harmonic uniform nearest neighbor
interaction. The infinitesimal generator of the Hamilton flow is given as usual by
the truncation of the matrix (2.1).

In order to introduce the disorder, we fix a normalized L1 function h on the
hypercube Q := [a, b]n with 0 < a < b < +∞, and define on the hypercube

dµh(k) := h(k) dnk .
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As already mentioned, to construct the appropriate C∗-algebra of observ-

ables, we consider the direct integral
∫ ⊕

Q
Γ(Cn) dµh(k) where Γ(Cn) is the Fock

space for the n-dimensional CCR. Define A as the C∗-algebra generated by
{∫ ⊕

Q

W (u(k)) dµh(k) , u ∈ L2
R

(
Q, dµh; C2n

)}
,

where W (u(k)) is the Weyl operator associated to u(k) ∈ R2n acting on Γ(Cn).
With an abuse of language, we call also

W (u) :=

∫ ⊕

Q

W (u(k)) dµh(k)

a Weyl operator.

It is easy to check that the Weyl operators satisfy the commutation relation

W (u)W (v) =

(∫ ⊕

Q

e−
1
2 θ(u(k),v(k))Ik dµh(k)

)
W (u + v) (4.1)

where θ is given in (3.1), and Ik is the identity operator acting on Γ(Cn) relative
to the fibre k.

On the C∗-algebra A, it is naturally acting the one parameter group of au-
tomorphisms {αt}t∈R, described on the Weyl operators by

αtW (u) = W (Ttu)

where Tt are made of Bogoliubov automorphisms acting fiberwise as
(
Ttu

)
(k) := Tt(k)u(k) ,

and Tt(k) is given by (3.3).

Consider a two-point function BF as in (3.6) based on the function F which
we suppose to be continuous. For each environment k, consider the state ϕk given
fiberwise by

ϕk(W (u(k))) := e−
1
2 BF (u(k),u(k)) . (4.2)

The state ϕ, defined on the Weyl operators by

ϕ(W (u)) :=

∫

Q

ϕk(W (u(k)) dµh(k) , (4.3)

is uniquely extended on all of A. By construction, such a state is invariant w.r.t.
the dynamics.

Let B ∈ A such that ϕ(B∗B) > 0, be fixed. As usual, one can consider the
state

ϕB :=
ϕ(B∗ · B)

ϕ(B∗B)
(4.4)

where ϕ is given in (4.3). Of course, in general ϕB will not be an invariant state,
yet it is meaningful to ask if it has or not an asymptotic limit.
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Theorem 4.1. The pointwise limit

lim
t→+∞

ϕB(αt(A)) =: ϕB,∞(A)

exists and defines an invariant state on A.6

Proof. By compactness, the net {ϕ(B∗αt( · )B)}t∈R has weak*-cluster points. The
assertion will follow by showing that there is only one cluster point. By a standard
approximation argument, it suffices to investigate the three-point function I(t) :=
ϕ(W (u)W (Ttv)W (w)) where u, v, w are generic elements of L2

(
Q, dµh; R2n

)
. By

the commutation rule (4.1), we compute

I(t) =

∫

Q

e−
1
2

{
θ(u,w)+θ(u−w,Ttv)

}
e−

1
2 BF (u+Ttv+w,u+Ttv+w) dµh .

Notice that the first exponent is purely imaginary, and the second one is
negative. Further, the one parameter group

Tt : L2
(
Q, dµh; C2n

)
�→ L2

(
Q, dµh; C2n

)

is equibounded. Hence, for each fixed ε > 0, we can choose smooth functions hε,
uε, vε, wε, Fε such that for every t ∈ R, we have |I(t) − Iε(t)| < ε. Here, Iε is
the corresponding function constructed as above by using the mentioned list of
smooth functions. We obtain

|I(t) − I(t′)| < |I(t) − Iε(t)| + |Iε(t) − Iε(t
′)| + |Iε(t

′) − I(t′)|
< 2ε + |Iε(t) − Iε(t

′)| .
Namely, the above 3ε-trick allows us to reduce ourselves to the case when all

the involved functions are smooth.

We write

I(t) =

∫

Q

h(k)e−
1
2E(k)e−

1
2 E(k,t) dnk

where

E(k) := θ(u(k), w(k)) + BF (u(k) + w(k), u(k) + w(k)) + BF (v(k), v(k))

E(k, t) := θ(u(k) − w(k), Tt(k)v(k)) + 2BF (u(k) + w(k), Tt(k)v(k)) .

After some computations, we obtain

E(k, t) =

n∑

l=1

(
cos(

√
λl(k) t)

∑

σ=1,2

〈ξσ(k) + 2ησ(k)|el(k)〉〈el(k)|vσ(k)〉

+ sin(
√

λl(k) t)
∑

σ=1,2

〈ξ̂σ(k) + 2η̂σ(k)|el(k)〉〈el(k)|vσ(k)〉
)

6The analogous limit at −∞ exists as well, and defines another (in general different) invariant
state on A.



134 F. Fidaleo and C. Liverani

where

ξ(k) :=

(
0 iI

−iI 0

)
(u(k) − w(k)) ,

ξ̂(k) :=

(
−iH(k)−1/2 0

0 −iH(k)1/2

)
(u(k) − w(k)) ,

η(k) :=

(
F (H(k)) 0

0 H(k)F (H(k))

)
(u(k) + w(k)) ,

η̂(k) :=

(
0 H(k)1/2F (H(k))

−H(k)1/2F (H(k)) 0

)
(u(k) + w(k)) ,

{λl(k)}n
l=1 and {el(k)}n

l=1 being the finite sequences of the eigenvalues and the
corresponding eigenvectors of the matrix H(k).

Notice that we have for such a matrix,

H(k) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

(k1 + 2) −1 0 · · · ·
−1 (k2 + 2) −1 0 · · ·
· · · · · · ·
· 0 −1 (kl + 2) −1 0 ·
· · · · · · ·
· · · 0 −1 (kn−1 + 2) −1
· · · · 0 −1 (kn + 2)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

This is exactly the situation described in Appendix A. Namely, the eigenvalues
of H(k) are the n distinct roots of the orthogonal polynomial Pn(k + 2, x) corre-
sponding to the parameters (k1 + 2, . . . , kn + 2). The functions

ω(k) := (
√

λ1(k), . . . ,
√

λn(k)) (4.5)

are, locally, smooth functions of (k1, . . . , kn). Further, as the eigenvalues (λ1(k),
. . . , λn(k)) are strictly positive under our assumptions, there exists local inverses
for ω(k) apart from a closed null-set N ⊂ Rn, see Proposition A.3.

Let now {Om}∞m=1 be an open covering of the (open) set
◦
Q \N of full

Lebesgue measure, together with a partition of unity {ψm}∞m=1 subordinate to
the mentioned covering, such that for each m, the function (4.5) admits the in-
verse Km in Om. We have

I(t) =
∞∑

m=1

∫

Km(supp(ψm))

ψm(Km(ω))h(Km(ω))

× e−
1
2E(Km(ω))e−

1
2 E(Km(ω),t)

∣∣ det ∂ωKm(ω)
∣∣dnω

where the last series is summable, uniformly in t ∈ R; see, e.g., [12], Theorem 3.12.
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As E(k) and E(k, t) are smooth functions,7 we can apply Proposition B.1
after exchanging the sum with the limit. This leads to the assertion. �

Notice that, taking into account (B.1), the limit of the three-point function
limt→+∞ ϕ(W (u)W (Ttv)W (w)), can be explicitly computed.

The above theorem differs substantially from the mixing property (1.2). In
fact, mixing would imply ϕB,∞ = ϕ. It is not hard to show that this is generically
impossible. This is a consequence of the abundance of invariant states and shows
that the asymptotic state depends on the initial conditions. However, Theorem 4.1
tells us that the disordered chain exhibit a “good” long-time behavior, contrary
to the usual chain (non disordered) where the dynamics is quasi-periodic.

Equally well, one can consider the “quenched” state ϕB associated to an
element B as above. It is given in a natural way on the Weyl operators by

ϕB(W (u)) :=

∫

Q

ϕk(B(k)∗W (u(k))B(k))

ϕk(B(k)∗B(k))
dµh(k) , (4.6)

where ϕk is given in (4.2), and {B(k)}k∈Q is the measurable decomposition of B
which always exists; see, e.g., [14], Section IV.8.

Suppose that the measurable function k �→ ϕk(B(k)∗B(k)) is essentially

bounded from below by a constant δ > 0. Define fiberwise the operator B̃ as

B̃(k) := ϕk(B(k)∗B(k))−1/2B(k) .

Clearly, B̃ belongs to A. In addition, ϕB = ϕB̃, that is most of the states
described in (4.6) are particular cases of those defined in (4.4).

Appendix A. Note on orthogonal polynomials

Consider a sequence {an}n∈N of real numbers, together with the associated se-
quence of polynomials uniquely defined by

P−1(x) := 0 , P0(x) := 1 ,

Pj(x) := (x − aj)Pj−1(x) − Pj−2(x) . (A.1)

It is well known that the Pn are the orthogonal polynomials associated to
some probability measure on the real line. Hence, the Pn have n distinct roots
with nice separation properties, see, e.g., [13].

Consider, for each n ∈ N, the finite sequence of parameters a := (a1, . . . , an),
together with the corresponding polynomial Pn. Let P̄n

j be the polynomial con-

structed by the relations (A.1) using the parameters (an−j+1, . . . , an). To simplify

7This follows as, for all k nearby k̄,

|el(k)〉〈el(k)| =
1

2πi

∮

γ

(zI − H(k))−1 dz

where γ is a sufficiently small fixed circle surrounding counterclockwise the eigenvalue λl(k̄)
corresponding to the one-dimensional projector |el(k̄)〉〈el(k̄)|.
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notations, we omit for the moment to make explicit the dependence of the poly-
nomials on the parameters.

Lemma A.1. The relation

Qn
j (x) := ∂aj Pn(x) = −P̄n

n−j(x)Pj−1(x)

holds true for each n ∈ N, (a1, . . . , an) ∈ Rn and x ∈ R.

Proof. The proof is by induction over n. For n = 1 we have

∂a1P1(x) = ∂a1(x − a1) = −1 = −P̄ 1
0 (x)P0(x) .

Let us suppose the lemma true for n, then

∂an+1Pn+1(x) = −Pn(x) = −P̄n+1
0 (x)Pn(x),

∂anPn+1(x) = (x − an+1)∂anPn(x) = −(x − an+1)P̄
n
0 (x)Pn−1(x)

= −P̄n+1
1 (x)Pn−1(x) .

For j < n we obtain

∂aj Pn+1(x) = (x − an+1)∂aj Pn(x) − ∂aj Pn−1(x)

= −(x − an+1)P̄
n
n−j(x)Pj−1(x) + P̄n−1

n−j−1(x)Pj−1(x)

= −P̄n+1
n+1−j(x)Pj−1(x) ,

which concludes the proof. �

Note that Lemma A.1 implies that the Qn
j are all polynomials of degree n−1

in x. We can thus set

Qn
j (x) =:

n−1∑

k=0

αn
j,kxk (A.2)

where the coefficients depends on the parameters a. Define the n × n matrix An

as that having the coefficients appearing in the r.h.s. of (A.2). Consider, for a
finite sequence λ := (λ1, . . . , λn) of unknowns, the n×n matrix Λ ≡ Λ(a, λ) whose
entries are given by

[Λ(a, λ)]i,j := ∂aj Pn(λi) .

Lemma A.2. The following holds true.

det Λ = det
(
An

)
det

(
1 λi . . . λn−1

i

)
. (A.3)

Moreover, the polynomial det Λ is not identically zero.

Proof. Let Pn be the set of permutations of {0, . . . , n− 1}. Then, by the multilin-
earity of the determinant, we get

detΛ =
∑

σ∈Pn

n∏

j=1

αn
j,σ(j−1) det

(
λ

σ(i−1)
i

)

and the first half follows by reordering the determinants in the r.h.s..
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As we have for the Vandermonde determinant,

det
(
1 λi . . . λn−1

i

)
=
∏n

i,j=1
i>j

(λi − λj) ,

we obtain that detΛ ≡ 0 is equivalent to detAn ≡ 0. To rule out this last possi-
bility, it suffices to show that it is different from zero for a specific choice of the
parameters a. We compute it for ai = 0 for each i < n, and an = 1. Let us call
P̂ , Q̂ and α̂ the polynomials and coefficients corresponding to parameters ai = 0
for all i.

Clearly, P̄ i
j (x) = P̂j(x) for all i < n, while

P̄n
j (x) = (x − 1)P̂j−1(x) − P̂j−2(x) = P̂j(x) − P̂j−1(x) .

Hence, for j < n,

Qn
j (x) = −P̂n−j(x)P̂j−1(x) − P̂n−j−1(x)P̂j−1(x) = Q̂n

j (x) − Q̂n−1
j (x) .

Next, notice that P̂j is even for j even and odd for j odd. Thus Q̂n
j is even

for n odd and vice versa. This means that the non zero coefficients αn
k,j and αn−1

k,j

fall in different columns. In addition, for j < n − 1,

Q̂n
j (x) = −xP̂n−j−1(x)P̂j−1(x) + P̂n−j−2(x)Pj−1(x)

= xQ̂n−1
j (x) − Q̂n−2

j (x) .

Let us see what the above equations means in terms of the coefficients α̂. For
j < n − 1 we have

α̂n
j,0 = −α̂n−2

j,0 ,

α̂n
j,k = α̂n−1

j,k−1 − α̂n−2
j,k , k = 1, . . . , n − 3 ,

α̂n
j,n−2 = α̂n−1

j,n−3 ,

α̂n
j,n−1 = α̂n−1

j,n−2 .

(A.4)

The above considerations imply that An has the following form

An =

⎛
⎜⎜⎜⎝

α̂n
1,0 − α̂n−1

1,0 . . . α̂n
1,n−2 − α̂n−1

1,n−2 α̂n
1,n−1

...
...
...
...

...
...

α̂n
n−1,0 − α̂n−1

n−1,0 . . . α̂n
n−1,n−2 − α̂n−1

n−1,n−2 α̂n
n−1,n−1

α̂n
n,0 . . . α̂n

n,n−2 1

⎞
⎟⎟⎟⎠ .

We restrict ourselves to the even case, the other one being similar.

An =

⎛
⎜⎜⎜⎝

−α̂n−1
1,0 α̂n

1,1 −α̂n
1,2 . . . −α̂n−1

1,n−2 α̂n
1,n−1

...
...

...
...
...
...

...
...

−α̂n−1
n−1,0 α̂n

n−1,1 −α̂n
n−1,2 . . . −α̂n−1

n−1,n−2 α̂n
n−1,n−1

0 α̂n
n,1 0 . . . 0 1

⎞
⎟⎟⎟⎠ .

Now, we construct a new matrix by keeping the columns with k = 2l and
substituting the columns with k = 2l + 1 with the sum of the same column 2l + 1
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and the previous column 2l. Clearly, the new matrix has the same determinant
as the original one. Keeping in mind (A.4), and developing the determinant w.r.t.
the last column (which has all zeroes but in the last entry), it yields

| detAn| =

∣∣∣∣∣∣∣∣∣
det

⎛
⎜⎜⎜⎝

α̂n−1
1,0 α̂n−2

1,1 α̂n−1
1,2 . . . α̂n−2

1,n−3 α̂n−1
1,n−2

...
...

...
...
...
...

...
...

α̂n−1
n−2,0 α̂n−2

n−2,1 α̂n−1
n−2,2 . . . α̂n−2

n−2,n−3 α̂n−1
n−1,n−1

α̂n−1
n−1,0 0 α̂n−1

n−1,2 . . . 0 1

⎞
⎟⎟⎟⎠

∣∣∣∣∣∣∣∣∣

= | detAn−1| .
By the same arguments for the odd case, we conclude that | detAn| =

| detAn−1| for each n, which means by induction, | detAn| = 1 for each n as
detA2 = 1. �

Consider the polynomial Pn ≡ Pn(a, x) in the unknown x, constructed by
(A.1) relatively to the parameters a ≡ (a1, . . . , an). A trivial application of the
Implicit Function Theorem tells us that the n distinct roots

λ(a) := (λ1(a), . . . , λn(a)) (A.5)

of Pn(a, x) depends smoothly on the parameters a.8 In other words, defining

F (a, λ) := (Pn(a, λ1), . . . , Pn(a, λn)) ,

the equation

F (a, λ) = 0

defines at least locally, the n distinct roots λ(a) as smooth functions of the pa-
rameters a. It is crucial for our aims to ask for local invertibility of the function
(A.5).

Proposition A.3. Apart from a negligible set in the parameters a, the map a ∈
R

n �→ λ(a) ∈ R
n defines a local diffeomorphism.

Proof. For the cases under consideration, we have for the Jacobian matrix

∂λ

∂a
=

(
∂F

∂λ
(a, λ(a))

)−1
∂F

∂a
(a, λ(a)) ,

at least locally. Hence, it is sufficient to investigate the function (α, λ) ∈ R2n �→
det ∂F

∂a (a, λ) ≡ detΛ(a, λ) ∈ R under the conditions λi �= λj , i �= j, see Footnote 8.
Taking into account Lemma A.2, the last determinant factorizes into two pieces,
where the first one depends only on the parameters, and the second one never
vanishes in our context. Further, it is also shown in Lemma A.2, that such a
determinant is not identically zero. The negligible set we are looking for is precisely
the locus of zeroes of the non trivial polynomial detAn in (A.3), which is well
known to be negligible w.r.t. the n-dimensional Lebesgue measure. �

8This easily follows from the fact that Pn(a, x) has n distinct roots which means that
∂xPn(a, x)

∣∣
x=λi(a)

�= 0 , i = 1, . . . , n.
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Appendix B. A convergence property

Consider a real-valued C1 function h supported into (0, L)n, sequences {ai}i=1,...,n,
{bi}i=1,...,n of complex-valued C1 functions on R

n, and finally a holomorphic func-
tion f : C �→ C.

Proposition B.1. Under the above conditions, we have

lim
t→+∞

∫

[0,L]n
dnω h(ω)f

( n∑

i=1

(
ai(ω) sin ωit + bi(ω) cosωit

))
(B.1)

=

∫

[0,L]n
dnω h(ω)

1

(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sin xi + bi(ω) cosxi

))
.

Proof. Taking into account the support of h, we can write
∣∣∣∣
∫

[0,L]n
dnω h(ω)f

( n∑

i=1

(
ai(ω) sinωit + bi(ω) cosωit

))

−
∫

[0,L]n
dnω h(ω)

1

(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sin xi + bi(ω) cosxi

))∣∣∣∣

≤

[
tL
2π

]
∑

j1,...,jn=0

∫

Qj

dnω

∣∣∣∣h(ω) − h
(2π

t
j
)∣∣∣∣
∣∣∣∣f
( n∑

i=1

(
ai(ω) sinωit + bi(ω) cosωit

))∣∣∣∣

+

[
tL
2π

]
∑

j1,...,jn=0

∣∣∣∣h
(2π

t
j
)∣∣∣∣
∫

Qj

dnω

∣∣∣∣f
( n∑

i=1

(
ai(ω) sin ωit + bi(ω) cosωit

))

−f

( n∑

i=1

(
ai

(2π

t
j
)
sin ωit + bi

(2π

t
j
)
cosωit

))∣∣∣∣

+

∣∣∣∣

[
tL
2π

]
∑

j1,...,jn=0

[(2π

t

)n
h
(2π

t
j
) 1

(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sin xi+bi(ω) cosxi

))

−
∫

Qj

dnω h(ω)
1

(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sin xi + bi(ω) cosxi

))]∣∣∣∣

where Qj is the (small) hypercube of side 2π
t constructed starting from the point(

2π
t j1,...,

2π
t jn

)
. Here, we made the change of variables (x1,...,xn)=(tω1,...,tωn)

in the last piece.
We majorize the first two pieces by

2π‖ dh‖∞‖f‖∞
√

nLn 1

t

2π‖h‖∞‖f ′‖∞
[ n∑

i=1

(
‖ dai‖∞ + ‖ dbi‖∞

)]√
nLn 1

t
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respectively, where ‖ ‖∞ is the supremum norm on suitable compact sets. In order
to estimate the last piece, we note that the first part is precisely the Riemann
sums of the second part. Analogously, it is majorized by

2π‖ dG‖∞
√

nLn 1

t

where G is the smooth function given by

G(ω) :=
h(ω)

(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sin xi + bi(ω) cosxi

))
.

Collecting together all pieces, we conclude that
∣∣∣∣
∫

[0,L]n
dnω h(ω)f

( n∑

i=1

(
ai(ω) sin ωit + bi(ω) cosωit

))

−
∫

[0,L]n
dnω h(ω)

1

(2π)n

∫

[0,2π]n
dnx f

( n∑

i=1

(
ai(ω) sin xi + bi(ω) cosxi

))∣∣∣∣

=O

(
1

t

)

which leads to the assertion. �
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Commun. Math. Phys. 78 (1986), 201–246.



Disordered Quantum Systems 141
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On Operator Periodically Correlated
Random Fields

Păstorel Gaşpar

Abstract. In [3] Gladyshev gave an interesting characterization of periodically
correlatedness for the second-order one continuous time parameter univariate
continuous stochastic processes, in terms of the support of an associated spec-
tral bimeasure. Recently, Makagon [6] extended this result to the case, where
continuity is weakened to locally square summability. It is our aim now to
give such a characterization of periodically correlatedness for second order n

continuous time parameters infinite variate locally square integrable random
fields.

Mathematics Subject Classification (2000). 66G12, 47N30.

Keywords. Stochastic process, Random field.

1. Notation and preliminaries

We give in this first section some notation and preliminary notions. First Z, R, C
stand for the sets of integers, real and complex numbers respectively, B(Rn) de-
notes the σ-algebra of Borel sets in the euclidian space Rn, mn(·) the Lebesgue
measure on Rn. The scripts E ,F ,G are reserved for complex separable Hilbert
spaces, M(Ω, E) and Lp(Ω, E), p ∈ [0,∞], are the E-valued, strongly (or weakly)
measurable, respectively p-integrable functions, or – in probabilistic setting – infi-
nite variate random variables respectively p-order infinite variate random variables
on the probability space (Ω, Σ, ℘). A second-order Hilbert space valued random field
(with n continous time parameters) is a function (see [4])

R
n ∋ s �→ X(s) ∈ L2(Ω, E). (1.1)

If the function (1.1) is continuous, or locally square integrable on Rn, then the
field is called continuous, respectively locally square integrable. Further we need
other notions for a suitable organization of the random variables into functional
analytic structures.
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So B(X ,Y) means the space (algebra if X = Y) of all continuous linear
operators between the linear Hausdorff topological spaces X and Y, whereas for the
Hilbert spaces F and G, for α = 1, 2, C α(F ,G) is the trace class ideal, respectively
the Hilbert-Schmidt class of operators from B(F ,G). We also mention the well-
known duality between C 1(E) and B(E), in the sense that B(E) is the normed dual
of C

1(E), the pairing being given by 〈C, A〉 : = tr(CA); A ∈ B(E), C ∈ C
1(E). It is

well known that the space of all second order E-valued random variables L2(Ω, E)
is a normal Hilbert left B(E)-module and it can be identified with the Hilbert-
Schmidt class C 2(F , E), where F = L2(Ω, C) = L2(Ω) (see [4, Corollary 7, p. 30]).
In the following we will use for L2(Ω, E) and C 2(L2(Ω), E) the same notation H.
We recall that the canonical normal Hilbert left B(E)-module structure of H is
given by the C 1(E)-valued inner product [T, S] : = TS∗, T, S ∈ H which is also
called its gramian, the Hilbert space structure being given by the scalar product
tr([T, S]), T, S ∈ H. Then the direct sum +

l∈Zn

Hl, where, for each l ∈ Zn, Hl

is a normal Hilbert left B(E)-module, is defined as the set of all (hl)l∈Zn from∏
l∈Zn

Hl, such that
∑

l∈Zn

hl is gramian square integrable, i.e.,
∑

l∈Zn

[hl, hl] is norm-

convergent in C 1(E). It is easy to observe that this direct sum is a normal Hilbert
left B(E)-module with the inner product

[(hl)l, (gl)l] : =
∑

l∈Zn

[hl, gl]Hl
.

For the particular case Hl = H, l ∈ Zn we shall use for this direct sum the nota-
tion ℓ2[Zn,H]. We shall also use another B(E)-module, which is gramian unitarily
equivalent to the last one. Namely, L2[Tn,H] is defined as the set of all functions

[0, 2π) × · · · × [0, 2π) ∋ (u1, . . . , un) = u �→ h(u) ∈ H,

which are (strongly) measurable as H-valued functions and gramian square inte-
grable, i.e., u �→ [h(u), h(u)] are Bochner integrable as C

1(E)-valued functions on
Tn w.r.t. mn. Particularly, from the easy relation ‖T ‖2 = ‖TT ∗‖ ≤ tr(TT ∗), (T ∈
B(F , E)), we have that ‖h(·)‖B(F ,E) is square integrable on Tn and, consequently,
also integrable on Tn. On the other hand, from a polarization formula it holds that
[h(·), k(·)]H is Bochner integrable as C 1(E)-valued function and so the gramian on
the B(E)-module L2[Tn,H] can be defined by

[h, k] : =
1

(2π)n

2π∫

0

· · ·
2π∫

0

[h(u), k(u)]H dmn(u); (1.2)

h, k ∈ L2[Tn,H]. As in the case where H is a Hilbert space, we have in this setting
also the gramian unitarity of the Fourier transform

L2[Tn,H] ∋ h �→
(
ĥ(l)

)
l∈Zn ∈ ℓ2[Zn,H],
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where, by putting 〈l, u〉 = l1u1 + · · · + lnun,

ĥ(l) =
1

(2π)n

2π∫

0

· · ·
2π∫

0

e−i〈l,u〉h(u) dmn(u), l ∈ Z
n. (1.3)

We also remark that it is possible to work with u = (u1, . . . , un) from [0, T1) ×
· · · × [0, Tn), (Tj > 0, j = 1, 2, . . . , n) instead of [0, 2π) × · · · × [0, 2π). In this case
the formulas (1.2) and (1.3) become

[h, k] :=
1

T1 · · ·Tn

T1∫

0

· · ·
Tn∫

0

[h(u), k(u)]H dmn(u), (1.2′)

respectively

ĥ(l) =
1

T1 · · ·Tn

T1∫

0

· · ·
Tn∫

0

e−2πi〈l, u
T 〉h(u) dmn(u), l ∈ Z

n, (1.3′)

where u
T means

(
u1

T1
, . . . , u2

T2

)
, and the corresponding B(E)-module will be denoted

by L2[[0, T ),H].
We shall also use the classical notation for the basic spaces from distribution theory
D(Rn) = Dn, S(Rn) = Sn (see [1]) and for the H-valued distributions and H-
valued tempered distributions D′

n(H) = B(Dn,H), S′
n(H) = B(Sn,H) respectively,

where H is a normal Hilbert left B(E)-module of the above type endowed with a
Hilbert space structure. A continuous H-valued mapping on Dn × Dn (Sn × Sn

respectively) will be called a bi-distribution (tempered bi-distribution) on Rn×Rn.
We shall work with the usual Fourier transform on R

n

ϕ̂(u) =
1

(2π)n

∫

Rn

e−i〈s,u〉ϕ(s) dmn(s); ϕ ∈ Sn (1.4)

and with a non-standard normalization of it on Rn × Rn

ϕ̂(u, v) =
1

(2π)2n

∫

Rn

∫

Rn

e−i(〈s,u〉−〈t,v〉)ϕ(s, t) dm2n(s, t); ϕ ∈ S2n, (1.5)

where u = (u1, . . . , un), v = (v1, . . . , vn) ∈ Rn.
The Fourier transform of D, which is a tempered H-valued distribution on Rn,

or a tempered H-valued bi-distribution on Rn × Rn, is D̂ defined for ϕ ∈ Sn,
respectively for ϕ ∈ S2n by the formula

D̂(ϕ) : = D(ϕ̂). (1.6)
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2. Operator periodically correlated random fields

We continue in this section to present basic notions regarding infinite variate ran-
dom fields and their correlation functions, which are used to formulate and prove
the main result of the next section. Particularly, we state some results regarding
operator periodically correlated random fields.

In the following we shall consider the second-order Hilbert space-valued ran-
dom field

R
n ∋ (s1, . . . , s2) = s �→ X(s) ∈ H, (2.1)

which is locally square integrable on Rn. It is well known that if the random field
is continuous, it is more convenient to work instead of H, with HX , the time
module of the field, i.e., the closed normal B(E)-submodule in H generated by
{X(s), s ∈ Rn}. In our case HX will be generated by

{∫

Rn

ϕ(s)X(s)dmn(s), ϕ ∈ Bc(R
n)

}
,

where Bc(R
n) is the set of all compactly supported complex measurable functions

on Rn.

The C 1(E)-valued function

KX(s, t) = [X(s), X(t)], s, t,∈ R
n (2.2)

is the operator correlation function of the field X . This function is, by hypothesis,
(Bochner) locally integrable. A scalar correlation function can also be defined as
trKX(s, t) (see [4, pp. 149]). We shall work here only with the operator correlation
function.

The random field X is strongly operator harmonizable, if there is a C
1(E)-

valued measure M = MX on Rn × Rn, called the spectral bi-distribution1 of X ,
such that

KX(s, t) =

∫

Rn×Rn

ei〈s,u〉e−i〈t,v〉dM(u, v). (2.3)

If in (2.3) M is only a C 1(E)-valued bi-measure on Rn × Rn of bounded operator
semivariation (see [4, pp. 155]), then X will be called weakly operator harmonizable.
If the random field {X(s)}s∈Rn is continuous and its correlation function KX(s, t)
depends only on the difference s − t, it will be called operator stationary. For an
operator stationary random field X , the one variable operator correlation function
kX can be defined as kX(s) = KX(s, 0). So KX(s, t) = kX(s− t). It is well known

1In the context of random fields the term “distribution” or “bi-distribution” used together with
the word “spectral”, should not be understood in the sense of L. Schwartz. These can be measures
or bi-measures respectively. Some authors use even the terms of “spectral measures” ( “spectral

bi-measures” respectively) associated to a random field. We prefer to avoid confusion with the
term “spectral measures” from operator theory.
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(see [4, chap. IV]) that for such an operator stationary random field X , there exists
a C 1(E)-valued non-negative measure FX on Rn such that

kX(s) =

∫

Rn

ei〈s,u〉dFX(u); s ∈ R
n, (2.4)

therefore

KX(s, t) = kX(s − t) =

∫

R2

ei(〈s,u〉−〈t,u〉)dFX(u),

wherefrom it is clear that an operator stationary random field is strongly operator
harmonizable, (2.3) being satisfied with MX(σ) : = FX(σ∩∆), where σ ∈ B(R2n)
and ∆ = ∆R2n is the “diagonal” from Rn × Rn.

Definition 2.1. The infinite variate locally square integrable random field
{X(s)}s∈Rn is called operator periodically correlated (o.p.c.) with period T =
(T1, . . . , Tn) ∈ Rn, T1, . . . , Tn > 0, if for every s ∈ Rn, the modified operator
correlation function, BX(·, s) defined by

R
n ∋ u �→ KX(s + u, u) ∈ C

1(E) (2.5)

is periodical (as a class of measurable functions) with period T , i.e.,

BX(u + T, s) = BX(u, s), mn(u) a.e., (2.6)

For E = C and n = 1 such processes were studied by A. Makagon ([5, 6]), and
before, under the stronger condition of continuity, by Gladyshev ([3]). These were
also studied under the condition of strong operator harmonizability in [4, Section
5.5, pp. 230–234], for an arbitrary Hilbert space E . The Fourier coefficients of the
modified operator correlation BX , of an o.p.c. random field defined by

Al(s) : =
1

T1 · · ·Tn

∫ T1

0

· · ·
∫ Tn

0

e−2πi〈l, u
T 〉BX(u, s) dmn(u), (2.7)

where u
T means

(
u1

T1
, · · · , un

Tn

)
and l ∈ Zn, s ∈ Rn, play an important role in

establishing a bijective correspondence between the o.p.c. random fields X and
certain operator stationarily cross-correlated families indexed by Zn of random
fields. Let us now define such a family.

Definition 2.2. Let K be a normal B(E)-module. An operator stationarily cross-
correlated family (o.s.c.c.f.) of random fields on Rn (as K-valued functions) is a
family X = {Xj(·), j ∈ Zn}, for which each random field is continuous and for
any j, l ∈ Zn the cross-correlation function of Xj(·) and X l(·)

KXj ,Xl(s, t) = [Xj(s), X l(t)] (2.8)

depends only on the difference s − t. It will be denoted by kj,l(s − t). The vector

“matrix” with the entries kj,l
X (·), j, l ∈ Zn, defined on Rn will be called the cross-

correlation function of X .
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Note that, in particular, each field Xj(·) of this family is operator stationary.
Let X : = {Xj(·), j ∈ Zn} be an o.s.c.c.f. on Zn of random fields. Then there exists
the shift gramian unitary representation {Us, s ∈ Rn} on Rn (the dual group of the
locally compact abelian group Rn) in the time module KX of X (i.e., the normal
B(E)-submodule of K generated by {Xj(s) : s ∈ Rn, j ∈ Zn}), such that

Xj(s) = UsX
j(0), j ∈ Z

n, s ∈ R
n.

This representation is called the shift group of the o.s.c.c.f. X . By a natural ex-
tension of [4, Proposition 4, p. 49], there exists a regular gramian spectral B(KX )-
valued measure E on Rn such that

Us =

∫

Rn

ei〈s,u〉dE(u), s ∈ R
n. (2.9)

It is easy to see that

kj,l
X (s) =

∫

Rn

ei〈s,u〉dF j,l
X (u) s ∈ R

n, j, l ∈ Z
n, (2.10)

where the C 1(E)-valued measure from above is defined for σ ∈ B(Rn) by F j,l
X (σ) :

= [E(σ)Xj(0), X l(0)]. This last measure is called the spectral distribution of the

o.s.c.c.f. X . Let us observe that the correlation function kj,l
X (s) of an o.s.c.c.f.

X , defines a C 1(E)-valued positive definite function, i.e., for each m ∈ N, each
sp ∈ Rn, lp ∈ Zn, ap ∈ B(E), p = 1, 2, . . . , m, we have

m∑

p=1

m∑

q=1

apk
lp,lq
X (sp − sq)a

∗
q ≥ 0. (2.11)

Conversely, as in the case of a single field, if a C 1(E)-valued function kj,l(s), j, l ∈
Zn, s ∈ Rn, satisfies the positivity condition (2.11), then there exists a unique –
up to a unitary equivalence – o.s.c.c.f. X , such that

kj,l(s) = kj,l
X (s), j, l ∈ Z

n, s ∈ R
n.

Now we can formulate the existence of the correspondence mentioned above.

Theorem 2.3. For each o.p.c. random field X(·) on Rn, there is a uniquely
determined (modulo a unitary equivalence) o.s.c.c.f. X indexed by Zn and
L2

[
[0, T ),HX

]
-valued, such that the family {Al(·), l ∈ Zn} of the Fourier co-

efficients of the modified correlation function BX satisfies the condition that

e−2πi〈j, s
T 〉Aj−l(s) is the cross-correlation of X (i.e., is just kj,l

X (s)).

Let us remark that the members of the above associated o.s.c.c.f. X , are
L2

[
[0, T ),HX

]
-valued functions defined by

(Xj(s))(·) : = e−2πi〈j, s+·
T 〉 X(s + · ), j ∈ Z

n, s ∈ R
n. (2.12)

By reformulating the condition from Theorem 2.3 the “onto part” of the corre-
spondence X �→ X from above will be stated in
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Theorem 2.4. If X is an o.s.c.c.f. indexed by Zn, such that its cross-correlation
function satisfies the condition

e2πi〈j,s〉kj,l
X (s) depends only on j − l, (j, l ∈ Z

n), (2.13)

then there exists a uniquely determined – up to a unitary equivalence – o.p.c. ran-
dom field X having as Fourier coefficients for BX( · , s) just the functions defined
in (2.13) (i.e., X is the pre-image of X through the correspondence from Theo-
rem 2.3).

Let us mention that X can be constructed with the aid of the shift group
{Us, s ∈ Rn} of X as X(s) = Usp(s), where p(·) is an L2

[
[0, T ),KX

]
-valued

function having the vectors 1
T1···Tn

T1∫
0

· · ·
Tn∫
0

Xj(s−T )dmn(s) as Fourier coefficients.

The details of proof for Theorems 2.3 and 2.4 were given in [2].

3. Temperedly correlated processes

In this section we define the class of operator temperedly correlated random fields
with their spectral operator bi-distribution and characterize the class of o.p.c. ran-
dom field in terms of the associated operator spectral bi-distribution as a subclass
of the operator temperedly correlated ones. The idea of such a characterization
appears in the recent paper [6], where the case n = 1 and E = C was considered.
We shall see that such a result can be obtained also for our setting following es-
sentially the steps from [6]. If X(·) is a locally gramian square integrable random
field on Rn, then, as observed, its operator correlation function KX(·, ·) is locally
Bochner integrable on R2n and consequently it defines a C 1(E)-valued distribution
on R2n given by

KX(ϕ) : =

∫∫

R2n

KX(s, t)ϕ(s, t) dmn(s) dmn(t), ϕ ∈ D2n. (3.1)

Definition 3.1. A locally gramian square integrable random field is called operator
temperedly correlated if its operator correlation function is an operator tempered
distribution.

One first easy example of an operator temperedly correlated field is a strongly
operator harmonizable one. Another easy example is given by the following propo-
sition.

Proposition 3.2. Each operator periodically correlated random field is an operator
temperedly correlated one.

Proof. Suppose X(·) is an operator periodically correlated random field. Denote
Ij,l : = [jT, (j + (1, . . . , 1))T )× [lT, (l + (1, . . . , 1))T ) be the product of two “rect-
angles” in R2n. Put w = (s, t). For ϕ ∈ S2n, let C > 0 be such that

|ϕ(w)| ≤ C(1 + |w|2)−n, for all w ∈ R
2n. (3.2)
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Then

‖KX(w)ϕ(w)‖C 1(E) ≤ CM(w)(1 + |w|2)−n,

where

M(w) = ‖X(s)‖C 2(F ,E)‖X(t)‖C 2(F ,E).

From the square integrability of X(·), it results that the function M(w) is square
integrable over each rectangle Ij,l and from operator periodical correlatedness we
have

∫∫
Ij,l

M2(w)dm2n(w) = B2 < ∞, for all j, l ∈ Zn. Then it holds

∫∫
‖KX(w)ϕ(w)‖C 1(E)dm2n(w)

≤ C
∑

j

∑

l

∫

Ij,l

M(w)(1 + |w|2)−ndm2n(w)

≤ C
∑

j

∑

l

( ∫

Ij,l

M2(w)dm2n(w)

) 1
2
( ∫

Ij,l

(1 + |w|2)−2ndm2n(w)

) 1
2

= BC
∑

j

∑

l

( ∫

Ij,l

(1 + |w|2)−2ndm2n(w)

) 1
2

< ∞

(3.3)

Therefore KX(w)ϕ(w) is Bochner integrable over R2n and consequently, regarding
KX as distribution on R2n, KX(ϕ) is well defined for every ϕ ∈ S2n.

For the (sequential) continuity of ϕ �→ KX(ϕ), let ϕj be a sequence con-
verging to zero in S2n. Then there are constants Cj → 0, for j → ∞, such that
|ϕj(w)| ≤ Cj(1+|w|2)−n, j ∈ Z+. From (3.3) it results KX(ϕj) → 0 as j → ∞. �

Now, since KX ∈ S′
n

(
C

1(E)
)
, its Fourier transform in the sense of distribu-

tions is a well defined operator tempered distribution from S′
n

(
C 1(E)

)
.

Definition 3.3. The spectral bi-distribution FX of an operator temperedly cor-
related random field X(·) on Rn, is the operator tempered distribution on R2n

defined by

FX(ϕ) : = KX(ϕ̂) =

∫∫

R2n

KX(w)ϕ̂(w) dm2n(w), ϕ ∈ S2n. (3.4)

Remark 3.4. Let F be the C 1(E)-measure on R2n associated to a strongly op-
erator harmonizable random field X(·). Now, if we regard F as a C 1(E)-valued
distribution on R

2n, by applying the inverse Fourier transform and (3.4) we have,
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for ϕ ∈ D2n

F (ϕ) =

∫

R2n

ϕ(u, v)dF (u, v)

=

∫

R2n

∫

R2n

ei〈s,u〉e−i〈t,v〉ϕ̂(s, t) dm2n(s, t)dF (u, v)

=

∫

R2n

KX(s, t)ϕ̂(s, t) dm2n(s, t) = FX(ϕ),

consequently the spectral bi-distribution for a strongly operator harmonizable field
is the bi-measure (which is already a measure) assuring the integral representation
of the correlation function of the field.

Proposition 3.5. Each spectral bi-distribution of an operator temperedly correlated
random field X(·) with n continuous time parameters, is positive definite (p.d.),
i.e., for each m ∈ Z+ and any ϕ1, ϕ2, . . . , ϕm ∈ Dn and a1, a2, . . . , am ∈ B(E)

m∑

p,q=1

apFX(ϕp ⊗ ϕ̄q)a
∗
q ≥ 0,

where we used the notation (ϕ ⊗ ψ̄)(s, t) = ϕ(s)ψ̄(t), s, t ∈ Rn, ϕ, ψ ∈ Dn.

Proof. Indeed we have successively

m∑

p,q=1

apFX(ϕp ⊗ ϕ̄q)a
∗
q =

m∑

p,q=1

apKX(ϕ̂p ⊗ ¯̂ϕq)a
∗
q

=

m∑

p,q=1

ap

∫

R2n

ϕ̂p(s) ¯̂ϕq(t)KX(s, t)dm2n(s, t) a∗
q

=

m∑

p,q=1

ap

∫

R2n

[ϕ̂p(s)X(s), ϕ̂q(t)X(t)]dm2n(s, t) a∗
q

=
m∑

p,q=1

ap

⎡
⎣
∫

Rn

ϕ̂p(s)X(s)dmn(s),

∫

Rn

ϕ̂q(t)X(t)dmn(t)

⎤
⎦ a∗

q

=

⎡
⎣

m∑

p=1

ap

∫

Rn

ϕ̂p(s)X(s)d mn(s),
m∑

q=1

aq

∫

Rn

ϕ̂q(t)X(t)d mn(t)

⎤
⎦ ≥ 0. �

It appears naturally the problem of the characterization of operator tem-
peredly correlated random fields with the aid of the corresponding spectral bi-
distribution. For the moment we can answer this question only for the subclass
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of the o.p.c. random fields. Let us first bring up a special class of C 1(E)-valued
tempered distributions. Denote, for j ∈ Zn the linear manifolds

Sj : =

{(
s, s + 2π

j

T

)
∈ R

2n, s ∈ R
n

}
,

which are “parallel” to the diagonal manifold {(s, s), s ∈ Rn} in Rn × Rn = R2n.
Let Gj be some C 1(E)-valued measures on R2n supported respectively on the
manifolds Sj , j ∈ Zn, for which their total variations are uniformly bounded.
Since, for each ϕ ∈ D2n, only a finite number of Sj intersects the support of ϕ,
the sum

∑
j∈Zn

Gj(ϕ) makes sense. Then we can define in the sense of C 1(E)-valued

distributions the sum ∑

j∈Zn

Gj = G. (3.5)

Proposition 3.6. Let Gj , j ∈ Zn be as above. Then the sum (3.5) defines G as a
C 1(E)-valued tempered distribution on R2n.

Proof. Let ϕ ∈ S2n and C > 0 such that

|ϕ(w)| ≤ C(1 + |w|2)−n , w ∈ R
2n.

Then we have that

‖Gj(ϕ)‖C 1(E) =

∥∥∥∥
∫

R2n

ϕ(w)dGj(w)

∥∥∥∥
C 1(E)

≤ sup
w∈Sj

C

(1 + |w|2)n
var(Gj)

≤ C

(1 + C1|j|2)n
var(Gj),

which, leads to the fact that in (3.5) the sum
∑

j∈Zn Gj(ϕ) makes sense. The same

inequality gives the (sequential) continuity of G from (3.5). �

Let us observe that G from (3.5) is well defined for every bounded Borel
function with compact support. So we can define G(σ) : = G(χσ), where χσ is
the indicator function of a bounded σ ∈ B(R2n). It is not hard to see that the
distribution G is p.d. iff for every natural number m and each a1, . . . , am ∈ B(E)
and any bounded sets ∆1, . . . ,∆m in B(R2n) we have

m∑

p,q=1

apG(∆p × ∆q)a
∗
q ≥ 0. (3.6)

Now we are in a position to state the characterization of an o.p.c. random field in
terms of its spectral bi-distribution.

Theorem 3.7. A tempered C 1(E)-valued distribution F on R2n is the spectral bi-
distribution of an o.p.c. random field X with n continuous time parameters, iff F is
p.d. and is of the form F =

∑
j∈Zn

Fj, where Fj , (j ∈ Z
n) are C

1(E)-valued measures
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on R2n supported respectively on the manifolds Sj , j ∈ Zn, having uniformly
bounded total variations. If this is the case, then Fj are given by

Fj(σ) : = Kj(s
−1
j (σ)), σ ∈ B(R2n), j ∈ Z

n, (3.7)

where sj : Rn → R2n is given by sj(t) : =
(
t, t + 2π j

T

)
and Kj is a measure defined

by the relation∫

Rn

ei〈t,u〉 dKj(u) =
1

T1 · · ·T2

∫

[0,T )

e−2πi〈j, u
T 〉KX(t + u, u) dmn(u), j ∈ Z

n.

Proof. Let X(·) be an operator periodically correlated random field on Rn and FX

its spectral bi-distribution, which by Proposition 3.2 is a tempered C 1(E)-valued
distribution. Since the C

1(E)-valued functions

Aj(t) :=
1

T1 · · ·T2

∫

[0,T )

e−2πi〈j, u
T 〉KX(t + u, u)dmn(u), t ∈ R

n,

are just the Fourier coefficients of the modified operator correlation function BX ,
from Theorem 2.3, there exists a stationarily cross-correlated family

X = {Xj(·), j ∈ Z
n}

in the B(E)-module L2
[
[0, T ),HX

]
such that

[Xj(t), X l(0)] = kj,l(t) = e−2πi〈j, t
T 〉Aj−l(t), j, l ∈ Z

n, t ∈ R
n. (3.8)

In particular, Aj(t) = k0,−j(t). Applying now the formula (2.10), for each j ∈ Zn,
it holds

Aj(t) =

∫
ei〈t,u〉dK−j(u), (3.9)

where Kj(·) = F 0,j
X (·).

Now, the measures Kj have uniformly bounded total variations, because of
the fact that (3.8) implies

[
X l(0), X l(0)

]
= A0(0), l ∈ Z

n. Indeed by this last
inequality and by [4, Lemma 2 (3), pp. 18], for each σ ∈ B(Rn) and j ∈ Zn, we
have

Kj(σ)Kj(σ)∗ =
[
E(σ)X0(0), Xj(0)

] [
Xj(0), E(σ)X0(0)

]

≤ tr
[
E(σ)X0(0), X0(0)

]
A0(0),

from where ‖Kj(σ)‖C 1(E) ≤ ‖K0(σ)‖C 1(E)(trA0(0))
1
2 , which leads to |Kj |(Rn) ≤

|K0|(Rn)(trA0(0))
1
2 , where we used the notation of the total variation of a C 1(E)-

valued measure from [4, pp. 54]. The fact that |K0|(Rn) is finite can be obtained
by the following reasoning. By [4, Theorem 5 (3), pp. 57], K0(·) = E(·)X0(0)
being gramian orthogonally scattered, is of operator bounded variation, which by
the same Theorem leads to the fact that

[
E(·)X0(0), X0(0)

]
= K0 has finite total

variation. Define now Fj(σ) : = Kj(s
−1
j (σ)), σ ∈ B(Rn), with sj as above. Then

by Proposition 3.6 it results that F =
∑

j∈Zn

Fj is an operator tempered distribution.
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It remains to prove that F = FX . Since {ϕ, ϕ ∈ S2n s. t. ϕ̂ ∈ D2n} is dense in
S2n, it is enough to verify FX(ϕ) = F (ϕ) for such functions. Calculate first

F (ϕ) =
∑

j∈Zn

∫

Rn

∫

Rn

ϕ(u, v) dF−j(u, v) =
∑

j∈Zn

∫

Rn

ϕ

(
u, u − 2π

j

T

)
dK−j(u)

=
∑

j∈Zn

∫

Rn

∫

R2n

ei〈s−t,u〉e2πi〈j, s
T 〉ϕ̂(s, t) dm2n(s, t) dK−j(u).

The calculus of FX for the same ϕ runs as follows

FX(ϕ) =

∫

R2n

KX(w)ϕ̂(w) dm2n(w)

=

∫

Rn

∫

Rn

KX(u + s, s)ϕ̂(u + s, s) dmn(s)dmn(u)

=

∫

Rn

∫

Rn

⎛
⎝∑

j∈Zn

e2πi〈j, s
T 〉

∫

Rn

ei〈u,v〉 dK−j(v)

⎞
⎠ ϕ̂(u + s, s) dmn(s) dmn(u)

=
∑

j∈Zn

∫

Rn

∫

R2n

ei〈s−t,v〉e2πi〈j, s
T 〉ϕ̂(t, s) dm2n(t, s) dK−j(v) = F (ϕ).

We have used the fact that the series
∑

j∈Zn e2πi〈j, s
T 〉Aj(u) converges to KX(u +

s, s) in L2[I,H], for each compact I ⊂ Rn and u ∈ Rn, and that ϕ̂ has compact
support.
For the “only if” part suppose that F is a positive definite tempered distribution
of the form F =

∑
Fj as in the statement of the theorem. Denoting Kj(σ) : =

Fj(sj(σ)), j ∈ Zn, σ ∈ B(Rn), since for j ∈ Zn and σ, τ ∈ B(Rn), sj(t) ∈ σ×τ iff

t ∈ σ ∩
(
τ − 2πj

T

)
holds, it follows Fj(σ × τ) = Kj

(
σ ∩

(
τ − 2π j

T

))
. Now, defining

Kj,l(σ) : = Kl−j

(
σ + 2π

j

T

)
; j, l ∈ Z

n, σ ∈ B(Rn), (3.10)

it results

Kj,l(σ ∩ τ) = Kl−j

(
σ ∩

(
τ + 2π

j

T

))

= Kl−j

((
σ + 2π

j

T

)
∩
(

τ + 2π
j

T

))

= Kl−j

((
σ + 2π

j

T

)
∩
(

τ + 2π
j

T
− 2π

(l − j)

T

))

= Fl−j

((
σ + 2π

j

T

)
×
(

τ + 2π
l

T

))
.

(3.11)

By forming the set function K = [Kj,l]j,l∈Zn , it is positive definite in the sense
that, for each m ∈ Z+ and any j1, . . . , jm ∈ Z

n, any operators a1, . . . , am ∈ B(E)
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and any bounded sets D1, . . . , Dm ∈ B(Rn)
m∑

p,q=1

apK
jp,jq(Dp ∩ Dq)a

∗
q ≥ 0. (3.12)

We shall suppose that each Dp is included in exactly one of the intervals
[
2π j

T ,

2π (j+(1,...,1))
T

)
(if this is not the case, simply split Dp into smaller sets). In this

way Dp × Dq intersects at most one manifold Sj. By using (3.11) we obtain

m∑

p,q=1

apK
jp,jq (Dp ∩ Dq)a

∗
q

=
m∑

p,q=1

apFjp−jq

((
Dp + 2π

jp

T

)
×
(

Dq + 2π
jq

T

))
a∗

q . (3.13)

But, by the hypothesis, F is positive definite and as
(

Dp + 2π
jp

T

)
×
(

Dq + 2π
jq

T

)

intersects at most one manifold Sj, using (3.10), we have

m∑

p,q=1

apK
jp,jq (Dp ∩ Dq)a

∗
q

=

m∑

p,q=1

apF

((
Dp + 2π

jp

T

)
×
(

Dq + 2π
jq

T

))
a∗

q ≥ 0. (3.14)

Consequently [Kj,l] is the spectral distribution of a stationarily cross-correlated
family indexed by Zn, say Y = {Y j(·), j ∈ Zn}. The cross-correlation function of
Y is given by

kj,l
Y (t) = [Y j(t), Y l(0)] =

∫

Rn

ei〈t,u〉 dKj,l(u) =

∫

Rn

ei〈t,u〉 dKl−j

(
u + 2π

j

T

)

= e−2πi〈j, t
T 〉

∫

Rn

ei〈t,v〉dKl−j(v) = e−2πi〈j, t
T 〉Aj−l(t), j, l ∈ Z

n, t ∈ R
n.

where the functions Al(·) are defined by

Al(t) =

∫

Rn

ei〈t,u〉dK−l(u), l ∈ Z
n , t ∈ R

n. (3.15)

Now from Theorem 2.4 we infer that there is an o.p.c. random field X(·) on Rn,
such that its correlation function KX(s, t) satisfies

Aj(t) =
1

T1 · · ·Tn

∫

[0,T )

e−2πi〈j, u
T 〉KX(t + u, u) dmn(u), j ∈ Z

n, t ∈ R
n. (3.16)
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From the “if part”, for this random field X(·) we have that its spectral bi-distri-
bution FX has the form

FX =
∑

j∈Zn

Gj ,

where Gj are C 1(E)-valued measures on R2n of uniformly bounded total vari-
ations, which are supported on the manifolds Sj , respectively. They are deter-

mined by Gj(σ) = γj(s
−1
j (σ)), where γj are given by the relation A−j(t) =∫

Rn

ei〈t,u〉dγj(u), j ∈ Z
n. From (3.15) we have that γj = Kj and therefore Gj =

Fj , j ∈ Zn. It results then F = FX . �
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1. Introduction

Let H be a Hilbert space of analytic functions on a domain Ω ⊆ C and φ : Ω → Ω a
holomorphic function. Then unweighted composition operators on H have the form
f �→ f ◦φ. The basic properties of such operators acting on the Hardy space H2 =
H2(D) and the Bergman space L2

a(D) of the unit disc are well understood (see,
for example, [7, 20, 22]). On arbitrary domains, however, much less is known, and
general composition operators induced by mappings between Hardy or Bergman
spaces of different domains have not been fully analysed (for example, unlike in the
case of the disc, such operators are not necessarily bounded). In fact it turns out
to be no more difficult to study weighted composition operators between different
spaces, since, by standard unitary equivalences, it is possible to reduce them to
weighted composition operators f �→ h.(f ◦ ψ) on the Hardy and Bergman spaces
of the disc.

In this paper we analyse such weighted composition operators, first on the
Hardy space and then on the Bergman space. The main properties that we study
are boundedness, compactness, boundedness below (closed range), isometry, and
invariant subspaces. For the Hardy space, conditions for boundedness have recently
been given in [6], but it seems that our results characterizing boundedness below,
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isometries and certain classes of invariant subspaces are new. For the Bergman
space, we are able to use measure-theoretic arguments to characterize boundedness,
compactness and boundedness below, apparently for the first time.

2. Hardy spaces and composition operators

2.1. Hardy spaces on general domains

Let Ω be a simply connected proper subdomain of C, and let α : D → Ω be a con-
formal bijection (Riemann mapping). Then the Hardy–Smirnoff space E2(Ω) is the
space of all functions f : Ω → C such that the function Jf : z �→ f(α(z))[α′(z)]1/2

lies in the Hardy class H2 = H2(D). It is clear that E2(Ω) is a Hilbert space
if we define the norm by ‖f‖ = ‖Jf‖2 for f ∈ E2(Ω), so that the mapping
J : E2(Ω) → H2, defined above, is an isometry. Note that

(J−1g)(w) = g(α−1(w))[(α−1)′(w)]1/2 =
g(α−1(w))

[α′(α−1w)]1/2
, (g ∈ H2, w ∈ Ω).

The space E2(Ω) coincides with Rudin’s space of all analytic functions f such
that |f |2 has a harmonic majorant, if and only if there exist constants a, b > 0
such that a ≤ |α′(z)| ≤ b for all z ∈ D. We refer to the book of Duren [8] for
further background on these spaces.

Let φ : Ω1 → Ω2 be an analytic mapping between two such domains and
suppose that v ∈ Hol(Ω1), the space of analytic functions defined on Ω1. Then
a weighted composition mapping Cv,φ : Hol(Ω2) → Hol(Ω1) can be defined by
(Cv,φg)(z) = v(z)g(φ(z)), for z ∈ Ω1. If v ≡ 1, then we denote the unweighted
composition operator Cv,ψ by Cψ .

Let us write ψ = α−1
2 φα1. If in fact Cv,φ restricts to a bounded operator from

E2(Ω2) to E2(Ω1), then we have the following commutative diagrams showing that
Cv,φ is unitarily equivalent to a bounded operator T on H2. Here, J1 and J2 are
the isometries induced by Riemann mappings αj : D → Ωj for j = 1, 2.

Ω1
φ
−→ Ω2

α1 ↑ ↑ α2

D
ψ
−→ D

E2(Ω1)
Cv,φ
←− E2(Ω2)

J1 ↓ ↓ J2

H2(D) T
←− H2(D)

.

We recall that an unweighted composition operator Cψ is automatically
bounded on H2(D) by Littlewood’s subordination theorem (see, for example,
[17, 16]).

The following simple result is given (in the unweighted case) in [21] for the
case Ω1 = Ω2, and the example Ω1 = Ω2 = C+, the right-hand half-plane, is
studied in [3], for example.
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Proposition 2.1. With the above notation, the operator T = J1Cv,φJ−1
2 is another

weighted composition operator, given by

(Tf)(z) = h(z)f(ψ(z)), where h(z) = v(α1(z))

(
α′

1(z)

α′
2(ψ(z))

)1/2

.

Proof. For f ∈ H2(D), we have

(Tψf)(z) = (J1CφJ−1
2 f)(z)

= (CφJ−1
2 f)(α1(z))[α′

1(z)]1/2

= v(α1(z))(J−1
2 f)(φα1(z))[α′

1(z)]1/2

= v(α1(z))f(α−1
2 φα1(z))[α′

1(z)]1/2/[α′
2(α

−1
2 φα1)(z)]1/2,

as required. �

Example 2.1. We give a few instructive examples corresponding to the unweighted
case v ≡ 1.

1. Let Ω1 = Ω2 = C+, and define α : D → C+ by α(z) = 1−z
1+z , so that

α′(z) = −2/(1 + z)2. We arrive at Tf(z) = 1+ψ(z)
1+z (Cψf)(z), where Cψ is

the unweighted composition operator on H2.
2. Let Ω1 = D and Ω2 = C+, with α1(z) = z and α2(z) = 1−z

1+z as before. Every

composition operator from E2(C+) to H2(D) is unitarily equivalent to an
operator such that Tf(z) = 1

2i (1+ψ(z))(Cψf)(z) on H2, and is automatically
bounded since Cψ is bounded and 1 + ψ ∈ H∞. (Warning: the notation
H2(C+) is generally used for what we are here denoting E2(C+) and not for
the Rudin space defined earlier.)

3. Reversing the roles of Ω1 and Ω2 in the previous example, we see that every
composition operator from H2(D) to E2(C+) is equivalent to an operator
satisfying (Tf)(z) = 2i

1+z (Cψf)(z). In fact, since the constant functions do

not lie in E2(C+), there are no such operators, but it is possible instead
to consider composition operators defined on proper subspaces of H2. For
example, if ψ(z) = (1 + z)ξ(z), and ξ ∈ H∞, then T defines a bounded
operator on H2

0 = zH2, since T (z.g) : z �→ 2iξ(z)(Cψg)(z).
4. Another example is the left semi-disc DL = {z ∈ D : Re z < 0}. Multiplication

operators on E2(DL) were studied in [4] in the context of invariant subspaces.
A suitable map α : D → DL is the inverse mapping to β : DL → D where
β(w) = (w2 − 2w − 1)/(w2 + 2w − 1) for w ∈ DL.

2.2. Isometric weighted composition operators on H2

We are thus led to study the weighted composition operator Th,ψ : f �→ h · (f ◦ψ),
for holomorphic ψ : D → D. Since ψ lies in H∞(D) it has a canonical nontangential
extension to the unit circle T, and we shall denote this by ψ also. For Th,ψ to
be bounded it is clearly necessary that h lie in H2(D) (since the image of the
constant function 1 is h), and it is sufficient that h lie in H∞(D), since ‖Th,ψf‖2 ≤
‖h‖∞‖Cψf‖2.
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An exact necessary and sufficient condition for boundedness was given in [6],
namely that Th,ψ is bounded if and only if the measure µh,ψ, given for measurable

subsets E ⊂ D by

µh,ψ(E) =

∫

ψ−1(E)∩T

|h|2 dm, (2.1)

where dm is Lebesgue measure on T, is a Carleson measure.

It is known from [17] that an unweighted composition operator Cψ on H2(D)
is isometric if and only if ψ is inner and ψ(0) = 0; for the half-plane, the necessary
and sufficient condition was given in [3], namely that the unitarily equivalent

operator T , where Tf : z �→ 1+ψ(z)
1+z (Cψf)(z), is an isometry if and only if ψ is

inner and the function h given by h : z �→ 1+ψ(z)
1+z lies in H2 and has unit norm.

Theorem 2.1. The operator Th,ψ is an isometry on H2 if and only if ψ is inner,
‖h‖2 = 1, and 〈h, h.ψn〉 = 0 for n ≥ 1.

Proof. It is clear that Th,ψ is an isometry if and only if the sequence (h.ψn)n≥0 is
orthonormal in H2. This implies directly that ‖h‖2 = 1. Now

‖h.ψ‖2
2 =

∫ 2π

0

|h(eit)|2|ψ(eit)|2 dt =

∫ 2π

0

|h(eit)|2 dt = ‖h‖2
2, (2.2)

and since |h(eit)| > 0 almost everywhere, this implies that ψ is inner or we
would have a strict inequality in (2.2). Now for ψ inner we have 〈h.ψm, h.ψn〉 =
〈h, h.ψn−m〉 for n ≥ m, and thus the given conditions are both necessary and
sufficient. �

Lance and Stessin ([12]), in their work on multiplication-invariant subspaces
of Hp, introduced the notion of a ψ-2-inner function. Namely, if ψ is inner and
nonconstant, then h is said to be ψ-2-inner if ‖h‖2 = 1 and 〈|h|2, ψn〉 = 0 for
n = 1, 2, . . .. The same condition arises here.

Corollary 2.1. The operator Th,ψ is an isometry if and only if ψ is inner and h is
ψ-2-inner.

Proof. This follows immediately from Theorem 2.1, since 〈h, h.ψn〉 = 〈|h|2, ψn〉
for all n ≥ 1. �

2.3. Operators bounded below

An operator T : X → Y is said to be bounded below if there is a constant δ > 0
such that ‖Tx‖ ≥ δ‖x‖ for every x ∈ X . If X and Y are Banach spaces and T is
injective, this is the same as saying that T has closed range.

In [5], Cima, Thomson and Wogen gave a necessary and sufficient condition
for an unweighted composition operator on H2 to be bounded below. We now
generalize their results to give a necessary and sufficient condition for a weighted
composition operator on H2 (and thus for weighted composition operators between
more general Hardy spaces) to be bounded.
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For a function ψ : D → D and a function h ∈ H2, recall that we defined a
Borel measure µh,ψ on subsets of D by (2.1). In fact µh,ψ, restricted to subsets
of T, is absolutely continuous with respect to Lebesgue measure: to see this, it is
sufficient to consider the case h ≡ 1, in which case the arguments of [17] and [5]
apply. We write gh,ψ for the Radon–Nikodym derivative of µh,ψ with respect to
Lebesgue measure.

Theorem 2.2. The weighted composition operator Th,ψ is bounded below if and only
if gh,ψ is essentially bounded away from zero.

Proof. Take f ∈ H2 and suppose that gh,ψ is essentially bounded below. In par-
ticular ψ(T) must include the whole of T (to within a set of measure 0). Then

‖Th,ψf‖2 =

∫

T

|h(eiθ)|2|f(ψ(eiθ))|2 dθ

≥
∫

T

|f(eit)|2 dµh,ψ(t)

=

∫

T

|f(eit)|2gh,ψ(t) dt

and hence Th,ψ is bounded below. Note that the inequality above may be strict if
ψ(T) includes points of the open disc D.

Conversely, if gh,ψ is not essentially bounded away from zero, then for any
ǫ > 0 we can find a set E ⊆ T such that∫

ψ−1(E)∩T

|h(eiθ)|2 dθ < ǫm(E),

where m is normalized Lebesgue measure. Let f ∈ H2 be an outer function such
that

|f(eit)| =

{
1 if eit ∈ E,
1
2 otherwise.

Now fn (i.e., f × · · · × f) satisfies ‖fn‖2 ≥ m(E)1/2 for all n, but f(z)n tends
pointwise and monotonically to zero on D \ E; therefore we have

lim sup
n→∞

‖Th,ψfn‖2 =

∫

ψ−1E

|h(eiθ)|2 dθ ≤ ǫm(E),

and since ǫ was arbitrary, this means that Th,ψ is not bounded below. �

2.4. Invariant subspaces

The characterization of all (closed) invariant subspaces of a composition operator
is a difficult problem, known to be equivalent to the Invariant Subspace Problem
for Hilbert spaces (see [18]). It is therefore of interest to obtain information on
the invariant subspaces for weighted composition operators Th,ψ, and one case
which can be studied is the case of common invariant subspaces with the shift
operator S defined by (Sf)(z) = zf(z) (itself a weighted composition operator of
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a particularly simple kind). By Beurling’s theorem ([11]), all invariant subspaces
of S have the form M = θH2, where θ is an inner function. As in [3], we shall
study the (already rather complicated) case when θ is a Blaschke product.

We recall from [1] the Denjoy–Wolff theorem, which states that for a holo-
morphic mapping ψ : D → D that is not an elliptic automorphism, one of the
following cases must occur.

1. ψ fixes a point p ∈ D, in which case the sequence of iterates (ψ(n))n≥1

satisfies lim
n→∞

ψ(n)(z) = p uniformly on compact subsets of D.

2. ψ has no fixed point in D but there exists a point p ∈ T such that
lim

n→∞
ψ(n)(z) = p uniformly on compact subsets of D.

We call such a p the Denjoy–Wolff point for Φ.
The following result extends results in [3] on unweighted composition opera-

tors on H2(D) and H2(C+). Note that the case in which h has no zeroes occurs
frequently, for example if we consider unweighted composition operators (v = 1)
in Proposition 2.1.

Theorem 2.3. Let B be a Blaschke product, factorizing as B = bB0, where b
and B0 are Blaschke products such that b divides h and b is maximal (that is,
b = GCD(B, h)). Let {zk} be the zeroes of B0, with multiplicities {m(zk)}. Then
BH2 is an invariant subspace for Th,ψ if and only if for each k, one has that ψ(zk)
is a zero of B of multiplicity at least m(zk).

If h has no zeroes in D, then B = B0, and so BH2 is an invariant subspace
for Th,ψ if and only if for each k one has that ψ(zk) = zℓ for some ℓ with m(zℓ) ≥
m(zk). Moreover, if B = B0 and the Denjoy–Wolff point p of ψ lies in D, then for
each k there is an n such that ψ(n)(zk) = p, where ψ(n) is the nth iterate of ψ.

Proof. If f = Bg, then Th,ψf = h(B ◦ ψ)(g ◦ ψ) and so it is clear that BH2 is an
invariant subspace for Th,ψ if and only if B divides h(B ◦ψ). That is, if and only if
B0b divides h(B ◦ ψ). Because of the maximality of b, the necessary and sufficient
condition is that B0 divide B ◦ ψ.

In the case B = B0, the iterates ψ(n)(zk) tend to p, and they are zeroes of
B. By the principle of isolated zeroes they must eventually equal p. �

3. Bergman spaces and composition operators

3.1. Bergman spaces on general domains

Let Ω be a simply-connected domain, and let L2
a(Ω) denote the Bergman space on

Ω, consisting of all holomorphic functions f : Ω → C such that

‖f‖ :=

(∫∫

Ω

|f(z)|2 dA(z)

)1/2

< ∞,

where dA = dx dy/π denotes normalized 2-dimensional Lebesgue measure on Ω.
A standard reference for Bergman spaces and their properties is [10].
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Let α : D → Ω be a conformal bijection. As in the Hardy space case there
is an isometry J : L2

a(Ω) → L2
a(D), and in this case it is easily verified that it is

given by (Jf)(z) = f(α(z))α′(z).
Let φ : Ω1 → Ω2 be an analytic mapping between two such domains and

suppose that v ∈ Hol(Ω1), the space of analytic functions defined on Ω1. Then
a weighted composition mapping Cv,φ : Hol(Ω2) → Hol(Ω1) can be defined by
(Cv,φg)(z) = v(z)g(φ(z)), for z ∈ Ω1. If v ≡ 1, then we denote the unweighted
composition operator Cv,ψ by Cψ .

Let us write ψ = α−1
2 φα1. If in fact Cv,φ restricts to a bounded operator from

L2
a(Ω2) to L2

a(Ω1), then we have the following commutative diagrams showing that
Cv,φ is unitarily equivalent to a bounded operator T on L2

a(D). Here, J1 and J2

are the isometries induced by Riemann mappings αj : D → Ωj for j = 1, 2.

Ω1
φ
−→ Ω2

α1 ↑ ↑ α2

D
ψ
−→ D

L2
a(Ω1)

Cv,φ
←− L2

a(Ω2)

J1 ↓ ↓ J2

L2
a(D) T

←− L2
a(D)

.

The following analogue of Proposition 2.1 is proved in a similar way, and we
omit the details.

Proposition 3.1. With the above notation, the operator T = J1Cv,φJ−1
2 is another

weighted composition operator, given by

(Tf)(z) = h(z)f(ψ(z)), where h(z) = v(α1(z))

(
α′

1(z)

α′
2(ψ(z))

)
.

Hence, as in the case of the Hardy spaces, every weighted composition oper-
ator on a Bergman space L2

a(Ω), with Ω simply connected, is unitarily equivalent
to a weighted composition operator on L2

a(D). Thus we are led to study these in
more detail.

3.2. Weighted composition operators on L2
a(D)

In this section we give necessary and sufficient conditions for weighted composi-
tion operators Th,ψ : f �→ h.(f ◦ ψ) to be bounded on L2

a(D), then conditions for
boundedness below. Here ψ : D → D is holomorphic and h ∈ L2

a(D), an obvi-
ous necessary condition for boundedness since Th,ψ(1) = h, where 1 denotes the
constant function.

A key role is now played by the following measure on D, which is analogous
to the one defined in Section 2.3 in the case of the Hardy space. For Borel subsets
E ⊆ D define νh,ψ(E) by

νh,ψ(E) =

∫

ψ−1(E)

|h(z)|2 dA(z).

Again we see that νh,ψ is absolutely continuous with respect to normalized two-
dimensional Lebesgue measure dx dy/π, a fact which this time can be shown by
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elementary complex analytic arguments, for example by considering the local be-
havior of ψ. Let w = wh,ψ denote the Radon–Nikodym derivative of νh,ψ with
respect to normalized Lebesgue measure, and note that w ≥ 0.

The following result gives an alternative expression for the norm of a func-
tion Th,ψf .

Lemma 3.1. Let f ∈ L2(D, dA). Then
∫

D

|h(z)|2|f(ψ(z))|2 dA(z) =

∫

D

|f(z)|2 dνh,ψ(z) =

∫

D

|f(z)|2w(z) dA(z).

Proof. Suppose first that f is a non-negative simple function

f(z) =

n∑

j=1

akχEj (z).

Then we have
∫

D

|h(z)|2|f(ψ(z))|2 dA(z) =

∫

D

|h(z)|2
( n∑

j=1

ajχψ−1(Ej)(z)
)

dA(z)

=

n∑

j=1

aj

∫

ψ−1(Ej)

|h(z)|2 dA(z) =

∫

D

|f(z)|2 dνh,ψ(z).

The general result follows by standard monotone convergence arguments for pos-
itive functions, and then by linearity for all functions in L2(D, dA) (cf. a Hardy
space analogue in [6]). The expression in terms of w is now obvious. �

We are now ready to characterize boundedness and boundedness below. In the
following result A(E) denotes the (normalized) 2-dimensional Lebesgue measure
(area) of a set E.

Theorem 3.1. The weighted composition operator Th,ψ is bounded on L2
a(D) if and

only if there is a constant C1 > 0 such that the measure νh,ψ satisfies

νh,ψ(D ∩ D) ≤ C1A(D ∩ D)

for all discs D with centers on T.

The operator Thψ is compact if and only if

lim
r→1

sup
D∈Dr

νh,ψ(D ∩ D)

A(D ∩ D)
= 0, (3.1)

where Dr denotes the set of discs with centers on T and radii at most r.

It is bounded below if and only if there are constants r, C2 > 0 such that the
set Er = {z ∈ D : w(z) ≥ r} satisfies

A(D ∩ Er) ≥ C2A(D ∩ D)

for all discs D with centers on T.
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Proof. We see from Lemma 3.1 that Th,ψ is bounded if and only the natural
injection J : L2

a(D, dA) → L2(D, dνh,ψ) is bounded. This is the condition that νh,ψ

be a Hastings–Carleson measure (cf. [9, 13]), and the first result follows.

Similarly Th,ψ is compact if and only if the injection J is compact. This is the
vanishing condition (3.1), as given in [15]. It can be easily proved by testing when
the condition that (fn) tends weakly (and hence locally uniformly) to 0 implies
that ‖Jfn‖ → 0.

Finally, Th,ψ is bounded below if and only if there is a constant ǫ > 0 such
that ∫

D

|f(z)|2w(z) dA(z) ≥ ǫ

∫

D

|f(z)|2 dA(z), (f ∈ L2
a(D)),

and now Corollary 1 of Luecking [13] gives the result. �

4. Summary and conclusions

The following table summarizes conditions for composition operators to have the
various properties studied in this paper. Older results are given as citations, new
ones as references in this paper. In each case there are two entries: Hardy space
first, then Bergman.

Unweighted Weighted
Bounded [22] – [22] [6] – Theorem 3.1

Bounded Below [5] – [23] Theorem 2.2 – Theorem 3.1
Compact [19] – [14] [6] – Theorem 3.1

Several open questions remain. For example, it would be of interest to classify
those subspaces of H2(D) which are simultaneously invariant under multiplication
by an arbitrary inner function and under a weighted composition operator. The re-
cent work of Lance and Stessin ([12]) classifies the multiplication-invariant spaces,
but it turns out that they are no longer singly generated. Similar questions apply
to shift-invariant subspaces of L2

a(D), for which the recent paper ([2]) is a good
reference.

Finally, we do not know which weighted composition operators act as isome-
tries on the Bergman space. It is easy to see using Schwarz’s lemma (cf. [22]) that
in the unweighted case the only isometries have the form Cφ where φ(z) = αz and
|α| = 1. In the weighted case there are others: for example the isometries of the
Bergman space L2

a(C+) induced by the mappings φa(z) = z + ia, with a ∈ R, are
equivalent to weighted composition operators on L2

a(D), as in Proposition 3.1.

Acknowledgment

This work was undertaken when the first author was visiting Leeds as a Common-
wealth Fellow, and the Commonwealth Scholarships Commission is thanked for
its financial support. The authors are also grateful to the referee for some helpful
comments.



166 R. Kumar and J.R. Partington

References

[1] P.S. Bourdon, J.H. Shapiro, Cyclic Phenomena for Composition Operators. Memoirs
of the A.M.S. 596 (1997).

[2] B.J. Carswell, P.L. Duren, M.I. Stessin, Multiplication Invariant Subspaces of the
Bergman Space. Indiana Univ. Math. J. 51 (2002), no. 4, 931–961.

[3] I. Chalendar, J.R. Partington, On the Structure of Invariant Subspaces for Isometric
Composition Operators on H2(D) and H2(C+). Arch. Math. (Basel) 81 (2003), 2,
193–207.

[4] I. Chalendar, J.R. Partington, Spectral density for multiplication operators with ap-
plications to factorization of L1 functions. J. Operator Theory 50 (2003), 2, 411–422.

[5] J.A. Cima, J. Thomson, W. Wogen, On Some Properties of Composition Operators.
Indiana Univ. Math. J. 24 (1974/75), 215–220.

[6] M.D. Contreras, A.G. Hernández-Dı́az Weighted Composition Operators on Hardy
Spaces. J. Math. Anal. Appl. 263 (2001), 224–233.

[7] C.C. Cowen, B.D. MacCluer, Composition Operators on Spaces of Analytic Func-
tions. Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1995.

[8] P.L. Duren. Theory of Hp Spaces. Pure and Applied Mathematics 38 Academic Press,
New York, 1970.

[9] W.W. Hastings, A Carleson Measure Theorem for Bergman Spaces. Proc. Amer.
Math. Soc. 52 (1975), 237–241.

[10] H. Hedenmalm, B. Korenblum, K. Zhu, Theory of Bergman Spaces. Springer-Verlag,
New York, 2000.

[11] K. Hoffman, Banach Spaces of Analytic Functions. Prentice-Hall, Englewood Cliffs,
1965.

[12] T.L. Lance, M.I. Stessin, Multiplication Invariant Subspaces of Hardy Spaces. Canad.
J. Math. 49 (1997), 100–118.

[13] D.H. Luecking, Inequalities on Bergman Spaces. Illinois J. Math. 25 (1981), 1–11.

[14] B.D. MacCluer, J.H. Shapiro, Angular Derivatives and Compact Composition Oper-
ators on the Hardy and Bergman Spaces. Canad. J. Math. 38 (1986), 878–906.

[15] G. McDonald, C. Sundberg, Toeplitz Operators on the Disc. Indiana Univ. Math. J.
28 (1979), 595–611.

[16] N.K. Nikolski, Operators, Functions, and Systems: An Easy Reading. Vol. 1. Hardy,
Hankel, and Toeplitz. Translated from the French by Andreas Hartmann. Mathe-
matical Surveys and Monographs 92, American Mathematical Society, Providence,
RI, 2002.

[17] E.A. Nordgren, Composition Operators. Canad. J. Math. 20 (1968), 442–449.

[18] E. Nordgren, P. Rosenthal, F.S. Wintrobe, Invertible Composition Operators on Hp.
J. Funct. Anal. 73 (1987), 324–344.

[19] J.H. Shapiro, The Essential Norm of a Composition Operator. Ann. Math. 125
(1987), 375–404.

[20] J.H. Shapiro, Composition Operators and Classical Function theory. Springer-Verlag,
1993.



Weighted Composition Operators on Hardy and Bergman Spaces 167

[21] J.H. Shapiro, W. Smith, Hardy Spaces that Support no Compact Composition Oper-
ators. J. Funct. Anal. 205 (2003), 1, 62–89.

[22] K.H. Zhu, Operator Theory in Function Spaces. Marcel Dekker, 1990.

[23] N. Zorboska, Composition Operators with Closed Range. Trans. Amer. Math. Soc.
344 (1994), 791–801.

Romesh Kumar
Department of Mathematics
University of Jammu
Jammu – 180 004
India
e-mail: romesh jammu@yahoo.com

Jonathan R. Partington
School of Mathematics
University of Leeds
Leeds LS2 9JT
UK
e-mail: J.R.Partington@leeds.ac.uk





Operator Theory:
Advances and Applications, Vol. 153, 169–184
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1. Introduction

The theme of this article originates at the borderline between the celebrated Hardy-
Littlewood-Sobolev fractional integral theorem and the Hardy-Littlewood-Wiener
maximal theorem, two results that guided for quite a while the development of
classical harmonic analysis on Euclidean spaces. The former theorem is concerned
with the Riesz potential operator of order α on R

n given by

Iαu(x) =

∫

Rn

kα(y)u(x − y)dy, x ∈ R
n, (1.1)

where 0 < α < n, and

kα(x) = |x|α−n, x ∈ R
n
0 = R

n \ {0}, (1.2)

and the latter deals with the maximal operator

Mu(x) = sup
t>0

1

vol(tBn)

∫

tBn

|u(x − y)|dy, x ∈ R
n, (1.3)

where Bn stands for the closed unit ball in Rn.
Both operators are well defined on the standard Lebesgue spaces Lp(Rn, R) of

p-integrable real-valued functions on Rn, for some specific values of p. According to
the fractional integral theorem, Iα yields a bounded linear operator from Lp(Rn, R)
into Lq(Rn, R) whenever 1 < p < q < ∞ and q−1 = p−1 − αn−1. By the maximal
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theorem, M acts as a continuous operator from Lp(Rn, R) into Lp(Rn, R) for every
1 < p ≤ ∞. The interested reader can find a full historical account and complete
proofs in the monographs by Stein ([25, 26]) and Hörmander ([14]). Several related
issues with a particular emphasis on sharp norm estimates, applications, and some
geometric ideas are discussed in the article by Lieb ([17]) and the survey article
by Beckner ([4]). As a highlight of [4], we should mention the excellent list of
references therein that indicates many important contributions and the extensive
work done in this area over the years.

The two classical theorems stated above are linked by an inequality due to
Hedberg ([13]), which points out that

|Iαu(x)| ≤ Ap,q(α)[Mu(x)]p/q‖u‖1−p/q
p , x ∈ R

n, (1.4)

for every u ∈ Lp(Rn, R), provided 1 ≤ p < q < ∞ and q−1 = p−1 − αn−1, where
the constant Ap,q(α) is independent of u.

The proofs given in [13] and [26] do not provide the optimal value of Ap,q(α).
This issue is addressed in Martin and Szeptycki ([21]), where Hedberg’s inequality
has been improved and generalized. The improvement amounts to determining the
best value of the constant Ap,q(α), and the generalization is achieved by replac-
ing the kernel functions kα with a broader class of homogeneous scalar-, vector-,
or operator-valued kernels, and by producing the sharp forms of the inequalities
derived for those kernels.

The present article is a sequel to [21]. Our primary goal is to completely
characterize the kernel functions on Rn with the property that the associated
convolution operators are controlled by certain maximal operators, in a way similar
to Hedberg’s inequality (1.4).

To begin with, suppose that k : Rn → [−∞,∞] is a Lebesgue measurable,
locally integrable function, finite on Rn

0 = Rn\{0}. In all the interesting situations,
the kernel k will be continuous and different from zero away from the origin, where
k has a singularity.

The convolution operator I = Ik associated with k is defined as

Iu(x) =

∫

Rn

k(y)u(x − y)dy, x ∈ R
n. (1.5)

We assume that u : Rn → R is a Lebesgue measurable function such that the
integral above, sometimes defined and computed as a principal value, exists.

The behavior of the integral transform Iu depends on the “size” of k, which
is described by the distribution function, ω = ωk, of k. To define it we set

Ωk[t] = {y ∈ R
n
0 : |k(y)| ≥ t} ∪ {0}, 0 < t < ∞, (1.6)

and let ω : (0,∞) → [0,∞] be the decreasing function given by

ω(t) = volΩk[t], 0 < t < ∞. (1.7)

For the sake of convenience, we will assume that each set Ωk[t] has a finite nonzero
measure. The sets Ωk[t], 0 < t < ∞, are next used to associate a maximal operator
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M = Mk to k by setting

Mu(x) = sup
t>0

1

volΩk[t]

∫

Ωk[t]

|u(x − y)|dy, x ∈ R
n. (1.8)

In the case when k = kα, where kα is the kernel defined by (1.2), the corresponding
sets Ωα[t] are Euclidean balls, namely,

Ωα[t] = B
n[t−1/(n−α)], 0 < t < ∞, (1.9)

where Bn[ρ] denotes the closed ball in Rn centered at the origin with radius ρ.
Therefore, the maximal operator M equals the classical maximal operator M de-
fined by (1.3), and obviously I equals Iα. The distribution function ωα correspond-
ing to kα is given by

ωα(t) = λt−κ, 0 < t < ∞ (1.10)

where λ = volBn, with Bn = Bn[1], and κ = n/(n − α).

We are now in a position to formulate the first main result of our article.

Theorem A. Suppose 1 < κ < ∞. The following two statements are equivalent.

(i) If 1 ≤ p < q < ∞ and q−1 = p−1 − 1 + κ−1, then there exists a positive
constant Ap,q(k) such that

|Iku(x)| ≤ Ap,q(k)[Mku(x)]p/q‖u‖1−p/q
p , x ∈ R

n (1.11)

for every u ∈ Lp(Rn, R).

(ii) There exists a positive constant λ such that the distribution function
ω = ωk of k satisfies the estimate

ω(t) ≤ λt−κ, 0 < t < ∞. (1.12)

Whenever (i) or (ii) is true, and λ is the smallest constant in (1.12), that is,

λ = sup
t>0

tκω(t), (1.13)

a possible value of Ap,q(k) in (1.12) is given by

Ap,q(k) =
q

q − p

(
pq − q + p

p
· λ

)1−p−1+q−1

. (1.14)

Moreover, if (1.12) is an equality for all t ∈ (0,∞), the value of Ap,q(k) in
(1.14) is the best constant in inequality (1.11).

The preceding comments clearly point out that Hedberg’s inequality is a
consequence of Theorem A, and the best constant in (1.4) is given by (1.14) with
λ = volBn.

Actually, Theorem A works for more general kernels k : Rn → [ − ∞,∞]
satisfying a homogeneity condition of the form

k(tx) = t−n/κk(x), t ∈ (0,∞), x ∈ R
n
0 , 1 < κ < ∞, (1.15)
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because the sets Ωk[t], 0 < t < ∞, for such a kernel are related by the following
equations,

Ωk[t] = t−κ/nΩk[1], 0 < t < ∞, (1.16)

whence, the distribution function ω = ωk is given by

ω(t) = λt−κ, 0 < t < ∞, (1.17)

where λ = volΩk[1]. Theorem A leads, for homogeneous kernels with property
(1.15), to the main result in [21].

Theorem A can be extended by replacing R
n with a locally compact group

equipped with a Haar measure. Such an extension will easily follow from Theorem
B stated and proved in Section 2. In contrast to Theorem A above, Theorem B
uses more general integral operators defined on measure spaces with or without
a topological or group structure, and an appropriate substitute for the maximal
operators. More details are presented in Section 2 below.

In Section 3 we outline several consequences and applications of Theorems A
and B in approximation theory. These will include a unified approach to some
results due to Ahlfors and Beurling ([1]), Alexander ([2, 3]), Gustafsson and
Khavinson ([11]), Gürlebeck and Sprössig ([12]), Khavinson ([15, 16]), Martin
([18, 19, 20]), Martin and Szeptycki ([21]), Putinar ([23]), Tarkhanov ([27, Chap-
ter 6]), and Weinstock ([28]).

2. Integral operators dominated by maximal operators

This section deals with a version of Theorem A in the setting of measure spaces.

2.1. Throughout this section, we let K : X × Y → [−∞,∞] be a measurable
function on the Cartesian product of two measure spaces X and Y equipped with
positive measures, and assume that the set

Σ = {(x, y) ∈ X × Y : |K(x, y)| = ∞}
has measure zero with respect to the product measure on X×Y . In all the specific
situations we will be interested in, the spaces X and Y are metric spaces furnished
with positive Borel measures, Σ is a closed set, and K will be a continuous function
on X × Y \ Σ.

The spaces of p-integrable real-valued functions on X or Y , with 1 ≤ p ≤
∞, are denoted subsequently by Lp(X, R) and Lp(Y, R), respectively, and their
standard norms will be denoted by ‖ · ‖X,p and ‖ · ‖Y,p, or just ‖ · ‖p.

We begin by associating to K the integral operator I = IK given by

Iu(x) =

∫

Y

K(x, y)u(y)dy, x ∈ X, (2.1)

and defined for measurable functions u : Y → R such that the integral above exists
for almost all x ∈ X .
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Next, for every x in X and 0 < t < ∞ we introduce the set Ω[x, t] = ΩK [x, t]
defined as

Ω[x, t] = {y ∈ Y : |K(x, y)| ≥ t} (2.2)

and let ω = ωK : X × (0,∞) → [0,∞] be the function given by

ω(x, t) = measureΩ[x, t]. (2.3)

In other words, ω(x, ·) = ωK(x, ·) : (0,∞) → [0,∞] is the distribution function
corresponding to the measurable function K(x, ·) : Y → R. We will always assume
that ωK(x, ·) has finite values on (0,∞).

Finally, to every measurable function u : Y → R we associate its maximal
function Mu = MKu on X by setting

Mu(x) = sup
t>0

1

ω(x, t)

∫

Ω[x,t]

|u(y)|dy, x ∈ X. (2.4)

It goes without saying that whenever ω(x, t) = 0 we set

1

ω(x, t)

∫

Ω[x,t]

|u(y)|dy = 0.

We are now in a position to state the main result of this section.

Theorem B. Suppose 1 < κ < ∞. The following two statements are equivalent.

(i) If 1 ≤ p < q < ∞ and q−1 = p−1 − 1 + κ−1, then for each x ∈ X there
exists a positive constant Ap,q(K, x) such that

|IKu(x)| ≤ Ap,q(K, x)[MKu(x)]p/q‖u‖1−p/q
p , (2.5)

for every u ∈ Lp(Y, R).

(ii) There exists a measurable function λ : X → [0,∞) such that

ωK(x, t) ≤ λ(x)t−κ, x ∈ X, 0 < t < ∞. (2.6)

Whenever (i) or (ii) is true, and λ(x) in (2.6) is defined as

λ(x) = sup
t>0

tκω(x, t), x ∈ X, (2.7)

a possible value of Ap,q(K, x) in (2.5) is given by

Ap,q(K, x) =
q

q − p

[
pq − q + p

p
· λ(x)

]1−p−1+q−1

. (2.8)

Moreover, at points x ∈ X where (2.6) is an equality for all t ∈ (0,∞), the
value of Ap,q(K, x) in (2.8) is the best constant in inequality (2.5).

2.2. Before proceeding with a proof of Theorem B, we notice that Theorem A
follows by applying Theorem B to the kernel K(x, y) = k(x−y), (x, y) ∈ Rn×Rn.
Since the Lebesgue measure is invariant to translations, we have ωK(x, t) = ωk(t)
and, moreover, IK = Ik and MK = Mk.
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2.3. Proof of Theorem B. Part 1. We first prove that (i) implies (ii). Suppose
x ∈ X and τ ∈ (0,∞) are given such that ω(x, τ) �= 0, and let χτ be the
characteristic functions of Ω[x, τ ]. We are going to apply (2.5) to the function
u(·) = K(x, ·)|K(x, ·)|−1χτ (·) in the particular case when p = 1. On the one hand
we get

IKu(x) =

∫

Ω[x,τ ]

|K(x, y)|dy ≥ τω(x, τ) (2.9)

and

‖u‖1 = ω(x, τ). (2.10)

On the other hand we observe that

MKu(x) ≤ ‖u‖∞ = 1. (2.11)

Substituting (2.9), (2.10), and (2.11) in (2.5) with p = 1 and q = κ we get

τω(x, τ) ≤ A(x)[ω(x, τ)]1−1/κ , (2.12)

where A(x) = A1,κ(K, x).

To conclude the proof, we notice that (2.12) implies

ω(x, τ) ≤ [A(x)]κτ−κ, (2.13)

hence (2.7) defines a measurable function λ : X → [0,∞) such that (2.6) is true.

As this proof points out, inequality (2.13) follows from the next weak form
of (2.5),

|IKu(x)| ≤ A1,K(K, x)‖u‖1/κ
∞ ‖u‖1−1/κ

1 , (2.14)

so (2.14) implies (ii). Since in 2.4 below we will prove that (ii) implies (i), we
conclude that the weak form (2.14) of (2.5) is actually equivalent to (2.5). An even
weaker equivalent form of (2.5) is indicated in Section 2.8.

2.4. Proof of Theorem B. Part 2. We now show that (ii) implies (i). Suppose x ∈ X
is given and let u : Y → R be a measurable function. If Mu(x) = ∞, then (2.5) is
obvious, so we may assume that Mu(x) < ∞. This assumption makes it possible
to associate to u the decreasing function µu,x : (0,∞) → [0,∞) given by

µu,x(t) =

∫

Ω[x,t]

|u(y)|dy. (2.15)

When u ≡ 1 we clearly have µu,x(t) = ω(x, t) and from now we will denote
the distribution function ω(x, ·) by µx. From (2.15) and (2.4) using the previous
notations we have

Mu(x) = sup
t>0

µu,x(t)

µx(t)
. (2.16)

Condition (2.6) can be rewritten as

µx(t) ≤ λ(x)t−κ, 0 < t < ∞. (2.17)
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We next select τ ∈ (0,∞) and introduce the inner and outer parts of K
defined as

Kinn(x, y) =

{
|K(x, y)| − τ, if y ∈ Ω[x, τ ]

0, if y ∈ Y \ Ω[x, τ ]
(2.18)

and

Kout(x, y) =

{
τ, if y ∈ Ω[x, τ ]

|K(x, y)|, if y ∈ Y \ Ω[x, τ ].
(2.19)

Since |K(x, y)| = Kinn(x, y) + Kout(x, y), we clearly have

|Iu(x)| ≤ Iinn|u|(x) + Iout|u|(x), x ∈ X, (2.20)

where Iinn = IKinn and Iout = IKout .
We claim that

Iinn|u|(x) ≤ λ(x)Mu(x)

κ − 1
· τ−κ+1 (2.21)

and

Iout|u|(x) ≤
[

p

p − κ(p − 1)
· λ(x)

](p−1)/p

‖u‖pτ
1−κ(p−1)/p. (2.22)

To prove inequality (2.21), we express Iinn|u|(x) as a Stieltjes integral associated
with the decreasing function µu,x defined in (2.15), namely,

Iinn|u|(x) =

∫

Ω[x,τ ]

[|K(x, y)| − τ ]|u(y)|dy = −
∫ ∞

τ

(t − τ)dµu,x(t).

From (2.16) and (2.17) we get

µu,x(t) ≤ µx(t)Mu(x) ≤ λ(x)Mu(x)t−κ, (2.23)

whence

lim
t→∞

tµu,x(t) = 0.

An integration by parts for the last integral yields

Iinn|u|(x) =

∫ ∞

τ

µu,x(t)dt,

which, in conjunction with (2.23), results in

Iinn|u|(x) ≤ λ(x)Mu(x)

∫ ∞

τ

t−κdt,

an inequality equivalent to (2.21).
We next prove inequality (2.22). By Hölder’s inequality we have

Iout|u|(x) ≤ ‖Kout(x, ·)‖p′‖u‖p (2.24)

where 1 < p′ ≤ ∞ is the conjugate exponent to p, i.e., p′ = p/(p− 1) if p > 1, and
p′ = ∞ when p = 1.

In the case when p = 1, from (2.19) we easily get ‖Kout(x, ·)‖∞ = τ , and
(2.22) clearly follows from (2.24).



176 M. Martin and P. Szeptycki

If p > 1, then we successively have

‖Kout(x, ·)‖p′

p′ =

∫

Ω[x,τ ]

τp′

dy +

∫

Y \Ω[x,τ ]

|K(x, y)|p′

dy

= τp′

µx(τ) −
∫ τ

0

tp
′

dµx(t)

= p′
∫ τ

0

tp
′−1µx(t)dt.

The last estimate in conjunction with (2.17) yields

‖Kout(x, ·)‖p′

p′ ≤ p′

p′ − κ
· τp′−κλ(x),

and, as before, (2.22) is now derived from (2.24) after some direct computations.

By (2.20), (2.21), and (2.22) we get

|Iu(x)| ≤ λ(x)Mu(x)

κ − 1
· τ−κ+1

+

[
p

p − κ(p − 1)
· λ(x)

](p−1)/p

‖u‖p · τ1−κ(p−1)/p.

(2.25)

To minimize the right side of (2.25) we choose

τ =

[
p − κ(p − 1)

p
· λ(x)

]1/κ

·
[
Mu(x)

‖u‖p

]p/κ

.

A direct calculation shows that for this specific value of τ inequality (2.25) takes
the form (2.5) with a constant Ap,q(K, x) as in (2.8).

2.5. Proof of Theorem B. Part 3. We yet have to show that (2.8) provides the best
value of Ap,q(K, x) at points x ∈ X where

µx(t) = λ(x)t−κ, 0 < t < ∞. (2.26)

This can be done by indicating an extremal function u : Y → R in the cases when
p = 1 or p > 1.

We suppose that x ∈ X is given such that (2.26) holds true and observe that

λ(x) = µx(1) = measureΩ[x, 1]. (2.27)

If p > 1, we set

u(y) =

{
K(x, y) · |K(x, y)|−1, if y ∈ Ω[x, 1]

K(x, y) · |K(x, y)|(2−p)/(p−1), if y ∈ Y \ Ω[x, 1].
(2.28)

The left side in inequality (2.5) becomes

|IKu(x)| =

∫

Ω[x,1]

|K(x, y)|dy +

∫

Y \Ω[x,1]

|K(x, y)|p/(p−1)dy,
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whence, by using (2.26) we get

|IKu(x)| = −
∫ ∞

1

tdµx(t) −
∫ 1

0

tp/(p−1)dµx(t)

= κλ(x)

[∫ ∞

1

t−κdt +

∫ 1

0

t−κ+1/(p−1)dt

]

= κλ(x)

[
1

κ − 1
+

p − 1

p − κ(p − 1)

]
.

Since κ = pq/(pq − q + p) we end up with

|IKu(x)| =
q

q − p
· pq − q + p

p
· λ(x). (2.29)

A similar computation leads to

‖u‖p
p =

∫

Ω[x,1]

1dy +

∫

Y \Ω[x,1]

|K(x, y)|p/(p−1)dy =
pq − q + p

p
· λ(x),

therefore

‖u‖1−p/q
p =

[
pq − q + p

p
· λ(x)

]p−1−q−1

. (2.30)

Finally, since |u(y)| = 1 on Ω[x, 1] and |u(y)| < 1 on Y \ Ω[x, 1] we have

MKu(x) = 1. (2.31)

Substituting now (2.29), (2.30), and (2.31) in (2.5) with Ap,q(K, x) as in (2.8) we
get an equality, hence inequality (2.5) is sharp.

In the case when p = 1, we define an extremal function by

u(y) =

{
K(x, y) · |K(x, y)|−1, if y ∈ Ω[x, 1]

0, if y ∈ Y \ Ω[x, 1].
(2.32)

Repeating the previous calculations, we recover (2.29), (2.30), and (2.31) with
p = 1 and q = κ so, once again, (2.5) turns out to be an equality.

The proof of Theorem B is complete. �

2.6. Inequality (2.5) in Theorem B and, consequently, inequality (1.11) in Theo-
rem A, can be slightly improved by replacing the maximal operator M with the
operator M∗ defined as

M∗u(x) = inf
r≥1

[M|u|r(x)]1/r . (2.33)

This is done by improving estimate (2.21) in Section 2.4 as follows. Suppose r > 1
is given, let r′ be the conjugate exponent, and observe that by Hölder’s inequality



178 M. Martin and P. Szeptycki

we have

Iinn|u|(x) =

∫

Ω[x,τ ]

K
1/r′

inn (x, y)K
1/r
inn (x, y)|u(y)|dy

≤
[∫

Ω[x,τ ]

Kinn(x, y)dy

]1/r′ [∫

Ω[x,τ ]

Kinn(x, y)|u(y)|rdy

]1/r

= [Iinnχτ (x)]
1/r′

[Iinn|u|r(x)]
1/r

,

where χτ is the characteristic function of Ω[x, τ ].
Since Mχτ (x) = 1, by (2.21) we get

Iinnχτ (x) ≤ λ(x)

κ − 1
· τ−κ+1,

as well as

Iinn|u|r(x) ≤ λ(x)M|u|r(x)

κ − 1
· τ−κ+1.

Combining the last three estimates we obtain

Iinn|u|(x) ≤ λ(x)
[M|u|r(x)]1/r

κ − 1
· τ−κ+1,

whence

Iinn|u|(x) ≤ λ(x)M∗u(x)

κ − 1
· τ−κ+1. (2.34)

2.7. The constants Ap,q(K, x) in (2.5) are no longer the best for nonnegative func-
tions. Nevertheless, the existing estimates can be used to find the best constants
whenever u is nonnegative and K takes positive as well as negative values. We
first split the kernel function K by setting K = K+ − K−, where

K±(x, y) = max{±K(x, y), 0}, (x, y) ∈ X × Y.

If u ≥ 0, then obviously

|IKu(x)| ≤ max
{
IK+u(x), IK−u(x)

}
, x ∈ X.

Therefore, by applying (2.5) to the nonnegative kernels K+ and K− we get two
estimates for IK+u(x) and IK−u(x), respectively, that can be combined into an
estimate for IKu(x). In effect, if u is a nonnegative function, then instead of (2.5)
we get

|IKu(x)| ≤ A∗
p,q(K, x)[MKu(x)]p/q‖u‖p1−p/q, (2.35)

where

A∗
p,q(K, x) = max {Ap,q(K+, x), Ap,q(K−, x)} . (2.36)

The actual value of A∗
p,q(K, x) can be found from (2.8) by replacing the

function λ(x) with the function λ∗(x) given by

λ∗(x) = max{λ+(x), λ−(x)}, x ∈ X, (2.37)

where λ+(x) and λ−(x) are associated to K+ and K−, respectively, as in (2.7).
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2.8. Now, let us apply (2.35) to the function u = χΩ, the characteristic function
of a set Ω ⊆ Y with a bounded measure, in the particular case when p = 1 and
q = κ. Since obviously MχΩ(x) ≤ ‖χΩ‖∞ = 1, from (2.35), (2.36), and (2.37) we
get

∣∣∣∣
∫

Ω

K(x, y)dy

∣∣∣∣ ≤
κ

κ − 1
[λ∗(x)]1/κ[measure(Ω)]1−1/κ, x ∈ X. (2.38)

The last estimate, though weaker than its forbear, inequality (2.5), turns out
to be equivalent to (2.5). By Theorem B, all we need is to show that (2.38) implies
statement (ii) in that theorem. To this end, we apply (2.38) to the disjoint sets

Ω±[x, τ ] = {y ∈ Y : ±K(x, y) ≥ τ}, x ∈ X, τ ∈ (0,∞),

and get, after a straightforward calculation,

measureΩ±[x, τ ] ≤
(

κ

κ − 1

)κ

λ∗(x)τ−κ, x ∈ X, τ ∈ (0,∞).

Since Ω[x, τ ] = Ω−[x, τ ] ∪ Ω+[x, τ ], we conclude that the distribution function
ω = ωK has the required property (2.6) in Theorem B.

2.9. We end this section with a brief comment regarding the behavior of the oper-
ator I = IK in certain special circumstances.

As a first basic assumption, let us suppose that the maximal operator M

acts continuously from Lp(Y, R) into Lp(X, R) for every 1 < p ≤ ∞. One can
formulate sufficient conditions for this property in terms of the kernel K, by merely
adapting to this setting the postulates discussed in Stein [26, Chapter 1], that
guarantee the use of Vitali- or Whitney-type covering lemmas for the collection of
“balls” Ω[x, τ ]. Under such assumptions, from Theorem B we get that whenever the
function λ defined by (2.7) is essentially bounded, or a constant, as in Theorem
A, then the integral operator I yields a bounded linear operator from Lp(Y, R)
into Lq(X, R), for 1 < p < q < ∞ and q−1 = p−1 − 1 + κ−1. In the more general
case when λ is a function in Lr(X, R), with max{1, p/[κ(2p − 1) − p} ≤ r ≤ ∞,
one gets that I is bounded as an operator from Lp(Y, R) into Lq∗(X, R), where
q−1
∗ = p−1 − 1 + κ−1 + (κr)−1. An interesting situation occurs if κ ≤ 2 and

r = (κ − 1)−1, whence q∗ = p.

3. Uniform approximations by solutions of elliptic equations

This section points out consequences of Theorems A and B that provide quanti-
tative Hartogs-Rosenthal-type theorems. Several general qualitative results in this
area are presented in the monograph by Tarkhanov ([27, Chapter 6]). The classi-
cal result, extensions, and specific means of studying rational approximation are
presented in the monographs by A. Browder ([5]) and Gamelin ([9]). Early contri-
butions addressing the problem on approximation by solutions of elliptic equations
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can be found in the articles by F. Browder ([6, 7]). Other additional references re-
lated to the main result in this section have been already mentioned at the end of
Section 1.

3.1. Throughout this section we let X stand for a smooth Riemannian manifold of
dimension n equipped with the volume measure and assume that E is a smooth
Hermitean vector bundle over X of complex rank m.

The spaces of all smooth sections or compactly supported smooth sections
from X to E will be denoted by E(X, E) and D(X, E), respectively.

The fiber of E at a point x ∈ X is denoted in what follows by Ex. For a
later use, we also introduce the complex vector bundle L(E, E) over X ×X whose
fiber at a point (x, y) ∈ X × X equals the space L(Ey , Ex) consisting of linear
maps from Ey into Ex. The norm in Ex and the operator norm in L(Ey , Ex) are
denoted by ‖ · ‖x and ‖ · ‖x,y, respectively.

On the space D(X, E) we introduce the norms ‖ · ‖p, with 1 ≤ p < ∞, by
setting

‖u‖p =

(∫

X

‖u(x)‖p
xdx

)1/p

, u ∈ D(X, E), (3.1)

and the uniform norm ‖ · ‖∞ defined as

‖u‖∞ = sup
x∈X

‖u(x)‖x, u ∈ D(X, E). (3.2)

In addition, we will let Lp(X, E), 1 ≤ p ≤ ∞, denote the Lebesgue spaces of
p-integrable sections from X to E with the norms defined as in (3.1) and (3.2).

3.2. We are going to apply Theorem B to integral operators associated to smooth
sections from X × X \ ∆ into L(E, E), where ∆ = {(x, x) : x ∈ X}. If Φ is such a
section, then Φ(x, y) : Ey → Ex is a linear map for every (x, y) ∈ X × X \ ∆. We
define the operator I = IΦ acting on D(X, E) by setting

Iu(x) = lim
ρ↓0

∫

X\B(x,ρ)

Φ(x, y)u(y)d(y), u ∈ D(X, E), x ∈ X, (3.3)

where B(x, ρ) stands for the closed geodesic ball in X centered at x ∈ X , with
radius ρ > 0.

We assume that the limit in (3.3) exists and Iu ∈ E(X, E) for every u ∈
D(X, E). In order to use Theorem B to its full extent, we will also assume that
there exists κ ∈ (1,∞) and A(Φ) ∈ (0,∞) such that for any compact set Ω ⊆ X
we have ∫

Ω

‖Φ(x, y)‖x,ydy ≤ A(Φ)[measure(Ω)]1−1/κ, x ∈ Ω. (3.4)

This estimate works as a substitute for inequality (2.38) in Section 2.8 and makes
it possible to apply Theorem B in this setting.
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Actually, based on the comments made in 2.8, we know that inequality (3.4)
implies a stronger estimate similar to (2.14), namely,

‖Iu(x)‖x ≤ A(Ω)‖u‖1/κ
∞ ‖u‖1−1/κ

1 , for every x ∈ Ω. (3.5)

for every u ∈ D(X, E), or u ∈ L∞(X, E)∩L1(X, E). According to (2.7) and (2.8)
in Theorem B, a possible value of the constant A(Ω) in (3.5) is given by

A(Ω) =
κ

κ − 1
sup
x∈Ω

sup
t>0

t[ω(x, t)]1/κ, (3.6)

where ω : X × (0,∞) → [0,∞) is defined as

ω(x, t) = measure{y ∈ Y : y �= x, ‖Φ(x, y)‖x,y ≥ t}. (3.7)

Whenever ω(x, t) does not depend on x ∈ X , we clearly get that A(Ω) = A, a
constant that depends solely on Φ.

Finally, we suppose that D : E(X, E) → E(X, E) is an elliptic differential
operator of order α, with 1 ≤ α ≤ n − 1, that has a fundamental solution, i.e.,
a smooth section Φ : X × X \ ∆ → L(E, E) such that the associated operator
I : D(X, E) → E(X, E) has the property

DIu = u, u ∈ D(X, E), (3.8)

and, in addition, satisfies the estimates (3.5) with κ = n/(n − α). In other words,
I is a right inverse to D for which we can use Theorem B.

3.3. Further, we let Ω ⊆ X be a compact set and denote by C(Ω, E) the Banach
space of all continuous sections from Ω to the restriction of the bundle E to Ω,
with the uniform norm given by

‖u‖Ω,∞ = sup
x∈Ω

‖u(x)‖x, u ∈ C(Ω, E). (3.9)

We also introduce the norm ‖ · ‖Ω,1 defined as

‖u‖Ω,1 =

∫

Ω

‖u(x)‖xdx, u ∈ C(Ω, E). (3.10)

We next associate to the differential operator D : E(X, E) → E(X, E) the
solution subspace SD(Ω, E) of C(Ω, E) defined as the uniform closure in C(Ω, E) of
the set consisting of restrictions to Ω of sections u from E(X, E) such that Du = 0
on certain open neighborhoods of Ω in X that may vary from a section to another.

3.4. The main result of this section estimates the distance in C(Ω, E) from a com-
pactly supported section u to the solution subspace SD(Ω, E).

Theorem C. Suppose D : E(X, E) → E(X, E) is an elliptic operator of order α,
with 1 ≤ α ≤ n − 1, and let u ∈ D(X, E) be a given section. Then

distC(Ω,E)[u,SD(Ω, E)] ≤ A(Ω)‖Du‖1/κ
Ω,∞‖Du‖1−1/κ

Ω,1 , (3.11)

where A(Ω) is as in (3.6).
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Proof. We begin by observing that (3.8) implies DIDu = Du, whence we get that
the restriction to Ω of the section v = u − IDu in E(X, E) belongs to SD(Ω, E).
Therefore,

distC(Ω,E)[u,SD(Ω, E)] ≤ ‖u − v‖Ω,∞ = ‖IDu‖Ω,∞. (3.12)

On the other hand, by (3.5) we have

‖IDu(x)‖x ≤ A(Ω)‖Du‖1/κ
∞ ‖Du‖1−1/κ

1 , x ∈ Ω. (3.13)

We next notice that the integral operator I in (3.12) and (3.13) can be replaced
with an operator I′ defined as in (3.3), where instead of X we employ a relatively
compact open neighborhood X ′ of Ω. In effect, by combining (3.12) and (3.13) for
I′ we get

distC(Ω,E)[u,SD(Ω, E)] ≤ A(Ω)‖Du‖1/κ
X′,∞‖Du‖1−1/κ

X′,1 , (3.14)

Inequality (3.11) follows from (3.14) by letting X ′ approach Ω. �

3.5. Since by the Stone-Weierstrass theorem the space consisting of restrictions to
Ω of sections from D(X, E) is dense in C(Ω, E), from Theorem C we get the next
Hartogs-Rosenthal-type theorem.

Corollary. If Ω ⊆ X is a compact set of measure zero, then SD(Ω, E) = C(Ω, E).

Proof. It is enough to notice that for any u ∈ D(X, E) we have

‖Du‖Ω,1 ≤ ‖Du‖Ω,∞measure(Ω) = 0,

whence, by (3.11),
distC(Ω,E)[u,SD(Ω, E)] = 0.

3.6. As direct applications of Theorem C or its corollary, we may take the manifold
X = R

n, the trivial bundle E = R
n × C

m, and an elliptic differential operator
D : E(Rn, Cm) → E(Rn, Cm) of order α, with 1 ≤ α ≤ n − 1. The fundamental
solution for D is an operator-valued map k : Rn

0 → L(Cm, Cm) homogeneous of
degree α − n, and the corresponding convolution operator I = Ik defined in a
natural way on D(Rn, Cm) satisfies condition (3.8).

Actually, this was the setting developed in Martin and Szeptycki ([21]) and
studied there by relying on a simpler form of Theorem A.

Among the basic examples of differential operators that fall within this frame-
work we mention the ∂̄ operator on R2 = C, the Laplace operator on Rn, n ≥ 3,
or the Euclidean Dirac operator on Rn, n ≥ 2, which generalizes ∂̄ to higher di-
mensions. More details on the Dirac operator can be found in the monographs
by Brackx, Delange, and Sommen ([8]), Gilbert and Murray ([10]), Gürlebeck and
Sprössig ([12]), Mitrea ([22]), and the article by Ryan ([24]). Refined forms of The-
orem A for Dirac operators and applications in Clifford analysis are discussed in
Martin ([18, 19]).

When applied to the ∂̄ operator, Theorem C results in an inequality proved by
Alexander ([2, 3]) regarding rational approximation. An estimate similar to (3.4)
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for the Cauchy kernel is due to Ahlfors and Beurling ([1]), and a generalization that
results from Theorem A is indicated in Putinar ([23]). For second-order differential
operators, Theorem C and its corollary were established by Khavinson ([16]) and
estimates like (3.4) for kernels related to such operators have been proved by
Khavinson ([15]) and Gustafsson and Khavinson ([11]).

The first Hartogs-Rosenthal-type theorem for general elliptic operators was
proved by Weinstock ([28]). For a proof in the setting of Clifford analysis, regarding
approximation by monogenic functions, we refer to Brackx, Delanghe, and Sommen
([8, Section 18]). Inequalities for the Teodorescu transform that can be derived from
(1.11) in Theorem A are proved in the monograph by Gürlebeck and Sprössig ([12,
Chapter 3]).

Note added in proof by Mircea Martin. On January 30, 2004, the mathematical
community lost one of its finest: Professor Pawel Szeptycki, PhD. He was a dear
friend of mine and a distinguished researcher in the field of mathematical analysis.
I would like to dedicate to his memory my contribution in writing this joint paper.
He will be missed.
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[14] L. Hörmander, The Analysis of Linear Partial Differential Operators, Vol I: Distri-
bution Theory and Fourier Analysis. Springer-Verlag, Berlin, 1983.

[15] D. Khavinson, On Uniform Approximation by Harmonic Functions. Mich. Math.
J.34 (1987), 465–473.

[16] D. Khavinson, Duality and Uniform Approximation by Solutions of Elliptic Equa-
tions. Operator Theory: Advances and Applications 35 (1988), Birkhäuser Verlag,
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1. Introduction

Exponential dichotomy is one of the most important asymptotic properties of
evolution equations. Significant results in this field have been obtained in [1]–[15],
[17], [19]–[21].

In the last few years an important progress was made in the study of the
asymptotic behavior of linear skew-product semiflows. In [5], Chow and Leiva in-
troduced the concept of pointwise discrete dichotomy for a skew-product sequence
(Φn(θ), σ(θ, n))n∈N, over X×Θ, extending a theorem due to Henry (see [8]) for the
equations of type xn+1 = Φn(θ)xn + fn. In [21], Sacker and Sell presented charac-
terizations for exponential dichotomy of a weakly hyperbolic linear skew-product
semiflow. There, this property has been obtained by imposing the condition of fi-
nite dimension for the unstable manifold. Other important generalizations for the
dichotomy theorems due to Henry, for the case of linear skew-product semiflows,
have been presented by Pliss and Sell in [20].

Exponential dichotomy of linear skew-product semiflows, defined on compact
spaces, has been also studied in [6]. The case of linear skew-product semiflows, de-
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fined on locally compact spaces has been considered in [9] and in [10], respectively.
In [10], dichotomy of linear skew-product flows has been expressed in terms of the
hyperbolicity of a family of weighted shift operators acting on c0(Z, X). In this
paper, Latushkin and Schnaubelt characterized dichotomy in terms of the exis-
tence and uniqueness of bounded, continuous mild solutions of the inhomogeneous
equation

u(σ(θ, t)) = e−λtΦ(θ, t)u(θ) +

∫ t

0

e−λ(t−τ)Φ(σ(θ, τ), t − τ)g(σ(θ, τ)) dτ

on C0(Θ, X) and Cb(Θ, X), respectively.

The starting point of the present paper, is a dichotomy theorem due to Van
Minh, Räbiger and Schnaubelt (see [19]), given by

Theorem 1.1. An evolution family U = {U(t, s)}t≥s≥0 is uniformly exponentially
dichotomic if and only if for every u ∈ C0(R+, X) there is f ∈ C0(R+, X) such
that

(E) f(t) = U(t, s)f(s) +

∫ t

s

U(t, τ)u(τ) dτ, ∀t ≥ s ≥ 0

and the space X1 = {x ∈ X : sup
t≥0

‖U(t, 0)x‖ < ∞} is closed and complemented

in X.

The above result has been extended in [13] for the case of evolution families
with nonuniform exponential growth. In this case the solvability of the equation
(E) in C0(R+, X) is a sufficient condition for nonuniform exponential dichotomy.
A generalization of Theorem 1.1, using discrete-time methods was given in [14].

In [15] we have characterized the exponential dichotomy of linear skew-
product semiflows using discrete-time methods. Our approach was based on the
equivalence between discrete dichotomy and exponential dichotomy for linear skew-
product semiflows. As a consequence of the discrete characterizations, we expressed
the uniform exponential dichotomy of linear skew-product semiflows in terms of
the admissibility of the pair (C0(R+, X), C00(R+, X)).

The aim of this paper is to give necessary and sufficient conditions for uniform
exponential dichotomy of linear skew-product semiflows, without using discrete-
time techniques. For a Banach space X we shall denote by Cb(R+, X) the space
of all continuous bounded functions u : R+ → X , by Cc(R+, X) the space of all
continuous functions with compact support contained in (0,∞) and by ∆(R+, X)
the unit ball in Cc(R+, X). For a linear skew-product semiflow π = (Φ, σ), defined
on E = X × Θ, we shall consider an integral equation and we shall character-
ize the uniform exponential dichotomy in terms of uniform admissibility of the
pair (Cb(R+, X), ∆(R+, X)). The methods are direct and the proofs are based on
input-output techniques. In this manner we generalize the results presented in [15]
and consequently, the dichotomy theorem for evolution families due to van Minh,
Räbiger and Schnaubelt.
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2. Preliminaries

Let X be a Banach space, let Θ be a metric space and let E = X × Θ.

Definition 2.1. A continuous mapping σ : Θ × R → Θ is said to be a flow on Θ,
if σ(θ, 0) = θ, for all θ ∈ Θ and σ(θ, s + t) = σ(σ(θ, s), t), for all (θ, s, t) ∈ Θ×R2.

Definition 2.2. A pair π = (Φ, σ) is called linear skew-product semiflow on E =
X×Θ if σ is a flow on Θ and Φ : Θ×R+ → B(X) satisfies the following conditions:

(i) Φ(θ, 0) = I, the identity operator on X , for all θ ∈ Θ;
(ii) Φ(θ, t + s) = Φ(σ(θ, s), t)Φ(θ, s), for all (θ, t, s) ∈ Θ × R2

+ (the cocycle iden-
tity);

(iii) there are M ≥ 1 and ω > 0 such that ‖Φ(θ, t)‖ ≤ Meωt, for all (θ, t) ∈
Θ × R+;

(iv) for every x ∈ X the mapping (θ, t) �→ Φ(θ, t)x is continuous.

Diverse examples of linear skew-product semiflows can be found in [4]–[6],
[9], [10], [15]–[18], [20], [21].

Definition 2.3. A linear skew-product semiflow π = (Φ, σ) is said to be uniformly
exponentially dichotomic if there exist a family of projections {P (θ)}θ∈Θ ⊂ B(X)
and two constants N ≥ 1 and ν > 0 such that

(i) Φ(θ, t)P (θ) = P (σ(θ, t))Φ(θ, t), for all (θ, t) ∈ Θ × R+;
(ii) ‖Φ(θ, t)x‖ ≤ Ne−νt‖x‖, for all (θ, t) ∈ Θ × R+ and all x ∈ ImP (θ);
(iii) ‖Φ(θ, t)x‖ ≥ (1/N)eνt‖x‖, for all (θ, t) ∈ Θ × R+ and all x ∈ KerP (θ);
(iv) the restriction Φ(θ, t)| : KerP (θ) → KerP (σ(θ, t)) is an isomorphism, for

every (θ, t) ∈ Θ × R+.

Proposition 2.4. Let π = (Φ, σ) be a linear skew-product semiflow on E = X × Θ.
If π is uniformly exponentially dichotomic relative to the family of projections
{P (θ)}θ∈Θ, then

(i) sup
θ∈Θ

‖P (θ)‖ < ∞;

(ii) for every (θ, t) ∈ Θ × R∗
+ and every x ∈ KerP (σ(θ, t)) the mapping s �→

Φ(σ(θ, s), t − s)−1
| x is continuous on [0, t];

(iii) for every (x, θ) ∈ E the mapping t �→ P (σ(θ, t))x is continuous on R+.

Proof. (i) The idea is the same as in [7]. For every θ ∈ Θ we define

δθ := inf{‖x1 + x2‖ : x1 ∈ ImP (θ), x2 ∈ KerP (θ), ‖x1‖ = ‖x2‖ = 1}.
Let θ ∈ Θ and x ∈ X with P (θ)x �= 0 and (I − P (θ))x �= 0. Then

δθ ≤
∥∥∥∥

P (θ)x

‖P (θ)x‖ +
(I − P (θ))x

‖(I − P (θ))x‖

∥∥∥∥

=
1

‖P (θ)x‖

∥∥∥∥x +
‖P (θ)x‖ − ‖(I − P (θ))x‖

‖(I − P (θ))x‖ (I − P (θ))x

∥∥∥∥ ≤ 2‖x‖
‖P (θ)x‖ .

It results that ‖P (θ)‖ ≤ 2/δθ, for all θ ∈ Θ.
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If x1 ∈ ImP (θ) and x2 ∈ KerP (θ) such that ‖x1‖ = ‖x2‖ = 1, then, for
every t ≥ 0, we have

‖x1 + x2‖ ≥ 1

M
e−ωt‖Φ(θ, t)x1 + Φ(θ, t)x2‖ ≥ 1

M
e−ωt

( 1

N
eνt − Ne−νt

)
,

where M, ω are given by Definition 2.2 and N, ν are given by Definition 2.3. It
follows that there is c > 0 such that δθ ≥ c, for all θ ∈ Θ, which ends the proof of
(i). For (ii) and (iii) see [15]. �

Definition 2.5. Let π = (Φ, σ) be a linear skew-product semiflow on E = X×Θ and
let (x, θ) ∈ E . We say that Φ has a negative continuation relative to (x, θ) if there
is a function ϕ : R− → X such that ϕ(0) = x and ϕ(s + t) = Φ(σ(θ, s), t)ϕ(s), for
all (s, t) ∈ R− × R+ with s + t ≤ 0.

For a linear skew-product semiflow π = (Φ, σ) on E = X×Θ, for every θ ∈ Θ,
we consider the linear subspaces

X1(θ) = {x ∈ X : sup
t≥0

‖Φ(θ, t)x‖ < ∞}

X2(θ) = {x ∈ X : Φ has a negative continuation ϕ relative to (x, θ)

such that sup
s≤0

‖ϕ(s)‖ < ∞}.

Lemma 2.6. If π = (Φ, σ) is linear skew-product semiflow on E = X × Θ then
Φ(θ, t)X1(θ) ⊂ X1(σ(θ, t)) and Φ(θ, t)X2(θ) ⊂ X2(σ(θ, t)), for all (θ, t) ∈ Θ×R+.

Proof. Let (θ, t) ∈ Θ × R+. The first inclusion obviously holds. To prove the
second, let x ∈ X2(θ) and let ϕ be a negative continuation of Φ relative to (x, θ)
with sup

s≤0
‖ϕ(s)‖ < ∞. We denote by y = Φ(θ, t)x and we define the function

ψ : R− → X, ψ(s) = Φ(σ(θ, s), t)ϕ(s). It is easy to see that ψ is a negative
continuation of Φ relative to (y, σ(θ, t)) and sup

s≤0
‖ψ(s)‖ < ∞, so y ∈ X2(σ(θ, t)).�

Proposition 2.7. Let π = (Φ, σ) be a linear skew-product semiflow on E = X × Θ.
If π is uniformly exponentially dichotomic relative to the family of projections
{P (θ)}θ∈Θ, then ImP (θ) = X1(θ) and KerP (θ) = X2(θ), for all θ ∈ Θ.

Proof. It can be done in a similar manner like Proposition 2.2 from [5]. �

Remark 2.8. From the previous theorem it follows that if the linear skew-product
semiflow π = (Φ, σ) is uniformly exponentially dichotomic, then the family of pro-
jections {P (θ)}θ∈Θ is uniquely determined by the conditions from Definition 2.3.
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3. Uniform admissibility and exponential dichotomy

In what follows, we shall generalize a characterization for uniform exponential di-
chotomy of linear skew-product semiflows in terms of the solvability of an attached
integral equation, obtained in [15]. As in the second section, let X be a Banach
space, let Θ be a metric space and let E = X × Θ.

Let Cb(R+, X) be the space of all bounded continuous functions u : R+ → X
which is a Banach space with respect to the norm ‖|u‖| = sup

t≥0
‖u(t)‖.

We denote by Cc(R+, X) the space of all continuous functions u : R+ → X
with compact support contained in (0,∞) and let ∆(R+, X) = {u ∈ Cc(R+, X) :
‖|u‖| ≤ 1}.

Let π = (Φ, σ) be a linear skew-product semiflow on E = X × Θ. For every
θ ∈ Θ we consider the integral equation (Eθ) given by

f(t) = Φ(σ(θ, s), t − s)f(s) +

∫ t

s

Φ(σ(θ, τ), t − τ)u(τ) dτ, t ≥ s ≥ 0

with u ∈ ∆(R+, X) and f ∈ Cb(R+, X).

We consider the set Dθ = {f ∈ Cb(R+, X) : f(0) ∈ X2(θ) and ∃u ∈
∆(R+, X) such that (f, u) verifies (Eθ)}.
Definition 3.1. The pair (Cb(R+, X), ∆(R+, X)) is said to be uniformly admissible
for the linear skew-product semiflow π = (Φ, σ) on E = X × Θ if the following
conditions are satisfied

(i) for every (θ, u) ∈ Θ×∆(R+, X) there is fθ,u ∈ Cb(R+, X) such that (fθ,u, u)
verifies the equation (Eθ);

(ii) if θ ∈ Θ and fθ ∈ Dθ such that (fθ, 0) verifies (Eθ) then fθ = 0;

(iii) there is L > 0 such that ‖|fθ‖| ≤ L, for all fθ ∈ Dθ and all θ ∈ Θ.

Lemma 3.2. If the pair (Cb(R+, X), ∆(R+, X)) is uniformly admissible for the
linear skew-product semiflow π = (Φ, σ), then X1(θ) ∩X2(θ) = {0}, for all θ ∈ Θ.

Proof. Let θ ∈ Θ and x ∈ X1(θ) ∩ X2(θ). We consider the function fθ : R+ →
X, fθ(t) = Φ(θ, t)x and we have that fθ ∈ Cb(R+, X). We observe that the pair
(fθ, 0) verifies the equation (Eθ) and fθ(0) = x ∈ X2(θ), so fθ ∈ Dθ. Since the
pair (Cb(R+, X), ∆(R+, X)) is uniformly admissible for π it results that fθ = 0
and hence x = fθ(0) = 0. �

Theorem 3.3. Let π = (Φ, σ) be a linear skew-product semiflow on E = X × Θ.
If the pair (Cb(R+, X), ∆(R+, X)) is uniformly admissible for π, then there are
N ≥ 1, ν > 0 such that

‖Φ(θ, t)x‖ ≤ Ne−νt‖x‖, ∀x ∈ X1(θ), ∀(θ, t) ∈ Θ × R+.

Proof. By hypothesis, there is ν > 0 such that

‖|fθ‖| ≤
1

ν
, ∀fθ ∈ Dθ, ∀θ ∈ Θ. (3.1)
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Let θ ∈ Θ, x ∈ X1(θ) \ {0}, t0 = sup{t ≥ 0 : Φ(θ, t)x �= 0} and n0 ∈ N∗

with 2/n0 < t0. For every n ∈ N, n ≥ n0 let αn : R+ → [0, 1] be a continuous
function with compact support contained in (0, t0) and αn(t) = 1, for all t ∈
[1/n, min{n, t0 − 1/n}]. We define the functions

un : R+ → X, un(t) = αn(t)
Φ(θ, t)x

‖Φ(θ, t)x‖

fn : R+ → X, fn(t) =

∫ t

0

αn(τ)

‖Φ(θ, τ)x‖ dτ Φ(θ, t)x.

We have that un ∈ ∆(R+, X) and because x ∈ X1(θ), it follows that fn ∈
Cb(R+, X), for all n ≥ n0. Moreover, it is easy to see that fn(0) = 0 and the
pair (fn, un) verifies the equation (Eθ), for every n ≥ n0. It follows that fn ∈ Dθ,
for all n ≥ n0. From (3.1) we obtain that

∫ t

0

αn(s)

‖Φ(θ, s)x‖ ds ≤ 1

ν

1

‖Φ(θ, t)x‖ , ∀t ∈ [0, t0), ∀n ≥ n0.

For n → ∞ it results
∫ t

0

1

‖Φ(θ, s)x‖ ds ≤ 1

ν

1

‖Φ(θ, t)x‖ , ∀t ∈ [0, t0). (3.2)

Let M, ω be given by Definition 2.2. We shall prove that

‖Φ(θ, t)x‖ ≤ Ne−νt‖x‖, ∀t ∈ [0, t0), (3.3)

where N = Meω+ν/ν. Indeed, for t ∈ [0, 1] the relation (3.3) obviously holds. If
t0 > 1 let

F : [1, t0) → R∗
+, F (t) =

∫ t

0

1

‖Φ(θ, s)x‖ ds.

Using (3.2) we obtain

F (1) eν(t−1) ≤ F (t) ≤ 1

ν

1

‖Φ(θ, t)x‖ , ∀t ∈ [1, t0),

so ‖Φ(θ, t)x‖ ≤ (eν/νF (1)) e−νt, for all t ∈ [1, t0). Taking into account that F (1) ≥
1/(Meω‖x‖) we deduce that (3.3) holds for t ∈ [1, t0). It follows ‖Φ(θ, t)x‖ ≤
Ne−νt‖x‖, for all t ≥ 0. Since ν and N do not depend on θ or x we obtain the
conclusion. �

Corollary 3.4. Let π = (Φ, σ) be a linear skew-product semiflow on E = X × Θ.
If the pair (Cb(R+, X), ∆(R+, X)) is uniformly admissible for π, then X1(θ) is a
closed linear subspace, for all θ ∈ Θ.

Proof. Let θ ∈ Θ be fixed and let (xp) ⊂ X1(θ) converging to x ∈ X. It follows that
there is L > 0 such that ‖xp‖ ≤ L, for all p ∈ N. If N, ν are given by Theorem 3.3,
we deduce that ‖Φ(θ, t)xp‖ ≤ NLe−νt for all t ≥ 0 and all p ∈ N. Hence, we
obtain ‖Φ(θ, t)x‖ ≤ NLe−νt for all t ≥ 0, so x ∈ X1(θ). It follows that X1(θ) is
closed. �
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Theorem 3.5. Let π = (Φ, σ) be a linear skew-product semiflow on E = X × Θ.
If the pair (Cb(R+, X), ∆(R+, X)) is uniformly admissible for π, then there exist
N ≥ 1 and ν > 0 such that

‖Φ(θ, t)x‖ ≥ 1

N
eνt ‖x‖, ∀x ∈ X2(θ), ∀(θ, t) ∈ Θ × R+.

Proof. Let ν ∈ (0, 1) such that ‖|fθ‖| ≤ 1/ν, for all fθ ∈ Dθ and all θ ∈ Θ. Let
θ ∈ Θ and x ∈ X2(θ) \ {0}. From Lemma 3.2 it follows that Φ(θ, t)x �= 0, for all
t ≥ 0.

For every n ∈ N∗, let αn : R+ → [0, 1] be a continuous function with
compact support contained in (0,∞) and with αn(t) = 1, for all t ∈ [1/n, n]. For
every n ∈ N∗, we define

un : R+ → X, un(t) = −αn(t)
Φ(θ, t)x

‖Φ(θ, t)x‖
and

fn : R+ → X, fn(t) =

∫ ∞

t

αn(τ)

‖Φ(θ, τ)x‖ dτ Φ(θ, t)x.

Then un ∈ ∆(R+, X), fn ∈ Cb(R+, X) and (fn, un) verifies the equation (Eθ), for
all n ∈ N∗. Moreover

fn(0) =

∫ ∞

0

αn(τ)

‖Φ(θ, τ)x‖ dτ x ∈ X2(θ),

so fn ∈ Dθ, for all n ∈ N∗. Using an analogous argument as in the proof of
Theorem 3.3 it follows∫ ∞

t

1

‖Φ(θ, τ)x‖ dτ ≤ 1

ν

1

‖Φ(θ, t)x‖ , ∀t ≥ 0.

Let

F : R+ → R+, F (t) =

∫ ∞

t

1

‖Φ(θ, τ)x‖ dτ.

It results that νF (t) ≤ −Ḟ (t), for all t ≥ 0, so

F (t) ≤ e−νtF (0) ≤ 1

ν
e−νt 1

‖x‖ , ∀t ≥ 0. (3.4)

If M and ω are given by Definition 2.2, then

1

‖Φ(θ, t)x‖ ≤ Meω

∫ t+1

t

1

‖Φ(θ, τ)x‖ dτ ≤ MeωF (t), ∀t ≥ 0,

and from (3.4) we obtain ‖Φ(θ, t)x‖ ≥ νeνt/Meω‖x‖, for all (x, θ, t) ∈ E × R+,
which ends the proof. �

Corollary 3.6. If the pair (Cb(R+, X), ∆(R+, X)) is uniformly admissible for the
linear skew-product semiflow π on E = X × Θ, then X2(θ) is a closed linear
subspace, for all θ ∈ Θ.
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Proof. Let θ ∈ Θ. If y ∈ X2(θ) and ϕ is a negative continuation for Φ relative to
(y, θ) with sup

s≤0
‖ϕ(s)‖ < ∞, then it is easy to see that ϕ(s) ∈ X2(σ(θ, s)) for all

s ≤ 0.
Let (xp) ⊂ X2(θ) converging to x ∈ X. For every p ∈ N there is a negative

continuation ϕp for Φ relative to (xp, θ) such that sup
s≤0

‖ϕp(s)‖ < ∞. Since

ϕp(s + t) = Φ(σ(θ, s), t)ϕp(s), ∀s ≤ 0, t ≥ 0, s + t ≤ 0, ∀p ∈ N, (3.5)

for N, ν given by Theorem 3.5, it follows that

‖xp − xk‖ = ‖Φ(σ(θ,−t), t)(ϕp(−t) − ϕk(−t))‖

≥ 1

N
eνt‖ϕp(−t) − ϕk(−t)‖, ∀t ≥ 0, ∀p, k ∈ N.

(3.6)

Using the fact that (xp)p∈N is fundamental, from (3.6) it follows that for every
s ≤ 0 the sequence (ϕp(s))p is fundamental, so it is convergent. We denote by
ϕ(s) := lim

p→∞
ϕp(s), for all s ≤ 0. Hence, ϕ(0) = x and from (3.5) we obtain

ϕ(s + t) = Φ(σ(θ, s), t)ϕ(s), for all s ≤ 0, t ≥ 0 with s + t ≤ 0. From (3.6) we
deduce

‖ϕ(−t)‖ ≤ Ne−νt‖xp − x‖ + ‖ϕp(−t)‖, ∀t ≥ 0, ∀p ∈ N.

It results that sup
s≤0

‖ϕ(s)‖ < ∞, so x ∈ X2(θ), and hence X2(θ) is closed. �

Proposition 3.7. If the pair (Cb(R+, X), ∆(R+, X)) is uniformly admissible for
the linear skew-product semiflow π on E = X ×Θ and X1(θ) + X2(θ) = X, for all
θ ∈ Θ, then X2(σ(θ, t)) = Φ(θ, t)X2(θ), for all (θ, t) ∈ Θ × R+.

Proof. Let M, ω ∈ (0,∞) be given by Definition 2.2. Let (θ, t) ∈ Θ × R∗
+. To

prove that X2(σ(θ, t)) ⊂ Φ(θ, t)X2(θ), it is sufficient to show that for every x ∈
X2(σ(θ, t)) with ‖x‖ ≤ 1/Me2ω, we have that x ∈ Φ(θ, t)X2(θ).

Let x ∈ X2(σ(θ, t)) with ‖x‖ ≤ 1/Me2ω. Let α : R+ → [0, 1] be a continuous
function with compact support contained in (t, t + 2) and with

∫∞
t α(s) ds = 1.

We consider the functions

u : R+ → X, u(τ) = −α(τ)Φ(σ(θ, t), τ − t)x

f : R+ → X, f(τ) =

{
x, τ ∈ [0, t]∫∞

τ α(s) ds Φ(σ(θ, t), τ − t)x, τ ≥ t.

We observe that u ∈ ∆(R+, X), f ∈ Cb(R+, X) and

f(τ) = Φ(σ(θ, s), τ − s)f(s) +

∫ τ

s

Φ(σ(θ, ξ), τ − ξ)u(ξ) dξ, ∀τ ≥ s ≥ t.

By hypothesis there is g ∈ Cb(R+, X) such that the pair (g, u) verifies the equation
(Eθ). It follows that f(τ)− g(τ) = Φ(σ(θ, t), τ − t)(f(t)− g(t)) for all τ ≥ t. Since
f, g ∈ Cb(R+, X) we have f(t) − g(t) ∈ X1(σ(θ, t)).

But g(t) = Φ(θ, t)g(0) and from hypothesis there are y1 ∈ X1(θ) and y2 ∈
X2(θ) such that g(0) = y1 + y2. It results that x − Φ(θ, t)y2 = (f(t) − g(t)) +
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Φ(θ, t)y1. From Lemma 2.6 and Lemma 3.2 we deduce that x − Φ(θ, t)y2 = 0,
so x ∈ Φ(θ, t)X2(θ). In this manner, we deduce that X2(σ(θ, t)) ⊂ Φ(θ, t)X2(θ).
Applying once again Lemma 2.6 we obtain the conclusion. �

Theorem 3.8. Let π = (Φ,σ) be a linear skew-product semiflow on E = X ×Θ.
Then π is uniformly exponentially dichotomic if and only if the pair (Cb(R+, X),
∆(R+, X)) is uniformly admissible for π and X1(θ) + X2(θ) = X, for all θ ∈ Θ.

Proof. Necessity. Suppose that π is uniformly exponentially dichotomic relative
to the family of projections {P (θ)}θ∈Θ. From Proposition 2.7 we have X1(θ) =
ImP (θ) and X2(θ) = KerP (θ), for all θ ∈ Θ, so X1(θ)+X2(θ) = X, for all θ ∈ Θ.

Let θ ∈ Θ and u ∈ ∆(R+, X). We define the function fθ,u : R+ → X ,

fθ,u(t) =

∫ t

0

Φ(σ(θ, s), t − s)P (σ(θ, s))u(s) ds

−
∫ ∞

t

Φ(σ(θ, t), s − t)−1
| (I − P (σ(θ, s)))u(s) ds,

(3.7)

where Φ(σ(θ, t), s − t)−1
| denotes the inverse of the operator Φ(σ(θ, t), s − t)| :

KerP (σ(θ, t)) → KerP (σ(θ, s)). It follows that fθ,u ∈ Cb(R+, X) and the pair
(fθ,u, u) verifies the equation (Eθ). Moreover

fθ,u(0) = −
∫ ∞

0

Φ(θ, s)−1
| (I − P (σ(θ, s)))u(s) ds ∈ X2(θ).

Let θ ∈ Θ and fθ ∈ Dθ. Then, fθ(0) ∈ X2(θ) and there is u ∈ ∆(R+, X)
such that the pair (fθ, u) verifies the equation (Eθ). Let fθ,u be given by (3.7) and
let g = fθ − fθ,u. Then, g(0) ∈ X2(θ) and

g(t) = Φ(θ, t)g(0), ∀t ≥ 0. (3.8)

Since g ∈ Cb(R+, X), by (3.8) we deduce that g(0) ∈ X1(θ). It follows that
g(0) = 0 and from (3.8), we obtain that fθ = fθ,u.

From these arguments, we have that if θ ∈ Θ and fθ ∈ Dθ such that (fθ, 0)
verifies the equation (Eθ), then fθ = 0. Moreover, if θ ∈ Θ, fθ ∈ Dθ and N, ν are
given by Definition 2.3, we obtain that ‖fθ(t)‖ ≤ 2N(K+1)/ν, for all t ≥ 0, where
K = sup

θ∈Θ
‖P (θ)‖. Denoting by L = 2N(K + 1)/ν, we conclude that ‖|fθ‖| ≤ L,

for all fθ ∈ Dθ and all θ ∈ Θ. So, the pair (Cb(R+, X), ∆(R+, X)) is uniformly
admissible for π.

Sufficiency. From hypothesis, Corollary 3.4, Corollary 3.6 and Lemma 3.2 it follows
that X1(θ)⊕X2(θ) = X , for all θ ∈ Θ. For every θ ∈ Θ let P (θ) be the projection
corresponding to X1(θ) such that ImP (θ) = X1(θ) and KerP (θ) = X2(θ). Using
Lemma 2.6 it follows that Φ(θ, t)P (θ) = P (σ(θ, t))Φ(θ, t), for all (θ, t) ∈ Θ × R+.
From Theorem 3.5 and Proposition 3.7 it follows that the restriction Φ(θ, t)| :
KerP (θ) → KerP (σ(θ, t)) is an isomorphism. Finally, using Theorem 3.3 and
Theorem 3.5 we obtain that π is uniformly exponentially dichotomic. �

Remark 3.9. The above result is a generalization of Theorem 3.2 from [15].
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Bul. V. Pârvan 4
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1. Introduction

Let (Ω,A, P) be a complete probability space and let F = {Ft, t ∈ [0, T ]} (T ∈
R+) be a complete filtration of the measurable space (Ω,A). If f, g : [0, T ]×R → R

are continuous functions in (t, x), a well-known class of stochastic equations is given
by the stochastic integral equation of Itô-Doob type

x(t, ω) = x0(ω) +

∫ t

0

f(τ, x(τ, ω))dτ +

∫ t

0

g(τ, x(τ, ω))dW (τ) (∗)

where t ∈ [0, T ], the first integral is a Lebesgue integral and the second is an Itô-
type stochastic integral defined with respect to a scalar Brownian motion process
{W (t), t ∈ [0, T ]}.

The operators W1 and W2 from C([0,T ],L2(Ω,F ,P)) into C([0,T ],L2(Ω,F ,P))
defined by

(W1x)(t, ω) =

∫ t

0

x(τ, ω)dτ and (W2x)(t, ω) =

∫ t

0

x(t, ω)dW (τ)

are linear and continuous. If f(t, ·) and g(t, ·) are linear for every fixed t ∈ [0, T ],
then there exists a unique random solution to equation (∗), i.e., x(t, ω) belongs to
C([0, T ], L2(Ω,F , P)) and satisfies the equation P a.e.
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A generalization of this class of stochastic integral equations has been given
by McShane ([5]) with a weaker condition for the integrator process. Moreover, a
stochastic calculus and a method of constructing mathematical models which per-
mit a unified theory that applies equally well when the input noise is determinate
and smooth and when it is “white” or “coloured”, has introduced by E.J. McShane
([5], [6]).

The problem of the existence and uniqueness of the solutions processes in
stochastic integral equations of McShane’s type has been treated by E.J. McShane
himself ([5], [6]) and by K.P. Elworthy (1982), J.M.A. Ibáñez and A.G. Jáimez
([4]), Ph. Protter (1992), A. Constantin ([2], [3]). We consider the problem of the
existence and uniqueness of the solution processes in stochastic integral equations
of McShane’s type:

X(t) = X(t0) +

∫ t

t0

f(s, X(s))ds +

r∑

ρ=1

∫ t

t0

gρ(s, X(s))dzρ(s)

+

r∑

ρ,σ=1

∫ t

t0

hρσ(s, X(s))dzρ(s)dzσ(s), t ∈ [t0, T ], T > t0 ≥ 0

(1.1)

with non-Lipschitz conditions on f, gρ, hρ,σ; see T. Yamada and S. Watanabe ([8],
[9]), T. Yamada ([10]) and T. Taniguchi ([7]).

2. Definitions and previous results

Let [t0, T ] be a closed real interval (t0 > 0). Let (Ω,A, P) be a probability space
and F = {Ft, t ∈ [t0, T ]} a complete filtration of the measurable space (Ω,A).

We consider the following types of processes: z(t), t ≥ 0, which satisfy a K

condition (E.J. McShane [6], Definition 5.3, p. 132), i.e., ‖z(t0)‖ is finite and there
exists a number K such that whenever t0 ≤ u ≤ v ≤ T , then a.s.

|E(z(v) − z(u)/Fu)| ≤ K(v − u)

E([z(v) − z(u)]2/Fu) ≤ K(v − u).
(2.1)

It is known (McShane [6], Lemma 5.5, p. 132–133) that if zρ satisfy a K condition
and E(‖gρ(t)‖2), (ρ = 1, . . . , r), are Lebesgue integrable on [t0, T ], then

∥∥∥∥
∫ T

t0

gρ(t)dzρ(t)

∥∥∥∥ ≤ C

{∫ T

t0

‖gρ(t)‖2dt

} 1
2

, ρ = 1, . . . , r, (2.2)

where C = 2K(T − t0)
1
2 + K

1
2 .

Moreover, if zρ satisfy a K condition and an additing condition

E([zρ(t) − zρ(s)]4/Fs) ≤ K(t − s) (2.3)
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(McShane [6], Lemma 11.3, p. 153) and hρ,σ are Ft-adapted and E(‖hρ,σ(t)‖2) are
Lebesgue integrable from t0 to T , then:

∥∥∥∥
∫ T

t0

hρ,σ(t)dzρ(t)dzσ(t)

∥∥∥∥ ≤ C

{∫ T

t0

‖hρ,σ(t)‖2dt

} 1
2

(2.4)

for a same constant C as in (2.2).

3. Existence and uniqueness

In this paragraph we prove the existence and uniqueness of solution processes
for the equation of type (1.1). Previously we define the set of hypotheses we will
require in relation to the functions that intervene in the integrals of (1.1).

3.1. Hypotheses

We consider the following set of hypotheses relative to the function f, gρ and hρ,σ

and the integrators zρ, ρ, σ = 1, 2, . . . , r:

[H-(i)] z1, . . . , zr satisfy a K condition and for each s and t > s in [t0, T ] a.s.
E([zρ(t) − zρ(s)]4/Fs) ≤ K(t − s);

[H-(ii)] functions f, gρ, hρ,σ are bounded functions on [t0, T ] × R, 0 ≤ t0 < T and
continuous in x for each fixed t ∈ [t0, T ];

[H-(iii)] there exists a function H(t, u) : [t0, T ]× R
+ −→ R

+ such that

E|f(t, X)|2 +

r∑

ρ=1

E|gρ(t, X)|2 +

r∑

ρ,σ=1

E|hρσ(t, X)|2 ≤ H(t, E|X |2) (3.1)

for all t ∈ [t0, T ] and all X ∈ S(X0, R) = {X ∈ L2(Ω, R) | E |X − X0|2 ≤
R}, where X0 = X(t0) and R > 0;

[H-(iv)] H(t, u) is locally integrable in t for each fixed u ∈ R
+ and is continuous,

monotone, nondecreasing in u for each fixed t ∈ [t0,∞).

Remark 3.1. The hypothesis [H-(i)] is similar to that established by McShane ([5],
[6]) and the hypotheses [H-(ii)]–[H-(iv)], are analogous to those established by
Taniguchi ([7]).

3.2. Existence and uniqueness local theorem

First we prove a similar result as that of Taniguchi ([7], Theorem 1).

Theorem 3.2. We assume that zρ satisfy the hypothesis [H-(i)] and f, gρ, hρσ sat-
isfy the hypotheses [H-(ii)], [H-(iii)] and [H-(iv)], (ρ, σ = 1, 2, . . . , r). Let {Xn(t)},
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n ≥ 0, be the sequence of stochastic processes which are defined by the successive
approximation:

Xn(t) = X0 +

∫ t

t0

f(s, Xn−1(s))ds +

r∑

ρ=1

∫ t

t0

gρ(s, Xn−1(s))dzρ(s)

+
r∑

ρ,σ=1

∫ t

t0

hρσ(s, Xn−1(s))dzρdzσ,

X0 = X(t0)

(3.2)

and let X0 be independent of zρ(t), t ≥ 0 and E|X0|2 < ∞.

Then, there exists a time t1 such that t0 < t1 < T and the sequence of the
functions defined on [t0, t1], {E|Xn(t)|2}, t0 < t < t1 is uniformly bounded.

Proof. First we note by condition [H-(iv)] and Caratheodory’s Theorem that the
differential equation:

du

dt
= 4(rC2 + r2C2 + T )H(t, u) (3.3)

has a local solution with any initial value (t0, u0). u0 ≥ 0.

Take a u0 ∈ R+ such that u0 > 4E|X0|2 and let u(t) = u(t; t0, u0) be the
local solution of (3.3) with the initial value (t0, u0). Now, by condition [H-(iii)] and
the relations (2.2), (2.4), we obtain:

E|X1(t)|2

≤ 4E

(
|X0|2 +

∣∣∣∣
∫ t

t0

f(s, X0)ds

∣∣∣∣
2

+

∣∣∣∣
r∑

ρ=1

∫ t

t0

gρ(s, X0)dzρ(s)

∣∣∣∣
2

+

∣∣∣∣
r∑

ρ,σ=1

∫ t

t0

hρσ(s, X0)dzρ(s)dzσ

∣∣∣∣
2)

≤ 4E

(
|X0|2 +

∣∣∣∣
∫ t

t0

f(s, X0)ds

∣∣∣∣
2

+ r

r∑

ρ=1

∣∣∣∣
∫ t

t0

gρ(s, X0)dzρ(s)

∣∣∣∣
2

+ r2
r∑

ρ,σ=1

∣∣∣∣
∫ t

t0

hρσ(s, X0)dzρ(s)dzσ

∣∣∣∣
2)

≤ 4E(|X0|2)+4TE

(∫ t

t0

|f(s, X0)|2ds

)
+4rC2

r∑

ρ=1

E

(∫ t

t0

|gρ(s, X0)|2ds

)

+ 4r2C2
r∑

ρ,σ=1

E

(∫ t

t0

|hρσ(s, X0)|2ds

)
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≤ 4E(|X0|2) + 4(rC2 + r2C2 + T )E

(∫ t

t0

|f(s, X0)|2ds

)

+ 4(rC2 + r2C2 + T )

r∑

ρ=1

E

(∫ t

t0

|gρ(s, X0)|2ds

)

+ 4(rC2 + r2C2 + T )

r∑

ρ,σ=1

E

(∫ t

t0

|hρσ(s, X0)|2ds

)

≤ 4E(|X0|2) + 4(rC2 + r2C2 + T )

∫ t

t0

H(s, E(|X0|2))ds

for all t ∈ [t0, T ], from which by condition [H-(iv)] we obtain a time T0 such that
t0 < T0 < T and

u(t) − E|X1|2 > 4(rC2 + r2C2 + T )

∫ t

t0

[H(s, u(s)) − H(s, E|X0|2)]ds ≥ 0

for all t ∈ [t0, T0], because u0 > 4E|X0|2 and u(t) is the local solution of (3.3)
starting with the initial point u0.

Next, since the function u(t) is continuous on [t0, T0], set p0 = max{u(t)| t ∈
[t0, T0]} < ∞. Thus, H(s, u(s)) ≤ H(s, p0) for each s ∈ [t0, T0] by condition [H-
(iv)]. Hence, the function H(s, u(s)) is integrable on [t0, T0] by condition [H-(iv)].
Therefore, we obtain a time t1 such that t0 < t1 < T0 and from the above relation
and the continuity of the integral, we have:

E(|X1(t) − X0|2 ≤ 3E

(∣∣∣∣
∫ t

t0

f(s, X0)ds

∣∣∣∣
2

+ r

r∑

ρ=1

∣∣∣∣
∫ t

t0

gρ(s, X0)dzρ(s)

∣∣∣∣
2

+ r2
r∑

ρ,σ=1

∣∣∣∣
∫ t

t0

hρσ(s, X0)dzρ(s)dzσ(s)

∣∣∣∣
2)

≤ 3(rC2 + r2C2 + T )

∫ t

t0

H(s, E(|X0|2))ds

≤ 3(rC2 + r2C2 + T )

∫ t

t0

H(s, u(s))ds

≤ 3(rC2 + r2C2 + T )

∫ t

t0

H(s, p0)ds ≤ R

for all t ∈ [t0, t1].

Now, let us continue the proof of the theorem by mathematical induction.
Hence, let n = k and suppose that the inequalities hold, i.e.,

E|Xk(t)|2 < u(t), E|Xk(t) − X0|2 ≤ R

for all t ∈ [t0, t1].
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Then,

E|Xk+1(t)|2 ≤ 4E(|X0|2) + 4TE

(∫ t

t0

|f(s, Xk(s))|2ds

)

+ 4rC2
E

( r∑

ρ=1

∫ t

t0

|gρ(s, Xk(s))|2ds

)

+ 4r2C2
E

( r∑

ρ,σ=1

∫ t

t0

|hρσ(s, Xk(s))|2ds

)

≤ 4E(|X0|2) + 4(rC2 + r2C2 + T )

∫ t

t0

H(s, E(|Xk(s)|2))ds

for all t ∈ [t0, T ], from which since u0 > 4E|X0|2, we obtain that

E(|Xk+1(t)|2)−4(rC2 + r2C2 + T )

∫ t

t0

H(s, E(|Xk(s)|2))ds

< u(t) − 4(rC2 + r2C2 + T )

∫ t

t0

H(s, E(|Xk(s)|2))ds.

Hence, by the assumption of mathematical induction,

u(t) − E|Xk+1(t)|2 > 4(rC2 + r2c2 + T )

∫ t

t0

[H(s, u(s)) − H(s, E|Xk(s)|2)]ds ≥ 0

for all t ∈ [t0, t1]. Next,

E(|Xk+1(t) − X0|2) ≤ 3E

(∣∣∣∣
∫ t

t0

f(s, Xk(s))ds

∣∣∣∣
2

+ r

r∑

ρ=1

∣∣∣∣
∫ t

t0

gρ(s, Xk(s))dzρ(s)

∣∣∣∣
2

+ r2
r∑

ρ,σ=1

∣∣∣∣
∫ t

t0

hρσ(s, Xk(s))dzρ(s)dzσ

∣∣∣∣
2)

≤ 3(rC2 + r2C2 + T )

∫ t

t0

H(s, E(|Xk(s)|2))ds

≤ 3(rC2 + r2C2 + T )

∫ t

t0

H(s, u(s))ds ≤ R

for all t ∈ [t0, t1]. Consequently, we obtain that

E|Xk+1(t)|2 < u(t), E|Xk+1(t) − X0|2 ≤ R

for all t ∈ [t0, t1]. Since u(t) is continuous on [t0, t1], there exists a real number
M > 0 such that E|Xn(t)|2 < M for all t ∈ [t0, t1] and every integer n ≥ 0. �

Theorem 3.3. For the stochastic differential equation (1.1), suppose that the fol-
lowing conditions are satisfied:

(i) zρ satisfy the hypotheses of previously theorem, ρ = 1, 2, . . . , r;
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(ii) the functions f(t, x), gρ(t, x), hρσ(t, x) satisfy hypotheses [H-(ii)], [H-(iii)] and
[H-(iv)], ρ, σ = 1, 2, . . . , r;

(iii) there exists a nonnegative real valued function G(t, u) defined on [t0, T ] ×
[0, 4R] which is monotone nondecreasing, continuous in u ∈ [0, 4R] for each
fixed t ∈ [t0, T ] and is locally integrable in t ∈ [t0, T ] for each fixed u ∈ [0, 4R]
such that

G(t, 0) = 0,

E|f(t, X) − f(t, Y )|2 +

r∑

ρ=1

E|gρ(t, X) − gρ(t, Y )|2

+

r∑

ρ,σ=1

E|hρσ(t, X) − hρσ(t, Y )|2 ≤ G(t, E|X − Y |2)

for all t ∈ [t0, T ] and all X, Y ∈ S(X0, R);
(iv) the function G(t, u) satisfies a sufficient condition under which if a nonneg-

ative, continuous function z(t) satisfies that

z(t) ≤ A

∫ t

t0

G(s, z(s))ds for all t ∈ [t0, T1]

where A = 3(rC2 + r2C2 + T ), and T1 is a time with t0 < T1 ≤ T , and if
z(t0) = 0, then z(t) ≡ 0 for all t ∈ [t0, T1].

Let X0 be a random variable independent of zρ(s), s ≥ 0, ρ = 1, . . . , r and
E|X0|2 < ∞. Then, the sequence {Xn(t)} defined by the successive approximations
(3.2) converges uniformly on some interval [t0, t1] to a unique local solution of (1.1)
with an initial variable (t0, X0), t0 ≥ 0.

Proof. Let the t1 be the time which was obtained in Theorem 3.2, with t0 < t1 < T .
Now, we define the functions amn(t) and an(t) on [t0, t1] for all integer m ≥ n ≥ 0
as (Taniguchi [7]):

amn = E|Xm(t) − Xn(t)|2, an(t) = sup{apq(t); p ≥ q ≥ n}. (3.4)

First, we shall show that the sequence {an(t)} has a subsequence {ank
(t)}

which converge uniformly on [t0, t1] to some continuous function a(t) defined on
[t0, t1].

Since the sequence{E|Xn(t)|2}, t0 ≤ t ≤ t1 is uniform bounded by Theo-
rem 3.2, we obtain a positive and real number M such that

amn(t) ≤ 2E(|Xn(t)|2 + |Xm(t)|2) < M (3.5)

for all t ∈ [t0, t1]. From [7], we have that:

|amn(t) − amn(s)|2 = |E(|Xm(t) − Xn(t)|2) − E(|Xm(s) − Xn(s)|2)|
≤ {E(|Xm(t) − Xn(t)| + |Xm(s) − Xn(s)|)2} 1

2

{E(2|Xm(t) − Xm(s)|2 + 2|Xn(t) − Xn(s)|2)} 1
2 .
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On the other side,

E(|Xn(t) − Xn(s)|2 ≤ 3

(
T

∫ t

s

E(|f(τ, Xn−1(τ))|2)dτ

+ rC2
r∑

ρ=1

∫ t

s

E(|gρ(τ, Xn−1(τ))|2)dτ

+ r2C2
r∑

ρ,σ=1

∫ t

s

E(|hρσ(τ, Xn−1(τ))|2)dτ

)

≤ 3(rC2 + r2C2 + T )

∫ t

s

H(τ, E(|Xn−1(τ)|2))dτ

≤ 3(rC2 + r2C2 + T )|M(t) − M(s)|,

for all t, s ∈ [t0, t1], and n ≥ 1 integer, where M(t) =
∫ t

t0
H(τ, u(τ))dτ and u(t) is

a local solution of (3.3). Thus, we obtain a positive and real number Q such that

|amn(t) − amn(s)| ≤ Q|M(t) − M(s)| 12 (3.6)

for all m ≥ n ≥ 0 and t, s ∈ [t0, t1].

Therefore, by (3.5) and (3.6), we have that 0 ≤ an(t) < M and |an(t) −
an(s)| ≤ Q|M(t)−M(s)| 12 , ∀ n ≥ 0 and t, s ∈ [t0, t1], which implies that by Ascoli-
Arzela Theorem there exists a subsequence {ank

(t)} which converges uniformly to
some continuous function a(t) defined on [t0, t1].

Now, for m ≥ n ≥ nk+1, since m − 1 ≥ n = 1 ≥ nk, by condition (iii),

amn(t) = E(|Xm(t) − Xn(t)|2) ≤ 3E

(∣∣∣∣
∫ t

t0

[f(τ, Xm−1(τ)) − f(τ, Xn−1(τ))]dτ

∣∣∣∣
2

+

∣∣∣∣
r∑

ρ=1

∫ t

t0

[gρ(τ, Xm−1(τ)) − gρ(τ, Xn−1(τ))]dzρ(τ)

∣∣∣∣
2

+

∣∣∣∣
r∑

ρ,σ=1

∫ t

t0

[hρσ(τ, Xm−1(τ)) − hρσ(τ, Xn−1(τ))]dzρ(τ)dzσ(τ)

∣∣∣∣
2)

≤ A

∫ t

t0

G(τ, E|Xm−1(τ) − Xn−1(τ)|2)dτ

≤ A

∫ t

t0

G(τ, an(k)(τ))dτ t ∈ [t0, t1].

Thus, since {ank
(t)} converges uniformly to a(t) as k → ∞, by the continuity

of G(t, u) in u for each fixed t ∈ [t0, t1] and the Lebesgue’s Dominated Convergence
Theorem:

a(t) ≤ A

∫ t

t0

G(τ, a(τ))dτ, t ∈ [t0, t1].
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Therefore, by condition (iv), we have that a(t) ≡ 0 on [t0, t1] (see Taniguchi,
Lemma 3, p. 156 [7]).

Next, for m ≥ n ≥ nk+1

E( sup
t0≤t≤t1

|Xm(t) − Xn(t)|2)

≤ 3E

(
sup

t0≤t≤t1

∣∣∣∣
∫ t

t0

[f(τ, Xm−1(τ)) − f(τ, Xn−1(τ))]dτ

∣∣∣∣
2

+ sup
t0≤t≤t1

∣∣∣∣
r∑

ρ=1

∫ t

t0

[gρ(τ, Xm−1(τ)) − gρ(τ, Xn−1(τ))]dzρ(τ)

∣∣∣∣
2

+ sup
t0≤t≤t1

∣∣∣∣
r∑

ρ,σ=1

∫ t

t0

[hρσ(τ, Xm−1(τ)) − hρσ(τ, Xn−1(τ))]dzρ(τ)dzσ(τ)

∣∣∣∣
2)

≤ 3T

∫ t1

t0

E|f(τ, Xm−1(τ)) − f(τ, Xn−1(τ))|2dτ

+ rC2
r∑

ρ=1

∫ t1

t0

E|gρ(τ, Xm−1(τ)) − gρ(τ, Xn−1(τ))|2dτ

+ r2C2
r∑

ρ,σ=1

∫ t

t0

t1E|hρσ(τ, Xm−1(τ)) − hρσ(τ, Xn−1(τ))|2dτ

≤ A

∫ t1

t0

G(τ, E(|Xm−1(τ) − Xn−1(τ)|2))dτ

≤ A

∫ t1

t0

G(τ, ank
(τ))dτ −→ 0, k → ∞

which implies that the sequence {Xn(t)} is a Cauchy sequence in Banach space
B(t0, t1)

1 (see Taniguchi [7], Lemma 1., p. 155). Therefore, there exists a stochastic
process X(t) such that:

E( sup
t0≤t≤t1

|Xn(t) − X(t)|2) −→ 0, n → ∞ .

Furthermore, we shall show that the stochastic process X(t) is a local solution of
the stochastic differential equation (1.1),

E

(
sup

t0≤t≤t1

∣∣∣∣Xn(t) − [X0 +

∫ t

t0

f(τ, X(τ))dτ

+

r∑

ρ=1

∫ t

t0

gρ(τ, X(τ))dzρ(τ) +

r∑

ρ,σ=1

∫ t

t0

hρσ(τ, X(τ))dzρ(τ)dzσ(τ)]

∣∣∣∣
2)

1B(t0, t1) is the space of all function ξ(t, ω) : [t0, t1] × Ω −→ R with ξ(t, ω) measurable in
ω for each fixed t ∈ [t0, t1] and it is continuous in t for a.e. fixed ω ∈ Ω; ‖ξ(t, ω)‖B(t,t0) =

{sup |ξ(t, ω)2|}
1
2 .
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≤ 3(rC2 + r2C2 + T )

∫ t1

t0

G(τ, E(|Xn−1(τ) − X(τ)|2))dτ

≤ A

∫ t1

t0

G(τ, E sup
t0≤t≤t1

|Xn−1(τ) − X(τ)|2)dτ −→ 0, k → ∞

from which we obtain that

X(t) = X(t0) +

∫ t

t0

f(τ, X(τ))dτ +

r∑

ρ=1

∫ t

t0

gρ(τ, X(τ))dzρ(τ)

+

r∑

ρ,σ=1

∫ t

t0

hρσ(τ, X(τ))dzρ(τ)dzσ(τ)

for all t ∈ [t0, t1] and a.s. ω ∈ Ω. Moreover, we can prove the uniqueness of the
local solution. Let X(t) and Y (t) be two local solutions existing on [t0, t

′] with
X(t0) = Y (t0) = X0 Then, we obtain:

E|X(t) − Y (t)|2 ≤ 3(T + rC2 + r2C2)

∫ t

t0

G(τ, E|X(τ) − Y (τ)|2)dτ

for all t ∈ [t0, t
′], from which using condition (iv), we have that E|X(t)−Y (t)|2 = 0

for all t ∈ [t0, t
′]. This show the uniqueness of the local solution. Therefore, the

proof of the theorem is complete. �

3.3. Global existence and uniqueness theorem

Theorem 3.4. For the stochastic differential equation (1.1), suppose that the fol-
lowing conditions are satisfied:

(i) the coefficients f(t, x), gρ(t, x) and hρσ(t, x) satisfy conditions (ii), (iii) and
(iv) from Theorem 3.3 and zρ satisfies the condition (i) from Theorem 3.3,
for R = ∞ and T = ∞, (ρ, σ = 1, 2, . . . , r) ;

(ii) for any fixed T > 0, the differential equation

du

dt
= 3(T + rC2 + r2C2)H(t, u) (3.7)

has a global solution for any initial value (t0, u0), t0 ≥ 0, u0 ≥ 0;
(iii) for any fixed T > 0 condition (iv) from Theorem 3.3 holds.

Let X0 be independent of the zρ(t), t ≥ 0, ρ = 1, . . . , r and let E|X0|2 < ∞.
Then the sequence {Xn(t)} defined by the successive approximations (3.2) con-
verges uniformly on any finite subinterval [t0, T ] of [t0,∞), to a unique solution
of (1.1).

Proof. Let S be the set of times s such that the sequence {Xn(t)} converges
uniformly on the interval [t0, s]. Let s1 = sup{s ∈ S}. By Theorem 3.3, we have
that s1 > 0. Now, we suppose that s1 < ∞. Then, we can choose a time T0 such
that s1 < T0 < ∞. Then, by (3.2) and condition (i),

E|Xn+1(t)|2 ≤ 4E|X0|2 + 4(rC2 + r2C2 + T )

∫ t

t0

H(τ, E|Xn(τ)|2)dτ
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for all t ∈ [t0, T0]. Take a u0 ∈ R+ such that u0 > 4E|X0|2. Then, by condition (ii),
we have a solution of u(t) = u(t, t0, u0) of (3.7) with T = T0 and with the initial
value (t0, u0), and the remainder of the proof follows as in Theorem 3.3, replacing
t by T0, which completes the proof of the theorem . �

Also, we can prove a similar result as Corollary 1 from [7] (here we suppose
t0 = 0).

Corollary 3.5. For the stochastic differential equation (1.1) suppose that the fol-
lowing conditions are satisfied:

(i)
|f(t, x) − f(t, y)|2 +

∣∣∣∣
r∑

ρ=1

gρ(t, x) − gρ(t, y)

∣∣∣∣
2

+

∣∣∣∣
r∑

ρ,σ=1

hρσ(t, x) − hρσ(t, y)

∣∣∣∣
2

≤ λ(t)α(|x − y|2).

(ii) |f(t, 0)|, |gρ(t, 0)|, |hρσ(t, 0)| ∈ L2
loc

([0,∞), R+), ρ, σ = 1, . . . , r, for all t ∈
[0,∞) and all x, y ∈ R, where λ(t) : [0,∞) → R+ is a locally integrable
function and α(u) : R+ → R+ is a continuous, monotone nondecreasing and
concave function with α(0) = 0 such that

∫
0+(1/α(u))du = ∞.

Let E|X0|2 < ∞. Then, on any finite interval [0, T ], the sequence {Xn(t)},
0 ≤ t ≤ T , defined by the successive approximations (3.2), converges uniformly to
a unique solution of (1.1).

Proof. Since α(u) is concave on [0,∞), there exists positive real numbers a >
0, b > 0 such that α(u) ≤ au+ b. Set γ(t) = 3aλ(t) and β(t) = 3bλ(t)+ |f(t, 0)|2 +
r|∑ρ gρ(t, 0)|2 + r2|∑ρσ(t, 0)|2 (these are defined in an analogous way to that of

Taniguchi [7]).

From condition (i), we have:

(
|f(t, x) − f(t, 0)| + |

r∑

ρ=1

gρ(t, x) − gρ(t, 0)

∣∣∣∣ +

∣∣∣∣
r∑

ρ,σ=1

hρσ(t, x) − hρσ(t, 0)

∣∣∣∣
)2

≤ 3

{
|f(t, x) − f(t, 0)|2 +

∣∣∣∣
r∑

ρ=1

gρ(t, x) − gρ(t, 0)

∣∣∣∣
2

+

∣∣∣∣
r∑

ρ,σ=1

hρσ(t, x) − hρσ(t, 0)|2
}

≤ 3λ(t)α(|x|2).

But,

|f(t, x) − f(t, 0)|2 ≥ | |f(t, x)| − |f(t, 0)| |2

= |f(t, x)|2 + |f(t, 0)|2 − 2|f(t, x)| |f(t, 0)|
≥ | |f(t, x)|2 − |f(t, 0)|2 |
≥ |f(t, x)|2 − |f(t, 0)|2.
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Analogous, we obtain
∣∣∣∣

r∑

ρ=1

gρ(t, x) − gρ(t, 0)

∣∣∣∣
2

≥ r

( r∑

ρ=1

|gρ(t, x)

∣∣∣∣
2

−
r∑

ρ=1

|gρ(t, 0)

∣∣∣∣
2)

and
∣∣∣∣

r∑

ρ,σ=1

hρσ(t, x) − hρσ(t, 0)

∣∣∣∣
2

≥ r2

( r∑

ρ,σ=1

|hρσ(t, x)|2 −
r∑

ρ,σ=1

|hρσ(t, 0)|2
)

.

Therefore, we have

|f(t, x)|2 +

∣∣∣∣
r∑

ρ=1

gρ(t, x)

∣∣∣∣
2

+

∣∣∣∣
r∑

ρ,σ=1

hρσ(t, x)

∣∣∣∣
2

≤ 3λ(t)α(|x|2) +

[
|f(t, 0)|2 + r

∣∣∣∣
r∑

ρ=1

gρ(t, 0)

∣∣∣∣
2

+ r2

∣∣∣∣
r∑

ρ,σ=1

hρσ(t, 0)

∣∣∣∣
2]

≤ γ(t)|x|2 + β(t).

Next, put H(t, u) = β(t) + γ(t)u, u ≥ 0, for all t ∈ [0,∞). Then, since H is
linear in u, condition (ii) from Theorem 3.4 holds. Conditions (i) and (iii) from
Theorem 3.4 are also satisfied. Therefore, by Theorem 3.4, we obtain the desirable
conclusion. �
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1. Introduction

In 1953 I.M. Gel’fand and B.M. Levitan ([1]) calculated the regularized trace for
the Sturm–Liouville problem:

−y′′ + q(x)y = λy, y(0) = y(π) = 0, q(x) ∈ C1[0, π], q : [0, π] → R.

The eigenvalues λn of this problem have the asymptotic representation

λn = n2 + c0 + O

(
1

n2

)
, n → ∞ , c0 =

1

π

π∫

0

q(x)dx ,

and
∞∑

n=1

[
λn − n2 − c0

]
=

1

2
c0 −

q(0) + q(π)

4
.

This is the well-known Gel’fand–Levitan formula. The quantity is called the reg-
ularized trace of Sturm–Liouville’s operator.

Let µk, k = 1, 2, . . . be the eigenvalues of some operator A. The sum
∞∑

k=1

[µm
k − Am(k)] = Sm , m ∈ N ,

where Am(k) are fixed numbers, providing convergence of the series, is called the
regularized m-order trace of the operator A.

The eigenvalues for wide classes of differential operators are zeros of the
characteristic determinant ∆(λ) which is an entire function.
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Consider an entire function ∆(λ) having an asymptotic representation as
λ → ∞

∆(λ) ∼
H∑

k=1

exp

(
N−1∑

ℓ=0

θkℓλ
N−ℓ

h

)
· λ

nk
h

∞∑

ν=0

β(k)
ν λ− ν

h , (1.1)

where H, h, N ∈ N, H > 1, nk ∈ Z, θkℓ, β
(k)
ν ∈ C, β

(k)
0 �= 0.

The asymptotic representation (1.1) of the entire function ∆(λ) means that ∀r ∈ N

∃R ∈ R such that for |λ| > R the following equality holds

∆(λ) =

H∑

k=1

exp

(N−1∑

ℓ=0

θkℓλ
N−ℓ

h

)
· λ

nk
h

( r∑

ν=0

β(k)
ν λ− ν

h + O
(
λ− r+1

h

))
.

We assume here that a cut has been done in the complex plane λ and some branch
of h

√
λ is fixed, for example, by its principal value. In representation (1.1) it is

supposed that

θk0 = θk1 = · · · = θk,ℓk−1 = 0 , θk,ℓk
�= 0, 0 ≤ ℓk ≤ N − 1, for k, k = 1, . . . , H.

We do not exclude the case when

θk̃0 = θk̃1 = · · · = θk̃,N−1 = 0

for some k = k̃. The functions having the representation (1.1) with h = N = 1 are
well known in the literature. They are called entire functions of class K ([2]). The
eigenvalues of some general boundary problems on a segment are zeros of entire
functions of class K. Namely, let us consider a boundary problem on the segment
[0, 1], generated by the differential equation

dny

dxn
+ P1(x, λ)

dn−1y

dxn−1
+ P2(x, λ)

dn−2y

dxn−2
+ · · · + Pn(x, λ)y = 0 (1.2)

and the boundary conditions

Ui(y, λ) =

n−1∑

j=0

[aij(λ)y(j)(0) + bij(λ)y(j)(1)] = 0 , i = 1, n . (1.3)

Here λ ∈ C is the spectral parameter, entering equation (1.2) and the bound-
ary conditions (1.3) polynomially:

Pα(x, λ) =

α∑

β=0

Pαβ(x)λα−β , α = 1, n (1.4)

and aij(λ), bij(λ) are arbitrary polynomials on λ. It is supposed here that for each
fixed λ the boundary conditions (1.3) are linearly independent and Pαβ(x) are
smooth functions on the segment [0, 1].

We associate with the equation (1.2) the characteristic polynomial

π(ω) = ωn + P10ω
n−1 + · · · + Pα0ω

n−α + · · · + Pn0 (1.5)

where the coefficients Pα0, α = 1, n are the leading coefficients in (1.4) (we consider
only the case when the coefficients Pα0, α = 1, n are constant on the segment
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[0, 1]). The characteristic determinant f(λ) of the problem (1.2)–(1.3) is an entire
function of class K, provided that the polynomial π(ω) has only simple roots.

In the general case of multiple roots of the polynomial π(ω) the characteristic
determinant ∆(λ) of the problem (1.2)–(1.3) does not belong to the class K. The
asymptotic representation (1.1) has fractional degrees of λ in exponents ([6]). If
the spectral parameter λ enters the coefficients Pα(x, λ) with arbitrary degree m:

Pα(x, λ) = λmα
mα∑

β=0

Pαβ(x)λ−β , α = 1, n ,

then the characteristic determinant ∆(λ) of the problem (1.2)–(1.3) has the rep-
resentation (1.1) with N = mh.

The entire functions with representation (1.1) can also arise from studying the
spectrum of singular differential operators. For example, consider the differential
operator in L2[0,∞) generated by the expression

l(y) ≡ (−1)n d2ny

dx2n
+ xy , n ∈ N

and by general boundary conditions at the point x = 0, fixing a self-adjoint ex-
tension:

Um(y) ≡
km∑

j=0

amjy
(km−j)(0) = 0 ,

amj ∈ R, m = 1, n, am0 = 1 , kn < kn−1 < · · · < k1 < 2n .

Eigenvalues of such operators are the zeros of the entire function ∆(λ), having the
representation (1.1) with h = 2n, N = 2n + 1 (see [7]).

Special cases of entire functions ∆(λ) with representation (1.1) were consid-
ered in [3], [6]. However, a mistake was found in [3]. In what follows an example
will be constructed showing that the basic relation (1.4) given on the page 466 of
that paper is not true.

2. Zeros of the function ∆(λ)

Denoting

µk(λ) =

N−1∑

ℓ=0

θkℓλ
N−ℓ

h , Fk(λ) ∼
∞∑

ν=0

β(k)
ν λ− ν

h , λ → ∞ , k = 1, H ,

the representation (1.1) can be rewritten in the form

∆(λ) =

H∑

k=1

exp (µk(λ)) λ
nk
h Fk(λ) . (2.1)

Define the set

Γpq = {λ ∈ C : Reµp(λ) = Reµq(λ)} (2.2)
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of points which satisfy the equation

Re

(N−1∑

ℓ=0

(θpℓ − θqℓ)λ
N−ℓ

h

)
= 0 . (2.3)

We shall be interested in the part of the set Γpq, located outside the disk of
sufficiently large radius with the center at the point λ = 0.

Let

θpℓ − θqℓ = rpqℓe
iϕpqℓ , ℓ = 0, N − 1 , λ = |λ|eiϕ , r = |λ| 1

h . (2.4)

In this case it is possible that

rpq0 = · · · = rpqℓpq−1 = 0 , rpqℓpq �= 0 , 0 ≤ ℓpq ≤ N − 1 . (2.5)

Then the equation (2.3) can be rewritten in the form

N−1∑

ℓ=ℓpq

rpqℓ cos

(
ϕpqℓ +

N − ℓ

h
ϕ

)
rN−ℓ = 0 , (2.6)

where rpqℓpq �= 0.

If cos
(
ϕpqℓpq +

N−ℓpq

h ϕ
)

is not equal to zero on the segment [0, 2π], then all

roots r1(ϕ), . . . , rN−ℓpq(ϕ), 0 ≤ ϕ ≤ 2π, of the equation (2.6) lie on the disk of

radius R̃ (R̃ being a sufficiently large positive number) with the center at the origin.
Therefore infinitely large positive roots r(ϕ) of the equation (2.6) (i.e., the roots
r(ϕ) → +∞ as ϕ → ϕ∗, ϕ∗ some number in the interval [0, 2π)) can arise only in

arbitrarily small neighborhoods of the roots of the function cos
(
ϕpqℓpq +

N−ℓpq

h ϕ
)

lying in the interval [0, 2π). Let 0 ≤ ϕ
(pq)
1 < ϕ

(pq)
2 < · · · < ϕ

(pq)
Mpq

be the roots of the

function cos
(
ϕpqℓpq +

N−ℓpq

h ϕ
)

lying in the interval [0, 2π). Take ε > 0 sufficiently

small and set

I(pq)(ε) =

Mpq⋃

k=1

I
(pq)
k , I

(pq)
k =

(
ϕ

(pq)
k − ε, ϕ

(pq)
k + ε

)
.

If ϕ
(pq)
1 = 0 then we put

I
(pq)
1 = [0, ε) ∪ (2π − ε, 2π] .

For sufficiently small ε > 0

I
(pq)
k ∩ I

(pq)
ℓ = ∅ ∀k �= ℓ and I

(pq)
Mpq

⊂ [0, 2π) .

Then the function cos
(
ϕpqℓpq +

N−ℓpq

h ϕ
)

has no zeros on the compact set K(pq)(ε)

= [0, 2π] \ I(pq)(ε).
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Theorem 2.1. There exist positive constants µ
(pq)
0 , R

(pq)
0 such that

|Re (µp(λ) − µq(λ)) | ≥ µ
(pq)
0 |λ|

N−ℓpq
h

∀λ = |λ|eiϕ, provided that ϕ ∈ K(pq)(ε) and |λ| ≥ R
(pq)
0 .

Proof. Let r = |λ| 1
h ; then

Re (µp(λ) − µq(λ)) = Re

(N−1∑

ℓ=0

(θpℓ − θqℓ)λ
N−ℓ

h

)

=

N−1∑

ℓ=ℓpq

rpqℓ cos

(
ϕpqℓ +

N − ℓ

h
ϕ

)
rN−ℓ .

Suppose

µ
(pq)
0 =

1

2
min

ϕ∈K(pq)(ε)

∣∣∣∣rpqℓpq cos

(
ϕpqℓpq +

N − ℓpq

h
ϕ

)∣∣∣∣ .

If ℓpq < N − 1, then we put

µ
(pq)
ℓ = max

ϕ∈K(pq)(ε)

∣∣∣∣rpqℓ cos

(
ϕpqℓ +

N − ℓ

h
ϕ

)∣∣∣∣ , ℓ = ℓpq + 1, N − 1 .

Since the function
∣∣∣rpqℓpq cos

(
ϕpqℓpq +

N−ℓpq

h ϕ
)∣∣∣ is continuous on the compact set

K(pq)(ε) and has no zeros on K(pq)(ε) we have µ
(pq)
0 > 0. Then for r > 1 we get

the inequality

|Re (µp(λ) − µq(λ)) | = rN−ℓpq

∣∣∣∣
N−1∑

ℓ=ℓpq

rpqℓ cos

(
ϕpqℓ +

N − ℓ

h
ϕ

)
1

rℓ−ℓpq

∣∣∣∣

≥ rN−ℓpq

(
2µ

(pq)
0 −

N−1∑

ℓ=ℓpq

µ
(pq)
ℓ · 1

r

)
.

If r ≥
N−1∑
ℓ=ℓpq

µ
(pq)
ℓ · 1

µ
(pq)
0

+ 1, then

|Re (µp(λ) − µq(λ))| ≥ µ
(pq)
0 · rN−ℓpq .

Taking Rpq
0 =

( N−1∑
ℓ=ℓpq

µ
(pq)
ℓ · 1

µ
(pq)
0

+ 1
)h

we get the statement of Theorem 2.1.

The ray ℓ
(pq)
k in the λ-plane outgoing from the origin and having the angle

ϕ
(pq)
k with real axis, k = 1, Mpq, is called the critical direction of the set Γpq. We

shall construct Mpq sectors E
(pq)
1 , E

(pq)
2 , . . . , E

(pq)
Mpq

in the λ-plane with vertices

at the origin. The critical direction ℓ
(pq)
k is the bisectrix of the sector E

(pq)
k , k =

1, Mpq of angle 2ε. Remove all these sectors E
(pq)
1 , . . . , E

(pq)
Mpq

from the λ-plane. The
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Fig. 1

remaining part of the complex plane decomposes into Mpq closed sectors G
(pq)
k ,

k = 1, Mpq (see Fig. 1).

Corollary 2.2. If λ ∈ G
(pq)
k , k = 1, Mpq and |λ| ≥ R

(pq)
0 , then

either Re µp(λ) − Re µq(λ) ≥ µ
(pq)
0 |λ|

N−ℓpq
h ,

or Re µq(λ) − Re µp(λ) ≥ µ
(pq)
0 |λ|

N−ℓpq
h .

Take the union of all sets Γpq with p < q, p = 1, . . . , H − 1, q = 2, . . . , H and
denote it by Γ:

Γ =
⋃

1≤p<q≤H

Γpq .
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Suppose the critical directions of the set Γ are obtained as the union ℓ of all

critical directions ℓ
(pq)
k , k = 1, Mpq with p < q, p = 1, H − 1, q = 2, H :

ℓ =
⋃

p<q

Mpq⋃

k=1

ℓ
(pq)
k .

We enumerate the angles of the critical directions of the set Γ in ascending
order: 0 ≤ ϕ1 < ϕ2 < · · · < ϕL < 2π. Take ε > 0 sufficiently small such that the
intervals Ik = (ϕk − ε, ϕk + ε), k = 1, L be disjoint and IL ⊂ [0, 2π) (in the case
of ϕ1 = 0 we put I1 = [0, ε) ∪ (2π − ε, 2π]). Then there will be no zeros of the

function cos
(
ϕpqℓpq +

N−ℓpq

h ϕ
)

on the compact set K(ε) = [0, 2π] \
L⋃

k=1

Ik for all

p �= q, p = 1, H, q = 1, H .

Let

µ0 = min
p<q

µ
(pq)
0 =

1

2
min
p<q

min
ϕ∈K(ε)

∣∣∣∣rpqℓpq cos

(
ϕpqℓpq +

N − ℓpq

h
ϕ

)∣∣∣∣ ,

µℓ = max
p<q

max
ϕ∈K(ε)

∣∣∣∣rpqℓ cos

(
ϕpqℓ +

N − ℓ

h
ϕ

)∣∣∣∣ , ℓ = 1, 2, . . . , N − 1 ,

R0 =

(
1

µ0

N−1∑

ℓ=1

µℓ + 1

)h

.

Taking into account the inequality ℓpq ≤ N − 1 ∀p �= q we get the following
theorem:

Theorem 2.3. ∀p �= q, p = 1, H, q = 1, H ∃µ0, R0 > 0 such that

|Re (µp(λ) − µq(λ))| ≥ µ0|λ|
1
h

∀λ = |λ|eiϕ, provided that ϕ ∈ K(ε) and |λ| > R0.

Construct L sectors E1, E2, . . . , EL in the λ-plane of angle 2ε with vertexes
at the origin. The bisectrix of the sector Ek, k = 1, L is the critical direction ℓk

of the set Γ. Remove these sectors Ek, k = 1, L from λ-plane. Then the remaining
part G of the complex plane decomposes into L closed sectors Gk, k = 1, L.

Denote Dk = Gk ∩{|λ| ≥ R0}, k = 1, L. From Theorem 2.3 and directly from
the construction the connected sets Dk we have:

Corollary 2.4. If λ ∈ Dk, k = 1, L, then there exists a permutation k1, k2, . . . , kH

of the numbers 1, 2, . . . , H such that

Re µkH (λ) − Re µkj (λ) ≥ µ0|λ|
1
h ∀kj �= kH .

Theorem 2.5. There are no zeros of the function ∆(λ) in the intersection G∩{|λ| ≥
R}, where R is sufficiently large positive number.
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Proof. In each sector Gk for |λ| ≥ R0 according to Corollary 2.5 the function ∆(λ)
has as λ → ∞ a representation of the form

∆(λ) = exp (µkH (λ))
(
λ

nkH
h Fk(λ) + O

(
exp

(
−µ0|λ|

1
h

)))
,

Fk(λ) ∼
∞∑

ν=0

β(kH )
ν λ− ν

h , β
(kH)
0 �= 0 .

From this representation for ∆(λ) we have that for |λ| ≥ Rk, where Rk is some
positive number, Rk ≥ R0, the factor

(
λ

nkH
h Fk(λ) + O

(
exp

(
−µ0|λ|

1
h

)))

has no zeros in the sector Gk. Hence the function ∆(λ) has no zeros in the set
Gk ∩ {|λ| ≥ Rk}. Setting R = max

k=1,...,L
Rk, we get the conclusion of the theorem.

Corollary 2.6. The zeros λn, n = 1, 2, 3, . . . of the entire function ∆(λ), except
for a finite number of them, lie in the sectors Ek, k = 1, L of an arbitrary small
opening.

Proof. From Theorem 2.5 we have that all zeros λk of the function ∆(λ) lying
outside the disk KR(0), centered at the origin and of radius R, are located in
sectors E1, E2, . . . , EL. The number ϕk, 0 ≤ ϕk < 2π, k = 1, L, which is the
opening of the angle formed by the bisectrix of the sector Ek with the real axis, is

a zero of the function cos
(
ϕpqℓpq +

N−ℓpq

h ϕ
)

for some fixed pair of numbers p and

q, p = 1, H − 1, q = 2, H. The number ℓpq and the angle ϕpqℓpq are determined
by the parameters of asymptotic of the function ∆(λ) , using the simple relations
(2.5) and (2.4) respectively. But the entire function ∆(λ) can only have a finite
number of zeros inside the disk KR(0).

Example. Consider the entire function

f(z) =
1

2

(
ez2+iz + ez2−iz

)
+

1

2i

(
e−z2+iz − e−z2−iz

)

=
eiz + e−iz

2
ez2

+
eiz − e−iz

2i
e−z2

= cos z · ez2

+ sin z · e−z2

.

With the notation of [3] the function f(z) is an entire function of order m = 2
from class K (see Section 2 p. 464). Keeping this notation we have the following
representation (see equality (3), p. 465)

f(z) = f1(z)ez2

+ f2(z)e−z2

,

where f1(z) = cos z, f2(z) = sin z. Here N1 = 2, α12 = 1, α22 = −1, R1 = [−1, 1].
The normals to R1 are the rays outgoing from the origin and having the angles

ϕ
(1)
1 = π

2 , ϕ
(1)
2 = 3π

2 (see Fig. 2). According to [3], using ϕ
(1)
1 we determine the rays

outgoing from the origin and having the angles ϕ
(1)
10 = π

4 , ϕ
(1)
11 = π

4 + π, and using

ϕ
(1)
2 – the rays with the angles ϕ

(1)
20 = 3π

4 , ϕ
(1)
21 = 3π

4 + π. Remove from z-plane
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4 sectors of arbitrary small angle. The bisectrices of these sectors are the rays of

angles ϕ
(1)
10 , ϕ

(1)
11 , ϕ

(1)
20 , ϕ

(1)
21 . The remaining part of the complex plane decomposes

into 4 sectors Ω
(1)
10 , Ω

(1)
11 , Ω

(1)
20 , Ω

(1)
21 (see Fig. 2).

The representation (4) in [3], p. 466 is not correct. Indeed,

f(z) = f1(z)ez2(
1 + tg z · e−2z2)

, (2.7)

but tg z · e−2z2 �= O
(
e−δz2) ∀δ > 0 for z ∈ Ω

(1)
10 , z → ∞.

Fig. 2

Indeed, suppose we restrict ourselves to positive z (the positive semi-axis

belongs to the sector Ω
(1)
10 ). Since ∀n ∈ N and ∀γ ∈ R

lim
x→πn+π

2 −0
tg x · eγx2

= +∞, lim
x→πn−π

2 +0
tg x · eγx2

= −∞,

then tg x · e−2x2 �= O
(
e−δx2

)
as x → +∞. Further, from that erroneous relation

an incorrect conclusion was made that the zeros of the function f(z) in the sector
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Ω
(1)
10 coincide with the zeros of the function f1(z) (see second indentation on p. 466,

[3]). Indeed, the function

ϕ(z) = 1 + tg ze−2z2

on each interval (
πn − π

2
, πn +

π

2

)
, n ∈ N

has a zero. Therefore from representation (2.7) we obtain that in the domain Ω
(1)
10

the set of zeros of the function f(z) consists of the zeros of the function f1(z) and

of the infinite number of zeros of the function ϕ(z) = 1 + tg ze−2z2

. Hence, the
inductive passage to the study of the zeros of the function f1(z) from class K of
the order 1 given in [3] is incorrect.

3. Zeta-function associated with the function ∆(λ)

Without loss of generality, we can suppose that ∆(0) �= 0 (if ∆(0) = 0, then,
dividing ∆(λ) by λq, where q is the multiplicity of zero of function ∆(λ), we get

the entire function ∆̃(λ) = ∆(λ)
λq , having the asymptotic representation (1.1)).

For definiteness of consideration, in the sector G1 we choose the sector S
with the vertex at the origin in which the function ∆(λ) has no zeros (such a
sector always exists according to Corollary 2.6). Let the ray s = teiϕ0 , t ≥ 0,
ϕ0 ∈ [0, 2π) be the bisectrix of the the sector S. Then with λ ∈ s for the zeros
λn, n = 1, 2, 3, . . . of the function ∆(λ) the following estimate is valid

|λn − λ| > δ|λn| , δ > 0 (3.1)

(δ may be chosen equal to sinϕ∗, where 2ϕ∗ is the angle of the sector S). Suppose
that on the set D1 = G1∩{|λ| ≥ R0} the following inequality holds (Corollary 2.4)

Re µ1(λ) − Re µk(λ) ≥ µ0|λ|
1
h ∀k = 2, 3, . . . , H .

Then the function ∆(λ) has the asymptotic expansion as λ → ∞ in the sector S

∆(λ) ∼ exp (µ1(λ)) λ
n1
h

∞∑

ν=0

β(1)
ν λ− ν

h . (3.2)

Differentiating termwise the asymptotic expansion (3.2) of the entire function ∆(λ)
([5]) we obtain the asymptotic expansion of the logarithmic derivative of the func-
tion ∆(λ) as λ ∈ S, λ → ∞

∆′(λ)

∆(λ)
∼ λ

N−h−ℓ1
h

∞∑

ν=0

ω(1)
ν λ− ν

h , (3.3)

where ω
(1)
m = θ1,(ℓ1+m)

(
N−(ℓ1+m)

h

)
, m = 0, 1, . . . , N − 1 − ℓ1, ωN−ℓ1 = n1

h ,

ωN−ℓ1+1 =
β

(1)
1

β
(1)
0

and so on. Construct the Riemann surface for h
√

λ with the cut

along the ray s.
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Take the contour Γ consisting of the ray s lying on the first sheet of the
Riemann surface of h

√
λ and going through from ∞ to the point s1 = t0e

iϕ0 , t0 > 0,
of the curve γ, consisting of the h-fold clockwise loop around zero with radius
t0 and of the ray s lying on the hth sheet and going through from the point
sh = t0e

i(−2πh+ϕ0) to ∞. Choose some sufficiently small t0 > 0 such that ∆(λ)
has no zeros in the circle of radius t0 with center at the origin. The contour Γ on
the Riemann surface of

√
λ is shown on Fig. 3.

Fig. 3

Lidsky–Sadovnichy’s method [2] of introducing the zeta-function associated
with the class K of entire functions can also be extended to the entire functions
∆(λ) admitting the asymptotic representation (1.1). The zeta-function associated
with the function ∆(λ) is introduced via the integral

Z(σ) =
1

2πi

∫

Γ

λ−σ ∆′(λ)

∆(λ)
dλ , (3.4)

where λ−σ = e−σ Ln λ and the principal value of Lnλ = lnλ is fixed on the first
sheet of the Riemann surface of h

√
λ. By virtue of the asymptotic representation

(3.3) the integral (3.4) converges on the half-plane Reσ > 1 + N−h−ℓ1
h .

Lemma 3.1. The zeta-function Z(σ) can be extended analytically into the whole
σ-plane as an entire function; moreover

Z
(
− p

h

)
= hω

(1)
p+N−ℓ1

, p = 0, 1, 2, . . . .
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Proof. Let us fix an arbitrary real number x0 and choose an integer number ν0

such that ν0 > N − hx0 − ℓ1 − 1. Write Z(σ) in the following form

Z(σ) =
1

2πi

∫

γ

λ−σ ∆′(λ)

∆(λ)
dλ +

1

2πi

∫

Γ∗

λ−σ

(
∆′(λ)

∆(λ)
− λ

N−h−ℓ1
h

ν0∑

ν=0

ω
(1)
ν

λ
ν
h

)
dλ

+
1

2πi

∫

Γ

λ−σ+
N−h−ℓ1

h

ν0∑

ν=0

ω
(1)
ν

λ
ν
h

dλ − 1

2πi

∫

γ

λ−σ+
N−h−ℓ1

h

ν0∑

ν=0

ω
(1)
ν

λ
ν
h

dλ ,

where Γ∗ denotes the path consisting of the ray s passing from ∞ to the point
s1 = t0e

iϕ0 on the first sheet of the Riemann surface of h
√

λ and from the point
sh = t0e

i(−2πh+ϕ0) to ∞ on the hth sheet.

For each λ ∈ γ the function λ−σ is an entire function with respect to σ and
therefore the integrals

I1(σ) =
1

2πi

∫

γ

λ−σ+
N−h−ℓ1

h
∆′(λ)

∆(λ)
dλ

and

I4(σ) =
1

2πi

∫

γ

λ−σ+
N−h−ℓ1

h

ν0∑

ν=0

ω
(1)
ν

λ
ν
h

dλ

admit differentiation under the integral and hence are entire functions with respect
to σ.

In the integral

I2(σ) =
1

2πi

∫

Γ∗

λ−σ

(
∆′(λ)

∆(λ)
− λ

N−h−ℓ1
h

ν0∑

ν=0

ω
(1)
ν

λ
ν
h

)
dλ

the difference

∆′(λ)

∆(λ)
− λ

N−h−ℓ1
h

ν0∑

ν=0

ω
(1)
ν

λ
ν
h

is O

(
1

λ
ν0−N+h+ℓ1+1

h

)
,

therefore on the domain Re σ > x0 we can differentiate under the integral. Hence
I2(σ) is analytic in Re σ > x0. Since x0 is an arbitrary real number, I2(σ) can be
extended as an entire function.

The integral

I3(σ) =
1

2πi

∫

Γ

λ−σ+
N−h−ℓ1

h

ν0∑

ν=0

ω
(1)
ν

λ
ν
h

dλ

for Reσ > 1+ N−h−ℓ1
h is equal to zero, and hence it can be continued analytically

as zero into the whole plane.
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We shall find the values of Z(σ) at the points σ = − p
h , p = 0, 1, 2, . . . . We

make the change λ = wh; then

I1

(
− p

h

)
=

1

2πi

∫

γ

λ
p
h

∆′(λ)

∆(λ)
dλ = h

∫

γ′

wp+h−1 ∆′(wh)

∆(wh)
dw .

There are no zeros of ∆(wh) inside γ′, therefore the integrand is an analytic func-
tion inside the circle γ′ and hence I1

(
− p

h

)
= 0.

Furthermore

I2

(
− p

h

)
=

1

2πi

∫

Γ∗

λ
p
h

(
∆′(λ)

∆(λ)
− λ

N−h−ℓ1
h

ν0∑

ν=0

ω
(1)
ν

λ
ν
h

)
dλ = 0 ,

since the integration is done in opposite directions along the lower (in the first sheet
of the Riemann surface) and upper (in the hth sheet) sides of the cut s, on which
the integrand takes the equal values. From the previous arguments I3

(
− p

h

)
= 0.

Calculate

I4

(
− p

h

)
=

1

2πi

∫

γ

λ
p+N−h−ℓ1

h

ν0∑

ν=0

ω
(1)
ν

λ
ν
h

dλ

=
1

2πi

ν0∑

ν=0

ω(1)
ν

∫

γ

λ
p+N−h−ℓ1−ν

h dλ = −hω
(1)
p+N−ℓ1

.

We get

Z
(
− p

h

)
= hω

(1)
p+N−ℓ1

.

Lemma 3.2. For Reσ > N/h

Z(σ) = Λ(σ)
∑

ℓ

λ−σ
ℓ ,

where λℓ are the zeros of the function ∆(λ), taking account of multiplicity and

Λ(σ) =

{
h, σ = 0, ±1, ±2, . . .
e−2πhσi−1
e−2πσi−1 , otherwise .

Proof. For the entire function ∆(λ) of order N/h, by Hadamard’s Theorem ([8]),
the following expansion holds

∆(λ) = eQN1(λ)
∞∏

k=1

G

(
λ

λk
, N1

)
, N1 =

[
N

h

]
,

where

G

(
λ

λk
, N1

)
=

(
1 − λ

λk

)
exp

(
λ

λk
+

1

2

(
λ

λk

)2

+ · · · + 1

N1

(
λ

λk

)N1
)

,

and QN1(λ) is a polynomial of degree not greater then N1 .
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For the logarithmic derivative of the function ∆(λ) we get the following rep-
resentation

∆′(λ)

∆(λ)
= Q′

N1
(λ) +

∞∑

k=1

[
1

λ − λk
+

1

λk

(
1 + · · · +

(
λ

λk

)N1−1
)]

= Q′
N1

(λ) +

∞∑

k=1

λN1

λN1

k (λ − λk)
.

For λ ∈ Γ using the estimate (3.1) we have the inequality
∣∣∣∣∣

λN1

λN1

k (λ − λk)

∣∣∣∣∣ ≤ δ′
|λ|N1

|λN1+1
k |

, δ′ > 0 .

The numerical series
∞∑

k=1

1
|λk|N1+1 converges, therefore the functional series

∞∑

k=1

λN1

λN1

k (λ − λk)

converges absolutely and uniformly on Γ ∩ {|λ| ≤ R}, where R is an arbitrary
positive number. Hence this series admits termwise integration along the contour
Γ and for Re σ > N/h we obtain

Z(σ) =
1

2πi

∫

Γ

λ−σ ∆′(λ)

∆(λ)
dλ

=
1

2πi

∫

Γ

λ−σQ′
N1

(λ)dλ +
1

2πi

∫

Γ

λ−σ
∞∑

k=1

λN1

λN1

k (λ − λk)
dλ

=

∞∑

k=1

1

2πi

∫

Γ

λN1−σ

λN1

k (λ − λk)
dλ .

Make the substitution λ = wh and denote by Γ′ the contour in which the
contour Γ is transformed by the map w = h

√
λ. Then for Re σ > N/h we have

1

2πi

∫

Γ

λN1−σ

λN1

k (λ − λk)
dλ =

1

2πi

∫

Γ′

w(N1−σ)h · hwh−1

λN1

k (wh − λk)
dw

=

h−1∑

ℓ=0

w−σh
kℓ = λ−σ

k · 1 − e−2πiσh

1 − e−2πiσ
,

where wkℓ = ℓ
h
√

λk = h
√
|λk|

(
e

i
(

arg λk
h + 2πℓ

h

))
.

Therefore

Z(σ) = Λ(σ)
∑

ℓ

λ−σ
ℓ , where Λ(σ) =

{
h, σ = 0, ±1, ±2, . . .
e−2πhσi−1
e−2πσi−1 , otherwise .
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4. Regularized sums of roots of the function ∆(λ)

In order to obtain the regularized sums of roots of the function ∆(λ) it is required
to have a detailed information about the asymptotic of the zeros λℓ, namely, it
is necessary to have an asymptotic expansion of λℓ in powers of ℓ. Sometimes
the zeros zℓ of functions from class K have not such asymptotic expansions in
powers of ℓ ([4]). This fact leads to the necessity of applying perturbation theory.
Therefore, extending Lidskii–Sadovnichii’s method ([2]) to a larger class of entire
functions than class K, we shall suppose that the following assumption is valid.

Assumption. Assume that the roots λℓ, ℓ = 1, 2, 3, . . . of the function ∆(λ) lying
in the sectors Ek, k = 1, L, decompose into Mk series, and, in addition, for each
series the following asymptotic representation is valid

λnkr ∼ akrn
h

mkr

(
1 +

∞∑

s=1

Rskr(ln n)

n
s

mkr

)
, r = 1, . . . , Mk , (4.1)

where akr ∈ C, akr �= 0, mkr ∈ N, 1 ≤ mkr ≤ N , Rskr(ln n) are polynomials in lnn
of degree not greater than s− h + 1 for s ≥ h and of degree zero for 1 ≤ s ≤ h− 1.

Taking the asymptotic relation (4.1) to the power −σ, by Taylor formula we
obtain

λ−σ
nkr ∼ a−σ

kr n
− h

mkr
σ

(
1 +

∞∑

s=1

Qskr(σ, ln n)

n
s

mkr

)
, (4.2)

where

Qskr(σ, ln n) =

s−h+1∑

ν=0

dsνkr(σ) lnν n

and dsνkr(σ) are polynomials in σ of degree s.
Fix some sufficiently large natural number τ . Consider the function

Ψτ (σ) =

∞∑′

n=1

L∑

k=1

Mk∑

r=1

[
λ−σ

nkr − a−σ
kr n

− h
mkr

σ

(
1 +

τ∑

s=1

Qskr(σ, ln n)

n
s

mkr

)]
. (4.3)

A finite number of zeros of the function ∆(λ) may be non-accounted for. These
zeros are included in the sum (4.3) and as a result the prime is attached to the
sum sign in (4.3).

By the asymptotic expansion (4.2) we conclude that the function Ψτ (σ) can
be extended analytically into the half-plane

Re σ > −τ + 1 − N

h
.

Consider the function

Φτ (σ) =

∞∑

n=1

L∑

k=1

Mk∑

r=1

a−σ
kr n

− h
mkr

σ

(
1 +

τ∑

s=1

Qskr(σ, ln n)

n
s

mkr

)
, (4.4)

that is regular for Reσ > N/h.
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By the relation (4.3) and Lemma 3.2, for Reσ > N/h we have

Ψτ (σ) =
Z(σ)

Λ(σ)
− Φτ (σ) . (4.5)

From here it follows (since Z(σ) and Λ(σ) are entire functions, and Ψτ (σ) can
be analytically extended into the half-plane Reσ > − τ+1−N

h ) that the function
Φτ (σ) can be analytically extended as a meromorphic function into the half-plane
Re σ > − τ+1−N

h . We remark that Φτ (σ) can be expressed in terms of the Riemann
ζ-function and its derivatives. By virtue of (4.4) we have

Φτ (σ) =

L∑

k=1

Mk∑

r=1

a−σ
kr ζ

(
h

mkr
σ

)
+

L∑

k=1

Mk∑

r=1

τ∑

s=1

∞∑

n=1

a−σ
kr Qskr(σ, ln n)

n
s+hσ
mkr

=

L∑

k=1

Mk∑

r=1

a−σ
kr ζ

(
h

mkr
σ

)
+

L∑

k=1

Mk∑

r=1

τ∑

s=1

s−h+1∑

ν=0

a−σ
kr dsνkr(σ)

∞∑

n=1

lnν n

n
s+hσ
mkr

=
L∑

k=1

Mk∑

r=1

a−σ
kr ζ

(
h

mkr
σ

)

+

L∑

k=1

Mk∑

r=1

τ∑

s=1

s−h+1∑

ν=0

a−σ
kr dsνkr(σ)(−1)νζ(ν)

(
s + hσ

mkr

)
.

(4.6)

Evaluating the values Ψτ (σ) by formula (4.5) for σ = 0, −1, −2, . . ., we obtain
the following theorem

Theorem 4.1. For any integer m < τ+1−N
h the following equalities hold

∞∑′

n=1

L∑

k=1

Mk∑

r=1

[
λm

nkr − am
krn

hm
ms − am

kr

τ∑

s=1

Qskr(−m, lnn)

n
s−hm
mkr

]
= ω

(1)
mh+N−ℓ1

− Φτ (−m) ,

where ω
(1)
mh+N−ℓ1

are expansion coefficients in (3.3), Φτ (−m) are determined in

terms of the Riemann ζ-function and its derivatives by formula (4.6), akr are
coefficients in the principal term in the asymptotic (4.2), Qskr(−m, lnn) is the
polynomial in lnn in the representation (4.2).
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Irreducible Subfactors Derived from
Popa’s Construction for Non-Tracial States

Florin Rădulescu

Abstract. For an inclusion of the form C ⊆ Mn(C), where Mn(C) is endowed
with a state with diagonal weights λ = (λ1, . . . , λn), we use Popa’s construc-
tion, for non-tracial states, to obtain an irreducible inclusion of II1 factors,
Nλ(Q) ⊆ Mλ(Q) of index

∑
1

λi
. Mλ(Q) is identified with a subfactor inside

the centralizer algebra of the canonical free product state on Q ⋆ MN (C). Its
structure is described by “infinite” semicircular elements as in [32].

The irreducible subfactor inclusions obtained by this method are similar
to the first irreducible subfactor inclusions, of index in [4,∞) constructed in
[24], starting with the Jones’ subfactors inclusion Rs ⊆ R, s > 4. In the
present paper, since the inclusion we start with has a simpler structure, it is
easier to control the algebra structure of the subfactor inclusions.

If the weights correspond to a unitary, finite-dimensional representation
of a Woronowicz’s compact quantum group G, then the factor Mλ(Q) is
contained in the fixed point algebra of an action of the quantum group on
Q ⋆ MN (C), with equality if G is SUq(N), (or SOq(3) when N = 2). By
Takesaki duality, the factor Mλ(L(FN)) is Morita equivalent to L(F∞).

This method gives also another approach to find, as also recently proved
in [36], irreducible subfactors of L(F∞) for index values bigger than 4.

Mathematics Subject Classification (2000). 46L37, 46L54.

Keywords. Subfactor, Non-tracial state, Semicircular element.

0. Introduction and definitions

In this paper we consider the structure of subfactors obtained from Popa’s con-
struction, for non-tracial states, for the inclusion MN (C) ⊆ MN (C)⊗MN(C). We
fix a diagonal matrix with non-zero weights λ1, . . . , λN . The states on the two
algebras are respectively tr(D·) and tr(D⊗D−1·). This is then the Jones’ iterated
basic construction ([11], [12]) for C ⊆ MN(C), where MN(C) is endowed with the
state tr(D·). The algebra MN(C) ⊗ 1 is invariated by the modular group of the
state tr(D ⊗D−1·) on MN (C)⊗MN (C). Hence by [19], there exists a conditional
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expectation and a corresponding Jones projection, which is also invariated by the
modular group. The value of the state on the Jones projection is

∑ 1
λi

. Let Q be
a diffuse finite von Neumann algebra with faithful trace τ .

We apply Popa’s construction for the inclusion MN(C) ⊆ MN (C) ⊗ MN(C).
This yields an irreducible inclusion Nλ(Q) ⊆ Mλ(Q) of type II1 factors, inside
the type III factor (Q⊗MN(C)) ∗MN (C) (MN (C)⊗MN (C)), considered with the
amalgamated free product state.

By applying the reduction method described in [29], [33], we can reduce this
procedure to the case when the algebra over which we amalgamate is abelian.
Thus, we end up with a concrete description of the factor and the subfactor inside
Q⋆MN (C), where the later algebra is endowed with the free product state τ⋆tr(D·).
This factor for N = 2, Q = L∞([0, 1]) can be very explicitly described in terms
of the “infinite” Voiculescu’s type ([40]) free semicircular element used to identify
the core of L∞([0, 1]) ⋆ M2(C) in [32].

Moreover, by analogy with the case of a trace on MN (C), it turns out that
Mλ(Q) is contained in the fixed point algebra for a free product coaction (of the
type considered in [37]) on Q ⋆ MN(C).

Let α be any finite-dimensional unitary selfadjoint coaction of a Woronowicz
quantum group G on the finite-dimensional algebra MN(C). We prove that the
algebra Mλ(Q) described above is contained in the fixed point algebra of coaction
of the quantum group. If G is the quantum group SUq(N) then the algebra Mλ(Q)
is exactly the fixed point algebra. This is analogous to the result in [14], [20],
where the fixed point algebra of the infinite product action on MN (C) of SUq(N)
coincides with the hyperfinite factor.

Assume (by analogy with [41]) that α⊗n

contains any other finite-dimensional
unitary representation of G. Then we prove that the fixed point algebra (Q ⋆
MN (C))G is Morita equivalent to the cross product by α. Such a cross product is
naturally described ([37]) by a free product with amalgamation. Since the fixed
point algebra is a II1 factor it follows that the fixed point algebra is Morita
equivalent with an amalgamated free product of the form (Q ⊗ D) ∗D C, where
C, D are (infinite) direct sums of matrix algebras. By the techniques in [29] it
follows, for Q = L(FN ), that the fixed point algebra is the von Neumann algebra
of a free group with infinitely many generators. The II1 factors is invariated by
the action of an automorphism scaling the trace on a larger II∞ factor.

We also reobtain in this way, by a different approach, the result recently
proved in the remarkable paper by D. Shlyahtenko and Y. Ueda ([36]) that L(F∞)
has irreducible subfactors for any index value bigger than 4. One theme in their
paper is that one can determine the isomorphism class of a fixed point algebra by
looking at the crossed product algebra (via Takesaki’s duality). We owe to their
paper the use of this philosophy for coactions.

We do not know if the subfactors in this paper coincide the ones constructed
in [36]. In both cases the higher relative commutants invariant is A∞ (though the
factors in [36] seem to generate other higher relative commutants invariants) when
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used for other compact quantum groups). Both algebra of the factors are obtained
by taking the the fixed point algebra of a coaction of a quantum group. In one
case the fixed point algebra is a II1 factor and in the other case the fixed point
algebra is of type III.

The construction in this paper proves that the non-tracial version of Popa’s
construction of subfactors, naturally yields irreducible subfactors, In addition the
corresponding algebras are fixed algebras of coactions of quantum groups.

These algebras, although they are very similar to the subfactors in the break-
through construction in [24], are not yet proven to be isomorphic to the algebras
in [24], [26]. Though, our result is strong evidence to the conjecture that the
subfactors in [24], [25] are free group factors when Q is L(F∞) (the only case
when the subfactors in [24], [25] are known to be free group factors is for index
values less than 4, and the higher relative commutants are the Temperly-Lieb
algebra, see [29]).

The method in this papers also gives an explicit model of the subfactors in
terms of (infinite) semicircular random matrices ([40], [30], [32]).

1. Subfactors derived from Popa’s construction
for non-tracial states

In this section we describe the structure of the algebra of the subfactors that
are obtained, by using Popa’s construction, from a finite-dimensional inclusion
B ⊆ A with Markov state. We apply this construction to the case of the inclusion
C ⊆ Mn(C), where Mn(C) is endowed with a state. This will give irreducible
subfactor of indices from 4 to ∞.

We start with the following lemma which proves that the subfactor associated
to B ⊆ A only depends on the inclusion matrix. To do this we use a reduction
style procedure that was used in [29], to the case when B is abelian. The following
lemma is proved in [33]

Lemma 1.1. Let C ⊆ B be a finite-dimensional inclusion of matrices, with triv-
ial centers intersection and assume that B is endowed with a λ Markov state
(that is there exists a normal conditional expectation from B onto C which pre-
serves the state, there exists a state on the corresponding basic construction ex-
tending the given one and the corresponding Jones’ projection has expectation
λ times the scalars).

Let Q be a type II1 factor, let A = 〈B, e1〉 be the first step in the Jones’ basic
construction of C ⊆ B, where e1 is the Jones projection. Assume that A is endowed
with the canonical Markov state. Let mi ∈ B be a Pimsner-Popa orthonormal basis
for the inclusion C ⊆ B. Let A be the algebra (Q⊗B)⋆B A and let Φ be the Popa’s
map associated to the inclusion defined by

Φ(x) =
∑

mie1xe1m
∗
i , x ∈ A.

Then as proved in [24], [25], [26], Φ maps B′ into A′.



232 F. Rădulescu

Let fi be a family of representatives of minimal projections in B and let F0

be the sum of this projections. Let A0, A0, B0 be the reductions of respectively the
algebras A, A, B by the projection F0. In particular B0 is abelian and, as proved
in ([29]), A0 is identified with (Q ⊗ B0) ⋆B0 A0. Since F0 has central support 1,
Φ induces a map on A0 which maps B′

0 into A′
0. Let N(Q) ⊆ M(Q) ⊆ B′ be the

minimal algebra (introduced in [24]) in A that is closed under Φ and contains Q.
Correspondingly let N0(Q) ⊆ M0(Q) ⊆ B′

0 be the minimal algebra in A0 that is
closed under Φ0 and contains Q. Then

M0(Q) = (M(Q))F0 ; N0(Q) = (N(Q))F0 .

Moreover if m′
i is any orthonormal basis for B0 ⊆ A0, then

Φ0(x) =
∑

m′
ix(m′

i)
∗, x ∈ A0.

Proof. This lemma will be proved in full generality in [33]. We give here in this
section an ad-hoc proof for the case C = C ⊆ B = MN (C), where MN(C) has a
state tr(D·) (as in the next lemma). Indeed the next step in the basic construction
(as proved in the next lemma) is A = MN(C) ⊗ MN(C). Here the algebra A is
(Q ⊗ MN(C)) ∗MN (C) (MN(C) ⊗ MN(C)) and consequently A0 is Q ∗ MN (C). By
construction Φ0 is of the form Φ0(x) =

∑
α nαx(nα)∗, for some fixed nα in MN(C).

Let eij be a matrix unit diagonalizing D.
By cutting by a minimal projection, it follows that Φ0(x) takes values into

(MN (C))′ ∩A0. Thus necessary, there exists real θ1, . . . , θN numbers such that Φ0

is of the form

Φ0(x) =
∑

θjeijxeji, x ∈ A0.

But Φ0 has also the property that the conditional expectation from A0 onto M(Q)
maps MN (C) into the scalars. This is only possible if θjeij is an orthonormal basis
for MN (C), i.e., if θi are the inverses of the eigenvalues of D. �

As will see below, even in the case when the inclusion B ⊆ A is C ⊆ MN(C),
with a trace on MN (C) has to be handled by a rather a complicated machinery.
Indeed in this case the above subfactor is the fixed algebra under the action of
SU(N) on Q ∗ MN (C) (here SU(N) acts trivially on Q and by conjugation on
MN (C)). This is because the element

∑
eij ⊗ eji is invariant under the product

action of the group SU(N) and all the others are obtained by intercalation or
concatenation from this element ([44]).

We generalize below the above construction to the case when the trace on
MN (C) is replaced by a state. First we record the following well known folklore
lemma. It deals with the Jones basic construction for states (see, e.g., [27], [12])

Lemma 1.2. Let φ = tr(D·) be the state on Mn(C) where D has diagonal eigen-
values λ1, . . . , λn. Then the next step in the Jones basic construction with Markov
state is Mn(C) ⊗ Mn(C) with state

1

trD−1
tr((D ⊗ D−1·).
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This state is so that the Jones projection is invariated by the modular group and
projects onto a scalar multiple of the identity. The value of the scalar is (

∑ 1
λi

)−1.

Proof. Indeed if (eij) is a matrix unit, which also diagonalizes D, then the Jones’
projection is ∑

ij

λ
−1/2
i λ

−1/2
j eij ⊗ eij . �

In the next lemma we describe what Popa’s construction ([24]) is in the non-
tracial case in a very particular case (for the more general construction see [33]).
This construction allows to obtain irreducible subfactors, in factors with non-
trivial fundamental group, of index values in [4,∞) starting from the inclusion
C ⊆ MN(C). We will describe this factors explicitly.

Lemma 1.3. We use the notations from the previous lemma and its proof. Let e1 be
the Jones projection for the basic construction in the previous lemma. Let (Mα)e1,
in the centralizer algebra of the state φ, be a Pimsner-Popa basis for the inclusion
MN (C) ⊆ MN(C)⊗MN(C). Note that this is always possible since the centralizer
algebra (which contains eij ⊗ eij), is isomorphic to MN (C) and contains e1.

Let Q be a diffuse abelian von Neumann algebra or a type II1 factor with
faithful trace τ and let A = (Q⊗MN (C)) ∗MN (C) (MN (C)⊗MN(C)) be the amal-
gamated free product factor obtained by taking the GNS-construction corresponding
to the given state on MN(C) ⊗ MN(C) and the trace τ . This is obviously a type
III factor if φ is not a trace ([8], [35], [5], [39]).

Let as in [24], [25], Φ be the map defined on A by

Φ(x) =
∑

α

Mαe1xe1M
∗
α, x ∈ A.

Let Mλ(Q) be the minimal algebra in A containing Q that is invariant under the
map Φ. Let Nλ(Q) be the image of Mλ(Q) through Φ.

Then, (as in [24]) Nλ(Q) ⊆ Mλ(Q) is an irreducible inclusion of type II1

factors of index
∑

1
λi

.

Proof. This is basically proved in [24], [25] (see also [33]). The only additional care
comes from the fact that we are dealing with a state instead of a trace. But since
Mαe1 are chosen in the centralizer of the state it follows that Mλ(Q) is a type
II1 factor. The main part of the argument (the Markovianity of the trace) follows
from the fact that the conditional expectation of the algebra MN (C) ⊗ MN(C)
onto Mλ(Q) is the algebra of scalars, which follows from the properties of the
Pimsner-Popa basis. �

It is not clear if the above factor is the same as the one constructed in [24]
starting from the inclusion derived from the Temperly-Lieb algebra for index values
bigger than 4. In that case the algebras stay in a much larger amalgamated free
product, since the Pimsner-Popa basis sits in hyperfinite factor (and cannot be
chosen to belong to a finite-dimensional algebra).
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Remark 1.4. To obtain any additional step in the Jones’ basic construction of
the above inclusion one has to proceed as follows. One starts with the iterated
Jones’s basic construction of C ⊆ MN (C), where MN(C) is endowed as above
with the state tr(D·). Then the kth, (k + 1)th steps of this basic construction are

B = MN(C)⊗
k

, A = MN(C)⊗
k+1

. The states on the iterated steps in the basic
construction are states with weights involving consecutive products of D and D−1.
Let ek−1, . . . , e1be the corresponding Jones’ projections, indexed so that e1 ∈ A is

exactly the Jones projection for MN (C)⊗
k−1 ⊆ B.

Then we perform the same construction as above for B ⊆ A (instead of
MN (C) ⊆ MN(C)⊗MN(C)). We get a subfactor inclusion Nλ(Q) ⊆ Mλ(Q). The
iterated Jones’ basic construction steps (up to k − 1) are then obtained by adding
consecutively the projections e1, e2, . . . , ek−1. As we will see below by reducing
by a minimal projection in B it follows that these subfactors are isomorphic to
the original ones. In particular it follows that the factor and subfactor are always
isomorphic to the algebra corresponding to D and D−1.

Lemma 1.5. Let φ be a state on MN(C) with φ = tr(D·), where D is diagonal with
eigenvalues list λ1, . . . , λN . Let (eij) be a matrix unit for MN(C), such that eii are
the projections onto the eigenvectors of D. Let Q be a type II1 factor and consider
the type III factor Q ∗MN (C) (see, e.g., [4], [8], [32], [35]) where the free product
is with respect to the state φ on MN (C) and the trace on Q. Let

Φ(α) =
∑

ij

λ−1
j eijαeji, α ∈ Q ∗ MN(C),

and let Mλ(Q) be the minimal subalgebra of Q ∗ MN (C) that contains Q and is
closed under Φ. Let N λ(Q) be the image of M through Φ. Then

[Mλ(Q) : N λ(Q)] =
∑

i

1

λi
; Mλ(Q) ∩ N λ(Q)′ = C1.

Moreover Mλ(Q) has non-trivial fundamental group and the type of the subfac-
tor inclusion is A∞. The algebra of the subfactor is isomorphic with the factor

M (λ−1
i )(Q).

Proof. We apply Popa’s construction for the inclusion MN (C) ⊆ MN(C)⊗MN(C)
described in Lemma 1.2. Since this is the basic construction for C ⊆ MN(C) we
can apply Lemma 1.1 and one obtains an equivalent description of the subfactor
Mλ(Q) sitting in Q∗MN(C). Since λ−1

j eij is a Pimsner-Popa basis for the inclusion

C ⊆ MN(C), the result follows. That the subfactor inclusion is of type A∞ is proved
in a more general context in [33]. �

By analogy with the case of traces, we have the following result which shows
that the algebra obtained by Popa’s construction from the inclusion of finite-
dimensional algebras (with states), C ⊆ MN (C) is a minimal fixed point algebra.
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Theorem 1.6. Let A be the function algebra of Woronowicz quantum group G and
let Vπ be finite-dimensional unitary representation of dimension N � 2. Assume
that the operator Qπ associated to the representation as in [43], [2] has eigenvalues
λ−1

1 , . . . , λ−1
N . Let Q∗B(Vπ) and consider the Ueda’s ([37], [38]) type of free product

coaction on Q ∗ B(Vπ), that acts trivially on Q and by conjugation on B(Vπ). Let
M be the Popa’s type factor constructed in Lemma 1.5.

Then

M ⊆ (Q ∗ B(Vπ))G.

If A is the function algebra of SUq(2), and π is the fundamental representation
then we have equality.

Proof. Let (est) be a matrix unit for B(Vπ) that diagonalizes Qπ. Assume that
the unitary implementing the representation is represented as

U =
∑

s,t

est ⊗ ust.

Note that we use another indexing for the entries of the unitary than the one used
in [43], Section 4. Since as proved in [2],

Q1/2
π U(Qπ)−1/2

is the unitary corresponding to the conjugate representation it follows that the
matrix

αij = λ
−1/2
i λ

1/2
j uji

is a unitary too. Thus we have the following unitarity conditions:
∑

j

usju
∗
tj = δst;

∑

j

u∗
jsujt = δst, s, t = 1, . . . , N, (1.1)

∑

j

λ−1
j u∗

sjutj = λ−1
s δst;

∑

j

λjujsu
∗
jt = λsδst; s, t = 1, . . . , N. (1.2)

The corepresentation for the algebra B(Vπ) obtained by conjugation by the
unitary U is given by

U(eij ⊗ 1)U∗ =
∑

rs

ers ⊗ uriu
∗
sj . (1.3)

The elements in the algebra M have an open and closing parenthesis structure
([24], [7]). This proves that these elements are fixed points under the coaction, by
recursively using (first equality in each of) the relations (1.1), (1.2). For example
the coaction on an element of the form

x =
∑

α,β

λ−1
β q1eα,βq2eβ,αq3
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gives

x =
∑

r1,r2,s1,s2

q1er1,s1q2er2,s2q3

(∑

α,β

λ−1
α ur1αu∗

s1βur2βu∗
s2α

)
. (1.4)

By applying first equation 1.1 and then 1.2 it follows that
∑

α,β

λ−1
α ur1αu∗

s1βur2βu∗
s2α = λ−1

s1
δr1s2δs1r2 . (1.5)

This proves that the coaction on x in (1.4) gives x⊗ 1. The only other fixed point
are obtained by recurrence. Note that the algebra Q is in the fixed point algebra
of the coaction.

More precisely if x in the fixed point algebra and h is the Haar measure, we
need to show that

(Id ⊗ h)

(∑

αβ

λ−1
β (U(eα,β ⊗ 1)U∗)(x ⊗ 1)(U(eβ,α ⊗ 1)U∗)

)
=

∑

αβ

λ−1
β eα,βxeβ,α.

This follows by using the modular properties of the Haar measure and using the
relations (1.4). Once we have shown this and since Q is obviously in the fixed point
algebra the result follows from the definition of the algebra Mλ(Q) as the minimal
algebra containing Q closed to the operation in the statement of Lemma 1.5.

Let Q0 be the subspace of Q consisting of elements of zero trace. The fixed
point algebra and Popa’s algebra admit a filtration given by the subspaces
B(Vπ)Q0B(Vπ) · · ·Q0B(Vπ) corresponding to the number of occurrences of copies
of B(Vπ). Moreover the averaging argument (with respect to the Haar measure)
used in [18] or [14] to establish that the fixed point algebra in the Powers factor is
the algebra generated by the Jones projections, allows to reduce the determination
of the the fixed point algebra, to the determination of the intersection of the fixed
point algebra with the subspaces in the filtration.

Therefore, to show the equality, when G is SUq(2), of the algebra in Popa’s
construction with the fixed point algebra, it is therefore sufficient to check that
the intersections of these two algebras with the space

B(Vπ)Q0B(Vπ) · · ·Q0B(Vπ)

coincide. (This comes also to to the determine the fixed point algebra in spaces of
the form B(Vπ)⊗

n

, by formally replacing elements in Q0 with tensor product sign.
Counting dimensions of fixed point algebra could probably give an alternative for
the argument below.)

Since we already have shown the reverse equality, it is sufficient to check
that any element in the fixed point algebra intersected with one of the above
finite-dimensional spaces B(Vπ)Q0B(Vπ) · · ·Q0B(Vπ) is one of the elements that
respects the open and closing paranthesis structure of the recursive construction
of the Popa’s algebra.
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So assume that for given scalars µα0,...,βn we have an fixed point element of
the form( ∑

α0,...,βn

µα0,...,βneα0β0q1eα1β1q2 · · · qneαnβn

)
⊗ 1

=
∑

r0,...,sn

er0s0q1er1s1 · · · qnernsn

⊗
( ∑

α0,...,βn

µα0,...,βnur0α0u
∗
s0β0

ur1α1u
∗
s1β1

· · ·urnαnu∗
snβn

)
.

(1.6)

Then the fixed point condition comes to the following condition that has to hold
for all r0, . . . , sn:

∑

α0,...,βn

µα0,...,βnur0α0u
∗
s0β0

ur1α1u
∗
s1β1

· · ·urnαnu∗
snβn

= µr0,...,sn . (1.7)

By denoting Θ the matrix (µα0,ldots,βn)α0,...,βn , and by U the matrix (uij)ij

and by U# the matrix (uji)ij , the relation (1.7) comes to the following equation:

(U ⊗ U# · · · ⊗ U ⊗ U#)Θ = Θ. (1.8)

Let I(ik)(rs) and E(ik)(rs) be the matrices defined by I(ik)(rs) = δrs and

E(ik)(rs) = λ−1
s δrs. Then the equations (1.1), (1.2) correspond to

(U ⊗ U#)I = I; I(U# ⊗ U) = I, (1.9)

(U ⊗ U#)E = E; E(U# ⊗ U) = E, (1.10)

where (U ⊗U#) and (U# ⊗U) are considered as the matrices indexed as follows:
(U ⊗ U#)((st)(ij) = usiu

∗
tj and (U# ⊗ U)((st)(ij) = usiu

∗
tj. As in [22], [44], the

relations (1.9), (1.10) are the only relations defining SUq(2). Thus if a matrix Θ
verifies the relation (1.8), then Θ is obtained by recurrence (and linear span) from
consecutive applications of the relations (1.9), (1.10).

To have a reduction we therefore have to use the relation
∑

j λ−1
j u∗

sjutj =

λ−1
s δst, or

∑
j usju

∗
tj = δst (the other two equations in (1.1), (1.2) involve a sum-

mation index which is not appropriate for the corresponding sum). This means
that the only possibility to have a simplification in (1.7), by using the defining re-
lations of SUq(2), is if somewhere in the sum of (1.7), we have that µα0···βn splits
as a sum of elements the form

λ−1
βi

δβiai+1 × µ′
α0,...,β̂i,α̂i+1,...,βn

, (1.11)

or in the form

δαibi × µ′′
α0,...,α̂i,β̂i,...,βn

. (1.12)

The symbol ˆ corresponding to omission of the corresponding symbol. Moreover
after applying such a simplification as in (1.11) and respectively (1.12) in (1.6) we
obtain a sum in r0, . . . , sn involving a corresponding λsiδsiri+1 or respectively δrisi .



238 F. Rădulescu

Repeated application of the above two procedures outlined in the equa-
tions (1.11) and (1.12) to the sum in (1.6), will give, once we have finished the
simplification procedure to the sum reducing (1.7) to scalars, it follows that the
fixed point element has exactly the open and closing paranthesis structure in the
indices α0, . . . , βn that corresponds to an element in the algebra derived from
Popa’s construction. �

We can also use the model described in the paper ([32]), where the structure
of the free product algebra Q ∗ M2(C) is described in terms of the “infinite” free
semicircular element in [30] (here M2(C) is endowed with a state). We obtain an
explicit random matrix ([40]) model for the structure of the subfactor N λ(Q) ⊆
Mλ(Q), when Q is a free group factor or Q = L∞([0, 1].

We describe this model below:

1
λ3

1
λ2

1
λ

1 λ λ2

1
λ3

1
λ2

1
λ

1

λ

λ2

α

β

α

β

�
�

��

Φ(α, β) = (1 − λ)e−1αe−1 + λe−1βe−1

�
�

�
�

��

Φ(α, β) = λe0αe0 + (1 − λ)e0βe0

e−1 e0 e1

Figure 1. Action of Φ
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Theorem 1.7. Let λ be a number in (0, 1) and let D be the algebra generated by
the characteristic functions of the intervals en = [λn, λn+1], n ∈ Z. Let X, Y
be two “infinite” free semicircular elements as considered in [30] (see also [9]).
Let fi be the projections e2i + e2i+1 and let gi = e2i+1 + e2i+2. Let F, G be the
algebras respectively generated by this projections. Let X0, Y0 be the (bounded) free
semicircular family obtained by diagonally carving X and respectively Y by the
projections fi and respectively gi. In [32] it was proved that the algebra A generated
by X0, Y0 and D is isomorphic to M2(C)∗L∞([0, 1], where on M2(C) we consider
a state with weights λ and 1 − λ.

Note that the automorphism of homothety by λ (which is a restriction of the
one parameter group introduced in [30]), scales trace by λ.

Let B0,B1 be the algebras F ′∩A and respectively G′∩A. Let E0, E1 be the sum
of the even, respectively odd, indexed projections in (ei). On the algebra B0 ⊕ B1

we consider the following linear map

Φ(α, β) = λE0αE0 +(1−λ)E0βE0 +(1−λ)E1αE1 +λE1βE1, (α, β) ∈ B0⊕B1.

Let M be the minimal subalgebra of B0 ⊕B1 containing (X0, Y0) and closed under
Ψ, and let N be the image of Φ.

Then N ⊆ M is an irreducible subfactor of index 1
λ + 1

1−λ .

Proof. Indeed, reducing M by the projection e0 + e, we get the model described
in 1.5 (for N = 2). �

2. Determination of the cross product algebra

In this section we determine the structure of the crossed product algebra (Q ∗
B(Vπ))⋊ G. This, by Takesaki Duality, is in turn used to determine, the structure
of the fixed point algebra.

The fixed point algebra could be a type III factor or a type II1 factor. In
the case of the factor in the previous section the fixed point algebra is a type II1

factor which makes it easier to determine the structure of this algebra. This is
similar to the results in [20], [14], [15], where the fixed point algebra of an infinite
tensor product of B(Vπ) under a natural action of SUq(N) is determined to be the
Temperly-Lieb algebra.

To establish that the cross product is stably isomorphic to the fixed point
algebra we will need to use instead a quotient group “SUq(2)/Z2 = SOq(3)” (see
[21]). Indeed, in the statement of Theorem 1.6 the action of SUq(N) on B(Vπ) is
not faithful, in the sense that its tensor products do not contain all other repre-
sentations of the group.

We will use an idea from Wasserman’s paper ([41]) that in the case of an in-
finite tensor product action of a compact group, by a faithful, selfadjoint, unitary
irreducible action of a compact group, the Takesaki’s duality gives a stable isomor-
phism between the fixed point algebra and the cross product. We are also indebted
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to Y. Ueda for pointing out to us that part of the statement in Theorem 5.6 in [20]
does not hold, as also mentioned in the abstract of the paper by M. Izumi [10].

Proposition 2.1. Let V be the Hilbert space of the fundamental representation of
SUq(2). The adjoint coaction of SUq(2) on B(V ) corresponds to a coaction α of
SOq(3) on B(V ). Moreover the fixed point algebras for any of the two (free product)
coactions on Q ∗ B(V ) coincide. Thus

(Q ∗ B(V ))SUq(2) = (Q ∗ B(V ))SOq(3)

Proof. Let as in [21] d0, d1/2, d1, . . . be the representations of SUq(2), with d1/2

the fundamental representation. Then the fundamental unitary for SOq(3) is given

by the unitary representing d1. As V ⊕ V is d0 ⊕ d1 it follows that the coaction of
SUq(2) gives the coaction α of SOq(3) on B(V ), (for classical groups that means
that the representation comes from a representation of the quotient). Since the
unitary implementing both coactions is the same, it also follows that we have
the same fixed point algebra, (in terms of groups representations if we have a
representation that factors through the quotient, then we have the same fixed
point algebra). �

In the next proposition we prove that for any finite-dimensional Hilbert space
V , if the tensor product of a selfadjoint coaction α of a Woronowicz quantum
group G on B(V ) contains any other finite-dimensional unitary representation of
the quantum group, then the coaction on Q ∗B(V ) is semidual in the sense of [19]
and [41]. Thus the fixed point algebra is Morita equivalent to the cross product
by the action. We will use Takesaki Duality, in the sense described in [20].

Proposition 2.2. Let A be the function algebra of a Woronowicz compact quantum
group G, with faithful Haar state. Let L2(A) be the Hilbert space associated to the
Haar measure on A. Assume that α is a faithful selfadjoint corepresentation of G
(i.e., a corepresentation such that its tensor product contains any other unitary,
finite-dimensional irreducible representation of G). Let Q be a II1 factor (or a
diffuse abelian algebra). Then

(Q ⋆ B(V )) ⋊ A ∼= (Q ⋆ B(V ))G ⊗ B(L2(A)).

Proof. Let A = Q ⋆ B(V ). By the argument in the proof of Theorem 5.6 in [20]
(and using also Lemma 20 in [6], as pointed out in [36]) it is sufficient to prove that
for any irreducible unitary coaction α̂ of G, the corresponding spectral subspace
([6], [41], [13]) Aα̂ is non-trivial. But, since B(V ) appears in a tensor product
situation in Q ⋆ B(V ) this follows from the fact that the tensor product of the
representation α with itself contains any other representation (see [41], [19]). �

The following was proved in [37]. It expresses the natural fact that the cross
product distributes when we have an action on a free product of two algebras, such
that the coaction is trivial on one of the two factors in the free product.

Note that one has to specify a state on the algebra over which we amalgamate
in order to get a von Neumann algebra.
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Proposition 2.3. ([37]) Let A be the function algebra of a Woronowicz quantum
group G, let α be a corepresentation of G on the bounded linear operators B(V )
acting on a finite-dimensional Hilbert space V . Let φα be an α invariant faithful
state on B(V ), that is such that (φα ⊗ Id)(α(x)) = φα(x)1, for all x in B(V ). Let

Â be the dual algebra. Then we have the following isomorphism

(Q ∗ B(V )) ⋊ A ∼= (Q ⊗ Â) ∗Â (B(V ) ⋊ A).

The amalgamated free product is with respect to the canonical conditional expec-
tation of B(V ) ⋊ A onto Â (i.e., the restriction of φα ⊗ Id). Moreover the free
amalgamated von Neumann algebra on the right-hand side of the above equality is
determined by endowing the algebra Â with a state (or weight) that is the restric-
tion of a faithful normal state on B(L2(A)).

We note in the case of SOq(3) the hypothesis are satisfied. Indeed we have
the following:

Lemma 2.4. We use the notations from the above lemma. For the action α in 2.1,
if we consider the state φα = τ = tr(Qπ·), where Qπ is the operator associated in
[2] to the fundamental representation π of SUq(2), then φα is SOq(3) invariant.

Proof. Indeed the unitary implementing the adjoint corepresentation Ad π is the
same as the unitary implementing α. Since τ has this property, the same will hold
for φα. �

The algebras Â ⊆ B(V )⋊A are discrete and the structure of the correspond-
ing inclusion matrix can be easily described in the case when the representation
ring of A is the same as the representation ring of a classical compact group. We
are indebted to V. Toledano, D. Bisch, M. Pimsner and G. Nagy for pointing us
the more precise description of this inclusion matrix, which essentially appears in
[41]. We will not use the explicit description of this matrix.

Lemma 2.5. Let A be the function algebra of a Woronowicz quantum group G. Let
Â be the dual algebra and let π be a finite-dimensional unitary corepresentation of
A on a Hilbert space Vπ. Then B(Vπ) ⋊ A is isomorphic to B(Vπ) ⊗ Â. Moreover

Â ⊆ B(Vπ) ⋊ A has a Bratelli inclusion matrix with finite multiplicities.

Proof. By definition B(Vπ) ⋊ A is isomorphic to the von Neumann algebra gener-

ated in B(Vπ)⊗B(L2(A) by u∗(B(V (π)⊗1)u and Â. But u(1⊗ Â)u∗ is contained

in B(Vπ)⊗ Â, since Ad u acting on B(L2(A)) maps the matrix coefficients (viewed

as elements of Â) corresponding to a finite-dimensional unitary representation uα

of A into a linear combination of the matrix coefficients (viewed as elements in Â)
of the representation u ⊗ uα.

We describe this map in classical setting and then explain the modifications
needed for a quantum compact group. Indeed in a classical setting, if G is a
compact group, let V be the fundamental unitary viewed as an element in L∞(G)⊗
B(L2(G)) defined by V (g) = λg, g ∈ G, where λg, g ∈ G is the left regular
representation of G into the unitary group on L2(G).
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Assume π(g) = (ug) ∈ U(B(Vπ)), g ∈ G, is a finite-dimensional unitary
representation of G on a Hilbert space Vπ. Let U be the unitary in L∞(G)⊗B(Vπ)
given by u. Then in B(L2(G))⊗B(Vπ) the following holds (the absorption principle
for the left regular representation):

U∗(λg ⊗ 1)U = λg ⊗ ug.

By using the fundamental unitary V = V12 defined above, in L∞(G)⊗B(L2(G))⊗
B(Vπ), the last equality gives (by using Woronowicz’s notations)

U∗
23V12U23 = V12U13. (2.1)

Let eij be a matrix unit for B(Vπ) and let uij(g) be the matrix coefficients
for ug in this matrix unit. For convolution operators in L(G) the equality (2.1)
corresponds, for f in L1(G) to the following equality in B(L2(G)) ⊗ B(Vπ).

U∗
(∫

f(g)λgdg

)
U =

∫ ∑

ij

(f(g)uij(g))(1 ⊗ eij)λgdg. (2.2)

This gives, using the decomposition of tensor products of irreducible unitary rep-
resentations of G, a complete description of the inclusion L(G) ⊆ B(Vπ)⋊G (since
we have described the inclusion U(L(G) ⊗ 1)U∗ into B(Vπ) ⊗ L(G) in terms of
fusion rules of tensor by the representation π (on matrix coefficients).

If we want to generalize the above statement for arbitrary quantum groups,
we will use the corresponding absorption principle for arbitrary quantum groups
described in formula (5.11) in [45] which replaces (2.1). This formula now holds
in A ⊗ B(L2(A) ⊗ B(Vπ) (where π is the representation in our statement), V is
now one of the fundamental unitary in A⊗B(L2(A) replacing the V used for the
classical case. In this context a convolution operator

∫
f(g)λgdg is replaced (in

A ⊗ B(L2(A)) by

(h(f ·) ⊗ Id)(V ) ∈ Â, f ∈ A.

This is a generic element in a weakly dense subspace of Â (here we use V12 which is
the flip of what is usually the fundamental unitary). The formula (2.2) now reads
in A ⊗ B(L2(A)) as follows

U23[(h(f ·) ⊗ Id)(V12)]U
∗
23 ⊗ IdB(Vπ) = (h(f ·) ⊗ Id ⊗ IdB(Vπ)(U23V12U

∗
23).

By using the formula (5.11) in the paper [45] we get that this is further equal to
(and using a matrix unit eij in B(Vπ) with respect to which u ∈ A ⊗ B(Vπ) has
components uij)

(h(f · ) ⊗ Id ⊗ IdB(Vπ))(V12U13)

which is thus the following element in B(Vπ) ⊗ Â,
∑

ij

(h(fuij · ) ⊗ Id)(V ) ⊗ eij . (2.3)

This shows that in A ⊗ B(L2(A), the transformation Ad u maps B(Vπ) ⋊ A

onto B(Vπ) ⊗ Â. �
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Remark 2.6. If G = SUq(2), and π is the fundamental representation, since the
representation ring of G is the same as the classical one, it follows that the inclusion
matrix of Â into B(Vπ) ⋊ A, is the same as in the classical one, which is a matrix
of type A∞.

We need to apply the previous lemma to the case of the coaction α of SOq(3)
on B(V ) which was described in 2.1.

Lemma 2.7. Let B̂ be the dual Woronowicz algebra for SOq(3). With the notation

in Proposition 2.1 we have that B(V )⋊ SOq(3) is isomorphic to B(V )⊗ B̂. More-

over the inclusion matrix B̂ ⊆ B(V )⋊SOq(3) has a Bratelli inclusion matrix with
finite multiplicities.

Proof. Denote B = SOq(3) and A = SUq(2) and let B̂, Â be the dual algebras.
The representation α : B(V ) → B(V )⊗B is the restriction of the adjoint corepre-
sentation induced by π. This holds because α(x) = u∗(x⊗1)u belongs to B(V )⊗B,
since B is generated by the matrix coefficients of d1. But then if P is the projection
(in B(L2(A))) onto L2(B), then

B(V ) ⋊ B = P (B(V ) ⋊ A)P,

since PÂP = B̂ and since B acts on L2(A) as the Haar measure on B is the
restriction of the Haar measure on A ([21]). �

The following lemma is a direct consequence of the method used in [29]. There
it was proved that amalgamated free products of the type (L(FN )⊗D)∗DC, where
D ⊆ C is an inclusion of discrete von Neumann algebras, C with a faithful trace,
are isomorphic to a free group factors.

Lemma 2.8. Let D ⊆ C be von Neumann algebras that are infinite sums of alge-
bras of finite-dimensional matrices, and such that the Bratelli inclusion matrix has
finite multiplicities and Z(C) ∩Z(D) = C1. Let Q be a free group factor or a dif-
fuse abelian von Neumann algebra. Assume that D is endowed with a (semi)finite
faithful trace tr and that the amalgamation is performed ([40], [24]) with respect
to a normal faithful conditional expectation from C onto D, which then gives a
trace state on the amalgamated free product, (which by GNS construction gives the
amalgamated free product von Neumann algebra).

Assume that the amalgamated free product von Neumann algebra is finite or
semifinite.

Then tr ◦E is a faithful trace on C and L(FN )⊗D⋆D C is Morita equivalent
to a free group factor.

Proof. Indeed if τ ◦E is not a trace then the modular group of τ ◦E will be non-
trivial on off diagonal elements. If the trace is finite this is exactly the content of
Theorem 5.1 in [29] (see also [34] for a different, more recent proof). If the trace is
infinite, the arguments in the proof of the theorem mentioned above can obviously
be modified to handle this case (by changing the principle of counting the blocks
as in the construction of a one parameter group of automorphisms in [30]). �
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Remark 2.9. With the notations in Theorem 1.6, one can prove directly that
factor (Q ∗ B(Vπ)) ⋊ SUq(2) is a finite type II von Neumann algebra. Indeed

because of Lemma 2.3, it is sufficient to that the inclusion Â ⊆ B(Vπ) ⋊ A, and
the corresponding conditional expectation tr(φα·)⊗ Id (see also Lemma 2.4) from

B(Vπ)⋊A onto A, has the property that the composition of the trace on Â with the

conditional expectation is again a trace. The trace on Â that we are considering
here is the restriction to Â ⊆ B(L2(A) of the canonical trace on B(L2(A)).

Let pπ be the projection from Â onto B(Vπ) (by viewing Â as the direct sum
over all bounded linear operators on the Hilbert spaces of an enumeration of the
irreducible finite-dimensional unitary representations of A, ([16], [23])).

Let φ̂ : Â → Â ⊗ Â be dual comultiplication map. Then the inclusion Â ⊆
B(Vπ)⋊A, (in the identification B(Vπ)⋊A ∼= B(Vπ)⊗ Â, described in Proposition
2.5) is, (because of the description in [23]) exactly the map

(pπ ⊗ Id)φ̂ : Â → B(Vπ) ⊗ Â.

Moreover if γ̂ is the density matrix in Â of the dual Haar measure ĥ on Â, then

φ̂(γ̂) = γ̂ ⊗ γ̂ ([46]). But this amounts exactly to the fact that the composition

of the conditional expectation tr(φα·) ⊗ Id with ĥ gives the state tr(φα·) ⊗ ĥ on

B(Vπ) ⋊ A ∼= B(Vπ) ⊗ Â. Hence, the composition of the trace on Â (coming from
B(L2(A)) with the conditional expectation is a trace.

Corollary 2.10. The factor Mλ(L(Fk)) in Theorem 1.6 (for N = 2 ) is isomorphic
to L(F∞).

Proof. From 2.8, 2.3 it follows that (Q∗B(Vπ)⋊SOq(3) is isomorphic to L(F∞)⊗
B(H), where H is an infinite-dimensional space. The result follows now from 1.6,
2.1, since d1 is a faithful representation of SOq(3) (no adjoint is required here). �

In this way we reobtain, by a different method, the result that was recently
proved by D. Shlyakhtenko and Y. Ueda in [36]. We do not know if the subfactors
obtained by using the method in this paper, which are derived from Popa’s con-
struction of irreducible subfactors from the Temperly-Lieb algebra coincide with
those constructed in the paper [36]. Both of the two subfactors have A∞ invariants
and both are the fixed point algebra of a coaction of a quantum group, although
in one case the fixed point algebra is a type III factor while in the present case
this is a type II1 factor.

Corollary 2.11. In particular L(F∞) has irreducible subfactors of index λ (and
type A∞) for all index values bigger than 4.

The previous result, since we are using a non-tracial version of [24] is strong
evidence to Popa’s conjecture that the subfactors constructed in the breakthrough
papers [24] (or [25], [26]) are isomorphic to free group factors. The only case in
which Popa’s subfactors ([24], [25]) are known to be free group factors is for index
values less than 4 ([29]).
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D. Bisch, F. Boca, F. Goodman, G. Nagy, M. Pimsner, D. Shlyakhtenko,
V. Toledano, Y. Ueda for disscutions on this subject. This work was initiated
during the author’s stay at the University of Geneva, and was partially sup-
ported by the Swiss Science National Foundation. The author is very thankful to
P. de la Harpe for the very warm welcome at the University of Geneva. The author
is also thankful to the Department of Mathematics of the University of Cardiff,
who provided partial support by an EPSRC grant.

Note added in proof: After this preprint has been submitted to publication, Popa
and Shlyakhtenko, in Universal properties of L(F∞) in subfactor theory, general-
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The Structure of some C∗-Algebras
Generated by N Idempotents

Mikhail Shchukin and Elena Vatkina

Abstract. We study the structure of some n-homogeneous C∗-algebras gener-
ated by flips. The algebra is generated by the flips u, v, s1, . . . , sm with the re-
lations between the generators: usi = αisiu, vsi = βisiv, sisj = ǫijsjsi, αi =
±1, βi = ±1, ǫij = ±1, 1 ≤ i, j ≤ m. The structure of such algebras gener-
ated by flips with the relations between generators was studied by Popovich,
Samoilenko and Turowska. In the paper we prove that if such an algebra A

is n-homogeneous then it is trivial. Such an n-homogeneous C∗-algebra A is
isomorphic to the algebra of all continuous matrix-functions of dimension n

over some compact subspace of the plane C.
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1. Introduction

Let A denote an n-homogeneous C∗-algebra. An C∗-algebra A is called n-homo-
geneous if and only if all its irreducible representations are n-dimensional.

Fell ([3]), Tomiyama and Takesaki ([9]) have shown that every n-homogeneous
C∗-algebra A is isometrically isomorphic to the algebra of all continuous sections
of an appropriate algebraic bundle.

An algebraic bundle is a locally trivial bundle with a model fibre homeomor-
phic to the C∗-algebra Mat(n) = Cn×n of all n×n matrices and with the structure
group G isomorphic to the group Aut(n) of all automorphisms of this algebra. A
n-homogeneous C∗-algebra is called trivial if it is isomorphic to the algebra of all
continuous matrix-functions C(X, Cn×n) over some topological compact space X .

An element a is called idempotent if and only if a2 = a. If b2 = e then we
say that b is a flip. There is a linear correspondence between idempotents and
flips. If a is an idempotent then the element b = 2a − e is a flip. Therefore, any
Banach algebra generated by N flips can be considered as the algebra generated
by N idempotents and the identity e. (We say that the Banach algebra A is
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generated by the elements a1, . . . , aN if the smallest Banach algebra that contains
the elements a1, . . . , aN coincides with A.)

In the work we study the structure of some n-homogeneous C∗-algebras gen-
erated by N flips with some relations between them. The structure of such algebras
was studied by Popovich, Samoilenko, Turowska in [7]. The class of such algebras
was denoted by Am. More precisely, let Am denote the class of Banach algebras that
can be generated by the flips u, v, s1, . . . , sm with the relations between generators:
usi = αisiu, vsi = βisiv, sisj = ǫijsjsi, αi = ±1, βi = ±1, ǫij = ±1, 1 ≤ i, j ≤ m.

In this work we prove that if an algebra A from the class Am is n-homogeneous
then the algebra A is trivial. This means that the algebra A is isomorphic to the
algebra of all continuous matrix-functions C(P (A), Cn×n), where P (A) denotes
the space of primitive ideals of the algebra A in the appropriate topology.

Also we describe precisely the structure of the space P (A). The space P (A)
is homeomorphic to some compact subspace X of the plane C such that

1. X has no interior points.

2. The set C \ X is a connected set.

2. The main results

We start the section with describing the structure of the space of irreducible rep-
resentations of an n-homogeneous C∗-algebra A generated by two idempotents.

Suppose the algebra A is n-homogeneous. Let A contain two idempotents p,
q such that the minimal Banach algebra that contains p, q and e coincides with
A. The next theorem describes the structure of the algebra A.

Statement 2.1. ([1]) Let A denotes an n-homogeneous C∗-algebra generated by
two idempotents p and q. Then the algebra A is trivial. If A is non-commutative
then it is isomorphic to the algebra C(M, C2×2), where M denotes the compact
space of maximal ideals of the algebra Alg((p − r)2).

(The symbol Alg(Y ) denotes the minimal Banach algebra that contains the
element Y .)

This theorem will help us to describe the structure of the space M .

The next statement describes the structure of the commutative algebra C(M).

Statement 2.2. ([4]) Let B denote a Banach algebra with finite number of gener-
ators. Suppose n ≥ 2 is a positive integer

Then the algebra Mn(B) can be generated by two idempotents if and only if
n = 2 and the algebra B is singly generated.

So, from this theorem it follows that the algebra C(M) is singly generated.
The next theorem allows the geometric description of the space M .

Statement 2.3. ([5]) Suppose the algebra C(M) can be generated by one element.
Then the space M satisfies the next conditions:



The Structure of some C∗-Algebras Generated by N Idempotents 251

1. M is homeomorphic to some compact subset M1 of the plane C such that
the set M1 has not inner points.

2. The set C\M1 is connected.

On the other hand, if the space M satisfies these conditions then the algebra
C(M) is singly generated.

These results allow us to prove the next theorem. This theorem describes
the structure of the space of irreducible representations of an n-homogeneous C∗-
algebra generated by two idempotents.

Theorem 2.4. Suppose the C∗-algebra A is n-homogeneous and can be generated
by two idempotents p, q and the identity e. If the algebra A is non-commutative
then the algebra A is isomorphic to the algebra C(M, C2×2), where M denotes the
space of maximal ideals of the algebra Alg(p− r)2. The space M satisfies the next
conditions:

1. The set M is homeomorphic to some compact subspace M1 of the plane C.
The set M1 has no interior points.

2. The set C\M1 is connected.

If the algebra A is commutative then the algebra A is isomorphic to the algebra
C(M), where the space M is a discrete space that can contain up to four points.

The theorem provides the sufficient and necessary conditions for the space
of primitive ideals of an n-homogeneous C∗-algebra A to be generated by two
idempotents.

During the paper we need the next fact.

Statement 2.5. ([1]) Let M denote an arbitrary compact subset of the plane C.
Then each algebraic bundle E over M is trivial.

Popovich, Samoilenko and Turowska proved in [7] that every algebra A from
the class Am is isomorphic to an algebra of matrices with the elements in some
special C∗-algebra.

Let the symbol Q2,m denote the class of Banach algebras that can be gener-
ated by the flips u, v, s1, . . ., sm, with the next relations between the generators:
u2 = v2 = s2

i = e; usi = siu; vsi = siv; sjsi = sisj , i = 1, m, j = 1, m. The class
Q2,m is a sub-class of the class Am.

Statement 2.6. ([7]) Every algebra A from the class Ak is isomorphic to the algebra
Mat2n(B) or to the algebra Mat2n(Z(A)), where Z(A) denotes the center of the
algebra A, while the symbol B denotes some algebra from the class Q2,m.

So, to describe the structure of some algebra A from Ak we need to study
the structure of the algebra B from Q2,m. If the algebra A is n-homogeneous then
the algebra B is also l-homogeneous for some positive integer l ≤ n.

The next theorem describes the structure of a k-homogeneous C∗-algebra B
from the class Q2,m.
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Theorem 2.7. Let B denote an n-homogeneous C∗-algebra from the class Q2,m.
Then the algebra B is a trivial C∗-algebra.

Proof. Suppose the algebraic bundle ξ corresponds to the algebra B.
One can consider the elements si ∈ Z(B) as continuous functions on the

space P (B) of all primitive ideals in the appropriate topology.
Define the set Xi = {x ∈ P (B)|si(x) = −1} and the set Yi = {x ∈ P (B) |

si(x) = 1}. The sets Xi and Yi are closed subsets of P (B) and Xi

⋃
Yi = P (B),

Xi

⋂
Yi = ∅.
Let Zi1,...,im denote the intersection of the sets Xi and Yi such that Xj

corresponds to the positions ij = 0 and Yj corresponds to the positions ij = 1.
For example Z010 = X1

⋂
Y2

⋂
X3.

The functions s1, . . . , sm are equal to the constant functions −1 or 1 over
each set Zi1,...,im .

Any two sets Zi1,...,im and Zh1,...,hm do not intersect for the different collec-
tions i1, . . . , im and h1, . . . , hm. The union of all sets Zi1,...,im for all collections
i1, . . . , im coincides with the space P (B).

Thus, the restriction ξZi1,...,im
of the algebraic bundle ξ to the set Zi1,...,im

corresponds to the restriction of the algebra B to the set Zi1,...,im . The algebra of
all continuous sections of the algebraic bundle ξZi1,...,im

can be generated by the
elements uZi1,...,im

, vZi1,...,im
and the identity eZi1,...,im

.

So, the algebra of all continuous sections Γ(ξZi1 ,...,im
) can be generated by two

idempotents and the identity. Therefore, there is a continuous injection τi1,...,im :
Zi1,...,im → Ci1,...,im where Ci1,...,im is a closed subset of the plane C.

There is a mapping τ : P (B) → C such that τ |i1,...,im = τi1,...,im , because
the sets Zi1,...,im are closed. The mapping τ is a homeomorphism onto a compact
subset of the plane C. Hence the bundle ξ on P (B) is trivial by Statement 2.5.

The proof is finished. �

By using Theorem 2.7 we can describe the structure of an n-homogeneous
C∗-algebra A from the class Am.

Theorem 2.8. Let the algebra A from Am be an n-homogeneous C∗-algebra. Then
the algebra A is trivial.

Proof. By Theorem 2.7 and Statement 2.6. �

The next theorem describes the structure of the space of primitive ideals of
an algebra B ∈ Q2,m, which is an n-homogeneous C∗-algebra.

Theorem 2.9. Let B be an n-homogeneous C∗-algebra. Let B belong to the class
Q2,m.

Then the space of primitive ideals P (B) has the following properties.
1. The space P (B) is homeomorphic to some compact subset X of the plane C.
2. The space X has no interior points.
3. The set C\X is a connected subset of the plane C.
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Proof. By Theorem 2.4 we have that the set Z1,...,im from the proof of the previous
theorem has the properties 1–3. Now our next goal is to prove that the union of
the disjoint sets Zi1,...,im has the properties.

We will use induction by the number of sets.
Let us consider two sets Z1 and Z2 that satisfy the conditions 1–3. Let the

sets Z1 and Z2 have empty intersection. We will prove that the space Z = Z1 ∪Z2

has the properties.
Let us select the homeomorphisms τ1 : Z1 → C1 and τ2 : Z2 → C2 such that

C1 ⊂ C′ and C2 ⊂ C′′, where C′ and C′′ denote two half-planes of the plane C. In
this case the space C′\C1 is connected. The space C′′\C2 is also connected. Let b
denotes the line between C′ and C′′: b := C\(C′∪C′′). Therefore, the union of two
connected sets (C′ ∪ b)\C1 and (C′′ ∪ b)\C2 is also a connected set. The union is
equal to the set C\(C1 ∪ C2).

The space C1∪C2 is also compact space without interior points. So, the space
Z satisfies the conditions 1–3.

By induction, we obtain that the space P (B) satisfies the conditions 1–3.
The proof is finished. �

Corollary 2.10. Let the algebra B belong to the class Q2,m. Let B be an n-homo-
geneous C∗-algebra. Then B can be generated by two idempotents and the identity.

The proof is based on Theorem 2.4 and the previous Theorem 2.9. �

Let us note that in the paper [2] was studied the structure of some Banach
algebras generated by N idempotents with some relations between generators.

Antonevich and Krupnuk have shown in [1] that if a Banach algebra generated
by N idempotents with the relations between generators is an n-homogeneous C∗-
algebra then it is trivial.

Statement 2.11. ([1]) Let A denote the n-homogeneous C∗-algebra generated by
the idempotents p1, p2, . . . , p2N , P and the identity I with the next relations be-
tween them:

(a) pi · pj = δijpi for any i, j ∈ 1, . . . , N where δij is a Kronecker’s delta.
(b) p1 + p2 + . . . + p2N = I.
(c) P (p2i−1 + p2i)P = (p2i−1 + p2i)P and Q(p2i + p2i+1)Q = (p2i + p2i+1)Q,

where Q := I − P and p2N+1 := p1.
Then the algebra A is trivial.

The authors of the paper [2] described the set of all irreducible representations
of such a Banach algebra generated by N idempotents with the relations between
generators. If such a Banach algebra A is a n-homogeneous C∗-algebra then the
structure of the algebra can be properly described by the space P (A) of primitive
ideals of the algebra in the appropriate topology. In this case the algebra A is triv-
ial. But the first author proved in the paper [8] that all non-trivial n-homogeneous
(n ≥ 2) C∗-algebras over the sphere S2 can be generated by three idempotents. It
follows from here that, in general, the structure of an n-homogeneous C∗-algebra
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generated by idempotents cannot be described properly by the space of primitive
ideals of the algebra. We need to know some global topological invariants of such
an C∗-algebra generated by idempotents in order to describe the structure of the
algebra properly.
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Transfer Functions for “Curved”
Conservative Systems

Alexey Tikhonov

Abstract. The aim of this paper is to study relations between “curved” con-
servative systems (systems for which the main operator is a function of con-
traction) and their transfer functions. We derive the boundedness property
for such transfer functions and apply it to some problems of spectral analysis.
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0. Introduction

It is well known (see, e.g., [1]) that there is the one-to-one correspondence between
linear conservative discrete-time systems and collections of operators (and Hilbert
spaces) that can be organized as unitary block matrices

A0 =

(
T0 N0

M0 L0

)
∈ [H0 ⊕ N, H0 ⊕ M], A∗

0A0 = I, A0A
∗
0 = I,

which are called unitary nodes in the other terminology [2]. Here [H1, H2] is the
set of all bounded operators acting from a separable Hilbert space H1 into a
separable Hilbert space H2. (In a more standard notation [H1, H2] is L(H1, H2)).
We shall consider pure nodes (i.e., nodes for which KerN0 = {0}). Since any
unitary node A0 can be decomposed into the direct sum A0 = diag (Apur

0 , Au
0 ) ,

where Apur
0 is a pure node and the state space of Au

0 is trivial (i.e., Hu
0 = {0} ),

our restriction is unessential. By the unitary property of the node, we get the
identity L0N

∗
0 = −M0T

∗
0 , which uniquely determines the operator L0 whenever

the operators T0, M0, N0 are given. Thus, without loss of essential information,
we can consider short conservative systems ( T0, M0, N0 ). To each such system
we assign the short transfer function

Υ0(z0) = M0(T0 − z0)
−1N0 , z0 ∈ ρ(T0) .
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Obviously, Υ0(z0) = W0(0)−W0(1/z0) , where W0(ζ) = L0+ζM0(I−ζT0)
−1N0 is

the standard transfer function for the system A0 . The standard transfer function
W0(ζ) can be restored from Υ0(ζ) whenever ρ(T0) ∩ D �= ∅ . Without loss of
generality we can assume that 0 ∈ ρ(T0) . It suffices to find W0(0) = L0 . We
have L0 = Υ0(0)(I − (L∗

0L0)
−1)−1 , where L∗

0L0 = ψ(Υ0(0)∗Υ0(0)), ψ(z) =

1/2 (2+z−
√

z2 + 4z) . Then we can restore (up to unitary equivalence) the initial
system A0 provided that the node A0 is simple ([2]). Recall that a unitary node
is simple iff the operator T0 is a completely non-unitary contraction ([2]).

We shall consider “curved” conservative systems of the form

(T, M, N) = (Zϕ(T0)Z
−1, M0χ+(T0)Z

−1, Zχ−(T0)N0) ,

where A0 ∈ [H0 ⊕ N] is a pure unitary node, Z ∈ [H0, H ] , Z−1 ∈ [H, H0] , ϕ ∈
CM(D, G+) is a conformal map of D onto the domain G+ = IntC , C is a simple
closed C1+ε-smooth curve, G− = ExtC , χ+ =

√
ϕ′/(ψ+◦ϕ), χ− =

√
ϕ′ (ψ−◦ϕ),

and ψ± ∈ (B : B)(G+) . We use B(G+) for the set of all bounded and analytic
functions on the domain G+ (in a more standard notation B(G+) is H∞(G+) )
and (B : B)(G+) := {ψ ∈ B(G+) : 1/ψ ∈ B(G+)}. A “curved” conservative
system is called simple if the corresponding unitary node A0 is simple. Note that
“curved” conservative systems arise in a natural way for Nikolski-Vasyunin func-
tional ([3]) model with changed variables in it ([4]). In particular, linear-fractional
transformations of unitary nodes (including the standard Cayley transformation
from the unit disk onto the upper half plane) are examples of “curved” conservative
systems.

We define the transfer function for a “curved” conservative system (T, M, N)
by formula

Υ(z) = M(T − z)−1N , z0 ∈ ρ(T ) .

In this paper we study relations between “curved” systems and their transfer
functions. We find some interesting properties of transfer functions and apply
them to problems of spectral analysis and perturbation theory.

The paper is organized as follows. In Section 1, we find the form of trans-
formations between Υ(z) and Υ0(z0) . Using these transformations, it is shown
that a simple “curved” conservative system is determined (up to linearly similar-
ity) by its transfer function. Besides, we give characterization of transfer functions
for “curved” systems. Our main tool is the generalized Sz.-Nagy–Foiaş functional
model for “curved” systems ([4]). In Section 2, we show that a transfer function
Υ(z) is bounded in the domain G− whenever the curve C and the functions ψ±
are sufficiently smooth. We apply this property to prove that the spectral compo-
nent N−(ϕ(T0)) ([5, 4]) coincides with the whole Hilbert space. We would also
note that transfer functions for “curved” systems play important role in the con-
struction of the functional model for trace class perturbations of normal operators
with spectrum on a curve ([4]).
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1. Transformations of transfer functions

We attempt to find transformations between transfer functions Υ(z) and Υ0(z0) .
It will be convenient to make this by means of the functional model for “curved”
conservative systems ([4]), which is a generalization of the well-known Sz.-Nagy–
Foiaş functional model ([6, 3]). (See also [7] for an different approach to a model.)
Here we give a brief exposition of the model for “curved” systems from [4]. We
assume that a curve C is simple, closed, C1+ε-smooth and the mappings π± ∈
[L2(C, N),H] satisfy conditions:

(i)1 ∀ψ ∈ L∞(C, [N]) (π∗
±π±)ψ = ψ(π∗

±π±); (i)2 (π∗
±π±)−1 ∈ [L2(C, N)];

(ii)1 (π†
−π+)z = z(π†

−π+); (ii)2 P−(π†
−π+)P+ = 0;

(iii) Ranπ+ ∨ Ran π− = H.

Here N,H are separable Hilbert spaces, π†
− is the Moore-Penrose inverse opera-

tor for π− , P± are (non-orthogonal) projections onto the Hardy-Smirnov spaces

E2(G±, N) [8]: RanP± = E2(G±, N) , KerP± = E2(G∓, N) . Let Θ± = π†
∓π± .

It is easy to see that Θ± ∈ L∞(C, [N]) . Moreover, Θ+ ∈ B(G+, [N]) , that is, Θ+

admits analytic continuation to the domain G+ and is a bounded operator-valued
function therein. The conditions Uπ± = π±z uniquely determine the normal op-
erator U with absolutely continuous spectrum on the curve C . For it, we have

π†
±U = zπ†

± . We put

KΘ = { f ∈ H : π†
+f ∈ E2(G−, N), π†

−f ∈ E2(G+, N) },
PΘ = (I − q+)(I − q−), where q± = π±P±π†

± .

It can be shown that P 2
Θ = PΘ, KΘ = Ran PΘ . The model operators are defined

by the formulas:

T̂ f0 = Uf0 − π+M̂f0, M̂f0 =
1

2πi

∫

C

(π†
+f0)(z) dz = (π†

+Uf0)(∞),

N̂n = PΘπ−n = (I − π+P+π†
+)π−n, where f0 ∈ KΘ, n ∈ N .

We need the following theorem from the paper [4].

Theorem. Let (T, M, N) be a simple “curved” conservative system. Then there
exist pair Π = (π+, π−) satisfying conditions (i) , (ii) , (iii) and an invertible

operator Z ∈ [H,KΘ] such that T̂Z = ZT, M̂Z = M, N̂ = ZN .

It is easy to show that Υ̂(z) = Υ(z) . In view of this identity, throughout the
remaining part of the section we shall work mainly with the model operators. We
need the following elementary lemma.

Lemma 1.1. Let u ∈ L2(C, N), u+ = P+u, u− = P−u . Then

P+
u

z − a
=

u+ ∓ u±(a)

z − a
, P−

u

z − a
=

u− ± u±(a)

z − a
, where a ∈ G± .
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Proposition 1.2. Let f0 ∈ KΘ . Then

1) (T̂ − a)−1f0 = (U − a)−1(f0 − π+n(a));

2) M̂(T̂ − a)−1f0 = −n(a), where n(a) =

{
Θ+(a)−1(π†

−f0)(a), a ∈ G+

(π†
+f0)(a), a ∈ G− .

Proof. 1) We put Raf0 = (U − a)−1(f0 − π+n(a)) . By Lemma 1.1, it is easy to
check that Raf0 ∈ KΘ . Further, we have

(T̂ − a)Raf0 = (U − a)Raf0 − π+m = f0 − π+n(a) − π+m ,

where m = (π†
+URaf0)(∞) = ( z

z−a (π†
+f0−n(a)))(∞) = −n(a) . Whence we have

(T̂ − a)Ra = I and (T̂ − a)−1 = Ra .

2) By Cauchy’s theorem and formula, we have

M̂(T̂ − a)−1f0 =
1

2πi

∫

C

(π†
+(U − a)−1(f0 − π+n(a)))(z) dz

=
1

2πi

∫

C

(π†
+f0)(z) − n(a)

z − a
dz = −n(a) . �

Denote by Θ−
± the analytic in G± operator-valued functions such that Θ−

±(z)n =

(P±Θ−n)(z) for n ∈ N and z ∈ G± (see the definition of H2-strong operator-
valued functions in [9]). It is possible that boundary values of the operator-valued
functions Θ−

±(z) do not exist. But we have the existence of boundary values for

vector-valued functions Θ−
±(z)n ∈ E2(G±, N) a.e. on C .

Proposition 1.3. Υ(z) =

{
Θ−

+(z) − Θ+(z)−1, z ∈ G+

−Θ−
−(z), z ∈ G− .

Proof. We have N̂n = (I − π+P+π†
+)π−n = π−n − π+Θ−

+n, n ∈ N . By Proposi-

tion 1.2(2), we get Υ(z)n = M̂(T̂ − z)−1N̂n = −m(z) , where

m(z) = Θ+(z)−1(π†
−(π−n − π+Θ−

+n))(z) = Θ+(z)−1(n − Θ+(Θ−
+n))(z)

= Θ+(z)−1(n − Θ+(z)(Θ−
+n)(z)) = Θ+(z)−1n − Θ−

+(z)n, z ∈ G+ ,

m(z) = (π†
+(π−n − π+Θ−

+n))(z) = (Θ−n − Θ−
+n)(z) = Θ−

−(z)n, z ∈ G− . �

We shall write Θ+ ∈ (B : F )(G+, [N]) if Θ+ ∈ B(G+, [N]) and (Θ+)−1 ∈
F (G+, [N]) , where F (G+, [N]) is the class of operator-valued functions such that
their boundary values exist a.e. on C .

Corollary 1.4. Let Θ+ ∈ (B : F )(G+, [N]) . Then ∀n ∈ N

(Υn)+(z) − (Υn)−(z) = (Θ−(z) − Θ+(z)−1)n, a.e. z ∈ C ,

where (Υn)± are boundary values for (Υn)(z) from G± .
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Proposition 1.5. Let Θ+ ∈ (B : F )(G+, [N]) . Then ∀n ∈ N and for a.e. |z0| = 1

(Υn)+(ϕ(z0)) − (Υn)−(ϕ(z0)) =
χ+(z0)χ−(z0)

ϕ′(z0)
((Υ0n)+(z0) − (Υ0n)−(z0)) .

Proof. Define the unitary operator Cϕ ∈ [L2(C, N), L2(T, N)] by the formula
Cϕf = (f ◦ ϕ)

√
ϕ′ . It is known [4] that π± = π0±Cϕψ± . We then have

Θ± = π†
∓π± =

1

ψ∓
C−1

ϕ π†
0∓π0±Cϕψ± =

ψ±
ψ∓

(Θ±
0 ◦ ϕ−1) .

Whence,

Θ− ◦ ϕ − (Θ+)−1 ◦ ϕ =
ψ− ◦ ϕ

ψ+ ◦ ϕ
(Θ−

0 − (Θ+
0 )−1) =

χ+χ−
ϕ′ (Θ−

0 − (Θ+
0 )−1) .

It remains to make use of Corollary of Proposition 1.3. �

Define the operator Fϕ,ψ ∈ [E2(G1−, N), E2(G2−, N)] by the formula Fϕ,ψu =
P2−((u ◦ ϕ−1)ψ) , for u ∈ E2(G1−, N) , where ϕ ∈ CM(G1+, G2+) and ψ ∈ (B :
B)(G2+) . Consider compositions of such operators.

Lemma 1.6. Fϕ32,ψ3Fϕ21,ψ2 = Fϕ31,ψ , where ϕ31 = ϕ32 ◦ ϕ21, ψ = (ψ2 ◦ ϕ−1
32 )ψ3 .

Proof. Let u ∈ E2(G1−, N) . Put v = (u ◦ ϕ−1
21 )ψ2 . Then

Fϕ32,ψ3Fϕ21,ψ2u = P3−(((P2−v) ◦ ϕ−1
32 )ψ3)

= P3−(((P2+v) ◦ ϕ−1
32 + (P2−v) ◦ ϕ−1

32 )ψ3)
= P3−((v ◦ ϕ−1

32 )ψ3) = P3−((((u ◦ ϕ−1
21 )ψ2) ◦ ϕ−1

32 )ψ3)
= P3−((u ◦ ϕ−1

31 )(ψ2 ◦ ϕ−1
32 )ψ3) = Fϕ31,ψu ,

because (P2+v) ◦ ϕ−1
32 ∈ E2(G3+, N) . �

Remarks 1.7. 1) (algebraic) This lemma has a simple algebraic interpretation: the
product of triangular matrices again is a triangular matrix.

2) (analytical) On the other hand, the operator Fϕ,ψ is an analog of the
well-known Faber transform.

Proposition 1.8. 1) ∀n ∈ N (Υ0n)− = Fϕ−1,(ψ+/ψ−)◦ϕ−1((Υn)−) ;

2) Θ+
0 ∈ (B : F )(D, [N]) =⇒ (Υ0n)+ = (Υ0n)− + (((Υn)+ − (Υn)−) ◦

ϕ)χ+χ−

ϕ′ .

Proof. 1) We have

Θ−
−n = P−Θ−n = P−

(
ψ−

ψ+
(Θ−

0 ◦ ϕ−1)n
)

= P−
(

ψ−

ψ+
(((P+ + P−)Θ−

0 ) ◦ ϕ−1)n
)

= P−
(

ψ−

ψ+
((P−Θ−

0 ) ◦ ϕ−1)n
)

= Fϕ,ψ+/ψ−
(Θ−

0−n)

or equivalently, (Υn)− = Fϕ,ψ+/ψ−
((Υ0n)−). Using Lemma 1.6, it is easy to show

that (Υ0n)− = Fϕ−1,(ψ+/ψ−)◦ϕ−1((Υn)−).

2)This follows from Proposition 1.5. �
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Thus we have found the procedure that allows us to restore Υ0 whenever Υ is
given. In the introduction we discussed how to compute the standard transfer func-
tion W0 from a short transfer function Υ0 . So we can construct the transformation
W0 = Fϕ,ψ+,ψ−(Υ) (W0 = F(Υ) in a brief form) that takes each transfer function
for a “curved” system to the corresponding standard transfer function. It is easy to
see that this transformation is invertible. Since W0(ζ) = Θ+

0 (ζ)∼ = Θ+
0 (ζ̄)∗, we can

describe the class of transfer function for “curved” systems with W−1
0 ∈ F (D, [N])

as the following:

Ob(TfnF ) = {Υ : F(Υ) ∈ (B : F )(D, [N]), sup
|ζ|<1

||F(Υ)(ζ)|| ≤ 1 }

or, anticipating (see Corollary of Theorem 2.1), for more smooth C and ψ± , we
may also write down

Ob(TfnF ) = {Υ : ∀n ∈ N Υn ∈ E2(G−, N), Υ ∈ F (G+, [N]) ,

sup
|ζ|<1

||F(Υ)(ζ)|| ≤ 1 } .

Theorem 1.9. Let (T, M, N) be a “curved” conservative system, W−1
0 ∈ F (D, [N]).

Then Υ(z) = M(T − z)−1N ∈ Ob(TfnF ) . Conversely, let Υ ∈ Ob(TfnF ) .
Then there exists (up to linear equivalence) a simple “curved” conservative system
(T, M, N) such that W−1

0 ∈ F (D, [N]) and Υ(z) = M(T − z)−1N .

Proof. We need only to prove the inverse statement. Let Υ ∈ Ob(TfnF ) . For
contractive-valued analytic function W0 = F(Υ) , there exists a realization
W0(ζ) = L0 + ζM0(I − ζT0)

−1N0 , where A0 is a simple unitary node [2]. With-
out loss of generality we may take A0 to be a model node, which is constructed
from a pair Π0 = (π0+, π0−) . We take π± = π0±Cϕψ± and consider the corre-

sponding simple “curved” system (T̂ , M̂ , N̂) . We then have W0 = F(Υ̂) , where

Υ̂(z) = M̂(T̂ − z)−1N̂ . Since F is invertible, we get Υ̂ = F−1(W0) = Υ . Thus

Υ has the realization Υ(z) = M̂(T̂ − z)−1N̂ . Suppose Υ has another realization
Υ(z) = M ′(T ′ − z)−1N ′ , where (T ′, M ′, N ′) is a simple “curved” system. For
the system (T ′, M ′, N ′) , there exists (see the beginning of this section) a model

system (T̂ ′, M̂ ′, N̂ ′) such that T̂ ′Z ′ = Z ′T ′, M̂ ′Z ′ = M ′, , N̂ ′ = Z ′N ′ . Since

W0 = F(Υ̂) = F(Υ̂′) = W ′
0 , the corresponding simple unitary nodes A0 and

A′
0 are unitarily equivalent. Whence the simple “curved” systems (T̂ , M̂ , N̂) and

(T ′, M ′, N ′) are linearly similar. �

Remarks 1.10. 1) If C and ψ± are more smooth, we may assume Υ ∈ F (D, [N])
instead of W−1

0 ∈ F (D, [N]) (see Corollary of Theorem 2.1).

2) It may be proved that ρ(T )∩G+ �= ∅, M, N ∈ S2 =⇒ W−1
0 ∈ F (D, [N]) ,

where S2 is the Hilbert-Schmidt class. For such systems, the assertion of the
theorem remains true if we replace Ob(TfnF ) by

Ob(Tfn1) = {Υ : F(Υ) ∈ B(D, [N]), sup
|ζ|<1

||F(Υ)(ζ)|| ≤ 1 , ∃ ζ0 ∈ D

F(Υ)(ζ0)
−1 ∈ [N], I −F(Υ)(ζ0)F(Υ)(ζ0)

∗ ∈ S2 } .
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2. The boundedness of transfer functions

Since W0(ζ) is bounded in the unit disk, it is easy to show that Υ0(z0) is bounded
and analytic in D− . Transfer functions Υ(z) for “curved” systems possess the
analogous property. Namely, we have the following

Theorem 2.1. Let C be a simple closed C2+ε-smooth curve, and let ψ± ∈ C1+ε(C).
Then Υ ∈ B(G−, [N]).

Proof. First we note that ϕ ∈ C2+ε(D), ψ± ∈ C1+ε(G+) ([10]). We shall addi-
tionally assume that W−1

0 ∈ F (D, [N]) . By Proposition 1.5, ∀n ∈ N and for a.e.
|z0| = 1 , we have

(Υn)−(ϕ(z0)) =
χ+(z0)χ−(z0)

ϕ′(z0)
(Υ0n)−(z0)

+

(
(Υn)+(ϕ(z0)) −

χ+(z0)χ−(z0)

ϕ′(z0)
(Υ0n)+(z0)

)
.

Evidently, ||(Υ0n)−||L∞(T) ≤ K−||n|| . To prove an analogous estimate for the
second term, we consider operator-valued function

Ω(z0) = M(T − ϕ(z0))
−1N − χ+(z0)χ−(z0)

ϕ′(z0)
M0(T0 − z0)

−1N0 , |z0| < 1 .

We wish to show that Ω ∈ B(D, [N]) . Since χ± ∈ C1+ε(G+) , we have

(χ±(T0) − χ±(z0))(T0 − z0)
−1 ∈ B(D, [H ]) .

So it suffices to check the boundedness of

M(ϕ(T0) − ϕ(z0))
−1N − 1

ϕ′(z0)
M(T0 − z0)

−1N = Mχ(T0, z0)N ,

where

χ(ζ, z) =
1

ϕ(ζ) − ϕ(z)
− 1

ϕ′(z)

1

ζ − z
.

Since ϕ ∈ C2+ε(D) , it follows that supζ,z∈D |χ(ζ, z)| < ∞ . Whence, χ(T0, z0) ∈
B(D, [H ]) . Therefore we get the second estimate ||(Ωn)+||L∞(T) ≤ K+||n|| . This
together with the first estimate imply ||(Υn)−||L∞(T) ≤ K||n|| . By the Smirnov
maximum principle [11], we get (Υn)− ∈ B(G−, N) and ||(Υn)−||B(G−) ≤ K||n|| .
Thus, Υ ∈ B(G−, [N]) .

We now turn to the general case (without the restriction W−1
0 ∈ F (D, [N]) ). We

take W̃0(ζ) = 1/2(I − 1/(2c)Υ0(1/ζ)) , where c = sup|ζ|<1 ||Υ0(1/ζ)|| . Obviously,

we have sup|ζ|<1 ||W̃0(ζ)|| ≤ 1 and W̃−1
0 ∈ B(D, [N]) ⊂ F (D, [N]) . By the above,

Υ̃ ∈ B(G−, [N]) . Since Υ0 = 4/cΥ̃0 , we obtain

(Υn)− = Fϕ,ψ+/ψ−
((Υ0n)−) = 4/c Fϕ,ψ+/ψ−

((Υ̃0n)−) = 4/c (Υ̃n)− .

Whence, Υ ∈ B(G−, [N]) . �
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Remarks 2.2. In fact, here we have established the property of Faber’s trans-
formation to preserve boundedness of a function if the curve is smooth enough.
Conversely, it is possible to derive the theorem from this property.

Corollary 2.3. Υ ∈ F (G+, [N]) ⇐⇒ Υ0 ∈ F (D, [N]) ⇐⇒ W−1
0 ∈ F (D, [N]) .

Proof. By Proposition 1.3, we have

Θ−
− = −Υ ∈ B(G−, [N]) ⇐⇒ Θ−

+ = Θ− − Θ−
− ∈ B(G+, [N])

and

Υ ∈ F (G+, [N]) ⇐⇒ (Θ+)−1 ∈ F (G+, [N]) ⇐⇒ W−1
0 ∈ F (D, [N]). �

We are going to present some application of the boundedness property to
spectral analysis. But beforehand we prove the following auxiliary assertion.

Proposition 2.4. Let f ∈ H, f0 = PΘf, u+ = π†
+q+(I−q−)f, u− = π†

−q−f . Then

PΘ(U − a)−1f = (U − a)−1(f0 + π−n + π+(m − (Θ−
+n ∓ Θ−

±(a)n)), a ∈ G± ,

where

n = −(π†
−f0)(a) − Θ+(a)u+(a), m = u+(a), a ∈ G+ ;

n = u−(a), m = −(π†
+f0)(a), a ∈ G− .

Proof. Clearly, f = π+u+ + f0 + π−u−, f0 ∈ KΘ, u± ∈ E2(G±, N) . Then, by
Lemma 1.1,

q−(U − a)−1f = π−P−
u− + π†

−f0 + Θ+u+

z − a
= (U − a)−1π−(u− − n) .

Whence, (I − q−)(U − a)−1f = (U − a)−1(f0 + π+u+ + π−n) . By Lemma 1.1, we
have q+(U − a)−1(f0 + π+u+) = (U − a)−1π+(u+ − m) and

q+(U − a)−1π−n = π+P+Θ− n

z − a
= π+P+

Θ−
+n + Θ−

−n

z − a
= (U − a)−1π+(Θ−

+n ∓ Θ−
±(a)n) , a ∈ G± .

Gathering these identities, we obtain the desired formula. �

Recall the definition of weak spectral components [4] :

N±(T ) = clos{ f ∈ H : ∀ g ∈ H ((T − z)−1f, g) ∈ E2(G±) } .

For completely non-unitary contraction T0 , we have N−(T0) = H, N+(T0) = H· 1
(see [6] for the definition of the subspace H· 1). We extend the first of these relations
to the case when T is a function of T0 .

Proposition 2.5. Let Θ−
± ∈ B(G±, [N]) . Then N−(T̂ ) = KΘ .
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Proof. Let n ∈ N . Obviously, PΘπ∓
n

z − a
= 0, a ∈ G± .

Next, we put f± = PΘπ±
n

z − a
, a ∈ G± . Using Proposition 2.4, we have

f+ = (U − a)−1(π+(I + (Θ−
+ − Θ−

+(a))Θ+(a))n − π−Θ+(a)n) ,

f− = (U − a)−1(π−n − π+(Θ−
+ + Θ−

−(a))n) ,

Whence,

π†
+f+ =

n − (Θ−
− + Θ−

+(a))Θ+(a)n

z − a
, τ†

+f+ =
−∆+Θ+(a)n

z − a
;

π†
+f− =

(Θ−
− − Θ−

−(a))n

z − a
, τ†

+f− =
∆+n

z − a
,

where τ†
+ = (∆+)−1(π†

− − Θ+π†
+) , τ†

+π− = ∆+ = (I − Θ+Θ−)1/2 ∈ L∞(C, [N])

(see the paper [4]). So that we obviously have π†
+f±, τ†

+f± ∈ L∞(C, [N]) . Further,

using the identity π+π†
+ + τ+τ†

+ = I , we have

((T̂ − z)−1f±, g)H = (PΘ(U − z)−1f±, g)H

= ((π+π†
+ + τ+τ†

+)(U − z)−1f±, P ∗
Θg)H

= (
1

z − ζ
(π†

+f±)(ζ), (π∗
+P ∗

Θg)(ζ))L2 + (
1

z − ζ
(τ†

+f±)(ζ), (τ∗
+P ∗

Θg)(ζ))L2

=

∫

C

h±(ζ)

ζ − z
|dζ| ∈ E2(G−) ,

where h±(ζ) = ((π†
+f±)(ζ), (π∗

+P ∗
Θg)(ζ))N + ((τ†

+f±)(ζ), (τ∗
+P ∗

Θg)(ζ))N ∈ L2(C) .

Since KΘ = PΘ(
∨

a∈G+∪G−, n∈N π±
n

z−a ) , we obtain N−(T̂ ) = KΘ . �

Corollary 2.6. Let C be a simple closed C2+ε-smooth curve, π∗
±π± ∈ C1+ε(C) .

Then N−(T̂ ) = KΘ .

Proof. As is known (see [12, 4]), π∗
±π± ∈ C1+ε(C) ⇐⇒ ψ± ∈ C1+ε(C) . It remains

to make use of the proposition and Theorem 2.1. �

Writing Proposition 2.5 in terms of “curved” conservative systems, we obtain the
following theorem.

Theorem 2.7. Let (T, M, N) be a simple “curved” conservative system, C be a
simple closed C2+ε-smooth curve, ψ ∈ C1+ε(C) . Then N−(T ) = H .

Corollary 2.8. Let T0 be a completely non-unitary contraction, C be a simple
closed C2+ε-smooth curve, and ϕ be conformal map of D onto the domain IntC .
Then N−(ϕ(T0)) = H .

Remarks 2.9. 1) Formally the identity N−(T ) = H is a particular case of the
duality relations from [4]. But, in fact, we made use of this identity in the proof
of the duality theorem (Theorem C in [4]).
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2) If we consider the latter result in the context of smooth scalar Smirnov
domains, we obtain that bounded functions are dense in the subspace EΘ = { u ∈
E2(G+) : Θu ∈ E2(G−) } for any Θ ∈ B(G−). These subspaces are analogous
(for Smirnov domains) of the subspaces H2 ⊖ θ H2 for the unit disk, where the
function θ is inner. The latter, as is well known [3, 6], describe all co-invariant
subspaces of the shift operator in H2.
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[6] B. Szökefalvi-Nagy, C. Foiaş, Harmonic Analysis of Operators on Hilbert Space.
North-Holland, Amsterdam-London, 1970.

[7] D.V. Yakubovich, Linearly Similar Model of Sz.-Nagy–Foias Type in a Domain. Al-
gebra i Analiz, 15 (2003), no. 2, 180–227.

[8] P.L. Duren, Theory of Hp Spaces. Pure Appl. Math., vol. 38, Academic Press, New
York–London, 1970.

[9] N.K. Nikolski, Treatise of the Shift Operator. Springer-Verlag, Heidelberg, 1986.

[10] C. Pommerenke, Univalent Functions. Vandenhoek and Ruprecht, Göttingen, 1975.

[11] J.B. Garnett, Bounded Analytic Functions. Pure Appl. Math., vol. 96, Academic
Press, New York-London, 1981.

[12] N.A. Shirokov, Properties of Modulus for Analytic Functions Smooth up to the
Boundary. Dokl. Akad. Nauk SSSR, 269 (1966), no.6, 1320–1323.

Alexey Tikhonov
Mathematical analysis division
Taurida National University
Yaltinskaya str., 4
Simferopol 95007 Crimea
Ukraine
e-mail: tikhonov@club.cris.net



Operator Theory:
Advances and Applications, Vol. 153, 265–270
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On the Distance between an Operator
and an Ideal

Nicolae Tiţa

Abstract. Let L(X) be the normed algebra of all bounded linear operators
T : X → X, where X is a normed space, and let I be an operator ideal, so
that I(X) is a two-sided ideal in L(X) . If X is a tensor product of normed
spaces, endowed with a tensor norm, an estimation is given for the distance
of a tensor product operator T ∈ L(X) to I(X) and it is applied to the study
of the quasi-nilpotency of tensor product operators modulo I(X).
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1. Main result

Let L(X, Y ) denote, for any normed spaces X and Y , the normed space of all
bounded linear operators T : X → Y . For X = Y , L(X) = L(X, X) is a normed
algebra with respect to the composition as product operation.

Recall (see [10], [7], [15]) that an operator ideal I is a way to associate to any
normed spaces X , Y some linear subspace I(X, Y ) ⊂ L(X, Y ) containing all finite
rank operators and such that

S1TS2 ∈ I(X ′, Y ′) for T ∈ L(X, Y ), S1 ∈ L(Y, Y ′), S2 ∈ L(X ′, X).

Furthermore, an operator ideal I is called quasi-normed if it is endowed with
functions n : I(X, Y ) → R+ satisfying, for some c ≥ 1 , the conditions:

1. n(T ) = ‖T ‖ if T ∈ L(X, Y ) , rank T = 1 ,

2. n(T1 + T2) ≤ c (n(T1) + n(T2)) if T1, T2 ∈ L(X, Y ) ,

3. n(S1TS2) ≤ ‖S1‖n(T )‖S2‖ if T ∈ L(X, Y ), S1 ∈ L(Y, Y ′), S2 ∈ L(X ′, X).

If c = 1 then n is a norm on every L(X, Y ) and in this case the pair (I , n) is
called a normed operator ideal.
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Let us recall also the next examples of operator ideals:

(a) Denoting by K(X, Y ) the set of all precompact operators in L(X, Y ) , we get
the operator ideal K .

(b) An operator T ∈ L(X, Y ) is called approximable if there exists a sequence
(Tn)n≥1 in L(X, Y ) , rank Tn < n , such that lim

n
‖T − Tn‖ = 0 . Denoting by

A(X, Y ) the set of all approximable operators in L(X, Y ), it is known that
A(X, Y ) ⊆ K(X, Y ) and A is again an operator ideal.

(c) An operator T ∈ L(X, Y ) is called nuclear if it can be written as T =
∞∑

i=1

x∗
i ·yi

with x∗
i ∈ X∗ , yi ∈ Y and

∞∑
i=1

‖x∗
i ‖ · ‖yi‖ < +∞ . Putting

n(T ) = inf
{ ∞∑

i=1

‖x∗
i ‖ · ‖yi‖ : T =

∞∑

i=1

x∗
i · yi

}

and denoting by N(X, Y ) the set of all nuclear operators in L(X, Y ) , (N , n)
is a normed operator ideal.

If I is an operator ideal and X is a normed space, then the linear subspace
I(X) = I(X, X) ⊆ L(X) is a two-sided ideal. We consider the distance

d(T, I(X)) = inf {‖T − A‖ : A ∈ I(X)} , T ∈ L(X)

and, for fixed I , we shall denote in short α(T ) = d(T, I(X)) . We notice that
L(X) ∋ T �→ α(T ) factorizes to a submultiplicative seminorm on the factor algebra
L(X)/I(X) , which is a norm whenever I(X) is closed.

Let X ⊗ Y denote the algebraic tensor product and let σ be a tensor norm
on X ⊗ Y , i.e., a cross norm such that ‖T1 ⊗ T2‖σ ≤ ‖T1‖ · ‖T2‖ for all T1 ∈ L(X)
and T2 ∈ L(Y ) :

If z =
n∑

i=1

xi ⊗ yi ∈ X ⊗ Y then (T1 ⊗ T2)(z) =
n∑

i=1

T1xi ⊗ T2yi and we have

σ((T1 ⊗ T2)(z)) ≤
n∑

i=1

σ(T1xi ⊗ T2yi) ≤ ‖T1‖ · ‖T2‖ ·
n∑

i=1

‖xi‖ ‖yi‖

for any cross norm σ on X⊗Y . The additional condition ‖T1⊗T2‖σ ≤ ‖T1‖ ·‖T2‖
means that we actually have σ((T1 ⊗ T2)(z)) ≤ ‖T1‖ · ‖T2‖ · σ(z) .

All known relevant norms on X ⊗Y are tensor norms (for example the ǫ and
π norms of the injective and projective tensor products [3], [15].)

Let σ be a tensor norm on X⊗Y . Then X⊗σ Y will denote the space X⊗Y
endowed with the norm σ . An operator ideal I is called tensor product stable with
respect to σ if I(X) ⊗ I(Y ) ⊆ I(X ⊗σ Y ) .

Lemma 1.1. If the operator ideal I is tensor product stable with respect to the
tensor norm σ on X ⊗ Y , then

α(T1 ⊗ T2) ≤ α(T1) ‖T2‖ + ‖T1‖α(T2) + α(T1) · α(T2)

for all T1 ∈ L(X) and T2 ∈ L(Y ) .
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Proof. From the definition of α(T ) it follows that for given ǫ > 0 there are Ai ∈
I(X), i = 1, 2, such that

‖Ti − Ai‖ ≤ α(Ti) + ǫ.

Since Ai ∈ I(X), by the tensor stability of I we have A1 ⊗ A2 ∈ I(X ⊗σ X) and
hence we can write:

α(T1 ⊗ T2) ≤ ‖T1 ⊗ T2 − A1 ⊗ A2‖ = ‖(T1 − A1) ⊗ T2 + A1 ⊗ (T2 − A2)‖
≤ ‖(T1 − A1) ⊗ T2‖ + ‖A1 ⊗ (T2 − A2)‖
≤ (α(T1) + ǫ) ‖T2‖ + ‖A1‖ · (α(T2) + ǫ)

≤ (α(T1) + ǫ) ‖T2‖ + ‖A1 − T1 + T1‖ (α(T2) + ǫ)

≤ (α(T1) + ǫ) ‖T2‖ + (‖T1‖ + α(T1) + ǫ)(α(T2) + ǫ) .

Since ǫ is arbitrary, we obtain the inequality.

Definition 1.2. Given an operator ideal I , T ∈ L(X) is called asymptotically of
quasi-type I if

lim
n→∞

α(T n)
1
n = 0.

In this case the canonical image of T in the factor algebra L(X)/ I(X) is quasi-
nilpotent whenever X is complete (hence the spectral radius formula holds in

L(X)/ I(X) ).

For example, if I(X) = K(X), the closed ideal of the compact operators, we
obtain the asymptotically quasi-compact operators of A.F. Ruston ([8]).

From Lemma 1.1 it results in a simple way that:

Proposition 1.3. If the operator ideal I is tensor product stable with respect to the
tensor norm σ on X ⊗ Y and the operators T1 ∈ L(X) , T2 ∈ L(Y ) are asymptot-
ically of quasi-type I , then also the tensor product operator T1 ⊗ T2 ∈ L(X ⊗σ Y )
is asymptotically of quasi-type I .

Proof. By Lemma 1.1 we have for every n ≥ 1 :

0 ≤ α((T1 ⊗ T2)
n)

1
n = α(T n

1 ⊗ T n
2 )

1
n

≤ (α(T n
1 ) ‖T n

2 ‖ + α(T n
2 ) ‖T n

1 ‖ + α(T n
1 )α(T n

2 ))
1
n

≤ α(T n
1 )

1
n · ‖T2‖ + α(T n

2 )
1
n · ‖T1‖ + (α(T n

1 ) · α(T n
2 ))

1
n .

Since lim
n

α(T n
i )

1
n = 0 , it follows that lim

n
α((T1 ⊗ T2)

n)
1
n = 0, i.e. T1 ⊗ T2 is

asymptotically of quasi-type I .

2. Applications

First we recall the following results:

(a) If T1 ∈ K(X) and T2 ∈ K(Y ) then T1 ⊗ T2 ∈ K(X ⊗ǫ Y ) , where ǫ is the
injective tensor norm ([6], [12]).
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(b) If T1 ∈ A(X) and T2 ∈ A(Y ) then T1 ⊗T2 ∈ A(X ⊗σ Y ) for any tensor norm
σ on X ⊗ Y ([6], [11], [12], [15]).

(c) If T1 ∈ N(X) and T2 ∈ N(Y ) then T1 ⊗ T2 ∈ N(X ⊗ǫ Y ) ([6], [15]).

As a corollary of Proposition 1.2 we get:

Proposition 2.1. If T1 ∈ L(X) and T2 ∈ L(Y ) are asymptotically quasi-compact
(quasi-nuclear) then the same holds also for T1⊗T2 ∈ L(X⊗ǫY ) . Further, if T1, T2

are asymptotically quasi-approximable then T1⊗T2 ∈ L(X ⊗σ Y ) is asymptotically
quasi-approximable for any tensor norms σ on X ⊗ Y .

Now we denote, for any normed spaces X and Y ,

Lc,p(X, Y ) =
{
T ∈ L(X, Y ) : ‖T ‖c,p =

( ∑

n

cn an(T )p
) 1

p

< +∞
}

,

where c is a sequence 1 = c1 ≥ c2 ≥ · · · ≥ 0 , 1 ≤ p < ∞ and

an(T ) = inf {‖T − A‖ : rank A < n} .

It is known that Lc,p , endowed with the quasi-norms T �→ ‖T ‖c,p , is a “symmetric”
quasi-normed operator ideal ([13], [14], [15]).

In the sequel we assume that c is a sequence (cn) such that

cn2 ≤ k

n
cn , ∀n ∈ N, (2.1)

where k is a constant.

Lemma 2.2. If the sequence c satisfies (2.1) then the operator ideal Lc,p is tensor
product stable with respect to any tensor norm.

Proof. Let be T1 ∈ L(X) , T2 ∈ L(Y ) and σ a tensor norm on X ⊗ Y . First we
recall the inequality

an2(T1 ⊗ T2) ≤ 2
(
an(T1) ‖T2‖ + ‖T1‖ an(T2)

)

([5], [11], [12], [13], [14]) which is obtained in a similar way as the inequality from
Lemma 1.1, because if A1 ∈ L(X) , A2 ∈ L(Y ) are such that rank Ai < n then
rank A1 ⊗ A2 < n2 .

Now, since ‖T ‖ ≤ ‖T ‖c,p , we obtain: inequality

‖T1 ⊗ T2‖c,p =

( ∞∑

1

cn an(T1 ⊗σ T2)
p

) 1
p

=

( ∞∑

n=1

(n+1)2−1∑

i=n2

ci ai(T1 ⊗ T2)
p

) 1
p

≤
( ∞∑

n=1

(2n + 1) cn2 an2(T1 ⊗ T2)
p

) 1
p

≤
(

6 k

∞∑

n=1

cn

(
an(T1) ‖T2‖ + an(T2) ‖T1‖

)p
) 1

p

≤ c(p)
(
‖T1‖c,p · ‖T2‖ + ‖T2‖c,p · ‖T1‖

)
≤ 2 c(p) ‖T1‖c,p · ‖T2‖c,p .
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Remarks.

1. For cn = 1
n we obtain the limit class of Lorentz ideals, which is tensor product

stable ([13]). For the particular case of Hilbert spaces, this result is obtained
in [2] in a different way.

2. In [1] the quasi-norms ‖ · ‖p,c (firstly considered in [14]) are used in the case
of operator ideals on Hilbert spaces.

3. We can consider the general case of the quasinorms

‖T ‖c,φ,p = Φ
(
{cn an(T )p}) 1

p ,

where φ is a symmetric norming function ([9], [10], [15]). If φ is the maximal
function then we have the above quasinorms.

As a corollary of Lemma 2.2 and Proposition 1.2 we obtain:

Proposition 2.3. If the sequence c satisfies (2.1) and T1 ∈ L(X) , T2 ∈ L(Y ) are
asymptotically of quasi-type Lc,p then T1 ⊗ T2 ∈ L(X ⊗σ Y is asymptotically of
quasitype Lc,p .
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[14] N. Tiţa, On the Approximation Numbers of Tensor Product Operator. Ann. St. Univ.
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The Gamma Element for Groups which Admit
a Uniform Embedding into Hilbert Space

Jean-Louis Tu

Abstract. In [17], it was shown that for every group Γ with a left-invariant
metric d such that (Γ, d) has bounded geometry, and which admits a uniform
embedding into Hilbert space, the Baum–Connes assembly map with coeffi-
cients is split injective. In this paper, we strengthen this result by showing
that Γ has a gamma element. 46L80; 19K56, 19L47

Mathematics Subject Classification (2000). 46L80; 19K56, 19L47.

Keywords. Group with bounded geometry, Assembly map, Gamma element.

1. Introduction

Let X be a metric space. Recall that a map f from X to an infinite-dimensional
Hilbert space H is said to be a uniform embedding if there exist two non-decreasing
functions ρ1 and ρ2 on [0, +∞) such that

(1) limr→+∞ ρi(r) = +∞;

(2) ρ1(d(x, y)) ≤ ‖f(x) − f(y)‖ ≤ ρ2(d(x, y)) for all x, y ∈ X .

Let Γ be a countable group with a left-invariant metric d such that (Γ, d)
has bounded geometry (for instance, a finitely generated group with word metric).
Suppose that Γ admits a uniform embedding into Hilbert space (that property
is independent of the choice of the bounded geometry invariant metric). G. Yu
showed that the coarse assembly map for Γ is an isomorphism, which implies
that the Novikov conjecture is true for Γ if in addition its classifying space BΓ
is a finite CW-complex ([21]). Yu introduced a property on metric spaces that
he called property A, which is stronger than uniform embeddability into Hilbert
space. Higson and Roe ([8]) observed that a discrete group satisfies property A if
and only if it acts amenably on a compact space; recall also that a discrete group
is exact if and only if it satisfies property A (see, e.g., [1, Theorem 4.6]). Higson
then obtained a partial generalization of Yu’s result ([5]): if Γ is a discrete group
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acting amenably on a compact space, then the Baum–Connes assembly map for Γ
with coefficients

µr : Ktop
∗ (Γ; B) → K∗(B ⋊r Γ)

is split injective for any separable Γ-C∗-algebra B. (This is known to imply the
Novikov conjecture for Γ without any finiteness assumption on BΓ.)

Using Higson’s descent technique, Skandalis, Tu and Yu showed in [17] that
in fact for every discrete group Γ which admits a uniform embedding into Hilbert
space, the Baum–Connes assembly map with coefficients is split injective.

The goal of this paper is to prove that Γ in fact has a γ element, in the sense
we will explain below.

Let now G be a locally compact group and A a C∗-algebra. The group G
is said to act properly on A if there exists a (locally compact Hausdorff) space
Z such that A is a G-C0(Z)-algebra in the sense of Kasparov ([12]), that is, a
Z ⋊ G-algebra in the sense of Le Gall ([16]). Let EG the classifying space for
proper actions of G ([2]).

Remarks 1.1.

(a) From [4], one may use the classical notion of proper action instead of the
stronger one introduced in [2].

(b) By [18, Proposition 6.15], any locally compact group admits a locally compact
classifying space for proper actions.

By the universal property of EG, the group G acts properly on A if and only
if A is a EG ⋊ G-algebra.

The group G is said to have a γ element if there exist a C∗-algebra on which
G acts properly, elements

η ∈ KKG(C, A) and d ∈ KKG(A, C),

called dual-Dirac and Dirac elements respectively, such that γ=η⊗Ad∈KKG(C,C)
satisfies p∗γ = 1 ∈ KKEG⋊G(C0(EG), C0(EG)), where p : EG ⋊ G → G is the
groupoid homomorphism defined by p(z, g) = g ([18]). With these specifications,
the element γ is unique.

The gamma element was first constructed by Kasparov for groups acting
properly on a simply connected manifold with non-positive sectional curvature X
(in that case, A = Cτ (X)) ([12]). This applies in particular for semisimple Lie
groups G acting on the symmetric space X = G/K. Then, using an inductive pro-
cess, Kasparov constructed the gamma element for any connected Lie group ([12]).

The idea of using actions on spaces with geometric properties analogue to
non-positive curvature was used by Julg and Valette ([11]) who constructed the
gamma element for groups acting properly on a tree, and by Kasparov and Skan-
dalis ([13]) who constructed it for groups acting on Euclidean buildings.

It can be shown that if G has a γ element, then its Baum–Connes assembly
map with coefficients is split injective ([20]). More precisely, let ηB = jG,r(σB(η)),
dB = jG,r(σB(d)), γB = ηB⊗(A⊗B)⋊rGdB ∈ KK(B⋊rG, B⋊rG), eB = dB⊗B⋊rG
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ηB ∈ KK((A⊗B)⋊r G, (A⊗B)⋊r G). Then eB and γB are projections, the image
of µr is K∗(B ⋊r G)γB and µr is the composition of

Ktop
∗ (G; B)

≃−→ K∗((A ⊗ B) ⋊r G)eB
·⊗ηB−−−→ K∗(B ⋊r G)γB →֒ K∗(B ⋊r G).

Throughout, we will assume that the reader is familiar with equivariant KK-
theory with respect to groupoids ([16]), which is a generalization of Kasparov’s
theory ([12]). We refer to [2] for an introduction to the Baum–Connes conjecture
and to [20] for general notations.

2. The Dirac element for discrete groups

The objective of this section is to give a proof of Theorem 2.1 below; ideas are
from Kasparov and Skandalis ([14]).

Theorem 2.1. Let Γ be a discrete group and let EΓ its classifying space for proper
actions ([2]). There exist a C∗-algebra A on which Γ acts properly, elements

θ ∈ KKEΓ⋊Γ(C0(EΓ), C0(EΓ) ⊗ A) and D ∈ KKΓ(A, C)

such that θ ⊗A D = 1 ∈ KKEΓ⋊Γ(C0(EΓ), C0(EΓ)).

In the theorem above, the action of the group Γ on C0(EΓ)⊗A is the diagonal
one, and the structure of C0(EΓ)-algebra on C0(EΓ)⊗A is induced from the one
on the first factor.

One consequence of Theorem 2.1 is that the topological K-theory of Γ may be
seen as a K-theory group, and the assembly map is the product by a KK-element.
More precisely,

Theorem 2.2. With the same notations as in Theorem 2.1, let E = σEΓ,A(θ)⊗AD ∈
KKΓ(A, A). Then E2 = E, and for every Γ-algebra B, Ktop

∗ (Γ; B) is isomorphic
to K∗((A⊗B)⋊Γ)E′ where E′ = jΓ(σB(E)), and the assembly map K∗((A⊗B)⋊

Γ)E′ → K∗(B ⋊r Γ) is the product by jΓ,r(σB(D)) ∈ KK((A ⊗ B) ⋊r Γ, B ⋊r Γ).

Proof. Let us prove successively

(a) E ⊗A D = D; (c) θ ⊗A E = θ;
(b) θ ⊗A σEΓ,A(θ) = θ ⊗C0(EΓ) θ; (d) E2 = E.

Let us show (a):

E ⊗A D = σEΓ,A(θ) ⊗A⊗A (D ⊗C D)

= σEΓ,A(θ ⊗A D) ⊗A D

= 1A ⊗A D = D.

Let us show (b): let pri : EΓ × EΓ → EΓ be the two projections. By the
universal property of EΓ, they are equivariantly homotopic. Therefore, denot-
ing by pr∗i (i = 1, 2) the induced morphisms KKEΓ⋊Γ(C0(EΓ), C0(EΓ) ⊗ A) →
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KK(EΓ×EΓ)⋊Γ(C0(EΓ × EΓ), C0(EΓ × EΓ) ⊗ A),

θ ⊗A σEΓ,A(θ) = θ ⊗C0(EΓ)⊗A σEΓ×EΓ,C0(EΓ)⊗A(pr∗2(θ))

= θ ⊗C0(EΓ)⊗A σEΓ×EΓ,C0(EΓ)⊗A(pr∗1(θ))

= θ ⊗C0(EΓ)⊗A σA(θ)

= θ ⊗C0(EΓ) θ.

Let us show (c): by (b), θ⊗A E = (θ⊗C0(EΓ) θ)⊗A D = θ⊗C0(EΓ) (θ⊗A D) =
θ ⊗C0(EΓ) 1 = θ.

Let us show (d):

E2 = σEΓ,A(θ) ⊗A⊗A (σEΓ,A(θ) ⊗C D) ⊗A D

= σEΓ,A(θ ⊗A σEΓ,A(θ)) ⊗A⊗A (D ⊗C D).

By (b),

E2 = σEΓ,A(θ ⊗C0(EΓ) θ) ⊗A⊗A (D ⊗C D)

= σEΓ,A(θ) ⊗A (σEΓ,A(θ ⊗A D)) ⊗A D

= σEΓ,A(θ) ⊗A 1A ⊗A D = E.

The result follows from [18, Théorème 5.19]. �

2.1. Idea of the proof

We note first that Theorem 2.1 is true if Γ has a proper action on a finite-
dimensional simplicial complex X , where the space EΓ is replaced by X . Let
us sketch the argument.

Suppose that G is a locally compact group and that M is a manifold on
which G acts properly. Then Kasparov ([12, Definitions 4.2 and 4.4]) constructed
elements θ ∈ KKM⋊G(C0(M), C0(M) ⊗ C0(T

∗M)) and D ∈ KKG(C0(T
∗M), C)

such that θ ⊗C0(T∗M) D = 1 ∈ KKM⋊G(C0(M), C0(M)).
Kasparov and Skandalis generalized the construction to non-Hausdorff man-

ifolds ([13]). Let V be a proper non-Hausdorff G-manifold and let (Vi)i∈I be a
G-atlas for V ([13, p. 317]). The C∗-algebra of V is defined as the completion
of the algebra C∗(V ) = ⊕i,jCc(Ui ∩ Uj) acting on ⊕x∈V ℓ2({i| x ∈ Ui}). Recall
that the product in C∗(V ) is defined by (fg)i,j =

∑
k fi,kgk,j , if f = ⊕i,jfi,j and

g = ⊕i,jgi,j .
But if X is a (finite-dimensional) typed simplicial complex on which G acts

properly, and if the action of G permutes (or preserves) the type, then X is
G-equivariantly homotopically equivalent to a non-Hausdorff manifold M ([13,
Lemma 4.8]). Thus [13, Proposition 6.3], one gets elements D ∈ KKG(A, C) and
θ ∈ KKX⋊G(C0(X), C0(X)⊗A) such that θ⊗A D = 1, where A = C∗(T ∗M). (A
is, in some sense, a “Poincaré dual” of C0(X).)

It follows from the above that Theorem 2.1 is true if Γ is a discrete group
such that EΓ is a finite-dimensional simplicial complex. This is not the case for a
general discrete group Γ, however the space EΓ can be approximated by a sequence
of finite-dimensional complexes as follows: let Pn(Γ) be the Rips’ complex whose
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simplices are the subsets F of Γ of diameter ≤ n (for a given left-invariant metric
with bounded geometry on Γ). Then Γ acts properly on Pn(Γ), and EΓ is the
telescope ∪n∈N[n, n+1]×Pn(Γ). Let An be the C∗-algebra associated as above to
Pn(Γ) (An is a “Poincaré dual” of C0(Pn(Γ))). One would like to define the C∗-
algebra A in Theorem 2.1 as the inductive limit of the An’s. However, as there is
no obvious way of defining an inductive system we will define directly a C∗-algebra
A combining the construction of [13] with the algebra of an infinite-dimensional
Hilbert space defined by Higson and Kasparov ([7]).

2.2. Construction of A

The construction of A relies on the C∗-algebra A(H) that Higson and Kasparov as-
sociate to a real affine Euclidean space H (see [6, Definition 4.1], [7, Definition 4.6],
[9]). Let us recall its definition:

Let S be the C∗-algebra C0(R), graded according to even and odd functions.
For every real, finite-dimensional affine space V , denote by V0 its underlying vector
space and by C(V ) the algebra C0(V × V0,L(Λ∗(V0) ⊗ C)).

Suppose that V ′ ⊂ V is an inclusion of finite-dimensional affine subspaces of
H , then a map

S⊗̂C(V ′) → S⊗̂C(V )

is constructed as follows: let W be the orthogonal complement of V ′ in V , and
define the unbounded multiplier BW of C(W ) by BW (w1, w2) = ic̄(w1) + c(w2)
where c(w) is the Clifford multiplication by w. Let X be the identity function from
R to R, and consider X as an unbounded multiplier of S. Then the maps

S⊗̂C(V ′) → S⊗̂C(W )⊗̂C(V ′) ≃ S⊗̂C(V )

f⊗̂h �→ f(X⊗̂1 + 1⊗̂BW )h

form an inductive system of graded C∗-algebras. The inductive limit is denoted
by A(H).

Denote by FΓ the set of nonempty finite subsets of Γ. For every σ ∈ FΓ,
denote by Hσ the affine subspace of ℓ2

R
(Γ) spanned by the elements of σ. For

every x ∈ ℓ2
R
(Γ), let qσ(x) be the point on the simplex |σ| spanned by σ such that

d(x, qσ(x)) is minimal.

For all σ, τ ∈ FΓ, let Xσ,τ = {x ∈ ℓ2
R
(Γ)| qσ(x) = qτ (x)}. The following

lemma is a trivial consequence of the definitions.

Lemma 2.3. For all α, σ, τ ∈ FΓ, we have Xσ,α ∩ Xα,τ ⊂ Xσ,τ .

Now, let Yσ,τ be the interior of Xσ,τ with respect to the weak topology (or
equivalently to the norm-topology) and Ωσ,τ = Yσ,τ ∩ Hσ∪τ . Note that Yσ,τ ≃
Ωσ,τ × (ℓ2

R
(Γ) ⊖ Hσ∪τ ).

Lemma 2.4. For all σ, τ ∈ FΓ, Ωσ,τ is the interior of

{x ∈ Hσ∪τ | qσ∪τ (x) ∈ |σ ∩ τ |}.
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Proof. It suffices to show that for all x ∈ H , qσ(x) = qτ (x) ⇐⇒ qσ∪τ (x) ∈ |σ∩τ |.
Let us show “ =⇒ ”: let y = qσ(x) = qτ (x) ∈ |σ ∩ τ |. Then every element of

|σ| and every element of |τ | lies in the half-space {z ∈ H | 〈y − x, y − z〉 ≤ 0}. This
is also true for every z in the convex hull of |σ| ∪ |τ | which is |σ ∪ τ |. It follows
that y = qσ∪τ (x).

To show the converse, note that qσ∪τ (x) ∈ |σ ∩ τ | implies

qσ∪τ (x) = qσ(x) = qτ (x) = qσ∩τ (x). �

For every σ ∈ FΓ, choose a labeling σ = {g1, . . . , gn} and define

eσ = eg1 ∧ · · · ∧ egn ∈ Λ(ℓ2(Γ)).

This vector is well defined, up to a sign. Let HΓ = e⊥∅ ⊂ Λ(ℓ2(Γ)). We define the

algebra A as follows: let A1 = A(ℓ2
R
(Γ))⊗̂K(HΓ) and

A = {T ∈ A1| Tσ,τ (x) = 0 ∀x /∈ Ωσ,τ},
where Tσ,τ = 〈eσ, T eτ〉 ∈ A(ℓ2

R
(Γ)). The algebra C0(Hσ∪τ ) lies in the center of

the multiplier algebra of A(ℓ2
R
(Γ)), hence the notation Tσ,τ (x). Note the similarity

with the algebra of a finite-dimensional simplicial complex defined by Kasparov
and Skandalis ([13, Definition 1.2]). The algebra A can be thought of as the C∗-
algebra associated to the infinite-dimensional simplicial complex whose simplices
consist of the finite, nonempty subsets of Γ. The fact that A is an algebra results
from Lemma 2.3.

(A more canonical way to define A is as follows: A = {T ∈ A1| 〈e′, T e〉(x) = 0
∀x �= Ωσ,τ , e′ ∈ Lτ , e ∈ Lσ}, where Lσ = Ceσ.)

Let M be the set of positive measures µ on Γ such that 1/2 < |µ| ≤ 1,
endowed with the topology of the dual of C0(Γ). Kasparov and Skandalis showed
that the space M is a model for the classifying space for proper actions of Γ (see,
e.g., [18], Proposition 6.15 for a proof). We show that A is endowed with a structure
of M ⋊ Γ-algebra, which will imply that Γ acts properly on A. Let f ∈ C0(M). To
f we associate a multiplier mf of A as follows:

mf = ⊕σ∈FΓ(f ◦ qσ ⊗ IdLσ) ∈ L(⊕σ∈FΓA(ℓ2
R(Γ)) ⊗ Lσ) = M(A1),

i.e., (fT )σ,τ = (f ◦ qσ) · Tσ,τ . Here, qσ is a continuous function from Hσ to |σ|,
and we identify |σ| with the subspace of M consisting of measures supported in
σ with total weight 1; f ◦ qσ is thus an element of Cb(Hσ), and acts naturally on
A(ℓ2

R
(Γ)). Note that, from the definition of A, one also has (fT )σ,τ = (f ◦qτ ) ·Tσ,τ ,

hence the multiplier defined by f is central. Since the action of C0(M) on A is
evidently compatible with the action of Γ, we obtain a structure of M ⋊ Γ-algebra
as claimed. In other words, Γ acts properly on A.

The following lemma (compare with [13], Lemma 1.4) will be needed later.

Lemma 2.5. M(A) = {T ∈ M(A1)| Tσ,τ(x) = 0 ∀x /∈ Ωσ,τ}. In particular, A =
M(A) ∩ A1.
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Proof. Since the representation of A in A1 is nondegenerate and faithful, M(A) is
contained in M(A1). Let A2 = {T ∈ M(A1)| Tσ,τ (x) = 0 ∀x /∈ Ωσ,τ}. It is easy to
check, using Lemma 2.3 that for every T ∈ A2 and a ∈ A, Ta belongs to A, hence
A2 ⊂ M(A). Conversely, suppose T ∈ M(A) and let x /∈ Ωσ,τ . Choose a strictly
positive element a of A(ℓ2

R
(Γ)). Since a⊗IdLτ ∈ A, we have (T (a⊗IdLτ ))σ,τ (x) = 0.

On the other hand, (T (a ⊗ IdLτ ))σ,τ (x) = Tσ,τ (x)a(x), hence Tσ,τ (x) = 0. �

2.3. A model for EΓ

Recall that Γ may be endowed with a left-invariant bounded geometry metric d,
i.e., d(g, h) = ℓ(g−1h) where ℓ is a proper length function. For instance, choose a
countable set of generators {γ1, γ2, . . .} and let

ℓ(γ) = inf
{ r∑

k=1

ik | γ = γ±1
i1

· · · γ±1
ir

}
.

Let Prob(Γ) be the space of probability measures on Γ, and let Z = {(µ, t) ∈
Prob(Γ) × R+ | diam (supp(µ)) ≤ t}. Then it is easy to show, using [2], Proposi-
tion1.8, that Z is a model for EΓ.

2.4. A few lemmas

Let Q be the orthogonal projection of Λ(ℓ2(Γ)) onto HΓ. For every (µ, t) ∈ Z,
denote by ξµ the unit vector

√
µ ∈ ℓ2

R
(Γ). Let c(ξµ) ∈ L(Λ(ℓ2(Γ))) be the left

Clifford multiplication by ξµ (c(ξ) = e(ξ) + e(ξ)∗ where e(ξ)v = ξ ∧ v), and

Fµ = Qc(ξµ)Q ∈ L(HΓ). (2.1)

For all g ∈ Γ, define

D(g, µ) =
∑

h∈Γ

µ(h)d(g, h).

The function D is continuous in the pair (g, µ). Since diam (supp(µ)) ≤ t, the
function D satisfies d(g, supp(µ)) ≤ D(g, µ) ≤ d(g, supp(µ)) + t. Let cg,µ,t =
inf(D(g, µ) − t, 1)+. Then

0 ≤ cg,µ,t ≤ 1 (2.2)

d(g, supp(µ)) ≥ t + 1 =⇒ cg,µ,t = 1 (2.3)

g ∈ supp(µ) =⇒ cg,µ,t = 0 (2.4)

For all σ ∈ FΓ, let

cσ,µ,t = sup{cg,µ,t | g ∈ σ} (2.5)

c′σ,µ,t,g = 6 inf(2cσ,µ,t, 1)cg,µ,t (2.6)

ησ,µ,t =
(
1 −

∑

g∈σ

c′σ,µ,t,g

)
µ +

∑

g∈σ

c′σ,µ,t,gg (2.7)

The idea is that the vector ησ,µ,t ∈ Hσ∪supp(µ) is equal to µ if σ ⊂ supp(µ), and is
far away enough from supp(µ) if there is g ∈ σ such that d(g, supp(µ)) is large.
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Let f0 be the element of S = C0(R) be defined by f0(x) = sup(−1, inf(x, 1)).

For every η ∈ ℓ2
R
(Γ), let iη : S ≃−→ A({η}) → A(ℓ2

R
(Γ)) where the second arrow

is induced by the inclusion of affine spaces {η} → ℓ2
R
(Γ). Define βµ,t ∈ M(A1) ≃

L(⊕σ∈FΓA(ℓ2
R
(Γ)) ⊗ Lσ) by

βµ,t = ⊕σ∈FΓiησ,µ,t(f0) ⊗ IdLσ . (2.8)

Let

χµ,t(σ) = (2cσ,µ,t − 1)+. (2.9)

Lemma 2.6. For every (µ, t) ∈ Z, {σ ∈ FΓ| χµ,t(σ) < 1} is finite.

Proof. If cσ,µ,t < 1, then σ ⊂ B(supp(µ), t + 1). �

Lemma 2.7. Let (ei)i∈τ be a finite orthonormal family of vectors in a real Euclidean
space, |τ | be the simplex spanned by (ei)i∈τ and H be the affine space spanned by
(ei)i∈τ . Denote by qτ : H → |τ | the map which associates to every point of H its
closest point on the simplex |τ |.

Let η ∈ H and λ = qτ (η). Denote by ηi and λi the coordinates of η and λ.
Then there is a ∈ R unique such that

∑
i∈τ (ηi − a)+ = 1. Moreover,

(a) a ≥ 0;
(b) λi = (ηi − a)+ for all i ∈ τ .

Proof. Let ϕ(a) =
∑

i∈τ (ηi − a)+. Then ϕ is non-increasing on R. Let α =
supi∈τ ηi. Then ϕ(0) ≥ 1, ϕ(α) = 0 and ϕ is strictly decreasing on (−∞, α].
The first assertion and (a) follow.

To prove (b), let θj = (ηj − a)+. Note that for all j, θj is equal either to
ηj − a or to 0, hence (ηj − θj)θj = aθj . Summing over j, one gets 〈η − θ, θ〉 = a.
Therefore,

〈η − θ, ei − θ〉 = 〈η − θ, ei〉 − 〈η − θ, θ〉
= ηi − θi − a ≤ 0.

It follows that |τ | is in the half-space {ξ| 〈η − θ, ξ − θ〉 ≤ 0}, hence λ = θ. �

Lemma 2.8. With the notations of Lemma 2.7, let f ⊂ τ and η, ζ ∈ H. Suppose
that ηi ≤ 0 for all i ∈ τ−f and that there exists k ∈ f such that ηk > 1+

√
2‖η−ζ‖.

Then ζ ∈ Ωτ,f .

Proof. Let θ = qτ (ζ). By Lemma 2.7, there exists a ≥ 0 such that θj = (ζj − a)+
for all j. Let i ∈ τ − f . Let us show that θi = 0.

ζi − a = [ηi + (ζi − ηi)] + [(ζk − a) + (ηk − ζk) − ηk]

≤ |ζi − ηi| + [θk + |ηk − ζk| − ηk]

≤ 1 + |ζi − ηi| + |ηk − ζk| − ηk since θk ≤ 1

≤ 1 +
√

2‖η − ζ‖ − ηk by the Schwarz inequality

< 0,
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hence θi = (ζi − a)+ = 0. This shows that ζ ∈ Xτ,f . In fact, since we obtained
a strict inequality, it is not hard to see that ζ′ ∈ Xτ,f for ‖ζ′ − ζ‖ small enough,
therefore ζ ∈ Ωτ,f . �

Lemma 2.9. Let σ ∈ FΓ and (µ, t) ∈ Z such that χµ,t(σ) �= 0. Then the ball in
Hσ∪supp(µ), centered at ησ,µ,t and of radius one, satisfies

B(ησ,µ,t, 1) ⊂ Ωσ∪supp(µ),σ−supp(µ).

Proof. Since χµ,t(σ) �= 0, cσ,µ,t ≥ 1/2, so there exists g ∈ σ such that c′σ,µ,t,g ≥
3 > 1 +

√
2. The result follows from Lemma 2.8 applied to τ = σ ∪ supp(µ),

f = σ − supp(µ), η = ησ,µ,t and k = g. �

2.5. Construction of θ ∈ KKΓ(C0(EΓ), C0(EΓ) ⊗ A)

As in [13, Theorem 2.3], we define an operator

Pµ,t = βµ,t + χµ,t(1 − β2
µ,t)

1/2(1⊗̂Fµ) (2.10)

acting on A1 (recall notations (2.8), (2.9), (2.1); χµ,t is considered as a diagonal
operator in L(HΓ) ⊂ M(A1)).

Let P = (Pµ,t)(µ,t)∈Z acting on C0(Z)⊗A. We show that the triple (C0(Z)⊗
A, Id ⊗ 1, P ) defines an element θ ∈ KKZ⋊Γ(C0(Z), C0(Z) ⊗ A).

Let us first show that P is self-adjoint. It suffices to prove that for all (µ, t) ∈
Z, (1⊗̂Fµ), χµ,t and βµ,t commute in the graded sense.

[χµ,t, βµ,t] = 0 is obvious.
Let us show [βµ,t, 1⊗̂Fµ] = 0 : for all a ∈ A(ℓ2

R(Γ)) and σ ∈ FΓ, the vector
Fµ,teσ = Qc(ξµ)eσ has the form

∑
τ λτeτ , where the sum is supported on {τ ∈

FΓ| σ∆τ ⊂ supp µ}. Therefore, using the fact that σ∆τ ⊂ supp µ =⇒ ησ,µ,t =
ητ,µ,t, we get

βµ,t(1⊗̂Fµ)(a ⊗ eσ) = (−1)deg a
∑

τ

λτβµ,t(a ⊗ eτ )

= (−1)deg a
∑

τ

λτ iητ,µ,t(f0)a ⊗ eτ

= −(−1)deg iησ,µ,t (f0)a
∑

τ

λτ iησ,µ,t(f0)a ⊗ eτ

= −(1⊗̂Fµ)(iησ,µ,t(f0)a ⊗ eσ)

= −(1⊗̂Fµ)βµ,t(a ⊗ eσ).

Let us show [χµ,t, 1⊗̂Fµ] = 0: with the same notations as above, using the
fact that σ∆τ ⊂ supp µ =⇒ χµ,t(σ) = χµ,t(τ), we get

χµ,t(1⊗̂Fµ)(a ⊗ eσ) = (−1)deg aa ⊗
∑

τ

λτχµ,t(τ)eτ

= (−1)deg aa ⊗
∑

τ

λτχµ,t(σ)eτ

= (1⊗̂Fµ)χµ,t(a ⊗ eσ).
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This completes the proof that P = P ∗. Now, let us show that Pµ,t ∈ M(A).
Suppose that σ �= τ , x ∈ Hσ∪τ and 〈eσ, Pµ,teτ 〉(x) �= 0. Since

〈eσ, Pµ,teτ 〉 = χµ,t(σ)〈eσ , Fµeτ 〉 iησ,µ,t(1 − f2
0 )1/2,

〈eσ, Fµeτ 〉 �= 0, so σ and τ differ by an element of supp(µ). Suppose for example
that τ = σ ∪ {a}, a ∈ supp(µ). Since χµ,t(σ) �= 0, we have from Lemma 2.9
B(ησ,µ,t, 1) ⊂ Yσ∪supp(µ),σ−supp(µ) ⊂ Yσ,τ , therefore x ∈ Ωσ,τ . The fact that Pµ,t ∈
M(A) follows from Lemma 2.5.

Let us show that 1 − P 2
µ,t ∈ A. Define first

P ′
µ,t = βµ,t + (1 − β2

µ,t)
1/2(1⊗̂Fµ) ∈ M(A1). (2.11)

Consider the operator (1−β2
µ,t)

1/2(1−χµ,t). Its matrix representation is diagonal

with entries (1−χµ,t(σ))iησ,µ,t(1−f2
0 )1/2. From Lemma 2.6, there are with finitely

many nonzero coefficients, all in A(ℓ2
R
(Γ)), hence (1 − β2

µ,t)
1/2(1 − χµ,t) ∈ A1. It

follows that Pµ,t − P ′
µ,t ∈ A1.

Likewise, since Fµeσ = Fµeσ for all σ ∈ FΓ such that σ �⊂ supp µ, the
operator 1 − P ′2

µ,t = (1 − β2
µ,t)(1⊗̂(1 − F 2

µ)) has finitely many nonzero coefficients
(indexed by (σ, τ) such that σ, τ ⊂ supp (µ)), and all these coefficients belong to
A(ℓ2

R(Γ)). Therefore, 1−P ′2
µ,t ∈ A1, and thus, 1−P 2

µ,t ∈ A1. Since A = M(A)∩A1

(Lemma 2.5), we obtain 1 − P 2
µ,t ∈ A.

Finally, (µ, t) �→ Pµ,t is continuous and Γ-equivariant, hence P defines an
element θ ∈ KKEΓ⋊Γ(C0(EΓ), C0(EΓ) ⊗ A).

2.6. Construction of D ∈ KKΓ(A, C)

Let i : A → A1 be the natural inclusion. In [19, §8.5] is constructed an extension

0 → (Et)t∈(0,1] → E
h0−→ A(ℓ2

R(Γ)) → 0,

where E is a field of C∗-algebras over [0, 1], E0 ≃ A(ℓ2
R
(Γ)) and Et ≃ S ⊗ K for

all t ∈ (0, 1]. Let h1 : E → E1 be the evaluation at 1. Since Γ acts properly on A,
exactly as in [19, §8.6] (see also [19, Corollaire 5.2] it can be shown that

(h0)∗ : KKΓ(A, E) → KKΓ(A,A(ℓ2
R(Γ)))

is an isomorphism. Let [i] ∈ KKΓ(A, A1) = KKΓ(A,A(ℓ2
R
(Γ))) be the KK-

element induced by i, and let D0 = ((h0)∗)−1[i] ∈ KKΓ(A, E). Define D by

D = D0 ⊗E [h1] ⊗S [ev0], (2.12)

where ev0 : S → C is the evaluation f �→ f(0).

2.7. Proof that θ ⊗A D = 1

Note that θ ⊗A [i] can be represented by the bimodule (C0(Z) ⊗ A1, Id ⊗ 1, P ′)
where P ′ = (P ′

µ,t)(µ,t)∈Z , since Pµ,t − P ′
µ,t ∈ A1. Now, we can move the center of
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the Bott element βµ,t to µ: let

β′ = (iµ(f0))(µ,t)∈Z ∈ L(C0(Z) ⊗A(ℓ2
R(Γ)))

F = (Fµ)(µ,t)∈Z ∈ L(C0(Z) ⊗K(HΓ)).

P ′′ = β′⊗̂1 + (1 − β′2⊗̂1)1/2(1⊗̂F ).

Then P ′ and P ′′ are homotopic through (P ′
µ,t,s)(µ,t)∈Z,s∈[0,1], where

ησ,µ,t,s = (1 − (1 − s)
∑

g∈σ

c′σ,µ,t,g)µ + (1 − s)
∑

g∈σ

c′σ,µ,t,gg

βµ,t,s = ⊕σ∈FΓiησ,µ,t,s(f0) ⊗ IdLσ

P ′
µ,t,s = βµ,t,s + (1 − β2

µ,t,s)
1/2(1⊗̂Fµ)

Now, θ⊗A [i] = [(C0(Z)⊗A1, Id⊗1, P ′′)] is the Kasparov product ηZ⋊Γ⊗C0(Z)

γ0 of the elements

ηZ⋊Γ = [(C0(Z) ⊗A(ℓ2
R(Γ)), Id ⊗ 1, β′)] ∈ KKZ⋊Γ(C0(Z), C0(Z) ⊗A(ℓ2

R(Γ)),

γ0 = [(C0(Z) ⊗K(HΓ), Id ⊗ 1, F )] ∈ KKZ⋊Γ(C0(Z), C0(Z)).

ηZ⋊Γ is easily seen to be the dual-Dirac element constructed in [19, Section 7]
for the groupoid Z ⋊ Γ. As for γ0, 1−F 2

µ is the projection onto the 1-dimensional
space spanned by ξµ and (µ, t) �→ ξµ is Γ-invariant, so γ0 = 1.

Recall that the Dirac element DZ⋊Γ constructed in [19, §8.6] for the groupoid
Z ⋊ Γ is equal to

D′
0 ⊗E [h1] ⊗S [ev0], (2.13)

where D′
0 ∈ KKZ⋊Γ(C0(Z) ⊗ A(ℓ2

R
(Γ)), C0(Z) ⊗ E) is the unique element such

that D′
0 ⊗E [h0] = 1.

Denote by p : Z ⋊ Γ → Γ the groupoid homomorphism p(z, γ) = γ and by
p∗ : KKΓ(B1, B2) → KKZ⋊Γ(p∗B1, p

∗B2) the induced morphism. As

(h0)∗(p
∗(D0)) = p∗(D0) ⊗E [h0] = p∗(D0 ⊗E [h0])

= p∗[i] = [i] ⊗A1 1C0(Z)⊗A1

= [i] ⊗A1 (D′
0 ⊗E [h0])

= ([i] ⊗A1 D′
0) ⊗E [h0] = (h0)∗([i] ⊗A1 D′

0),

and as (h0)∗ : KKZ⋊Γ(C0(Z) ⊗ A, C0(Z) ⊗ E) → KKZ⋊Γ(C0(Z) ⊗ A, C0(Z) ⊗
A(ℓ2

R
(Γ))) is an isomorphism, it follows that p∗(D0) = [i] ⊗A1 D′

0. Therefore,

θ ⊗A D = θ ⊗A D0 ⊗E [h1] ⊗S [ev0] by (2.12)

= θ ⊗C0(Z)⊗A p∗(D0) ⊗E [h1] ⊗S [ev0]

= (θ ⊗A [i]) ⊗A1 (D′
0 ⊗E [h1] ⊗S [ev0]) by the above

= ηZ⋊Γ ⊗A1 DZ⋊Γ by (2.13)

= 1 since Z ⋊ Γ is a proper groupoid.
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3. The main theorem

This section is devoted to the proof of the main theorem (Theorem 3.3). The proof
is divided into two steps.

Step 1: show (Proposition 3.2(ii) =⇒ (i)) that if there exists a compact space
X with an action of Γ such that the groupoid X ⋊ Γ has a gamma element, and
such that X is F -contractible for every finite subgroup F of Γ, then Γ also has a
gamma element. This step requires Theorem 2.1.

Step 2: show that if Γ admits a uniform embedding into Hilbert space then
the assumption in Step 1 holds. This step uses the fact that Γ admits a uniform
embedding into Hilbert space if and only if there exists a compact space Y with
an action of Γ such that the groupoid Y ⋊ Γ has the Haagerup property (i.e., has
a proper negative type function).

To prove step 1, we first need a lemma:

Lemma 3.1. Let Γ be a discrete group and X a Γ-space which is K-contractible for
every compact subgroup K of Γ. Then for every locally compact, σ-compact proper
Γ-space Z, there exists a continuous, Γ-equivariant map Z → X.

Proof. Analogous to [2, Proposition 1.8]. Let π : Z → Z/Γ be the quotient map.
From [4, Theorem 1.8], There exists a locally finite cover (Yn)n∈N of Z by Γ-
relatively compact open subspaces which admit Γ-equivariant maps gn : Yn →
Kn\Γ, with Kn a compact subgroup. Let Zn = Y0 ∪ · · · ∪ Yn. Suppose we have
found fn−1 : Zn−1 → X continuous Γ-equivariant. Let (ϕ, ψ) be a partition of
unity of Zn/Γ subordinate to the cover (π(Zn−1), π(Yn)). Choose a (not necessarily
continuous) lifting h : Yn → Γ of gn and let H : [0, 1]×X → X be a Kn-equivariant
map such that H(0, x) = x for all x ∈ X and H(1, ·) = x0 is constant (necessarily,
x0 is Kn-invariant). Define

fn(z) =

⎧
⎨
⎩

H(ψ(π(z)), fn−1(z · h(z)−1)) · h(z) if z ∈ Yn ∩ Zn−1,
x0h(z) if z ∈ Yn − Zn−1

fn−1(z) if z ∈ Zn−1 − Yn.

If h′ is another lifting, then h′(z) = k(z)h(z) where z �→ k(z) is a Kn-valued func-
tion. Since x0 is Kn-invariant and H is Kn-equivariant, the map fn is independent
of the choice of the lifting h.

Let z0 ∈ Zn and g0 ∈ Γ. To check that fn(z0g0) = fn(z0)g0, it suffices to
consider the case z0 ∈ Yn. Since fn is independent of the choice of h, we may
assume that h(z0g0) = h(z0)g0. The verification is then immediate. Therefore, fn

is Γ-equivariant.

To show that fn is continuous, note that the interior of ψ−1(0), the interior
of ψ−1(1) and Yn ∩ Zn−1 cover Zn. It suffices to show that fn is continuous on
each of these subsets.

Since fn−1 is continuous and fn coincides with fn−1 on ψ−1(0), the restriction
of fn to ψ−1(0) is continuous.
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On ψ−1(1), we have fn(z) = x0h(z). Since the map

Γ → X, γ �→ x0γ

factors through a continuous map P : Kn\Γ → X , it follows that z �→ fn(z) =
P ◦ gn(z) is continuous on ψ−1(1).

To prove that fn is continuous on Yn ∩ Zn−1, suppose that zi ∈ Yn ∩ Zn−1

converges to z ∈ Yn ∩ Zn−1. Since gn(zi) converges to gn(z), there exist ki ∈ Kn

such that kih(zi) converges to h(z). Since H is Kn-equivariant, one has fn(zi) =
H(ψ(π(zi)), fn−1(z(kih(zi))

−1)) · kih(zi), therefore fn(zi) converges to fn(z).
Let f(z) = limn→∞ fn(z). It is not hard to check, using the fact that the cover

(Yn) is locally finite, that f is a continuous, Γ-equivariant map from Z to X . �

Proposition 3.2. Let Γ be a discrete group. Using notations of Theorem 2.1, the
following assertions are equivalent:

(i) Γ has a gamma element;
(ii) There exists a compact Γ-space X which is F -contractible for every finite

subgroup F of Γ, such that the groupoid X ⋊ Γ has a gamma element;
(iii) there exists η ∈ KKΓ(C, A) such that p∗(η) = θ.

Furthermore, if η satisfies (iii), then η ⊗A D = γ.

Proof. The implication (i) =⇒ (ii) is trivial.

To prove (iii) =⇒ (i), observe that p∗(η ⊗A D) = (p∗η) ⊗A D = θ ⊗A D = 1,
hence Γ has gamma element and, by definition, γ = η ⊗A D.

It remains to prove (ii) =⇒ (iii). By assumption, there exist a proper X ⋊ Γ-
algebra B and elements

η′ ∈ KKX⋊Γ(C(X), B) d′ ∈ KKX⋊Γ(B, C(X))

such that p∗(η′ ⊗B d′) = 1 ∈ KK(X×EΓ)⋊Γ(C0(X × EΓ), C0(X × EΓ)). Let η0 =
[q∗] ⊗C(X) η ∈ KKΓ(C, B) where q : X → pt, and d0 be obtained from d′ by
applying the forgetful functor KKX⋊Γ → KKΓ.

From Lemma 3.1, there exists a Γ-equivariant map ψ : EΓ → X . Let ϕ : EΓ →
X × EΓ be defined by ϕ(z) = (ψ(z), z). Consider the element

σEΓ,A([ϕ∗]) ∈ KKΓ(C(X) ⊗ A, A)

and let

η = η0 ⊗B σEΓ,B(θ) ⊗B d0 ⊗C(X)⊗A σEΓ,A([ϕ∗]) ∈ KKΓ(C, A).

Let pri : EΓ × EΓ → EΓ be the two projections (i = 1, 2). As pr1 and pr2
are Γ-homotopic,

η0 ⊗B p∗(σEΓ,B(θ)) = η0 ⊗B σEΓ×EΓ,C0(EΓ)⊗B(pr∗2(θ))

= η0 ⊗B σEΓ×EΓ,C0(EΓ)⊗B(pr∗1(θ))

= η0 ⊗B σB(θ)

= η0 ⊗C θ = θ ⊗C η0,
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hence

p∗(η) = η0 ⊗ p∗(σEΓ,B(θ)) ⊗B d0 ⊗C(X)⊗A σEΓ,A([ϕ∗])

= θ ⊗C (η0 ⊗B d0) ⊗C(X)⊗A σEΓ,A([ϕ∗]) from the above

= θ ⊗C [q∗] ⊗C(X)⊗A σEΓ,A([ϕ∗]) since η0 = [q∗] ⊗C(X) η

= θ ⊗A σEΓ,A([q∗] ⊗C(X) [ϕ∗])

= θ ⊗C0(EΓ) ([q∗] ⊗C(X) [ϕ∗])

= θ ⊗C0(EΓ) (p∗[q∗] ⊗C(X)⊗C0(EΓ) [ϕ∗])

= θ ⊗C0(EΓ) ([q′
∗
] ⊗C(X)⊗C0(EΓ) [ϕ∗]),

where q′ : EΓ × X → EΓ is the first projection. Since ϕ ◦ q′ = IdEΓ, we get
p∗(η) = θ. �

Here is the main theorem:

Theorem 3.3. Let Γ be a discrete group which admits a uniform embedding into
Hilbert space. Then Γ has a γ element.

Proof. By [17], there exists a compact space Y acted upon by Γ, such that Y ⋊ Γ
has a proper negative type function. By [17], the space X = Prob(Y ) of probability
measures on Y with the weak*-topology also has a proper negative type function.
By [19], the groupoid X ⋊ Γ has a gamma element (equal to 1). Moreover, X
is F -contractible for every finite subgroup F of Γ, so Proposition 3.2(ii =⇒ i)
applies. �

In the corollary below, we say that a group G satisfies BC if the Baum–
Connes map with coefficients µred : Ktop

∗ (G; B) → K∗(B ⋊r G) is an isomorphism
for every G-algebra B.

Corollary 3.4. Let Γ be a discrete group which admits a uniform embedding into
Hilbert space, and let N be a normal subgroup. Denote by q : Γ → Γ/N the quotient
map. Assume that

(1) for every finite subgroup F of Γ/N , the group q−1(F ) satisfies BC;
(2) Γ/N satisfies BC.

Then G satisfies BC.

Proof. See [3, Theorem 7.1] �

As noted by Chabert and Echterhoff, condition (1) is always satisfied if N is
amenable ([3, Corollary 7.3]).

We also recall that every locally compact group with Haagerup’s property
(e.g., every amenable group, SO(n, 1), SU(n, 1)) satisfy BC [7]. Moreover, P. Julg
has recently shown that Sp(n, 1) satisfies BC [10], and thus every discrete subgroup
of Sp(n, 1) satisfies BC.
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4. Final remarks

(1) V. Lafforgue proved that if G is a locally compact group such that

(i) G admits an element γ, and γ = 1 in KKban
G (C, C);

(ii) there exists a closed ∗-subalgebra A ⊂ C∗
r (G), closed under holomorphic

functional calculus, which is an “unconditional” completion of Cc(G),

then the Baum–Connes map for G is an isomorphism ([15, Proposition 1.7.3]).
Thus, it would be of interest to determine whether γ = 1 in KKban

G (C, C) for
every discrete group G which admits a uniform embedding into Hilbert space.
However, a more explicit construction of γ might be necessary.

(2) Let G be a totally disconnected group, and K be a compact open subgroup
of G. Let X = G/K. Then, up to coarse equivalence, X may be endowed with a
left invariant, bounded geometry metric, so it makes sense to say that X admits a
uniform embedding into Hilbert space (moreover, this property does not depend
on the choice of the subgroup K). So, suppose that such an embedding exists, then
the above constructions probably still work, replacing Γ by G or by G/K when
appropriate.
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[10] P. Julg, La conjecture de Baum-Connes à coefficients pour le groupe Sp(n, 1). C. R.
Math. Acad. Sci. Paris 334 (2002), no. 7, 533–538.

[11] P. Julg and A. Valette, K-Theoretic Amenability for SL2(Qp), and the Action on the
Associated Tree. J. Funct. Anal. 58 (1984), no. 2, 194–215.



286 Jean-Louis Tu

[12] G. Kasparov, Equivariant KK-Theory and the Novikov Conjecture. Inv. Math. 91
(1988), 147–201.

[13] G. Kasparov and G. Skandalis, Groups Acting on Buildings, Operator K-Theory and
Novikov’s Conjecture. K-Theory 4 (1991), 303–337.

[14] G. Kasparov and G. Skandalis, Groups Acting Properly on “Bolic” Spaces and the
Novikov Conjecture. Preprint, 2000.
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Abstract. The main object of this paper is to discuss the problem of the uni-
form exponential stability and uniform observability of time-varying linear
stochastic equations in Hilbert spaces. We give a representation of the co-
variance operator associated to the mild solutions of these equations which
allow us to obtain a characterization of the uniform exponential stability of
uniformly observable systems in terms of Lyapunov equations.
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1. Preliminaries

Let H , V be separable real Hilbert spaces and let L(H, V ) be the Banach space of

all bounded linear operators from H into V (if H = V then L(H, V )
not
= L(H)). We

write 〈 · , · 〉 for the inner product and ‖ · ‖ for norms of elements and operators.
We denote by a ⊗ b, a, b ∈ H the bounded linear operator of L(H) defined by
a⊗ b(h) = 〈h, b〉a for all h ∈ H . The operator A ∈ L(H) is said to be nonnegative
and we write A ≥ 0, if A is self-adjoint and 〈Ax, x〉 ≥ 0 for all x ∈ H. We denote
by L+(H) the subset of L(H) of nonnegative operators.

For A ∈ L+(H), B ∈ L(H) we denote by A1/2 the square root of A and by
|B| the operator (B∗B)1/2.

If A ∈ L(H) we put ‖A‖1 = Tr(|A|) ≤ ∞ and we denote by C1(H) the set
{A ∈ L(H) | ‖A‖1 < ∞} (the operators’ trace class). If A ∈ C1(H) we say that A
is nuclear and it is not difficult to see that A is compact.

The definition of the nuclear operator introduced above is equivalent with
that given in [2] and [5]. It is known (see [2]) that C1(H) is a Banach space
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endowed with the norm ‖ · ‖1 and for all A ∈ L(H) and B ∈ C1(H) we have
AB, BA ∈ C1(H).

If ‖A‖2 = (TrA∗A)1/2 we can introduce the Hilbert Schmidt class of oper-
ators, namely C2(H) = {A ∈ L(H) | ‖A‖2 < ∞} (see [12]). C2(H) is a Hilbert
space with the inner product 〈A, B〉2 = TrB∗A (see [12]).

We denote by H2 the subspace of C2(H) of all self-adjoint operators. Since
H2 is closed in C2(H) with respect to ‖.‖2 we deduce that it is a Hilbert space,
too. It is known (see [5]) that for all A ∈ C1(H) we have

‖A‖ ≤ ‖A‖2 ≤ ‖A‖1 . (1.1)

For each interval J ⊂ R+(R+ = [0,∞)) we denote by Cs(J, L(H)) the
space of all mappings G(t) : J → L(H) that are strongly continuous and by
Cb(J, L(H)) the subspace of Cs(J, L(H)), which consists of all mappings G(t)
such that sup

t∈ J
‖G(t)‖ < ∞. If E is a Banach space we also denote by C(J, E) the

space of all mappings G(t) : J → E that are continuous.
We need the following assumption:
P1: a) A(t), t ∈ [0,∞) is a closed linear operator on H with constant domain

D dense in H .
b) there exist M > 0 , η ∈ (1

2π, π) and δ ∈ (−∞, 0) such that Sδ,η = {λ ∈ C;

|arg(λ − δ)| < η} ⊂ ρ(A(t)), for all t ≥ 0 and ‖R(λ, A(t))‖ ≤ M
|λ−δ| for all λ ∈ Sδ,η.

c) there exist numbers α ∈ (0, 1) and Ñ > 0 such that
∥∥A(t)A−1(s) − I

∥∥ ≤
Ñ |t − s|α , t ≥ s ≥ 0, where we denote by ρ(A) , R(λ, A) the resolvent set of A
and respectively the resolvent of A.

It is known that if P1 holds then the family {A(t)}t∈R+ generates the evolu-
tion operator U(t, s), t ≥ s ≥ 0 (see [11]).

For any n ∈ N we have n ∈ ρ(A(t)). The operators An(t) = n2R(n, A(t))−nI
are called the Yosida approximations of A(t). If we denote by Un(t, s) the evolution
operator generates by An(t), which exists since An(t) is bounded, then it is known
(see [11]) that for each x ∈ H , one has lim

n→∞
Un(t, s)x = U(t, s)x uniformly on any

bounded subset of {(t, s); t ≥ s ≥ 0}.
Let (Ω,F,Ft,t∈ [0,∞),P ) be a stochastic basis and L2

s(H)=L2(Ω,Fs,P,H).
We consider the stochastic equation

dy(t) = A(t)y(t)dt +
m∑

i=1

Gi(t)y(t)dwi(t), y(s) = ξ ∈ L2
s(H), (1.2)

where A(t) satisfies the hypothesis P1, Gi ∈ Cs(R+, L(H)), i = 1, . . . , m and wi’s
are independent real Wiener processes relative to Ft.

It is known (see [10]) that (1.2) has a unique mild solution in C([s, T ]; L2(Ω; H))
that is adapted to Ft; namely the solution of

y(t) = U(t, s)ξ +

m∑

i=1

t∫

s

U(t, r)Gi(r)y(r)dwi(r). (1.3)
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We associate to (1.2) the approximating system:

dyn(t) = An(t)yn(t)dt +

m∑

i=1

Gi(t)yn(t)dwi(t), yn(s) = ξ ∈ L2
s(H), (1.4)

where An(t), n ∈ N are the Yosida approximations of A(t) and Gi(t), wi(t) are
defined as above. By convenience, we denote by y(t, s; ξ) (respectively yn(t, s; ξ))
the solution of (1.2) (respectively (1.4)) with initial condition y(s) = ξ (respectively
yn(s) = ξ), ξ ∈ L2

s(H).

Lemma 1.1. ([11]) Let P1 hold. Then there exists a unique mild (respectively clas-
sical) solution to (1.2) (respectively (1.4)) and yn → y in mean square uniformly
on any bounded subset of [s,∞].

Now we introduce the following Lyapunov equation:

dQ(s)

ds
+ A∗(s)Q(s) + Q(s)A(s) +

m∑

i=1

G∗
i (s)Q(s)Gi(s) + D(s) = 0, s ≥ 0 (1.5)

where A(s) satisfies P1, Gi ∈ Cs([0,∞), L(H)) and D ∈ Cb([0,∞), L(H)).
According with [11], we say that Q is a mild solution on an interval J ⊂ R+

of (1.5), if Q ∈ Cs(J, L+(H)) and if it satisfies

Q(s)x = U∗(t, s)Q(t)U(t, s)x +

t∫

s

U∗(r, s)[
m∑

i=1

G∗
i (r)Q(r)Gi(r)

+ D(r)]U(r, s)xdr

(1.6)

for all s ≤ t, s, t ∈ J and x ∈ H . If An(t), n ∈ N are the Yosida approximations of
A(t) then we introduce the approximating equation:

dQn(s)

ds
+ A∗

n(s)Qn(s) + Qn(s)An(s) +

m∑

i=1

G∗
i (s)Qn(s)Gi(s) + D(s) = 0,

s ≥ 0.

(1.7)

Lemma 1.2. ([11]) Assume P1. Let 0 < T < ∞ and let R ∈ L+(H). Then there
exists a unique mild (respectively classical) solution Q (respectively Qn) of (1.6)
(respectively (1.7)) on [0, T ] such that Q(T ) = R (respectively Qn(T ) = R). They
are given by

Q(s)x = U∗(T, s)RU(T, s)x

+

T∫

s

U∗(r, s)

[
m∑

i=1

G∗
i (r)Q(r)Gi(r) + D(r)

]
U(r, s)xdr

Qn(s)x = U∗
n(T, s)RUn(T, s)x

+

T∫

s

U∗
n(r, s)

[
m∑

i=1

G∗
i (r)Qn(r)Gi(r) + D(r)

]
Un(r, s)xdr
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and for each x ∈ H, Qn(s)x → Q(s)x uniformly on any bounded subset of [0, T ].
Moreover if we denote these solutions by Q(T, s; R) and respectively Qn(T, s; R)
then they are monotone in the sense that Q(T, s; R1) ≤ Q(T, s; R2) if R1 ≤ R2.

In the subsequent considerations we assume that P1 holds and

Gi ∈ Cs(R+, L(H)), i = 1, . . . , m.

We will obtain a representation (see Theorem 3.3) of the covariance operator asso-
ciated to the mild solution of stochastic equation (1.2) by using the mild solution
of Lyapunov equation (2.6). We use this representation to obtain deterministic
characterizations of the uniform exponential stability and uniform observability
properties (Theorems 4.3, 4.4). The above results are infinite-dimensional versions
of those obtained by T. Morozan (for the finite dimensional case) in [8].

We note that G. Da Prato and I. Ichikawa gave in [11] (Corollary 3) another
different criterion for the uniform exponential stability in terms of Lyapunov equa-
tions.

The main result of this paper is Theorem 3.3 which establishes that the exis-
tence of a unique bounded and uniformly positive solution of Lyapunov equation
(1.5) is a necessary and sufficient condition for the uniform exponential stability
property of uniformly observable systems.

2. Differential equations on H2

For all n ∈ N and t ≥ 0 we consider the mapping Ln(t) : H2 → H2,

Ln(t)(P ) = An(t)P + PA∗
n(t) +

m∑

i=1

Gi(t)PG∗
i (t), P ∈ H2. (2.1)

It is easy to verify that Ln(t) ∈ L(H2) and the adjoint operator L∗
n(t) is the

linear and bounded operator on H2 given by

L∗
n(t)(R) = RAn(t) + A∗

n(t)R +

m∑

i=1

G∗
i (t)RGi(t) (2.2)

for all t ≥ 0, P ∈ H2.

Lemma 2.1. ([3]) If P1 holds and Gi ∈ Cs([0,∞), L(H)), i = 1, . . . , m then

(a) An ∈ C([0,∞), L(H)) for all n ∈ N and

(b) Ln ∈ Cs([0,∞), L(H2)) for all n ∈ N.
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Proof. (a) Let t, s ≥ 0. We have

‖An(t) − An(s)‖ = n2 ‖R(n, A(t)) − R(n, A(s))‖
= n2 ‖R(n, A(t))(nI − A(t))(R(n, A(t)) − R(n, A(s)))‖
≤ n2 ‖R(n, A(t))‖ ‖I − [(nI − A(s)) + A(s) − A(t)]R(n, A(s))‖
≤ n2 ‖R(n, A(t))‖ ‖I − I + [A(s) − A(t)]R(n, A(s))‖
≤ n ‖R(n, A(t))‖

∥∥[A(s) − A(t)]A(s)−1
∥∥ ‖nA(s)R(n, A(s))‖ .

Now we use P1 ((b) and (c)) and we deduce that there exist δ < 0, α ∈
(0, 1), M > 0 and Ñ > 0 such that

‖nA(s)R(n, A(s))‖ =
∥∥n2R(n, A(s)) − nI

∥∥ ≤ n2 M

n − δ
+ n

for any s ≥ 0 and ‖An(t) − An(s)‖ ≤ n M
n−δ (n2 M

n−δ + n)Ñ |t − s|α. The proof of

(a) is finished.
(b) We deduce from (a) that if An(t) : H2 → H2, An(t)(P ) = An(t)P +

PA∗
n(t), t ≥ 0, n ∈ N then An ∈ C([0,∞), L(H2)). We only have to prove that

Gi ∈ Cs([0,∞), L(H2)), where Gi(t) : H2 → H2, Gi(t)(P ) = Gi(t)PG∗
i (t), i =

1, . . . , m. From Lemma 1 of [3] and since Gi ∈ Cs([0,∞), L(H)), i = 1, . . . , m
it follows GiP ∈ C([0,∞),H2) and PG∗

i ∈ C([0,∞),H2) for all P ∈ H2 and
i = 1, . . . , m. For s ≥ 0, P ∈ H2 fixed and for every i ∈ {1, . . . , m} we have

‖Gi(t)(P ) − Gi(s)(P )‖2 = ‖Gi(t)PG∗
i (t) − Gi(s)PG∗

i (s)‖2

≤ ‖Gi(t)PG∗
i (t) − Gi(t)PG∗

i (s)‖2 + ‖Gi(t)PG∗
i (s) − Gi(s)PG∗

i (s)‖2 .

If G̃i,s = sup
t∈[0,s+1]

‖Gi(t)‖ then, for all t ∈ [0, s + 1] we have

‖Gi(t)(P ) − Gi(s)(P )‖2

≤ G̃i,s ‖PG∗
i (t) − PG∗

i (s)‖2 + ‖Gi(t)PG∗
i (s) − Gi(s)PG∗

i (s)‖2 .

As t → s, we obtain lim
t→s

‖Gi(t)(P ) − Gi(s)(P )‖2 = 0.

If s = 0 we only have the limit from the right. �

If E is a Banach space and L ∈ Cs([0,∞), L(E)), we consider the initial value
problem

∂v(t)

∂t
= L(t)v(t), v(s) = x ∈ E, t ≥ s ≥ 0. (2.3)

Let T ≥ s. An E-valued function v : [s, T ] → E is a classical solution of (2.3)
if v is continuous on [s, T ], continuously differentiable on [s, T ] and satisfies (2.3).
The following results have a standard proof (see [9]).

Lemma 2.2. For every x ∈ E the initial value problem (2.3) has a unique classical
solution v.

We define the “solution operator” of the initial value problem (2.3) by
V (t, s)x = v(t), x ∈ E for 0 ≤ s ≤ t ≤ T, where v is the solution of (2.3).
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Proposition 2.3. For every 0 ≤ s ≤ t ≤ T , V (t, s) is a bounded linear operator and

1) ‖V (t, s)‖ ≤ eλ(t−s), where λ = sup
t∈[0,T ]

‖L(t)‖ .

2) V (s, s) = I and V (t, s) = V (t, r)V (r, s) for all 0 ≤ s ≤ r ≤ t ≤ T.
3) V (t, s) →

t−s→0
I in the uniform operator topology for all 0 ≤ s ≤ t ≤ T.

4) (t, s) → V (t, s) is continuous in the uniform operator topology on {(t, s) | 0 ≤
s ≤ t ≤ T }.

5) ∂V (t,s)x
∂t = L(t)V (t, s)x for all x ∈ E and 0 ≤ s ≤ t ≤ T.

6) ∂V (t,s)x
∂s = −V (t, s)L(s)x for all x ∈ E and 0 ≤ s ≤ t ≤ T. We denote

by I the identity operator on E. The operator V (t, s) is called the evolution
operator generated by the family L.

Let us consider the equation

dPn(t)

dt
= Ln(t)Pn(t), Pn(s) = S ∈ H2, t ≥ s ≥ 0 (2.4)

on H2, where Ln is given by (2.1).
From Lemma 2.1, Lemma 2.2 and the above proposition it follows that the

unique classical solution of (2.4) is Pn(t) = Un(t, s)(S), where Un(t, s) ∈ L(H2) is

the evolution operator generated by Ln and ∂Un(t,s)S
∂s = −Un(t, s)Ln(s)S for all

t ≥ s ≥ 0, S ∈ H2. Now it is clear that

∂

∂σ
〈U∗

n(t, σ)R, S〉2 = 〈−L∗
n(σ)U∗

n(t, σ)R, S〉2 , S, R ∈ H2

for all t ≥ σ ≥ 0. Let us consider S = x⊗x, x ∈ H. It is easy to see that 〈Fx, x〉 =
TrF (x ⊗ x) for all F ∈ L(H) and x ∈ H. If F ∈ H2 then 〈F, S〉2 = 〈Fx, x〉 .
Integrating from s to t, we have

〈U∗
n(t, s)Rx, x〉 − 〈Rx, x〉 =

t∫

s

〈L∗
n(σ)U∗

n(t, σ)Rx, x〉 dσ, R ∈ H2. (2.5)

Let us consider the Lyapunov equation

dQ(s)

ds
+ A∗(s)Q(s) + Q(s)A(s) +

m∑

i=1

G∗
i (s)Q(s)Gi(s) = 0 (2.6)

on L(H). The approximating equation of (2.6) is

dQn(s)

ds
+ A∗

n(s)Qn(s) + Qn(s)An(s) +

m∑

i=1

G∗
i (s)Qn(s)Gi(s) = 0 (2.7)

where An(s) is the Yosida approximation of A(s). Let Qn(t, s; R) be the unique
classical solution of (2.7) such as Qn(t) = R, R ≥ 0. Hence we have

〈Qn(t, s; R)x, x〉 − 〈Rx, x〉 =

t∫

s

〈L∗
n(σ)Qn(t, σ; R)x, x〉 dσ, R ≥ 0. (2.8)
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If R ∈ H2, R ≥ 0 it follows from (2.5) and (2.8)

〈[U∗
n(t, s)R − Qn(t, s; R)] x, x〉 =

t∫

s

〈L∗
n(σ) [U∗

n(t, σ)R − Qn(t, σ; R)] x, x〉 dσ.

By the Uniform Boundedness Principle there exists lT > 0 such that
‖L∗

n(t)P‖ ≤ lT ‖P‖ for all t ∈ [0, T ], P ∈ L(H) and we obtain

‖U∗
n(t, s)R − Qn(t, s; R)‖ ≤

t∫

s

lT ‖U∗
n(t, σ)R − Qn(t, σ; R)‖ dσ.

Now we use Gronwall’s inequality and we get

U∗
n(t, s)R = Qn(t, s; R) for all R ∈ H2, R ≥ 0, t ≥ s. (2.9)

From Proposition 2.3 and (1.1) we deduce that for all R ∈ H2 the map

(t, s) → Qn(t, s; R) is ‖ · ‖ -continuous on {(s, t) | 0 ≤ s ≤ t} and (2.10)

Qn(t, s; αR + βS) = αQn(t, s; R) + βQn(t, s; S) (2.11)

for all α, β ∈ R+ and R, S ∈ H2, R, S ≥ 0..

3. The covariance operator of the mild solutions of linear
stochastic differential equations and the Lyapunov equations

Let ξ ∈ L2(Ω, H). We denote by E(ξ ⊗ ξ) the bounded and linear operator which
act on H given by E(ξ ⊗ ξ)(x) = E(〈x, ξ〉 ξ). The operator E(ξ ⊗ ξ) is called the
covariance operator of ξ.

Lemma 3.1. ([6]) Let V be another real, separable Hilbert space and A ∈ L(H, V ).

If ξ ∈ L2(Ω, H) then E ‖A(ξ)‖2
= ‖AE(ξ ⊗ ξ)A∗‖1 < ∞. Particularly E ‖ξ‖2

=
‖E(ξ ⊗ ξ)‖1.

Proposition 3.2. If yn(t, s; ξ), ξ ∈ L2
s(H) is the classical solution of (1.4) then

E[yn(t, s; ξ) ⊗ yn(t, s; ξ)] is the unique classical solution of the following initial
value problem

dPn(t)

dt
= An(t)Pn(t) + Pn(t)A∗

n(t) +

m∑

i=1

Gi(t)Pn(t)G∗
i (t) (3.1)

Pn(s) = E(ξ ⊗ ξ), ξ ∈ L2
s(H).

Proof. Let u ∈ H and T ≥ 0, fixed. We consider the function Fu
not
= F : R+×H →

R, F (t, x) = 〈(x ⊗ x) u, u〉. By using Ito’s formula for F and yn(t, s; ξ) we obtain



294 V.M. Ungureanu

for all 0 ≤ s ≤ t ≤ T

〈[yn(t, s; ξ) ⊗ yn(t, s; ξ)] u, u〉 − 〈(ξ ⊗ ξ)u, u〉

=

t∫

s

〈[An(r)yn(r, s; ξ) ⊗ yn(r, s; ξ)] u, u〉+ 〈[yn(r, s; ξ) ⊗ An(r)yn(r, s; ξ)] u, u〉

+

m∑

i=1

〈[Gi(r)yn(r, s; ξ) ⊗ Gi(r)yn(r, s; ξ)] u, u〉dr

+

t∫

s

〈[yn(r, s; ξ) ⊗ Gi(r)yn(r, s; ξ)] u, u〉

+ 〈[Gi(r)yn(r, s; ξ) ⊗ yn(r, s; ξ)] u, u〉dwi(r).

Taking expectations, we have

〈E[yn(t, s; ξ) ⊗ yn(t, s; ξ)]u, u〉 − 〈E[ξ ⊗ ξ]u, u〉

=

t∫

s

〈E[yn(r, s; ξ) ⊗ yn(r, s; ξ)]u, A∗
n(r)u〉+〈E[yn(r, s; ξ) ⊗ yn(r, s; ξ)]A∗

n(r)u, u〉

+

m∑

i=1

〈E[yn(r, s; ξ) ⊗ yn(r, s; ξ)]G∗
i (r)u, G∗

i (r)u〉 dr.

If Pn(t) = E[yn(t, s; ξ) ⊗ yn(t, s; ξ)] then

〈Pn(t)u, u〉 − 〈E[ξ ⊗ ξ]u, u〉

=

t∫

s

〈An(r)Pn(r)u, u〉+〈Pn(r)A∗
n(r)u, u〉+

m∑

i=1

〈Gi(r)Pn(r)G∗
i (r)u, u〉 dr.

(3.2)

According with Lemmas 2.2, 2.1 and the statements of the last section, the equa-
tion (3.1) has a unique classical solution Un(t, s)E (ξ ⊗ ξ) in H2 and we have

Un(t, s)E (ξ ⊗ ξ) = E (ξ ⊗ ξ) +
t∫
s

Ln(r)Un(r, s)E (ξ ⊗ ξ) dr. We note that Un(t, s)

is the evolution operator generated by Ln. Then 〈Un(t, s)E (ξ ⊗ ξ) , u ⊗ u〉2 =

〈E (ξ ⊗ ξ) , u ⊗ u〉2 +
t∫
s

〈Ln(r)Un(r, s)E (ξ ⊗ ξ) , u ⊗ u〉2 dr or equivalently

〈Un(t, s)E (ξ ⊗ ξ)u, u〉 = 〈E (ξ ⊗ ξ)u, u〉 +

t∫

s

〈Ln(r)Un(r, s)E (ξ ⊗ ξ)u, u〉dr.

From (3.2) and the last equality we obtain

〈[Un(t, s)E (ξ ⊗ ξ) − Pn(t)] u, u〉 =

t∫

s

〈Ln(r) [Un(r, s)E (ξ ⊗ ξ) − Pn(r)] u, u〉 dr.
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Since there exists lT > 0 such that ‖Ln(t)‖ ≤ lT for all t ∈ [0, T ] and
Un(t, s)E (ξ ⊗ ξ) , Pn(t) ∈ E we can use the Gronwall’s inequality to deduce that

E[yn(t, s; ξ) ⊗ yn(t, s; ξ)] = Un(t, s)E (ξ ⊗ ξ) (3.3)

for all t ∈ [s, T ] . Since T is arbitrary we obtain the conclusion. �

The following theorem gives a representation of the covariance operator as-
sociated to the mild solution of (1.2), by using the mild solution of the Lyapunov
equation (2.6).

Theorem 3.3. Let V be another real separable Hilbert space and B ∈ L(H, V ). If
y(t, s; ξ), ξ ∈ L2

s(H) is the mild solution of (1.2) and Q(t, s, R) is the unique mild
solution of (2.6) with the initial value Q(t) = R ≥ 0 then:

(a) 〈E[y(t, s; ξ) ⊗ y(t, s; ξ)]u, u〉 = TrQ(t, s; u ⊗ u)E (ξ ⊗ ξ) for all u ∈ H;

(b) E ‖B y(t, s; ξ)‖2
= TrQ(t, s; B∗B)E (ξ ⊗ ξ) .

Proof. (a) Let u ∈ H, ξ ∈ L2
s(H) and yn(t, s; ξ) be the classical solution of (1.4).

By (3.3) we obtain successively

〈E[yn(t, s; ξ) ⊗ yn(t, s; ξ)]u, u〉 = 〈u ⊗ u,Un(t, s)E (ξ ⊗ ξ)〉2
= 〈U∗

n(t, s)(u ⊗ u), E (ξ ⊗ ξ)〉2
= TrU∗

n(t, s)(u ⊗ u)E (ξ ⊗ ξ) .

From (2.9) we get

〈E[yn(t, s; ξ) ⊗ yn(t, s; ξ)]u, u〉 = TrQn(t, s; u ⊗ u)E (ξ ⊗ ξ) (3.4)

where Qn(t, s; u ⊗ u) is the solution of (2.7) with Qn(t) = u ⊗ u. As n → ∞ we
get the conclusion. Indeed, since Qn(t, s; u ⊗ u) →

n→∞
Q(t, s; u ⊗ u) in the strong

operator topology (Lemma 1.2) then it is not difficult to deduce from Lemma 1 of
[3] that Qn(t, s; u⊗ u)E (ξ ⊗ ξ) →

n→∞
Q(t, s; u⊗ u)E (ξ ⊗ ξ) in C1(H). It is known

that the map Tr : C1(H) → C is continuous. So we obtain

TrQn(t, s; u ⊗ u)E (ξ ⊗ ξ) →
n→∞

TrQ(t, s; u ⊗ u)E (ξ ⊗ ξ) .

On the other hand, for all u ∈ H we have

|〈{E[yn(t, s; ξ) ⊗ yn(t, s; ξ)] − E[y(t, s; ξ) ⊗ y(t, s; ξ)]}u, u〉|

=
∣∣∣E(〈yn(t, s; ξ), u〉2 − 〈y(t, s; ξ), u〉2)

∣∣∣

≤ E ‖yn(t, s; ξ) − y(t, s; ξ)‖2 ‖u‖2
+ 2E(‖yn(t, s; ξ) − y(t, s; ξ)‖ ‖y(t, s; ξ)‖) ‖u‖2

≤ {E ‖yn(t, s; ξ) − y(t, s; ξ)‖2

+ 2(E ‖yn(t, s; ξ) − y(t, s; ξ)‖2 E ‖y(t, s; ξ)‖2)1/2} ‖u‖2 .

From Lemma 1.1 and the last inequality we get

〈E[yn(t, s; ξ) ⊗ yn(t, s; ξ)]u, u〉 →
n→∞

〈E[y(t, s; ξ) ⊗ y(t, s; ξ)]u, u〉

and the proof is finished.
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(b) Let ξ ∈ L2
s(H) and n ∈ N. It is sufficient to prove that

E ‖Byn(t, s; ξ)‖2 = TrQn(t, s; B∗B)E (ξ ⊗ ξ) .

By Lemma 3.1 we have

E ‖Byn(t, s; ξ)‖2 = ‖BE[yn(t, s; ξ) ⊗ yn(t, s; ξ)]B∗‖1 . (3.5)

If {ei}i∈N∗ is an orthonormal basis in V then we deduce from (a)

‖BE[ yn(t, s; ξ) ⊗ yn(t, s; ξ)]B∗‖1 =

∞∑

i=1

〈E[yn(t, s; ξ) ⊗ yn(t, s; ξ)]B∗ei, B
∗ei〉

=

∞∑

i=1

TrQn(t, s; B∗ei ⊗ B∗ei)E (ξ ⊗ ξ) .

Since B∗ei⊗B∗ei ∈ H2 and B∗ei⊗B∗ei ≥ 0 for all i ∈ N∗ we have by (2.11)

‖BE[ yn(t, s; ξ) ⊗ yn(t, s; ξ)]B∗‖1

= lim
p→∞

TrQn(t, s;

p∑

i=1

B∗ei ⊗ eiB)E (ξ ⊗ ξ) .
(3.6)

The sequence Bp =
p∑

i=1

B∗ei ⊗ eiB is increasing and bounded above,

〈Bpx, x〉 =

p∑

i=1

〈Bx, ei〉2 ≤ ‖Bx‖2
= 〈B∗Bx, x〉 .

Then {Bp}p∈N converges in the strong operator topology to the operator B∗B ∈
L+(H). By Lemma 1.2 we deduce that the sequence {Qn(t, s; Bp)}p∈N∗ is increas-
ing and Qn(t, s; Bp) ≤ Qn(t, s; B∗B) for all p ∈ N∗ and consequently it converges
in the strong operator topology to the operator Qn(t, s) ∈ L+(H).

If Un(t, s) is the evolution operator relative to An(t) we have

Qn(t, s; Bp)x

= U∗
n(t, s)BpUn(t, s)x +

m∑

i=1

t∫

s

U∗
n(r, s)G∗

i (r)Qn(t, r; Bp)Gi(r)Un(r, s)xdr

for all x ∈ H . We may write

〈Qn(t, s; Bp)x, x〉 = 〈BpUn(t, s)x, Un(t, s)x〉

+

m∑

i=1

t∫

s

〈Qn(t, r; Bp)Gi(r)Un(r, s)x, Gi(r)Un(r, s)x〉 dr.
(3.7)

Since Bp ∈ H2 and Bp ≥ 0 we deduce from (2.10) and the hypothesis that
r → 〈Qn(t, r; Bp)Gi(r)Un(r, s)x, Gi(r)Un(r, s)x〉 is continuous.
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On the other hand

lim
p→∞

〈Qn(t, r; Bp)Gi(r)Un(r, s)x, Gi(r)Un(r, s)x〉

= 〈Qn(t, r)Gi(r)Un(r, s)x, Gi(r)Un(r, s)x〉
for all r ∈ [s, t].

Thus it follows that r → 〈Qn(t, r)Gi(r)Un(r, s)x, Gi(r)Un(r, s)x〉 is a Borel
measurable and nonnegative function defined on [s, t] and bounded above by a
continuous function, namely r → 〈Qn(t, r; B∗B)Gi(r)Un(r, s)x, Gi(r)Un(r, s)x〉.

From the Monotone Convergence Theorem we can pass to limit p → ∞ in
(3.7) and we have

〈Qn(t, s)x, x〉 = 〈B∗BUn(t, s)x, Un(t, s)x〉

+

m∑

i=1

t∫

s

〈Qn(t, r)Gi(r)Un(r, s)x, Gi(r)Un(r, s)x〉 dr,

where the above integral is in the Lebesgue sense. Since Qn(t, r; B∗B) also satisfies
(3.7) we have

〈[Qn(t, s; B∗B) − Qn(t, s)]x, x〉

=

m∑

i=1

t∫

s

〈[Qn(t, r; B∗B) − Qn(t, r)]Gi(r)Un(r, s)x, Gi(r)Un(r, s)x〉 dr.
(3.8)

The map x → 〈[Qn(t, r; B∗B) − Qn(t, r)]x, x〉, x ∈ H is continuous and r →
〈[Qn(t, r; B∗B) − Qn(t, r)]x, x〉, r ∈ [s, t] is a Borel measurable function.

Since B1 = {x ∈ H, ‖x‖ = 1} is separable [1] then there exists a net
{yn}n∈N ⊂ B1 which is dense in B1 and

‖Qn(t, r; B∗B) − Qn(t, r)‖ = sup
yn∈B1

〈[Qn(t, r; B∗B) − Qn(t, r)]yn, yn〉 .

Thus r → ‖Qn(t, r; B∗B) − Qn(t, r)‖ , r ∈ [s, t] is a Borel measurable function.

Since 0 ≤ Qn(t, r; B∗B) − Qn(t, r) ≤ Qn(t, r; B∗B) it is clear that r →
‖Qn(t, r; B∗B) − Qn(t, r)‖ ‖Un(r, s)‖2 is Lebesgue integrable. By (3.8) we have

‖Qn(t, s; B∗B) − Qn(t, s)‖ ≤
m∑

i=1

G̃i

t∫

s

‖Qn(t, r; B∗B) − Qn(t, r)‖ ‖Un(r, s)‖2 dr.

We use the Gronwall’s inequality and we get ‖Qn(t, s; B∗B) − Qn(t, s)‖ = 0.

Thus Qn(t, s; Bp)x →
p→∞

Qn(t, s; B∗B)x for all x ∈ H and from Lemma 1 in

[3] we can deduce that Qn(t, s; Bp)E (ξ ⊗ ξ) →
p→∞

Qn(t, s; B∗B)E (ξ ⊗ ξ) in ‖.‖1 .

By (3.5), (3.6) and since Tr is continuous on C1(H) we obtain E ‖Byn(t, s; ξ)‖2
=

TrQn(t, s; B∗B)E (ξ ⊗ ξ) . As n → ∞ we obtain the conclusion. �
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4. The uniform exponential stability and uniform observability

We assume C ∈ Cs([0,∞), L(H, V )).

Definition 4.1. [12] We say that (1.2) is uniformly exponential stable if there exist
the constants M ≥ 1, ω > 0 such that

E ‖y(t, s; x)‖2 ≤ Me−ω(t−s) ‖x‖2

for all t ≥ s ≥ 0 and x ∈ H .

We consider the equation (1.2) and the observation relation

z(t) = C(t)y(t, s, x) (4.1)

The system (1.2), (4.1) will be denoted {A, C; Gi}.
Since y(·,s;x)∈C([s,T ];L2(Ω,H)) for all x ∈ H it follows that C(·)y(·,s;x)

∈ C([s, T ]; L2(Ω, V )). We note that

t → E ‖C(t)y(t, s; x)‖2
is continuous on [s, T ]. (4.2)

Definition 4.2. ([7]) The system {A, C; Gi} is uniformly observable if there exist
τ > 0 and γ > 0 such that

E

s+τ∫

s

‖C(t)y(t, s; x)‖2
dt ≥ γ ‖x‖2

for all s ∈ R+ and x ∈ H .

If Q(t, s, R) is the unique mild solution of (2.6) such that Q(t) = R, R ≥ 0
we have the following results.

Theorem 4.3. The system (1.2) is uniformly exponentially stable if and only if
there exist the constants M ≥ 1, ω > 0 such that

Q(t, s; I) ≤ Me−ω(t−s)I for all t ≥ s ≥ 0,

where I is the identity operator on H.

Proof. From Theorem 3.3 (b) it follows E ‖y(t, s; x)‖2
= 〈Q(t, s; I)x, x〉 for all x ∈

H , where I is the identity operator. By Definition 4.1 we obtain the conclusion. �

Theorem 4.4. The system {A, C; Gi} is uniformly observable iff there exist τ > 0

and γ > 0 such that
s+τ∫
s

Q(t, s; C∗(t)C(t))dt ≥ γI for all s ∈ R+, where I is the

identity operator on H.

Proof. By Theorem 3.3 b) we get E ‖C(t)y(t, s; x)‖2
= 〈Q(t, s; C∗(t)C(t))x, x〉 for

all x ∈ H. Because t → E ‖C(t)y(t, s; x)‖2 is continuous we deduce

s+τ∫

s

E ‖C(t)y(t, s; x)‖2
dt < ∞.

From Definition 4.2 and Fubini’s theorem it follows the conclusion. �
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5. The uniform observability and the Lyapunov equations

Let us assume

Gi ∈ Cb([0,∞), L(H)), i = 1, . . . , m,

C ∈ Cb([0,∞), L(H, V ))

and

CC∗ ∈ Cb([0,∞), L(H)).

We put

sup
t∈R+

‖C(t)‖ = C̃ < ∞ and sup
t∈R+

‖Gi(t)‖ = G̃i < ∞, i = 1, . . . , m.

The main result of this section is Theorem 5.2 which gives a characteriza-
tion of the uniform exponential stability of linear stochastic systems, in terms of
Lyapunov equations under uniform observability condition .

Lemma 5.1. Let T > 0 and 0 ≤ s ≤ r ≤ T. If Qn(r, s; C∗(r)C(r)) is the classical
solution of (2.7) such that Qn(r) = C∗(r)C(r) then

(a) the map s → Qn(r, s; C∗(r)C(r)) is continuous in the uniform operator topol-
ogy on [0, r] uniformly with respect to r for all r ≤ T .

(b) the map r → 〈Qn(r, s; C∗(r)C(r))x, y〉 is continuous on [s, T ] for all x, y ∈ H.

(c) the map s →
〈

∂Qn(r,s;C∗(r)C(r))
∂s x, y

〉
is continuous on [0, r], uniformly with

respect to r, for all r ≤ T and x, y ∈ H.

(d) the map r →
〈

∂Qn(r,s;C∗(r)C(r))
∂s x, y

〉
is continuous on [s, T ] for all

x, y ∈ H.

Proof. (a) If Qn(r, s) = Qn(r, s; C∗(r)C(r)) we deduce by Lemma 1.2

Qn(r, s)x = U∗
n(r, s)C∗(r)C(r)Un(r, s)x

+

m∑

i=1

r∫

s

U∗
n(p, s)G∗

i (p)Qn(r, p)Gi(p)Un(p, s)xdp.

It is not difficult to see that there exists a positive constant M̃T,1 such that

‖Un(r, s)‖ ≤ M̃T,1 for all 0 ≤ s ≤ r ≤ T and n ∈ N. Then we get

‖Qn(r, s)x‖ ≤ M̃2
T,1 ‖x‖

[
C̃2 +

m∑

i=1

G̃2
i

r∫

s

‖Qn(r, p)‖ dp

]

and by Gronwall’s inequality it follows that there exists the positive constant qT

depending on M̃T,1, C̃, G̃i, i = 1, . . . , m and T such that ‖Qn(r, s)‖ ≤ qT for all
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0 ≤ s ≤ r ≤ T and n ∈ N. If 0 ≤ s0 ≤ s ≤ r we have

Qn(r, s)x − Qn(r, s0)x

= U∗
n(r, s)C∗(r)C(r)Un(r, s)x − U∗

n(r, s0)C
∗(r)C(r)Un(r, s0)x

+

m∑

i=1

r∫

s

U∗
n(p, s)G∗

i (p)Qn(r, p)Gi(p)Un(p, s)x−

− U∗
n(p, s0)G

∗
i (p)Qn(r, p)Gi(p)Un(p, s0)xdp

+

m∑

i=1

s∫

s0

U∗
n(p, s0)G

∗
i (p)Qn(r, p)Gi(p)Un(p, s0)xdp

and

‖Qn(r, s)x − Qn(r, s0)x‖
≤ C̃2 ‖Un(r, s) − Un(r, s0)‖2 ‖x‖ + 2C̃2M̃T,1 ‖Un(r, s) − Un(r, s0)‖ ‖x‖

+

m∑

i=1

G̃2
i qT

r∫

s

‖Un(p, s) − Un(p, s0)‖2 ‖x‖

+ 2M̃T,1 ‖Un(r, s) − Un(r, s0)‖ ‖x‖ dp

+

m∑

i=1

G̃2
i qT M̃2

T,1 (s − s0) ‖x‖ .

Since the map (r, s) → Un(r, s) is continuous in the uniform operator topology
(by Theorems 5.5.1 and 5.5.2 in [9]) on the compact set {(r, s) , 0 ≤ s ≤ r ≤ T } it
follows that the map s → Un(r, s) is continuous in the uniform operator topology
on [0, r], uniformly with respect to r, for all r ≤ T.

Thus, for any ε ∈ (0, 1) there exists δε ∈ (0, ε) which not depend on r, such
that ‖Un(r, s) − Un(r, s0)‖ < ε for all 0 < s − s0 < δε, (r, s) , (r, s0) ∈ {(r, s) , 0 ≤
s ≤ r ≤ T }. Then for all 0 < s − s0 < δε we have

‖Qn(r, s) − Qn(r, s0)‖ ≤ ε

[(
1 + 2M̃T,1

)(
C̃2 + T

m∑

i=1

G̃2
i qT

)
+

m∑

i=1

G̃2
i qT M̃2

T,1

]

and lim
sցs0

‖Qn(r, s) − Qn(r, s0)‖ = 0, uniformly with respect to r for all r ≤ T.

Similarly we can prove that lim
sրs0

‖Qn(r, s) − Qn(r, s0)‖ = 0, uniformly with

respect to r for all r ≤ T, and the conclusion follows.

(b) follows by (4.2) and Theorem 3.3.

(c) With the notation of (a) we have

∂Qn(r, s)

∂s
x = −A∗

n(s)Qn(r, s)x−Qn(r, s)An(s)x−
m∑

i=1

G∗
i (s)Qn(r, s)Gi(s)x. (5.1)
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The map s → − (A∗
n(s)Qn(r, s) + Qn(r, s)An(s)) is continuous in the uniform

operator topology, uniformly with respect to r, by (a) and by Lemma 2.1. So it
is sufficient to prove that the maps s → −〈G∗

i (s)Qn(r, s)Gi(s)x, x〉 , i = 1, . . . , m
are continuous in the uniform operator topology, uniformly with respect to r. If
0 ≤ s0 ≤ r ≤ T we have

|〈G∗
i (s)Qn(r, s)Gi(s)x, x〉 − 〈G∗

i (s0)Qn(r, s0)Gi(s0)x, x〉|
≤ qT ‖[Gi(s) − Gi(s0)] x‖2

+ 2qT G̃i ‖[Gi(s) − Gi(s0)] x‖
+ G̃2

i ‖Qn(r, s) − Qn(r, s0)‖ ‖x‖2 .

By (a) we obtain the conclusion. Since the operators G∗
i (s)Qn(r, s)Gi(s) i ∈

{1, . . . , m} are self-adjoint we obtain (c). The statement d) follows by (5.1) and (b).
�

P2: The evolution operator U(t, s) relative to A(t) has an exponentially
growth, that is, there exist the positive constants M1 ≥ 1 and ω1 such that
‖U(t, s)‖ ≤ M1e

ω1(t−s) for all t ≥ s ≥ 0.

Theorem 5.2. We assume that P2 holds and we consider the equations (1.5), (1.7)
in the particular case when D(s) = C∗(s)C(s), s ≥ 0. If {A, C; Gi} is uniformly
observable then the equation (1.2) is uniformly exponentially stable if and only if
the equation (1.5) has a unique mild solution Q with the property that there exist

the positive constants m̃, M̃ such that

m̃ ‖x‖2 ≤ 〈Q(s)x, x〉 ≤ M̃ ‖x‖2
(5.2)

for all s ≥ 0 and x ∈ H.

Proof. ⇒ Let Q be the linear, nonnegative operator, which is given by

〈Q(s)x, x〉 = E

∞∫

s

‖C(r)y(r, s; x)‖2
dr.

If M, ω are the constants introduced by Definition 4.1 then we have

0≤〈Q(s)x, x〉≤ C̃2

∞∫

s

E ‖y(r, s; x)‖2 dr≤ C̃2

∞∫

s

Me−ω(r−s) ‖x‖2 dr<C̃2 M

ω
‖x‖2 .

It is clear that Q(s) ∈ L+(H) is well defined. Since {A, C; Gi} is uniformly
observable we deduce that there exist γ > 0 such that

〈Q(s)x, x〉 ≥ γ ‖x‖2
for all s ≥ 0 and x ∈ H.

We take m̃ = γ and M̃ = C̃2 M
ω and we obtain (5.2).
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Let be T > 0. If yn(t, s; ξ) is the classical solution of (1.4) we consider the
linear nonnegative operator Qn

T (s) given by

〈Qn
T (s)x, x〉 = E

T∫

s

‖C(r)yn(r, s; x)‖2
dr.

From Theorem 3.3 we deduce

〈Qn
T (s)x, x〉 =

T∫

s

〈Qn(r, s; C∗(r)C(r))x, x〉 dr,

where Qn is the solution of the approximating Lyapunov equation (2.7). Since
the hypotheses of Lemma 5.1 hold, it is not difficult to see that the function
σ → 〈Qn

T (σ)x, x〉 is differentiable on [0, T ] and

∂

∂σ
〈Qn

T (σ)x, x〉 = −〈L∗
n(σ)Qn

T (σ)x, x〉 − ‖C(σ)x‖2
,

where L∗
n(s) is the operator introduced by (2.2). Integrating from s to T with

respect to σ we get

〈Qn
T (s)x, x〉 =

T∫

s

〈[L∗
n(σ)Qn

T (σ) + C∗(σ)C(σ)]x, x〉 dσ

The unique classical solution Q̂n
T of (1.7) such that Q̂n

T (T ) = 0 also satisfies the
above integral equation. We have

〈[
Qn

T (s) − Q̂n
T (s)

]
x, x

〉
=

T∫

s

〈
L∗

n(σ)
[
Qn

T (σ) − Q̂n
T (σ)

]
x, x

〉
dσ

Since Qn
T (s) and Q̂n

T (s) , s ∈ [0, T ] are self-adjoint operators we use Gronwall’s
inequality and we obtain

Qn
T (s) = Q̂n

T (s) (5.3)

for all s ∈ [0, T ] . By Lemma 5.1 (b) and since there exists qT > 0 such that
‖Qn(r, s; C∗(r)C(r))‖ ≤ qT for all 0 ≤ s ≤ r ≤ T and n ∈ N we deduce that the
map r → Qn(r, s; C∗(r)C(r))x is Bochner integrable on [s, T ] and

T∫

s

Qn(r, s; C∗(r)C(r))xdr < ∞.

Then

Qn
T (s)x =

T∫

s

Qn(r, s; C∗(r)C(r))xdr.
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As n → ∞ we have Qn
T (s)x →

n→∞
QT (s)x for all x ∈ H, by Lemma 1.2. If Q is the

mild solution of (2.6) then

QT (s)x =

T∫

s

Q(r, s; C∗(r)C(r))xdr

is the unique mild solution of (1.5) such that QT (T ) = 0.

Since the function T → QT (s) is increasing and bounded above on R+, for
every s fixed, it is clear that the sequence {QT (s)}T converges (as T → ∞) in the
strongly operator topology to Q(s).

Let us consider the sequence Tn ≥ 0, n ∈ N, Tn → ∞. If s ≤ t ≤ Tn we have

QTn
(s)x = U∗(t, s)QTn

(s)U(t, s)x

+

t∫

s

U∗(r, s)[
m∑

i=1

G∗
i (r)QTn

(r)Gi(r) + C∗(r)C(r)]U(r, s)xdr.

As Tn → ∞ it follows that Q(s) satisfies the integral equation

Q(s)x = U∗(t, s)Q(s)U(t, s)x

+

t∫

s

U∗(r, s)[
m∑

i=1

G∗
i (r)Q(r)Gi(r) + C∗(r)C(r)]U(r, s)xdr.

By Gronwall’s inequality argument we see that Q(s) is a mild solution of (1.5).

For uniqueness, assume Q, Q1 are solutions of (1.5) which satisfy (5.2). We
consider the function F (t, x) =

〈
[Qn(t) −Q1

n(t)]x, x
〉
, where Qn(t) and Q1

n(t) are

solutions of (1.5) such that Qn(T ) = Q(T ) and respectively Q1
n(T ) = Q1(T ). By

using Ito’s formula for F (t, x) and the stochastic process yn(t, s; x), we obtain

〈
[Qn(s) −Q1

n(s)]x, x
〉

= E
〈
[Q(T ) −Q1(T )]yn(T, s; x), yn(T, s; x)

〉

for all T ≥ s and x ∈ H. As n → ∞ we get

〈
[Q(s) −Q1(s)]x, x

〉
= E

〈
[Q(T ) −Q1(T )]y(T, s; x), y(T, s; x)

〉
.

Since (1.2) is uniformly exponentially stable and Q,Q1 are bounded on R+,
we pass to limit (T → ∞) in the last inequality and we deduce Q(s) −Q1(s) = 0
for all s ∈ R+. We get the conclusion.

⇐ Let Q be the unique mild solution of equation (1.5) which satisfies (5.2).
Let T > 0 and let Qn(t) = Qn(T, t;Q(T )) be the classical solution of (1.7) such
that Qn(T ) = Q(T ).
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By using Ito’s formula for function Fn : R+×H → R, Fn(r, x) = 〈Qn(r)x, x〉
and the stochastic process yn(r, s; x), x ∈ H and by taking expectations, we have

E 〈Qn(t)yn(t, s; x), yn(t, s; x)〉

= 〈Qn(s)x, x〉 − E

t∫

s

〈C∗(r)C(r)yn(r, s; x), yn(r, s; x)〉 dr

for any x ∈ H, t ≥ s ≥ 0. As n → ∞, we obtain (by Lemma 1.2 and Lemma 1.1)

〈Q(s)x, x〉 = E 〈Q(t)y(t, s; x), y(t, s; x)〉 + E

t∫

s

‖C(r)y(r, s; x)‖2
dr

for any x ∈ H . Since T is arbitrary, the last equation holds for all t ≥ s ≥ 0.
Let τ and γ be the constants introduced by Definition 4.2. If t = s+ τ , s ≥ 0

then we have

〈Q(s)x, x〉 = E 〈Q(s + τ)y(s + τ, s; x), y(s + τ, s; x)〉 + E

s+τ∫

s

‖C(r)y(r, s; x)‖2 dr.

By Theorem 3.3 and since {A, C; Gi} is uniformly observable we get

〈Q(s)x, x〉 ≥ 〈Q(s + τ, s;Q(s + τ))x, x〉 + γ ‖x‖2
, x ∈ H.

Now we use (5.2) and we have
(
1 − γ

M̃

)
〈Q(s)x, x〉 ≥ 〈Q(s + τ, s;Q(s + τ))x, x〉 for all x ∈ H.

If we replace x with y(s, p; x), s ≥ p ≥ 0, x ∈ H, we obtain
(
1− γ

M̃

)
E 〈Q(s)y(s, p; x), y(s, p; x)〉 ≥ E 〈Q(s + τ, s;Q(s + τ))y(s, p; x), y(s, p; x)〉

and
(
1 − γ

M̃

)
〈Q(s, p;Q(s))x, x〉 ≥ 〈Q(s, p; Q(s + τ, s;Q(s + τ)))x, x〉 .

By Lemma 1.2 we get for all s + τ ≥ p ≥ 0,
(
1 − γ

M̃

)
〈Q(s, p;Q(s))x, x〉 ≥ 〈Q(s + τ, p;Q(s + τ))x, x〉

Let t ∈ R+. Then there exists n ∈ N such that t− p = nτ + r, 0 ≤ r < τ and
we have (by induction)

〈Q(t, p;Q(t))x, x〉 ≤
(
1 − γ

M̃

)n

〈Q(r + p, p;Q(r + p))x, x〉 .

Since Q(t, p; R) is monotone (Lemma 1.2) and (5.2) holds we obtain

m̃ 〈Q(t, p; I)x, x〉 ≤
(
1 − γ

M̃

)n

M̃ 〈Q(r + p, p; I)x, x〉

for all x ∈ H or equivalently

m̃E ‖y(t, p; x)‖2
(
1 − γ

M̃

)n

M̃E ‖y(r + p, p; x)‖2
.
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From (1.3) and by using P2 we have successively

E ‖y(r + p, p; x)‖2

≤ (m + 1)

[
‖U(r + p, p)‖2 ‖x‖2

+

m∑

i=1

r+p∫

p

‖U(r + p, s)‖2
G2

i E ‖y(s, p; x)‖2
ds

]

and

E ‖y(r + p, p; x)‖2 ≤ (m + 1)M2
1 e2ω1τ

[
‖x‖2

+

m∑

i=1

G̃2
i

r+p∫

p

E ‖y(s, p; x)‖2
ds

]
.

for all 0 ≤ r < τ .
Now we use the Gronwall’s inequality and if

K = (m + 1)M2
1 e2ω1τ exp

[
(m + 1)

m∑

i=1

G̃2
i M

2
1 e2ω1ττ

]

we obtain E ‖y(r + p, p; x)‖2 ≤ K ‖x‖2
. We get

E ‖y(t, p; x)‖2 ≤
[(

1 − γ

M̃

)1/τ
]t−p

K
(M̃

m̃

)(1 − γ

M̃

)−r/τ

‖x‖2

for all x ∈ H . The proof is complete. �
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România



Operator Theory:
Advances and Applications, Vol. 153, 307–320
c© 2004 Birkhäuser Verlag Basel/Switzerland

B(H)-Commutators: A Historical Survey

Gary Weiss

Abstract. This is a historical survey that includes a progress report on the
1971 seminal paper of Pearcy and Topping and 32 years of subsequent in-
vestigations by a number of researchers culminating in a completely general
characterization, for arbitrary ideal pairs, of their commutator ideal in terms
of arithmetic means.

This characterization has applications to the study of generalized traces
(linear functionals vanishing on the commutator ideal [I, B(H)]) and to the
study of the B(H)-ideal lattice and certain special sublattices. The structure
of commutator ideals is essential for investigating traces which in turn is
relevant for the calculation of the cyclic homology and the algebraic K-theory
of operator ideals.

Mathematics Subject Classification (2000). Primary: 47B47, 47B10, 47L20;
Secondary: 47-02, 47L30.

Keywords. Commutators, commutator ideals, ideals, trace, trace class,
Hilbert-Schmidt class, arithmetic means.

Commutators, linear operators of the form AB − BA, first appeared in physics,
for instance in a mathematical formulation of Heisenberg’s Uncertainty Principle
[17]. A simple concrete example is the product rule in calculus applied to xf
expressed in terms of operators: I = d

dxMx−Mx
d
dx where the operators act on the

class of differentiable functions. The situation changes in B(H), that is, when the
operators act boundedly on a Hilbert space. Wintner [32] and Wielandt [31] in 1947
and 1949, respectively, gave two elegant distinct proofs that the identity is not a
commutator of two bounded linear operators on a Hilbert space. Both apply also to
arbitrary complex normed algebras with unit, except Wintner’s proof requires that
the norm be complete. For the period preceding 1967, A Hilbert space problem book
[15] (Chapter 24), provides a brief history of B(H)-commutators including some
proofs. This survey starts with an elementary description of the subject similar
to the viewpoint held by the author in the 1970’s and continues with a report
on the main contributions including references and some open problems spanning
1971–2003 from which our deeper understanding of the subject evolved.
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AB − BA (also denoted by [A, B]) represents in a sense the “degree” to
which A and B do not commute, either via norm (the operator norm or some
other norm, i.e., quantitative measures) or via the commutator’s containment in
a two-sided ideal (qualitative measures). (All ideals herein are two-sided B(H)-
ideals where H is a separable, infinite-dimensional, complex Hilbert space.) For
instance, one can study conditions for containment of a commutator in the class
F (H) of finite rank operators, the smallest nonzero ideal in the lattice of all B(H)-
ideals, or containment in the class K(H) of compact operators, the largest proper
ideal. The latter is equivalent to the operators commuting when they are projected
canonically into the Calkin algebra, B(H)/K(H), commonly called “commuting
modulo the compact operators.” The Calkin algebra being a unital normed algebra,
Wintner and Wielandt reveals that the identity of any such algebra is never a
commutator. This translates in B(H) immediately to the fact that the “thin”
operators, λI + K where λ �= 0 and K ∈ K(H), are noncommutators.

Brown and Pearcy [5] in 1965 determined the structure of all commutators
in B(H) by proving that the thin operators are the only noncommutators. This
then determines as well the commutators in the Calkin algebra – all except the
nonzero scalars. (See also [15].)

Theorem 0.1 (Brown and Pearcy, 1965). An operator is a commutator if and only
if it is not thin.

An approximation consequence of Theorem 0.1 is that thin operators are
norm-close to commutators since thin operators are easily seen to be norm-close
to non-thin operators. But trying to get norm-close to the identity with a sequence
of commutators can only be achieved if the norms of the operators in the commu-
tators are not all uniformly bounded. (Cf. [15].) In fact, AnBn −BnAn → I in the
B(H)-norm implies max(‖AnBn‖, ‖BnAn‖) → ∞. This provides a hint of what
was to come. In a sense, it tells us that to obtain the identity as a commutator it is
necessary in one’s matrix design to “spread out” in order to exploit a lot of cancel-
lation. An example of this phenomenon is described in the following paragraph. In
later developments on solving commutator equations, various kinds of spreading
out matrix designs were discovered that provided quantitative control (i.e., of var-
ious norms) and qualitative control (i.e., forcing membership in ideals-the smaller
the ideal the better). (Cf. [27], [1], [29], [2], [3], [19] and [8].)

In finite-dimensional Hilbert space, the trace distinguishes between commu-
tators and noncommutators. There the trace of a product of two operators is
independent of their order (unlike three or more) and so, there, commutators have
trace zero. Moreover, having a nonzero trace is the only obstruction to being a
commutator. Likewise for infinite-dimensions for the analogous class, F (H). That
is, on infinite dimensional Hilbert space, a finite rank operator is a commutator if
and only if it has trace zero. That the infinite dimensional case is different is evi-
dent from Theorem 0.1, but more simply from the fact that the self-commutator
of the unilateral shift, U∗U − UU∗ = diag(1, 0, . . . ), the diagonal matrix with di-
agonal sequence (1, 0, . . . ), is a rank one projection operator with trace one. This
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commutator provided a beginning framework from which to approach many matrix
design problems in the subject and is therefore one of the underlying themes of this
survey. For instance, since the unilateral shift is not compact, in order to express
the rank one projection diag(1, 0, . . . ) as a commutator or sum of commutators
of compact operators, a key step in [25], another approach needed to be found.
An illuminating and more transparent construction leading to its representation
as such a sum follows from the identity illustrating the matricial spreading out
phenomenon mentioned above:

diag(1, 0, . . . ) = 1 ⊕ Σ⊕(−xnD) + 0 ⊕ Σ⊕xnD

where D := diag(1,−1/2,−1/2) and < xn > is the sequence 1
2n -repeated 2n-

times for n ≥ 0 (cf. [27], Chapter 1.3, pp. 34–40.) Noting that D is simply a
self-commutator of a 3 × 3 weighted shift with weights 1, 1√

2
and that 〈xn〉 ≍ 〈 1

n 〉
(the harmonic sequence), each summand can be represented as a commutator of
compact operators. Moreover, the summands are (I, J)-commutators when the di-
agonal operator with eigenvalues the harmonic sequence is contained in the ideal
IJ (for notations see the third paragraph below and the explanation following
Theorem 2.3). That containment of diag(1, 1/2, 1/3, . . . ) is necessary followed sub-
sequently as one application of Theorem 2.3 (see the section below on Traces and
Arithmetic Means, fourth paragraph).

When the trace of a trace class commutator must be zero is a deep ques-
tion (cf. [13], Section III.8 for background). If AB and BA for instance are in
the trace class (the trace ideal C1), then their commutator has trace zero (cf.
[21], Lemma 2.1). I know of no weaker general condition on AB and BA that
would insure that Tr (AB −BA) = 0 whenever the commutator is trace class. At
one extreme, it is easy to produce operators, even compact operators, with zero

product but non-trace class commutator, e.g., [

(
0 A
0 0

)
,

(
B 0
0 0

)
]. But when the

operators are both in the Hilbert-Schmidt class (the Hilbert-Schmidt ideal C2)
or one is a trace class operator and the other a B(H)-operator, then their prod-
ucts, in either order, are trace class operators so their commutator has trace zero.
Hence the questions: Is every trace class operator with trace zero representable as
a commutator of Hilbert-Schmidt operators or as a commutator of a trace class
operator with a B(H)-operator? I.e., is the trace the only obstruction for a trace
class operator to be either type of commutator?

In 1971 Pearcy and Topping [25] posed four seminal problems described be-
low that have dominated the subject of B(H)-commutators ever since and that
led to breakthroughs in the study of generalized traces with applications to al-
gebraic K-theory for operator ideals, e.g., the computation of certain K-groups.
(For further details see [8], [2] and [3].) Indeed, the study of generalized traces
depends fundamentally on understanding particularly the structure of the com-
mutator ideals [I, B(H)]. This is because ideals are the natural domains of gen-
eralized traces (algebraic linear functionals that are unitarily invariant) and for
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algebraic linear functionals, unitary invariance is equivalent to their vanishing on
the commutator ideal [I, B(H)]. This equivalence follows from the commutator
identity [TU∗, U ] = T − UTU∗ for T arbitrary and U unitary and from the fact
that every operator is the linear combination of four unitary operators.

Commutator ideals also play a role in the Fong, Miers, Sourour characteriza-
tion of the Lie ideals of B(H) [12] where they prove: if L is a Lie ideal of B(H) (i.e.,
L is a linear subspace of B(H) containing [L, B(H)]), then [I, B(H)] ⊆ L ⊆ I +C1
for some B(H)-ideal I.

For each pair of not necessarily proper B(H)-ideals I, J , denote by [I, J ] their
commutator ideal, that is, the algebraic linear span of the class [I, J ]1 of single
(I, J)-commutators (the commutators AB − BA with A ∈ I and B ∈ J). Let
[I, J ]n denote the class of all n-sums of (I, J)-commutators.

In 1954 [14] Halmos proved [B(H), B(H)]2 = B(H) and thereafter investi-
gators on the structure of commutator ideals, once a particular commutator ideal
representation was proven, would try to reduce the number of commutators needed
in the sum. To date, the strongest result known on this is: [I, J ] = [I, J ]4 (cf. [8],
Corollary 6.5). Under various additional conditions the number can be further re-
duced. For instance, [I, B(H)] = [I, B(H)]3 (cf. [8], Theorem 6.1). For more results
of this type see [8], Chapter 6.

The Pearcy-Topping problems and progress to date on them are as follows.

Problem 1. (Pearcy-Topping [25], 1971) Is K(H) = [K(H), K(H)]1?
In particular, is diag(1, 0, . . . ) and hence any rank one projection operator a com-
mutator of compact operators?

Pearcy and Topping considered this a key test question presumably because
representing a rank one projection as sums of appropriate types of commutators
was at the core of their proofs in [25]: that K(H) = [K(H), K(H)] and that Cp =
[C2p, C2p] when p > 1. Until then, matrix forms designed to solve commutator
equations were bounded but not compact operators, even when the target operator
was compact. Indeed, representing this simplest nonzero compact operator without
trace zero, diag(1, 0, . . . ), provided the first inroad into controlling the matrix
forms’ membership in prescribed ideals.

Problem 2. Is Cp = [C2p, C2p]1 when p > 1?

When I ⊂ C1 let Io denote the class of all operators in I with trace zero.

Problem 3. Is Co
1 = [C2, C2]1? I.e., is every trace class trace zero operator a

commutator of Hilbert-Schmidt operators?

Problem 3′. Is Co
1 = [C2, C2]? I.e., is every trace class trace zero operator a finite

sum of commutators of Hilbert-Schmidt operators?

Problem 1 remains open and the structure of [C2, C2]1 and [C1, B(H)]1 re-
main unknown. Indeed, little progress has been made on characterizing any of the
single commutator classes [I, J ]1 or even on understanding their structure with five
notable exceptions: the fundamental work of Anderson in 1977 [1], related contrast-
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ing work of L.G. Brown in 1994 [4], work related to both in [8] (Chapter 7), and
the negative solution to Problem 3 in 1980 [28] (respectively, Theorems 1.1–2.1
below). The fifth is a recent development (Spring 2004) on a positive solution to
one of my early problems on single commutators not listed here. It was announced
to me by Ken Davidson in a private communication without manuscript that,
along with Marcoux and Radjavi and using methods from [1], they constructed
strictly positive commutators of compact operators with eigenvalues of arbitrarily
slow decrease. In my view, this problem up to now has presented an obstruction
to further progress on Problem 1.

Commutator ideals, in contrast, have seen significant progress. Of Prob-
lems 3–3′ Pearcy and Topping wrote “The techniques involved in giving an af-
firmative answer to this question would likely enable us to solve some stubborn
problems in the theory of commutators in finite von Neumann algebras (see [24]).
Problem 3 is so intractable that we cannot even answer the weaker Problem 3′”.

1. Single commutators

Theorem 1.1 (Anderson, [1], 1977). Rank one projections and more generally op-
erators whose kernels contain infinite-dimensional reducing subspaces are commu-
tators of compact operators.

Consequently, every compact operator is a (K(H), B(H))-commutator, that
is, K(H) = [K(H), B(H)]1. Moreover, Cp ⊂ [C2p, B(H)]1 when p > 1.

Theorem 1.2 (L.G. Brown, [4], 1994). If A ∈ Cp, B ∈ Cq, p−1 + q−1 ≥ 1
2 and the

commutator [A, B] has finite rank, then Tr [A, B] = 0.

Theorem 1.3 (ii) below is a paired down version of a theorem in [8] (the main
theorem in Chapter 7). Chapter 7 is an outgrowth of a prior question of Wodz-
icki on when [I, B(H)]1 can contain a finite rank operator with nonzero trace. In
particular, is containment in I of the diagonal operator diag〈1/

√
n〉 necessary and

sufficient. Sufficiency follows from [1] (cf. [8] (Chapter 7)). Chapter 7 provides con-
ditions on IJ for the necessity for general single commutator classes [I, J ]1. The
necessity in general remains an open question. (The necessity of the weaker con-
tainment conditions: diag〈1/n〉 ∈ I, respectively IJ , follows by blending methods
in [4] and [8].)

Problem 4. If [I, J ]1 contains a finite rank operator with nonzero trace, must IJ
contain the diagonal operator diag〈1/

√
n〉? If not, what about the cases [I, B(H)]1?

Theorem 1.3 (Dykema, Figiel, Weiss and Wodzicki, [8], 2001, Theorems 7.1–7.3).

(i) If the diagonal operator diag〈1/
√

n〉 ∈ I, then [I, B(H)]1 contains a finite
rank operator with nonzero trace.

(ii) If [I, B(H)]1 contains a finite rank operator with nonzero trace, then
diag〈1/

√
n〉 is contained in the arithmetic mean closure of I (see below) and,

in particular, in I itself when it is arithmetically mean closed.
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(iii) For every compact operator T , T ∈ [(T ⊗diag〈1/
√

n〉), B(H)]1, the first ideal
being the principal ideal generated by T ⊗ diag〈1/

√
n〉.

The arithmetic mean (am) closure of an ideal I is the smallest enveloping
ideal that is solid under domination by the induced arithmetic mean sequences of
the s-numbers of its operators (i.e., T ∈ I whenever s(T )a ≤ s(A)a for some A ∈ I).
This condition is equivalent to I being solid under domination in the sense of the
Hardy-Littlewood-Polya-Schur majorization (≺) of operator s-number sequences,
that is, T ∈ I whenever s(T ) ≺ s(A) for some A ∈ I. (s(T ) ≺ s(A) means∑n

1 s(T )j ≤ ∑n
1 s(A)j ∀n). This ordering for finite sequences with equality at n

provided the characterization of when two nonincreasing sequences x, y of length
n satisfy

∑n
1 φ(xj) ≤

∑n
1 φ(xj) for every convex function φ (cf. [16], Section 3.17

Theorem 108, and for the infinite case, [23] 1.A, 1.A.2, 1.D p. 16, 3.A.8, 3.C.1, and
esp. 3.C.1.b).

An arithmetic mean closed ideal is one that is equal to its closure. (See the
section below on arithmetic mean ideals for more details. Cf. [8] Theorem 7.3 and
Section 2.8.) Theorem 1.3 strengthens some of the results in [1] blending some of
Anderson’s methods there with methods in [8].

Problems 3–3′ were settled in 1980 in the negative via Theorem 2.1 below [28].
A negative answer to Problem 3′ provides automatically the same for Problem 3.
And since Co

1 ⊃ [C2, C2]1 is automatic as discussed earlier, the problems reduce
to whether or not Co

1 ⊂ [C2, C2]1 (resp., Co
1 ⊂ [C2, C2]), that is, whether or not

all trace class trace zero operators are commutators of Hilbert-Schmidt operators
(respectively, sums of such commutators). An even more important question as it
turned out is: if not, which ones are? Some of the important single commutator
open problems are summarized below in Problem 5.

In Theorem 2.1, the sufficiency of the logarithmic condition for the special
class of trace class trace zero diagonal operators given there was originally proved in
1973 [27] with a shortened proof in 1986 [29] with the help of E. Azoff. The necessity
was originally proved in 1976 [28] providing a negative solution to Problems 3–3′.

2. Commutator ideals

Theorem 2.1 (Weiss [28], 1980). Setting d :=
∑∞

1 dn for an arbitrary sequence
dn ↓ 0, the following are equivalent.

(i) diag(−d, d1, d2, . . . ) ∈ [C2, C2]
(ii) diag(−d, d1, d2, . . . ) ∈ [C1, B(H)]
(iii)

∑∞
1 dn log n < ∞.

In particular, if 〈dn〉 = 〈 1
n log2 n

〉, then diag(−d, d1, d2, . . . ) ∈ Co
1 \ [C2, C2].

Theorem 2.1 (ii), although not included in [28], can be obtained from the
same methods with minor modifications.

Diagonal operators of the form diag(−d, d1, d2, . . . ) became the test cases
inside Co

1 in [27]–[29] for early approaches to commutator problems where having
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trace zero was a necessary condition, and they continue to play an essential role
in the C1 study, for instance in the proof of the main summability theorem in [8],
Theorem 5.11 (iii) (Theorem 2.4 below). Indeed, when I ⊂ C1, i.e., inside C1 they
are the building blocks of Io in that every Io-operator has its real and imaginary
parts easily decomposable as the sum of two compact selfadjoint operators each
unitarily equivalent to diagonals of this form. Another important point about
these diagonal forms is their resemblance to diag(1, 0, 0, . . . ) so that matricially
they provide reasonable analogs to the rank one projection and its commutator
problems mentioned earlier (for instance, Problem 1 and Problem 4 for the case
diag(1, 0, 0, . . . )).

The study of this class began in 1973 (cf. [27] and [28]) by considering low di-
mension finite-dimensional cases (especially important were dimensions 2, 3 and 4),
and this survey concludes with a discussion of some of the remaining open problems
there that might lead to better insights into the structure of single commutator
classes.

One negative weight and the rest positive in practice were the hardest opera-
tors to deal with in this investigation. In contrast, operators of the form diag〈±dn〉
are easy to represent as single commutators using tensors of diagonals and 2 × 2
scalar matrices with the best possible control on their norms or on their member-
ship in prescribed ideals. Indeed, for every product representation dn = anbn:

diag〈±dn〉 =
[
diag〈an〉 ⊗

(
0 1
0 0

)
, diag〈bn〉 ⊗

(
0 0
1 0

)]
.

Indeed, from this it follows easily that IJ is the ideal generated by [I, J ]. Since
1971, much of the work on commutators depended significantly on increasingly
complicated methods of organizing cancellation in operator equations. Another
elementary example of this was discussed above in the second paragraph following
Theorem 0.1.

Regarding the monotone ordering on the sequence 〈dn〉, since the summabil-
ity condition in Theorem 2.1 along with other weighted summability conditions
with nondecreasing weights appearing in [27] are minimal when the sequence 〈dn〉
is arranged in nonincreasing order and since all the commutator classes under dis-
cussion are unitarily invariant, there is no loss of generality in assuming that the
sequence is nonincreasing.

Anderson [3] in 1986 proved Co
p = [Cp, B(H)] when p < 1 and applied this

to the computation of the K-groups, K1(Cp, B(H)) (cf. [2]).

Kalton [19] in 1989 linked arithmetic means to [C1, B(H)] and to [C2, C2]
achieving the remarkable characterizations of the spaces:

Theorem 2.2 (Kalton, [19], 1989). An operator T ∈ C1 is in [C1, B(H)] (or in
[C2, C2]) if and only if λ(T )a is absolutely summable.
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Here λ(T ) := 〈λn(T )〉 denotes the sequence of eigenvalues counting alge-
braic multiplicity and arranged in order of nonincreasing moduli and λ(T )a :=

〈λ1(T )+···+λn(T )
n 〉 denotes its averaging sequence.

Surprisingly and only indirectly via their same characterization did Kalton
obtain: [C1, B(H)] = [C2, C2]. No direct proof of this is known.

Theorem 2.2 provided some of the inspiration and methodology for the gen-
eral characterization of commutator ideals in the following theorem (which in some
respects is the central result of [8]). For more of Kalton’s work on this subject, some
joint with Dykema and some related to the following theorem; see [20] and [9].

Theorem 2.3 (Dykema, Figiel, Weiss and Wodzicki, [8], 2001). If I, J are two
arbitrary B(H)-ideals, at least one of which is proper, and T = T ∗ ∈ IJ , then

T ∈ [I, J ] if and only if diag λ(T )a ∈ IJ.

Consequently, [I, J ] = [IJ, B(H)].

For normal compact operators, λ(T ) is simply the sequence of eigenvalues count-
ing ordinary multiplicity and arranged in order of decreasing moduli, as described
above. (A stronger version of Theorem 2.3 requires only a more general condi-
tion than monotonization: that |λ(T )| ≤ ν for some ν ∈ Σ(I).) Moreover, IJ
traditionally defined in ring theory as the ideal generated by all (I, J)-products,
in B(H) it is also precisely the class of all single (I, J)-products (cf. [8], Lemma
6.3). Alternatively, IJ is the class of compact operators T dominated by (I, J)-
products in the sense of s-numbers, i.e., all compact operators T for which s(T ) ≤
s(A)s(B) for some A ∈ I, B ∈ J , and this reveals that the ideal product is a
commutative operation. These facts follow in part from Calkin’s inclusion pre-
serving lattice isomorphism, I → Σ(I), from the class of B(H)-ideals onto the
class of characteristic subsets of c∗o (i.e., solid subsets of the class of nonincreas-
ing nonnegative sequences tending to zero that are invariant under ampliation,
D2(s(T )) := (s(T )1, s(T )1, s(T )2, s(T )2, . . . ), and closed under addition) [6]. (See
also [8], Chapter 2.)

Part of the value of Theorem 2.3 lies in the fact that, because IJ is a com-
mutative ideal operation, the theorem reduces many noncommutative problems
in this study to commutative problems involving c∗o-sequences, often achieving
greater accessibility. This is evidenced in [8] and [18].

Like Kalton’s result, that [I, J ] = [IJ, B(H)] follows likewise in [8] only in-
directly from their same characterization and likewise no direct proof is known.
(The inclusion [I, J ]2 ⊃ [IJ, B(H)]1 is straightforward.) Hence the primary general
single commutator questions (cf. [8], Chapter 7):

Problem 5. (i) Characterize [I, J ]1.

(ii) Absent this, characterize [I, J ]1 for any pair I, J �= F (H)
distinct from those covered in [8], Corollaries 7.2 and 7.6.

(iii) Is [I, J ]1 = [IJ, B(H)]1?
(iv) In particular, is [C1, B(H)]1 = [C2, C2]1?
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In C1, Theorem 2.3 also reveals the beginnings of a summability theory for
trace class commutators as evidenced in the next theorem (see also [18]).

Theorem 2.4 (Dykema, Figiel, Weiss and Wodzicki [8], 2001, Theorem 5.11-(iii)).
If I, J, L are B(H)-ideals where IJ ⊂ K(H), then

(i) diag(−d, d1, d2, . . . ) ∈ [I, J ] if and only if diag〈dn〉a∞ ∈ IJ
(ii) If L ⊂ C1, then Lo ⊂ [I, J ] if and only if La∞ ⊂ IJ .
(iii) If I ⊂ C1, then Io = [I, B(H)] if and only if Ia∞ = I

(equivalently Ia∞ ⊂ I since the reverse inclusion is automatic).

Here the arithmetic mean at infinity is defined for summable sequences λ by:

λa∞ := λn+1 + λn+2 + ···
n . See the third paragraph below for the definition of the

arithmetic mean at infinity Ia∞ .

3. Traces and arithmetic mean ideals

Consequences of Theorem 2.3 can be found in [8] and in [18]. It provides a new point
of view on traces and arithmetic mean ideals and a brief introduction including
a few of its consequences are presented below. Applications of Theorem 2.3 to
cyclic homology and the algebraic K-theory of operator ideals are described in [8],
Introduction.

Theorem 2.3 characterizes when traces and nonsingular traces exist. Traces
(also called generalized traces), as mentioned earlier, are unitarily invariant lin-
ear functionals on an ideal I and unitary invariance is equivalent to the linear
functional vanishing on the commutator ideal [I, B(H)]. Alternatively, traces are
simply natural liftings to I of linear functionals on the quotient I

[I,B(H)] , so they

exist precisely when I �= [I, B(H)], or equivalently, by Theorem 2.3, when I �= Ia

(i.e., when the characteristic sets Σ(Ia) �⊂ Σ(I)).

Ia and aI, the basic arithmetic mean ideals called respectively the arithmetic
mean ideal and the pre-arithmetic mean ideal of I, are defined as:

Ia := {T ∈ K(H) | s(T ) ≤ s(A)a for some A ∈ I} and

aI := {T ∈ K(H) | s(T )a ≤ s(A) for some A ∈ I}.
Likewise Ia∞ and a∞I, the basic arithmetic mean ideals at infinity called respec-
tively the arithmetic mean ideal at infinity and the pre-arithmetic mean ideal at
infinity of I, are defined as:

Ia∞ := {T ∈ K(H) | s(T ) ≤ s(A)a∞ for some A ∈ I} and

a∞I := {T ∈ K(H) | s(T )a∞ ≤ s(A) for some A ∈ I}.

Nonsingular traces exist precisely when diag(1, 1/2, 1/3, . . . ) /∈ I. Nonsin-
gular traces are those generalized traces nonvanishing on F (H), or equivalently,
whose restrictions to F (H) up to scalar multiplication are simply the classical
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trace. The necessity of diag(1, 1/2, 1/3, . . . ) /∈ I follows by applying Theorem 2.3
to obtain the key idea that

diag(1, 0, 0, . . . ) ∈ [I, B(H)] if and only if diag〈1/n〉 ∈ I.

Examples of nonsingular traces are: the classical trace on F (H) or C1; and an
example of a singular trace is the Dixmier trace on the Köthe dual of the Macaev
ideal (cf. [7] and [22]). In the language of arithmetic mean ideals (see below), the
Macaev ideal is the Lorentz ideal L(log n) and its Köthe dual is the pre-arithmetic

mean ideal of a principal ideal, a(diag〈 log n
n 〉), also known as the Marcinkiewicz

ideal M(〈 n
log n 〉), and which is also the arithmetic mean closure of a principal

ideal, a((diag〈1/n〉)a). (Cf. [8], Sections 4.7 and 4.10. The arithmetic mean (am)
closure was discussed earlier in the paragraph following Theorem 1.3.) Indeed
many classical ideals arising from classical spaces in the literature (e.g., Lorentz,
Marcinkiewicz and Orlicz sequence spaces) fit this new context identified in [8]
and the additional notions of “softness” and “soft enveloping ideals” in [18] arose
from Theorem 2.3 applied to the work of Dixmier [7] and Varga [26].

One consequence of Theorem 2.3 for nonsingular traces is that the classical
trace extends beyond the trace class to the strictly larger ideal of operators T
whose s-numbers s(T ) = o(1/n) (see also [10]). This is the soft interior of the
principal ideal generated by diag〈1/n〉.

By Theorem 2.3, (aI)+ =[I,B(H)]+ and the ideal aI⊂ [I,B(H)] consequently.
As mentioned earlier, the ideal generated by [I, B(H)] is I. So aI ⊂ [I, B(H)] ⊂ I
where aI, I form the optimal upper and lower ideal envelopes for [I, B(H)] and
the inclusions become equalities if and only if [I, B(H)] is itself an ideal.

In c∗o, the new double inequality linking tensors with arithmetic means (see
[8], Proposition 3.14): (x ⊗ ω)∗ ≤ xa ≤ 2 (x ⊗ ω)∗ provides an alternate
characterization of the arithmetic mean ideal of I: Ia = I ⊗ (diag ω). Here ∗
means monotonization and ω := 〈1/n〉.

Am-stability, I = Ia, is equivalent to aI = I, and from the previous comment,
am-stability is equivalent to the condition I = I ⊗ (diag ω) (i.e., I ⊃ I ⊗ (diag ω)
since the reverse inclusion is automatic). This is related to the tensor product
closure property (TPCP), I = I ⊗ I, investigated in [27]. (See [8], Sections 2.8
and 4.3 for more details on the tensor operation for ideals.)

The following 5-chain with some arithmetic mean relations links the basic
arithmetic mean ideals: aI ⊂ (aI)a ⊂ I ⊂ a(Ia) ⊂ Ia. Denoting A(I) := Ia and
A−1(I) := aI for convenience of notation, ∀ n ∈ Z am-ideals satisfy the rela-
tions AnA−nAn = An which imply the 5-chain and that AnA−n and AnA−2nAn

are idempotents. The interior Io := (aI)a and the closure I− := a(Ia) reveal a
topological like structure (except of course the complement of an ideal is not an
ideal) where the am-closed ideals are those equal to their closures (equivalently
as mentioned earlier, those solid under Hardy-Littlewood-Polya-Schur majoriza-
tion), and the am-open ideals are those equal to their interiors. More generally,
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am-interiors/am-closures form the optimal am-open/am-closed inner and outer en-
velopes, respectively. For am-stability, all the inclusions become equality. An open
question here is whether or not there exists a clopen ideal that is not am-stable.

Three notable features of this structure are that every ideal contains a largest
am-closed ideal and is contained in a smallest am-open ideal; that they can be
expressed in terms of certain inner and outer convex envelopes; and that the am-
closure operation distributes over finite sums of ideals. (Cf. [18] for details on this
topological like structure.)

There is also an emerging summability theory with analogous phenomena
related to the slightly subtler 5-chain for arithmetic mean ideals at infinity:

a∞I ⊂ (a∞I)a∞ ⊂ I ⊂ a∞(Ia∞) ⊂ Ia∞ .

4. Single commutator problems on diag(−d, d1, d2, . . . )

The development leading to Theorem 2.1 left some interesting open questions.
This is a brief description of the related work and problems from [27], Section 1.8,
pp. 122–136, [28], Section I, pp. 576–580, and [29], p. 885.

An early construct used by the author in this study was that, using the
standard notation [A, B] := AB − BA and a parameter 0 ≤ t ≤ 1:
⎛
⎜⎜⎜⎜⎝

−∑∞
1 dn 0 0 ···
0 d1 0 ···
0 0 d2

. . .
...

...
. . .

. . .

⎞
⎟⎟⎟⎟⎠

=

⎡
⎢⎢⎢⎢⎣

⎛
⎜⎜⎜⎝

0 0 0 ···
(
∑∞

1 dn)1−t 0 0 ···
0 (

∑∞
2 dn)1−t 0 ···

...
. . .

. . .
. . .

⎞
⎟⎟⎟⎠,

⎛
⎜⎜⎜⎜⎝

0 (
∑∞

1 dn)t 0 ···
0 0 (

∑∞
2 dn)t ···

0 0 0
. . .

...
...

...
. . .

⎞
⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎦

.

Here the IJ-norm in both the [C1, B(H)]1 and [C2, C2]1 contexts is
∞∑

1

∞∑

k

dn =

∞∑

1

ndn.

That is, a sufficient condition that

diag(−d, d1, d2, . . . ) ∈ [C2, C2]1 or [C1, B(H)]1 is that

∞∑

1

ndn < ∞.

Weighted shifts such as these play a central role throughout the theory in
building solution operators for commutator equations. For instance, they were
essential for the sufficiency part of Theorem 2.1 (iii). The strategy back then
was to look for suitable matrix forms with smaller trace norms in the form of
weighted sums where the weights increase slower than n, say like o(n). The point of
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Theorem 2.1 (iii) was that the sufficiency of the weights n were strengthened to the
sufficiency of the weights log n thereby weakening the condition on 〈dn〉 and hence
expanding the class of achievable diag(−d, d1, d2, . . . ). Attempts to reduce further
the summability condition qualitatively failed, but quantitatively, the following
construct succeeded.

First note that

diag(−d, d1, d2, . . . ) ∼= diag(−d, d1, d3, . . . ) ⊕ diag(d2, d4, . . . ) = [A, B]

where

A =

(
Ut −

(∑∞
n=1 d2n

)t
P

0 −V ∗
t

)
and B =

(
U∗

1−t 0(∑∞
n=1 d2n

)1−t
P V1−t

)

with P := diag(1, 0, . . . ), the parameter 0 ≤ t ≤ 1, the weighted shift

Ut := U
(( ∞∑

1

d2n−1

)t

,
( ∞∑

2

d2n−1

)t

, . . .
)

and the weighted shift

Vt := U
(( ∞∑

2

d2n

)t

,
( ∞∑

3

d2n

)t

, . . .
)
.

When t = 1, ‖A‖1 =
∑∞

1 [n+1
2 ] dn where [x] denotes the greatest integer function,

and ‖B‖ = 1. When t = 1
2 , ‖A‖2

2 = ‖B‖2
2 =

∑∞
1 [n+1

2 ] dn. And for any 0 ≤ t ≤ 1,

‖AB‖1 = ‖BA‖1 =
∑∞

1 [n+1
2 ] dn. These are all quantitative improvements over∑∞

1 ndn for the respective norms, but not qualitative improvements. Hence the
following test questions for investigating the structure of [C1, B(H)]1 and [C2, C2]1:

Problem 6. Is
∑∞

1 [n+1
2 ] dn minimal for each of these three contexts (max(‖AB‖1,

‖BA‖1), ‖A‖2‖B‖2 and ‖A‖1‖B‖)?
For which of these three contexts is the condition

∑∞
1 ndn < ∞ necessary?

Finally, the problems on diag(−d, d1, d2, . . . ) all have finite-dimensional
analogs by simply taking the sequence 〈dn〉 finite. Indeed Theorem 2.1 owes its
discovery as described in [28] to the test cases d1 = d2 = · · · = dN = 1

N . The

formula in Problem 6 for the cases diag(−1, 1
N , 1

N , . . . , 1
N ) is N+2

4 for N even and
(N+1)2

4N for N odd. Since ‖ diag(−1, d1, d2, . . . )‖1 = 2 (by normalizing, d = 1), we
see that diag(−1, d1, d2, . . . ) = AB − BA implies

2 = ‖AB − BA‖1 ≤ ‖AB‖1 + ‖BA‖1 hence by Hölder’s inequality,

‖A‖2‖B‖2, ‖A‖1‖B‖, max(‖AB‖1, ‖BA‖1) ≥ 1.
For N = 1, 2, the inequality

2 = ‖AB − BA‖1 ≤ ‖AB‖1 + ‖BA‖1 ≤ 2 ‖A‖2‖B‖2

in the “minimal” case is actually equality. But for N = 3, the ‖A‖2‖B‖2-minimum
turned out strictly larger than 1, namely 4/3, and for N = 4, the minimum is 3/2.
So for 1 ≤ N ≤ 4, the formula in Problem 6 is sharp for minimizing ‖A‖2‖B‖2 and
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perhaps something interesting is occurring at N = 5 like new solution operators
providing smaller Hilbert-Schmidt norms or a new stronger proof of sharpness.
The proof for 1 ≤ N ≤ 4 provided the keys in [28] to proving Theorem 2.1.

Problem 7. Minimize ‖A‖2‖B‖2 for N ≥ 5 for the target diagonal operators
diag(−1, 1

N , 1
N , . . . , 1

N ) and diag(−1, 1
N , 1

N , . . . , 1
N )⊕0 where 0 is finite and infinite-

dimensional?
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[31] H. Wielandt, Über die Unbeschränktheit der Operatoren der Quantenmechanik.
Math. Ann. 121 (1949) 21.

[32] A. Wintner, The Unboundedness of Quantum-Mechanical Matrices. Phys. Rev. 71
(1947), 738–739.

Gary Weiss
University of Cincinnati
Department of Mathematics
Cincinnati, OH, 45221-0025
USA
e-mail: gary.weiss@math.uc.edu



Operator Theory:
Advances and Applications, Vol. 153, 321–344
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with Non-Smooth Coefficients
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Abstract. We consider the Weyl formula for the asymptotic number of eigen-
values of self-adjoint elliptic differential operators with coefficients which have
Hölder continuous first-order derivatives. Our aim is to prove that the Weyl
formula holds with a remainder usually considered in the case of operators
with smooth coefficients.

Mathematics Subject Classification (2000). 35P20.

Keywords. Spectral asymptotics, Semiclassical approximation, Elliptic oper-
ator, Weyl formula.

1. Introduction

This paper presents a generalization of our earlier results described in [14], [16],
[17] and motivated by the well-known result of L. Hörmander ([5]) on spectral
asymptotics of a self-adjoint elliptic operator A with smooth coefficients on a
smooth (boundaryless) manifold M . If M is a compact manifold of dimension d
and 2m is the order of A, then the associated counting function N (A, λ), defined
as the number of eigenvalues (counted with their multiplicities) smaller than λ,
satisfies the Weyl formula

N (A, λ) = cλ
d

2m + O(λ
d−µ
2m ), (1.1)

where c = cA,M is a constant and µ = 1.

It is natural to ask if (1.1) still holds for the operators with non-smooth
coefficients. In [16] we proved that for coefficients which are Hölder continuous
of exponent r ∈]0; 1], the formula (1.1) holds if µ < r. In [17] we proved (1.1)
with µ = 1 assuming that the first-order derivatives of coefficients are Lipschitz
continuous and in this paper we show a way of replacing the hypothesis of Lipschitz
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continuity by Hölder continuity. Moreover we use the semiclassical framework,
which allows us to obtain the classical Weyl formula (1.1) as a corollary.

Let Br denote the set of bounded, Hölder continuous functions on R
d, i.e.

a ∈ Br means that a ∈ L∞(Rd) and there is C > 0 such that

|a(x) − a(y)| ≤ C|x − y|r (x, y ∈ R
d).

Further on m ∈ N \ {0} and we fix r ∈]0; 1]. For ν, ν̄ ∈ Nd, |ν|, |ν̄| ≤ m, let aν,ν̄

be real-valued coefficients satisfying aν,ν̄ = aν̄,ν and

∂xj aν,ν̄ ∈ Br (j = 1, . . . , d). (1.2)

We assume moreover the existence of a constant c > 0 such that∑

|ν|=|ν̄|=m

aν,ν̄(x)ξν+ν̄ ≥ c|ξ|2m (x, ξ ∈ R
d) (1.3)

and for h > 0 we introduce the quadratic form Ah defined for ϕ, ψ ∈ Cm
0 (Rd) by

the formula
Ah[ϕ, ψ] =

∑

|ν|,|ν̄|≤m

(aν,ν̄(hD)νϕ, (hD)ν̄ψ), (1.4)

where (·, ·) is the scalar product of L2(Rd) and (hD)ν = (−ih)|ν|∂ν/∂xν .
The ellipticity hypothesis (1.3) ensures the fact that Ah is bounded from

below and its closure defines a self-adjoint operator Ah. We introduce

a(x, ξ) =
∑

|ν|,|ν̄|≤m

aν,ν̄(x)ξν+ν̄ (1.5)

and for E ∈ R we denote

ΓE = a−1(] −∞; E[) = {(x, ξ) ∈ R
2d : a(x, ξ) < E}. (1.6)

We will present a proof of

Theorem 1.1. Let E0, E ∈ R be such that E0 < E and ΓE is bounded. Then the
operators Ah described above have discrete spectrum in ] −∞; E0] for h ∈]0; h0],
if h0 > 0 is fixed small enough. We assume moreover

a(x, ξ) = E0 ⇒ ∇ξa(x, ξ) �= 0. (1.7)

Then, for h ∈]0; h0], the counting function N (Ah, E0) satisfies the asymptotic
formula

N (Ah, E0) = |ΓE0 |(2πh)−d + O(h1−d), (1.8)

where |ΓE0 | denotes the Lebesgue measure of ΓE0 .

In the case of smooth coefficients the assertion of Theorem 1.1 is well known
from numerous papers (cf., e.g., [1], [4]) and books (cf. [2], [7], [13]). The case
of non-smooth coefficients can be reduced to a special “smooth” problem. This
problem can be studied by means of a microlocal analysis and it is possible to
adopt the theory developed in the book of V. Ivrii ([7]) (cf. [8]), but the aim of
this paper is to give a self-contained presentation based on a modification of the
approach we used in [17] according to the plan exposed below.
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In Section 2 we describe the regularization of non-smooth coefficients giving
the operators Ph with smooth coefficients. In Section 3 we introduce pseudodif-
ferential operators to describe smooth functions of Ph and in Section 4 we con-
sider refinements needed to study functions of Ph/h which appear in the standard
Tauberian approach used to obtain the asymptotic formula with the remainder
estimate O(h1−d). In comparison with [17] the principal difficulty comes from the
fact that in the case of the Hölder continuous Hamiltonian flow, the dependence
on initial conditions cannot be controlled as in the standard situation of Lipschitz
continuity considered in [17]. To overcome this difficulty we can write every coef-
ficient as a sum of a regular term and a remainder similarly as in [17]. However
instead of a study of the corresponding operator decomposition considered in [17],
we introduce it in Section 5 as a tool to obtain suitable propagation estimates in a
very simple way. Then an easy reasoning described in Section 6 gives the property
of the finite propagation speed and the asymptotic trace formula follows similarly
as in [7].

Remark (A). Let Ãh = Ah + hAh,1 where Ah is like in Theorem 1.1 and

∃C0 > 0∀ϕ ∈ Cm
0 (Rd), |Ah,1[ϕ, ϕ]| ≤ C0Ah[ϕ, ϕ].

Then Ãh[ϕ, ϕ]1/2 and ‖(I − h2∆)m/2ϕ‖ are equivalent norms if h < 1/C0 and

we can define Ãh, the associated self-adjoint operator in L2(Rd). The reasoning
described in Section 2 ensures that the assertion of Theorem 1.1 still holds with
Ãh instead of Ah.

Remark (B). Let M be a compact (boundaryless) manifold with a density dx of
class Cm and let AM,h be a quadratic form on Cm(M) × Cm(M) satisfying

supp ϕ̃ ∩ supp ψ̃ = ∅ ⇒ AM,h[ϕ̃, ψ̃] = 0.

Assume that in local coordinates on U ⊂ Rd the form AM,h is acting on ϕ, ψ ∈
Cm(U) according to the formula (1.4) with all the hypotheses of Theorem 1.1
satisfied. Then following a standard reasoning one can affirm that the counting
function of the associated self-adjoint operator AM,h satisfies

N (AM,h, E0) = ch−d + O(h1−d). (1.9)

Remark (C). Let M and AM,h be as in (B) and the operator is homogeneous, i.e.,

|ν| + |ν̄| < 2m ⇒ aν,ν̄ = 0. (1.10)

Then the ξ-homogeneity in local coordinates ensures

a(x, ξ) = 1 ⇒ |∇ξa(x, ξ)| ≥ ξ · ∇ξa(x, ξ) = 2ma(x, ξ) = 2m > 0

and Theorem 1.1 with E0 = 1, h = λ−1/(2m) gives the classical formula

N (AM,1, λ) = N (AM,λ−1/(2m) , 1) = cλ
d

2m + O(λ
d−1
2m ). (1.11)

Moreover, it is easy to see that the assertion given in Remark (A) ensures that
(1.11) still holds if the condition (1.10) is replaced by the condition

|ν| + |ν̄| < 2m ⇒ aν,ν̄ ∈ L∞. (1.12)
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Remark (D). The regularity hypothesis (1.2) is really essential only for x such that
that (x, ξ) ∈ ΓE with a certain E > E0 and the behavior of coefficients for other
values of x can be more general: the main requirement is the possibility of reducing
the problem by adding an auxiliary cut-off supported in ΓE as in Lemma 3.1. In
particular we have assumed aν,ν̄ ∈ L∞(Rd) for sake of simplicity, but it is possible
to consider unbounded coefficients in a framework of tempered variation models
on T ∗Rd (cf., eg., [4]).

Replacing (1.2) by the condition aν,ν̄ ∈ Br (for a certain r ∈]0; 1]), we
can prove that the asymptotic formula (1.8) holds with the remainder O(hµ−d)
(instead of O(h1−d)), where µ is an arbitrary number strictly smaller that r.

Another paper will present possibilities of weakening the condition (1.7) in
the cases of weaker remainder estimates and stronger regularity hypotheses.

Finally we note that the classical Weyl formula for operators with non-smooth
coefficients has been also considered for the boundary value problems (cf. [8–
11], [15]).

2. Regularization of coefficients

Let γ1 ∈ C∞
0 (Rd) be such that γ1(−x) = γ1(x),

∫
γ1(x) dx = 1 and for ε > 0 set

γε(x) = ε−dγ1(x/ε). We fix δ ∈]0; 1[ and introduce

aν,ν̄,h(x) = (aν,ν̄ ∗ γhδ)(x) =

∫
aν,ν̄(y)γ1(h

−δ(x − y))h−δd dy. (2.1)

It is easy to see (cf. Section 7(A) ) that (1.2) ensures

|aν,ν̄(x) − aν,ν̄,h(x)| ≤ Chδ(1+r), (2.2)

|∂α
x aν,ν̄,h(x)| ≤ Cαh−δ(|α|−1−r)+ , (2.3)

where s+ = (s + |s|)/2 is the positive part of s ∈ R. We define

ph(x, ξ) =
∑

|ν|,|ν̄|≤m

aν,ν̄,h(x)ξν+ν̄ (2.4)

and assume further on (1 + r)δ ≥ 1, hence (2.2) ensures

|∂α
ξ (a − ph)(x, ξ)| ≤ Cαh〈ξ〉2m−|α|

, (2.5)

where 〈ξ〉 = (1 + |ξ|2)1/2. Moreover the operator

Ph =
∑

|ν|,|ν̄|≤m

(hD)νaν,ν̄,h(x)(hD)ν̄ (2.6)

is an approximation of Ah satisfying

±(Ah − Ph) ≤ Ch〈hD〉2m
= Ch(I − h2∆)m

and P−
h ≤ Ah ≤ P+

h holds (in the sense of quadratic forms) with

P±
h = Ph ± Ch〈hD〉2m

. (2.7)



Semiclassical Weyl Formula for Elliptic Operators 325

Our principal aim is to show

Theorem 2.1. The assertion of Theorem 1.1 holds if Ah is replaced by P±
h .

First of all we remark that the discreteness of the spectrum of P±
h is a stan-

dard result and analogical reasoning can be applied to Ah (cf. Section 7(B) for de-
tails). Then the asymptotic formula (1.8) follows from the estimates of the counting
functions for P±

h due to the min-max principle (cf. [12]), which ensures

P−
h ≤ Ah ≤ P+

h ⇒ N (P+
h , E) ≤ N (Ah, E) ≤ N (P−

h , E). (2.8)

In the remaining part of this section we describe a version of Theorem 2.1 formu-
lated suitably for the proof that will follow.

Let 1IZ : R → {0, 1} be the characteristic function of Z ⊂ R and set

Nh(ph, E) =

∫

ph(x,ξ)≤E

dxdξ

(2πh)d
=

∫
dxdξ

(2πh)d
1I]−∞; E] ◦ ph. (2.9)

Further on c0 > 0 is such that ΓE0+4c0 is bounded. Due to (1.7) we can choose
c0 > 0 small enough to ensure

E0 − 3c0 ≤ a(x, ξ) ≤ E0 + 3c0 ⇒ |∇ξa(x, ξ)| ≥ 2c0 (2.10)

and (2.10) allows us to estimate

Nh(ph, E) = |ΓE |(2πh)−d + O(h1−d) (2.11)

uniformly with respect to E ∈ [E0 − 2c0; E0 + 2c0]. Indeed, it is easy to see that
(2.10) implies the existence of C > 0 such that

−C|E − E′| ≤ |ΓE′ | − |ΓE | ≤ C|E − E′| (2.12)

holds for E, E′ ∈ [E0−3c0; E0+3c0]. Then (2.5) ensures the implication ph(x, ξ) ≤
E ⇒ a(x, ξ) ≤ E + C0h for a certain C0 > 0, hence

Nh(ph, E) ≤ |ΓE+C0h|(2πh)−d ≤ |ΓE |(2πh)−d + C1h
1−d (2.13)

and we complete the proof of (2.11) by a similar reasoning ensuring

Nh(ph, E) ≥ |ΓE−C0h|(2πh)−d ≥ |ΓE |(2πh)−d − C1h
1−d. (2.14)

Further on we also write 1IZ(P±
h ) to denote the spectral projector of P±

h on a Borel
set Z ⊂ R and due to (2.8) and (2.11), to obtain the asymptotic formula (1.8) it
suffices to show

tr 1I]−∞; E0](P
±
h ) = N (P±

h , E0) = Nh(ph, E0) + O(h1−d). (2.15)

To show (2.15) we introduce
{

g ∈ C∞
0 (]E0 − 2c0; E0 + 2c0[), g = 1 on [E0 − c0; E0 + c0],

g̃ ∈ C∞
0 (] −∞; E0 − c0[)

(2.16)

and assume g̃ + g2 = 1 on [−E′
0; E0 + c0] where E′

0 > 0 is chosen sufficiently large
to ensure −E′

0 ≤ inf p±h and −E′
0 ≤ inf σ(P±

h ) for h ∈]0; h0].
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Then for E ∈ [E0 − c0; E0 + c0] we can write the decompositions

Nh(ph, E) =

∫
dxdξ

(2πh)d
(g̃ + g21IZ)(ph(x, ξ)),

1I]−∞; E](P
±
h ) = (g̃ + g21IZ)(P±

h ),

where Z = [E0 − 2c0; E]. Now it is clear that (2.15) is a consequence of

Theorem 2.2. One has

tr g̃(P±
h ) =

∫
dxdξ

(2πh)d
g̃ ◦ ph + O(h1−d), (2.17)

tr (g21IZ)(P±
h ) =

∫
dxdξ

(2πh)d
(g21IZ) ◦ ph + O(h1−d). (2.18)

Further on c̄ > 0 is small enough and f0 ∈ C∞
0 (]c̄/2; c̄/2[). Then we define

f1 = f0 ∗ f0 ∈ C∞
0 (]c̄; c̄[) and

f̃h(λ) = F−1
h f1(λ) =

∫ ∞

−∞
eiλt/hf1(t)

dt

2πh
. (2.19)

We note that f̃h(λ) = f̃1(λ/h)/h, f̃1 is rapidly decreasing and f̃1 > 0. Moreover

we can choose f0 such that
∫∞
−∞ f̃h = f1(0) = 1. Then we use

f̃Z
h (λ) = (1IZ ∗ f̃h)(λ) =

∫

Z

dλ′ f̃h(λ − λ′) (2.20)

as an approximation of 1IZ . In Section 7(C) we recall a proof of

Proposition 2.3. The estimate (2.18) follows if

tr (g2f̃Z
h )(P±

h ) =

∫
dxdξ

(2πh)d
(g2f̃Z

h ) ◦ ph + O(h1−d) (2.21)

holds uniformly with respect to Z = [E′; E].

3. Pseudodifferential approximation

In this section we show the estimate (2.17). We use pseudodifferential operators
in a reasoning which will be developed in Section 4 to treat (2.18).

We denote by ‖ · ‖ the norm of bounded operators B(L2(Rd)) and ‖B‖tr =
tr (B∗B)1/2 is the trace class norm. If bh ∈ C∞

0 (R2d) then we denote by bh(x, hD)
the pseudodifferential operator acting on ϕ ∈ S(Rd) according to the formula

(bh(x, hD)ϕ)(x) =

∫
dydξ

(2πh)d
ei(x−y)ξ/hbh(x, ξ)ϕ(y). (3.1)

If bh, lh ∈ C∞
0 (R2d), then bh(x, hD)lh(x, hD)∗ has the integral kernel

Kh(x, y) =

∫
dξ

(2πh)d
ei(x−y)ξ/hbh(x, ξ)lh(y, ξ),
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hence

tr bh(x, hD)lh(x, hD)∗ =

∫
dxKh(x, x) =

∫
dxdξ

(2πh)d
bhlh. (3.2)

In this section we consider g̃ ∈ C∞
0 (] − ∞; E1[) with E1 such that ΓE1+2c1 is

bounded for a certain c1 > 0. Then using (2.5) we can find h0 > 0 small enough
to ensure

0 < h < h0 ⇒ supp (g̃ ◦ ph) ⊂ ΓE1+c1 . (3.3)

Next we fix an auxiliary h-independent cut-off function l ∈ C∞
0 (R2d) such that

l = 1 on a neighborhood of ΓE1+c1 and l ≥ 0. We denote Lh = l(x, hD) and recall
standard estimates of pseudodifferential operators:

‖Lh‖ = O(1), ‖Lh‖tr = O(h−d). (3.4)

Moreover (3.2) allows us to write
∫

dydξ

(2πh)d
g̃ ◦ ph =

∫
dydξ

(2πh)d
l(g̃ ◦ ph) = tr (g̃ ◦ ph)(x, hD)L∗

h (3.5)

and since |tr B| ≤ ‖B‖tr, it is clear that (2.17) follows from

‖g̃(P±
h ) − L∗

h(g̃ ◦ ph)(x, hD)‖tr = O(h1−d). (3.6)

Our proof of (3.6) is based on an auxiliary lemma (cf. Section 7(D)):

Lemma 3.1. If g̃ and Lh are as above, then for every N ∈ N one has

‖g̃(P±
h )(I − Lh)‖tr = O(hN ). (3.7)

Since ‖g̃(P±
h )Lh‖tr ≤ ‖g̃(P±

h )‖ ‖Lh‖tr = O(h−d) due to (3.4), Lemma 3.1

ensures ‖g̃(P±
h )‖tr = O(h−d). Another immediate corollary of (3.7) is

‖g̃(P±
h ) − L∗

h g̃(P±
h )Lh‖tr = O(hN )

and we can conclude that instead of (3.6) it suffices to show

‖L∗
hg̃(P±

h )Lh − L∗
h(g̃ ◦ ph)(x, hD)‖tr = O(h1−d). (3.6′)

Further on g1 ∈ S(R) denotes the Fourier transform of g̃, i.e., we have g̃(λ) =∫∞
−∞

dt
2π g1(t) eitλ and

(g̃ ◦ ph)(x, ξ) = g̃(ph(x, ξ))l(x, ξ) =

∫ ∞

−∞

dt

2π
g1(t) (eitph l)(x, ξ), (3.8)

g̃(P±
h ) =

∫ ∞

−∞

dt

2π
g1(t) eitP±

h . (3.9)

Therefore we can write

g̃(P±
h )Lh − (g̃ ◦ ph)(x, hD) =

∫ ∞

−∞

dt

2π
g1(t)Rh,t

with

Rh,t = eitP±
h Lh − (eitph l)(x, hD) (3.10)
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and the left-hand side of (3.6′) can be estimated by
∫ ∞

−∞

dt

2π
|g1(t)| ‖L∗

h Rh,t‖tr. (3.11)

However ‖L∗
h Rh,t‖tr ≤ ‖L∗

h‖tr ‖Rh,t‖ ≤ Ch−d‖Rh,t‖ and g1 is rapidly decaying,
hence in order to estimate the quantity (3.11) by O(h1−d) it suffices to show

Lemma 3.2. There is C > 0 such that ‖Rh,t‖ ≤ Ch〈t〉C .

Before starting the proof of Lemma 3.2 it is useful to introduce some nota-
tions. We write the differential operators P±

h in the standard form

P±
h =

∑

|α|≤2m

a±
ν,ν̄,h(x)(hD)α = p±h (x, hD), (3.12)

p±h (x, ξ) =
∑

|α|≤2m

a±
ν,ν̄,h(x)ξα (3.13)

and it is easy to check that (2.5) still holds with p±h instead of ph.

Let m̃ ∈ R and δ1 ≥ δ0 ≥ 0 be such that δ0 + δ1 < 1. If b = {bh}0<h≤h0
is a

family of smooth functions satisfying the estimates

|∂α
ξ ∂β

x bh(x, ξ)| ≤ Cn,α,βh−m̃−|α|δ0−|β|δ1〈ξ〉−n
(3.14)

(for every α, β ∈ Nd and n ∈ N), then we write b ∈ Sm̃
δ0,δ1

.

If l ∈ C∞
0 (R2d) is h-independent, then the families lph, lp̃±h , leitph belong to

S0
0,δ and well-known L2-estimates of pseudodifferential operators (cf. [2],[6]) give

b ∈ Sm̃
0,δ ⇒ ∃C > 0, ‖(eitph lbh)(x, hD)‖ ≤ Ch−m̃〈t〉C . (3.15)

If s ∈ R then we write Bh = Lh + O(hs) if and only if there is a constant C > 0
such that ‖Bh −Lh‖ ≤ Chs holds for all h ∈]0; h0]. Moreover further on we adopt
the convention to drop the index h whenever there is no confusion. Instead of P±

h ,

Lh, Rh,t, ph, p±h , we are going to write simply P , L, Rt, p, p±.

Proof of Lemma 3.2 We are going to obtain suitable estimates of

R̃t = (i∂t + P )(eitpl)(x, hD) (3.16)

and the assertion of Lemma 3.2 will follow from

Rt = −[ei(t−τ)P (eiτpl)(x, hD)]τ=t
τ=0 = i

∫ t

0

dτ ei(t−τ)P R̃τ . (3.17)

The standard formula of the composition with a differential operator gives

p±(x, hD)(eitpl)(x, hD) = q̃t(x, hD), (3.18)
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with

q̃t =
∑

|α|≤2m

(−ih)|α|

α!
∂α

x(e
itpl)∂α

ξ p± = eitp
2m∑

k=0

tkqk, (3.19)

qk =
∑

k≤|α|≤2m

∑

α0+...+αk=α

αj �=0 if j �=0

cα0,...,αk
∂α0

x l ∂α1
x p ... ∂αk

x p ∂α
ξ p±h|α| (3.20)

and qk ∈ S−k
0,δ follows from −|α| + ∑k

j=1 δ(|αj | − 1) ≤ −k − (1 − δ)(|α| − k).

However (3.15) ensures

qk ∈ S−k
0,δ ⇒ (eitpqk)(x, hD) = O(hk〈t〉Ck),

hence

P (eitpl)(x, hD) = (eitpq0)(x, hD) + O(h〈t〉C).

To complete the proof we note that l(p± − p) ∈ S−1
0,δ and

q0 − lp± =
∑

1≤|α|≤2m

(−ih)|α|

α!
∂α

x l ∂α
ξ p± ∈ S−1

0,δ (3.21)

ensure q0 − lp ∈ S−1
0,δ , hence

i∂t(e
itpl)(x, hD) + (eitpq0)(x, hD) = (eitp(q0 − lp))(x, hD) = O(h〈t〉C).

4. Refinement

Due to Proposition 2.3, to complete the proof of Theorem 2.2 it suffices to show
(2.21). We will use a reasoning of Section 3 in a refined form. We keep notations
introduced before and in particular we drop the index h.

To begin we remark that replacing g̃ by g ∈ C∞
0 (]E0 − c0; E0 + c0[) in (3.6),

we can introduce l0 = g ◦ p, L0 = l0(x, hD) and write

tr (g2f̃Z
h )(P ) = trL∗

0f̃
Z
h (P )L0 + O(h1−d). (4.1)

As before Z = [E′; E] and we use the Fourier transform

fZ
h (t) := Fhf̃Z

h (t) =

∫ ∞

−∞
dλ e−itλ/hf̃Z

h (λ)

= f1(t)

∫ E

E′

dλe−itλ/h = f1(t)
e−it(E+E′)/(2h)

t/(2h)
sin

(E′ − E)t

2h

to write

trL∗
0f̃

Z
h (P )L0 =

∫ ∞

−∞

dt

2πh
fZ

h (t) tr L∗
0e

itP/hL0, (4.2)

∫
dxdξ

(2πh)d
l20(f̃

Z
h ◦ p) =

∫
dxdξ

(2πh)d

∫ ∞

−∞

dt

2πh
fZ

h (t) l20e
itp/h. (4.3)
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However (3.2) allows us to express (4.3) as
∫ ∞

−∞

dt

2πh
fZ

h (t) tr L∗
0(l0e

itp/h)(x, hD) (4.3′)

and introducing

R0
t/h = eitP/hL0 − (eitp/hl0)(x, hD) (4.4)

we find that (2.21) is equivalent to the estimate
∫ ∞

−∞

dt

2πh
fZ

h (t) tr L∗
0R

0
t/h = O(h1−d). (4.5)

Next we observe that (2.5) and (2.10) ensure

E0 − 2c0 ≤ p(x, ξ) ≤ E0 + 2c0 ⇒ |∇ξp(x, ξ)| ≥ c0 (4.6)

for h ∈]0; h0] if h0 > 0 is fixed small enough. The condition (4.6) ensures

Lemma 4.1. Assume that b ∈ S0
0,δ. Then for every n ∈ N one can find bn ∈ S0

0,δ

such that

tn
∫

dξb eitp/h = hn

∫
dξbn eitp/h. (4.7(n))

Proof. Using (4.6) in a standard reasoning we obtain

∀ b ∈ S0
0,δ∃b̃j ∈ S0

0,δ, b =
∑d

j=1
b̃j∂ξj p. (4.8)

Therefore performing the integration by parts

t

∫
dξ
∑d

j=1
bj∂ξj p eitp/h = ih

∫
dξ

∑d

j=1
∂ξj b̃j eitp/h

we obtain the assertion of Lemma 4.1 for n = 1 with b1 =
∑d

j=1i∂ξj b̃j .

Obviously the general case follows by induction with respect to n. �

We will use Lemma 4.1 to replace R0
t/h in (4.5) by

Rt/h = eitP/hL0 − (eitp/hlt)(x, hD), (4.4′)

where lt = l0 + tl′0 + 1
2 t2l′′0 with certain l′0 ∈ S0

0,δ and l′′0 ∈ S1
0,δ.

In fact tr L∗
0(Rt/h − R0

t/h) can be expressed as
∫

dxdξ

(2πh)d
l0(lt − l0)e

itp/h = h1−d

∫
dxdξ l̃ eitp/h,

with a ceratin l̃ ∈ S0
0,δ (due to Lemma 4.1 with n = 1 and 2). Thus

∫ ∞

−∞

dt

2πh
fZ

h (t) tr L∗
0(Rt/h − R0

t/h) = h1−d

∫
dxdξ l̃(f̃Z

h ◦ p)

is clearly O(h1−d), hence (4.5) is equivalent to
∫ ∞

−∞

dt

2πh
fZ

h (t) tr L∗
0Rt/h = O(h1−d). (4.5′)
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Our next remark is that supp fZ
h = supp f1 ⊂ [−c̄; c̄] and

∫ c̄

−c̄

dt

h
|fZ

h (t)| ≤ C

∫ C/h

−C/h

ds
|sin s|
|s| = O( log (1/h) ),

hence to obtain (4.5′) it suffices to show that

sup
|t|≤c̄

|tr L∗
0Rt/h| ≤ Ch1−d+ε (4.9)

holds if c̄, ε > 0 are small enough. The main result of this section is

Proposition 4.2. Let δ1 ∈]0; 1[ and ε > 0. If 1 − δ1 and ε are small enough,
then one can find l′0 ∈ S0

0,δ and l′′0 ∈ S1
0,δ such that Rt/h given by (4.4′) with

lt = l0 + tl′0 + 1
2 t2l′′0 satisfies

sup
|t|≤hδ1

|tr L∗
0Rt/h| ≤ Ch1−d+ε. (4.10)

Before starting the proof of Proposition 4.2 we introduce some conventions
serving to simplify notations further on. For given numbers c, c′, s, s′, s̃ ∈ R and
operators Bh,t, B̃h,t ∈ B(L2(Rd)) we write

chs ≤ t ≤ c′hs′ ⇒ Bh,t = B̃h,t + O(hs̃) (4.11)

if and only if there is C > 0 such that supt∈[chs; c′hs′ ] ‖Bh,t − B̃h,t‖ ≤ Chs̃.

If bt = {bt,h}0<h≤h0
is a family of smooth functions satisfying the estimates

sup
t∈[chs; c′hs′ ]

|∂α
ξ ∂β

x bt,h(x, ξ)| ≤ Cn,α,βh−m̃−|α|δ0−|β|δ1〈ξ〉−n
(4.12)

(for all α, β ∈ Nd, n ∈ N), then we write chs ≤ t ≤ c′hs′ ⇒ bt ∈ Sm̃
δ0,δ1

.

We write chs ≤ t≤ c′hs′ ⇒ Bt ∈ Op(Sm̃
δ0,δ1

) if and only if there exists bt =

{bt,h}0<h≤h0
such that Bt ={bt,h(x,hD)}0<h≤h0

and chs≤ t≤c′hs′ ⇒bt∈Sm̃
δ0,δ1

.

Proof of Proposition 4.2. To begin we introduce

R̃t/h = (ih∂t + P )(eitp/hlt)(x, hD) (4.13)

and check that (4.10) follows from

sup
|t|≤hδ1

‖R̃t/h‖ ≤ Ch2+ε−δ1 . (4.14)

Indeed, writing

Rt/h = −[ei(t−τ)P/h(eiτp/hlt)(x, hD)]τ=t
τ=0 = ih−1

∫ t

0

dτ ei(t−τ)P/hR̃τ/h

and using (4.14) we obtain

|t| ≤ hδ1 ⇒ ‖Rt/h‖ ≤ hδ1−1 sup
|τ |≤hδ1

‖R̃τ/h‖ ≤ Ch1+ε,

which implies ‖L∗
0Rt/h‖tr ≤ Ch−d‖Rt/h‖ ≤ Ch1+ε−d when |t| ≤ hδ1 .
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Using l0 instead of l in (3.18) we still have (3.19) with some qk ∈ S−k
0,δ and

|t| ≤ hδ1 ⇒ (t/h)kqk ∈ S−kδ1

0,δ . (4.15)

Without writing we assume all the time |t| ≤ hδ1 . Replacing t by t/h in (3.18–3.19)

and (3.15) we observe that 〈t/h〉C ≤ h−ε1 holds with ε1 = C(1−δ1) and we obtain

P (eitp/hl0)(x, hD) =
(
eitp/h(q0 +

t

h
q1)

)
(x, hD) + O(h2δ1−ε1). (4.16)

Similarly using l′0 ∈ S0
0,δ instead of l we obtain (3.18)–(3.19) with some q′k ∈ S−k

0,δ

instead of qk and instead of (4.16), a similar formula without (t/h)q′1 ∈ S−δ1

0,δ gives

P (eitp/hl′0)(x, hD) = (eitp/hq′0)(x, hD) + O(hδ1−ε1). (4.17)

If we use l′′0 ∈ S1
0,δ instead of l′0 ∈ S0

0,δ in a formula analogical to (4.17) we obtain

an additional factor of order h−1, i.e.

P (eitp/hl′′0 )(x, hD) = (eitp/hq′′0 )(x, hD) + O(hδ1−1−ε1) (4.18)

holds with a certain q′′0 ∈ S1
0,δ. Therefore multiplying (4.17) by t = O(hδ1 ) and

(4.18) by t2 = O(h2δ1 ), we obtain

P (eitp/hlt)(x, hD) = (eitp/h(q0 + t(q1/h + q′0) + t2q′′0 /2))(x, hD) + O(hs′

), (4.19)

with s′ = min{2δ1, 3δ1 − 1}− ε1. Taking l′0 = i(q0 − l0p)/h, l′′0 = −ih−2q1, we find

that R̃t/h can be expressed as

(eitp/h(q0 − l0p + ihl′0 + t(q′0 − l′0p + q1/h + ihl′′0p) +
t2

2
(q′′0 − l′′0p))(x, hD) + O(hs′

)

= (eitp/h(t(q′0 − l′0p) +
t2

2
(q′′0 − l′′0p))(x, hD) + O(hs′

) (4.20)

and since using l′0 ∈ S0
0,δ, l′′0 ∈ S1

0,δ instead of l ∈ S0
0,0 in (3.21) leads to

q′0 − l′0p ∈ Sδ−1
0,δ , q′′0 − l′′0p ∈ Sδ

0,δ, (4.21)

(4.20) gives R̃t/h = O(hs) with s = min{s′, δ1 + 1 − δ − ε1, 2δ1 − δ − ε1}. To
complete the proof we observe that choosing 1 − δ1 and ε small enough we can
ensure s ≥ 2 + ε − δ1. �

Due to Proposition 4.1 it remains to consider the estimate (4.9) if hδ1 ≤ |t| ≤
c̄. However for every N ∈ N we can find a constant CN such that

sup
hδ1≤|t|≤1

∣∣∣trL∗
0(e

itp/hl0)(x, hD)
∣∣∣ ≤ CNhN . (4.22)

Indeed, Lemma 4.1 ensures the existence of l̃n ∈ S0
0,δ such that

tr L∗
0(e

itp/hl0)(x, hD) =
hn

tn
tr (eitp/h l̃n)(x, hD)

and the last quantity is obviously O(h−d(h/t)n), i.e., (4.22) follows.
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Now it is clear that to complete the proof of (2.21) it suffices to prove

Proposition 4.3. If c̄ > 0 is small enough, then

sup
hδ1≤|t|≤c̄

∣∣∣trL∗
0 eitP/h L0

∣∣∣ ≤ CNhN . (4.23)

The proof of Proposition 4.3 will be given in Sections 5 and 6.

5. Approximation of the Hamiltonian flow

Further on we abbreviate Ut = eitP/h and we begin the proof of Proposition 4.3
writing (4.23) in the following symbolic form

hδ1 ≤ |t| ≤ c̄ ⇒ tr L∗
0 Ut L0 = O(hN ). (5.1)

Further on Cef > 0 is a fixed large constant and θef ∈ C∞
0 (Rd) is a fixed h-

independent cut-off function satisfying θef(ξ) = 1 for |ξ| ≤ Cef + 1.
We fix 0 < δ0 < 1/2 small enough to ensure δ0 + δ ≤ δ0 + δ1 < 1 (where

δ < δ1 < 1 are as in Section 4) and define

p̃(x, ξ) =

∫
p(y, ξ)θef(ξ) γhδ0 (x − y)dy, (5.2)

where γε is as in Section 2. Further on σ > 0 is fixed small enough to ensure
σ ≤ min{δ0r, δ − δ0, 1 − 2δ0}. Then it is easy to check (cf. Section 7(E)) that

|α| ≤ 1 ⇒ ∂α
x p̃ ∈ S0

0,δ0
, l ∂α

x (p − p̃) ∈ S−σ
0,δ (5.3)

if l ∈ S0
0,0 satisfies l(x, ξ) = 0 for |ξ| ≥ Cef .

Let ϑt = exp(tHp̃) denote the Hamiltonian flow of p̃, i.e.,
{

(dϑt/dt)(x, ξ) = Hp̃(ϑt(x, ξ)),

ϑt(x, ξ)|t=0 = (x, ξ),
(5.4)

where Hp̃ = (∇ξ p̃,−∇xp̃) and introduce

C̄ = sup
x,ξ∈Rd

|∇x,ξp̃(x, ξ)| + 1. (5.5)

Further on we assume 0 < c̄ < 1/(2C̄), hence

|t| ≤ c̄ ⇒ |ϑt(x, ξ) − (x, ξ)| ≤ C̄|t| ≤ 1/2, (5.6)

i.e., ϑt is invertible. Moreover

|t| ≤ 2hδ0 ⇒ ∇x,ξϑt ∈ S0
δ0,δ0

. (5.7)

Indeed, if δ0 = 0 then (5.7) becomes a well-known property of solutions of ordinary
differential equations with all derivatives bounded and the general case follows
easily by the change of variables (t′, x′, ξ′) = hδ0(t, x, ξ). Similar reduction to the
case δ0 = 0 gives the following property

∀ l ∈ Sm̃
δ0,δ0

, |t| ≤ 2hδ0 ⇒ l ◦ ϑt ∈ Sm̃
δ0,δ0

. (5.8)
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We denote by bw
h the Weyl quantization of bh, i.e., the pseudodifferential operator

acting on ϕ ∈ S(Rd) according to the formula

(bw
h ϕ)(x) =

∫
dydξ

(2πh)d
ei(x−y)ξ/hbh((x + y)/2, ξ)ϕ(y). (5.9)

Further on we usually drop the index h and we write B ∼= B̃ if B = B̃ + O(hs̃)

holds for every s̃ ∈ R. In particular if b, b̃ ∈ Sm̃
δ0,δ1

are such that supp b ∩supp b̃ = ∅
then bw b̃w ∼= 0 (clearly b(x, hD)b̃(x, hD) ∼= 0 and b(x, hD)b̃w ∼= 0 hold as well).
Moreover we write

chs ≤ t ≤ c′hs′ ⇒ Bt
∼= B̃t (5.10)

if (4.11) holds for every s̃ ∈ R. We introduce formally

DP/hBt =
d

dt
Bt + i[Bt, P/h] (5.11)

and observe that d
dt (U−tBtUt) = U−t(DP/hBt)Ut.

Lemma 5.1. Let l ∈ S0
δ0,δ0

and σ as above (5.3). If lt = l ◦ ϑt, then

|t| ≤ 2hδ0 ⇒ t DP/hlwt ∈ Op(S−σ
δ0,δ). (5.12)

Proof. In the first step we check that

|t| ≤ 2hδ0 ⇒ d

dt
lwt + i[lwt , p̃w/h] ∈ Op(S

δ0−(1−2δ0)
δ0,δ0

). (5.13)

Without writing we assume all the time |t| ≤ 2hδ0 . By the definition of the Hamil-
tonian flow we have d

dt lt + {lt, p̃} = 0, where the Poisson bracket {lt, p̃} is the
leading term of the asymptotic formula giving the symbol of the commutator
i[lwt , p̃w/h]. The remaining terms appear with multi-indices α, α̃ ∈ N2d of order 2
at least and to obtain (5.13) we note that

|α| = |α̃| = n ≥ 2 ⇒ h|α|−1∂αlt ∂αp̃ ∈ S
δ0−(1−2δ0)
δ0,δ0

(5.14)

due to 1 − n + δ0n + δ0(n − 1) = δ0 − (1 − 2δ0)(n − 1).

In the next step we observe that [lwt , (p − p̃)w/h] ∈ Op(Sδ0−σ
δ0,δ ). Indeed,

|α| = |α̃| = n ≥ 1 ⇒ h|α|−1∂αlt ∂α(p − p̃) ∈ Sδ0−σ
δ0,δ , (5.15)

holds due to 1− n + δ0n + δ(n − 1) − σ = δ0 − σ − (1 − δ0 − δ)(n − 1) (cf. (5.3)).

Thus we obtain DP/hlwt ∈ Sδ0−σ
δ0,δ , which completes the proof due to the condition

|t| ≤ 2hδ0 . �

Proposition 5.2. Let b, b̃ ∈ S0
δ0,δ0

be such that

dist( supp b̃, supp (1 − b) ) ≥ chδ0 (5.16)

holds with a fixed c > 0. Then

|t| ≤ 2hδ0 ⇒ Ut b̃w ∼= (b ◦ ϑt)
w Ut b̃w. (5.17)
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Proof. Using the induction with respect to n ∈ N we show that

|t| ≤ 2hδ0 ⇒ Ut b̃w = (b ◦ ϑt)
w Ut b̃w + O(hnσ) (5.18(n))

holds for all b, b̃ ∈ S0
δ0,δ0

satisfying (5.16) with some c > 0.

Without writing we assume all the time |t| ≤ 2hδ0 . Obviously (5.18(n)) holds

for n = 0. The hypothesis (5.16) allows us to find l, l̃ ∈ S0
δ0,δ0

such that supp l ∩
supp (1 − l̃) = ∅ and

dist(supp b̃, supp (1 − l) ) ≥ chδ0/4. (5.19)

dist(supp l̃, supp (1 − b) ) ≥ chδ0/4. (5.20)

Thus we have b̃w ∼= lwb̃w and using (5.20) with lt = l ◦ ϑt, bt = b ◦ ϑt instead of l,
b, we can write (I − bw

t )lwt
∼= 0 and

(I − bw
t )Ut b̃w ∼= (I − bw

t )(Ut lw − lwt Ut)b̃
w

∼= −i

∫ 1

0

ds (I − bw
t )Ut(1−s) t (DP/hlwts)Uts b̃w.

(5.21)

By the induction hypothesis we can use (5.18(n)) with ts, lts instead of t, bt, i.e.,

Uts b̃w = lwts Uts b̃w + O(hnσ) (5.22)

and since t (DP/hlwts) = O(hσ), we obtain

(I − bw
t )Ut(1−s) t (DP/hlwts)Uts b̃w =

(I − bw
t )Ut(1−s) t (DP/hlwts)l

w
ts Uts b̃w + O(h(n+1)σ). (5.23)

Since supp lts ∩ supp (1 − l̃ts) = ∅ ⇒ t (DP/hlwts) lwts
∼= l̃wts t (DP/hlwts) lwts, the ex-

pression (5.23) can be written as

(I − bw
t )Ut(1−s) l̃wts t (DP/hlwts) lwts Uts b̃w + O(h(n+1)σ). (5.24)

However (5.16) holds with bts, l̃ts, c/4 instead of b, b̃, c and replacing t, b̃ by t− ts,

l̃ts in (5.18(n)) we obtain

(I − bw
t )Ut(1−s) l̃wts = O(hnσ). (5.25)

Using (5.25) and t (DP/hlwts) = O(hσ) we find that the expressions (5.24) and (5.23)

are O(h(n+1)σ), completing the proof of (5.18(n + 1)) due to (5.21). �

6. End of the proof

We begin by the property of a finite propagation speed formulated in

Proposition 6.1. Let l, l̃ ∈ C∞
0 (R2d) be h-independent. If l̃ = 1 on a neighborhood

of supp l, then one can find c̄ > 0 such that

|t| ≤ c̄ ⇒ Ut lw ∼= l̃w Ut lw. (6.1)
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Notation:

a) Further on Z = {Zh}0<h<h0 is a family of subsets Zh ⊂ R2d and without
writing we always assume that (x, ξ) ∈ Zh ⇒ |ξ| ≤ Cef .

b) If 0 < s ≤ 2 then we define Z(s) = {Zh(s)}0<h<h0 by

Zh(s) = {v ∈ R
2d : dist(v, Zh) < s}. (6.2)

In particular using (5.6) we can write

supp l ⊂ Z ⇒ supp (l ◦ ϑt) ⊂ Z(C̄|t|). (6.3)

c) For ε > 0 let f δ0,ε
Z = {f δ0,ε

Zh
}0<h<h0 ∈ S0

δ0,δ0
be such that

suppf δ0,ε
Zh

⊂ Zh(εhδ0)andf δ0,ε
Zh

= 1onZh( 0,9 εhδ0). (6.4)

d) We denote by F δ0,ε
Zh

the corresponding operators
(
f δ0,ε

Zh

)w

.

Lemma 6.2. Let 0 < ε < 1, N, n ∈ N. If 2nC̄hδ0 ≤ 1, then

sup
|τ |≤2hδ0

‖(I − F δ0,ε
Zτ,n

)U2nτ F δ0,ε
Z ‖ ≤ CN,ε 4nhN (6.5(n))

holds withZτ,n = Z(2n(εhδ0 + C̄|τ |)).

Proof. In the first step we check the assertion of lemma for n = 0.

We use Proposition 5.2 with b̃ = f δ0,ε
Z and b = f

δ0, 6
5 ε

Z . Since f δ0,ε
Zτ,0

= 1 on a

neighborhood of Z(6
5εhδ0 + C̄|τ |) ⊃ supp bτ , we have (I − F δ0,ε

Zτ,0
)bw

τ
∼= 0 and it is

clear that (5.17) implies (6.5(0)).

To complete the proof we proceed by induction with respect to n ∈ N.

We assume that the assertion of the lemma holds for a given n ∈ N. Hence

U2n+1τ F δ0,ε
Z = U2nτ F δ0,ε

Zτ,n
U2nτ F δ0,ε

Z + O(4nhN ). (6.5)

Next we observe that applying (6.5(n)) to Zτ,n instead of Z we can write Zτ,n+1 =
Zτ,n(2n(εhδ0 + C̄|τ |)) and replace (6.6) by

F δ0,ε
Zτ,n+1

U2nτ F δ0,ε
Zτ,n

U2nτ F δ0,ε
Z + O(2 · 4nhN ). (6.6)

To complete the proof of (6.5(n + 1)) we use once more (6.5(n)) to write (6.7) as

F δ0,ε
Zτ,n+1

U2n+1τ F δ0,ε
Z + O(3 · 4nhN ).

Proof of Proposition 6.1. Let n ∈ N be such that 2−n ≤ hδ0 ≤ 21−n and τ = 2−nt.
Then |t| ≤ c̄ ≤ 1 ⇒ |τ | ≤ hδ0 and (6.5(n)) gives

Ut F δ0,ε
Z

∼= F δ0,ε

Z(2ε+C̄|t|) Ut F δ0,ε
Z . (6.7)

If Z = supp l and dist(Z, supp(1 − l̃) ) ≥ c > 0, then lw ∼= F δ0,ε
Z lw and (I −

l̃w)F δ0,ε
Z(c/2)

∼= 0, hence (6.8) implies (6.1) if 2ε + C|t| ≤ c/3. �
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Next we consider families of intervals Z = [s; s̃] = {[sh; s̃h]}0<h<h0 and for

ε > 0 let f̃ δ1,ε
Z,j ∈ S0

0,δ1
be of the form f̃ δ1,ε

Z,j (x, ξ) = f δ1,ε
Z (xj)θef(ξ) with

1I[sh−0,9εhδ1 ; s̃h+0,9εhδ1 ] ≤ f δ1,ε
Zh

≤ 1I[sh−εhδ1 ; s̃h+εhδ1 ]. (6.8)

We denote by f δ1,ε
Z (xj) the corresponding multiplication operators and we include

the case sh = s̃h corresponding to Zh = {sh}.
Proposition 6.3. Assume that c > 0, l ∈ C∞

0 (R2d) are h-independent and

C̄−j + 4c ≤ ∂ξj p(x, ξ) ≤ C̄j − 4c (6.9)

holds for (x, ξ) ∈ supp l. Assume also 0 /∈ [C̄−j ; C̄j ]. Then

hδ1 ≤ |t| ≤ c̄ ⇒ Ut f δ1,ε
Z (xj)l

w ∼= f δ1,ε
Zt

(xj)Ut f δ1,ε
Z (xj)l

w (6.10)

holds with Zt = Z + t[C̄−j ; C̄j ] if ε, c̄ > 0 are small enough.

Proof that (6.11) holds with hδ0 ≤ |t| ≤ c̄

Adopting the idea of the proof of Lemma 6.2 we introduce the notations
Z̃ = supp l, Z(j) = Z̃ ∩ {(x, ξ) : s ≤ xj ≤ s̃},

Z(j)
τ,n = Z̃(2n(εhδ0 + |τ |C̄)) ∩ {(x, ξ) : xj ∈ [s; s̃] + 2nτ [C̄−j + c; C̄j − c] }

and using the induction with respect to n ∈ N we are going to show

sup
hδ0≤|τ |≤min{2hδ0 , 2−nc̄}

‖(I − F δ0,ε

Z
(j)
τ,n

)U2nτ F δ0,ε
Z(j)‖ ≤ CN,ε 4nhN . (6.5′(n))

If hδ0 ≤ |t| ≤ c̄ and n ∈ N is chosen such that 2n ≤ h−δ0 |t| < 2n+1, then taking
τ = 2−nt we obtain hδ0 ≤ |τ | ≤ min{2hδ0, 2−nc̄} and (6.5′(n)) implies (6.11).

Indeed, to obtain (6.11) from (6.5′(n)) we observe that δ0 ≤ δ1 gives f δ1,ε
Z (xj)l

w ∼=
F δ0,ε

Z(j)f
δ1,ε
Z (xj)l

w and F δ0,ε

Z
(j)
τ,n

∼= f δ1,ε
Z2nτ

(xj)F
δ0,ε

Z
(j)
τ,n

follows from

(x, ξ) ∈ supp f δ0,ε
Zτ,n

⇒ xj ∈ [s − εhδ0 ; s̃ + εhδ0 ] + t[C̄−j + c; C̄j − c] ⊂ Zt,

where t = 2nτ , ε ≤ c and the last inclusion holds due to εhδ0 ≤ c|t| and 0 /∈
[C̄−j ; C̄j ]. Further on h ∈]0; h0] with h0 > 0 small enough to ensure

(x, ξ) ∈ Z̃ ⇒ C̄−j + 3c ≤ ∂ξj p̃(x, ξ) ≤ C̄j − 3c, (6.10′)

which is possible due to (5.3). Since 2nhδ0 ≤ 2n|τ | ≤ c̄ ⇒ Zτ,n ⊂ Z̃(c̄(C̄ + ε)),
choosing c̄ > 0 small enough we ensure

(x, ξ) ∈ Zτ,n ⇒ C̄−j + 2c ≤ ∂ξj p̃(x, ξ) ≤ C̄j − 2c. (6.10′′)

Let (x(t), ξ(t)) = ϑt(x(0), ξ(0)). If (x(0), ξ(0)) ∈ Z̃(εhδ0) and |t| ≤ c̄, then

xj(t) − xj(0) = t

∫ 1

0

dρ ∂ξj p̃(x(tρ), ξ(tρ)) ∈ t[C̄−j + 2c; C̄j − 2c],

hence the conditions |t| ≥ hδ0 , 2ε ≤ c and 0 /∈ [C̄−j ; C̄j ] ensure

s − 2εhδ0 ≤ xj(0) ≤ s̃ + 2εhδ0 ⇒ xj(t) ∈ [s; s̃] + t[C̄−j + c; C̄j − c]. (6.11)
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Thus taking b̃ = f δ0,ε

Z(j) , b = f δ0,2ε

Z(j) we have supp bt = ϑ−t(supp b) ⊂ Z
(j)
t,0 and

(6.5′(0)) follows from Proposition 5.2. Then reasoning as in the proof of Lemma 6.2

we deduce (6.5′(n + 1)) from (6.5′(n)), because the replacement of Z(j) by Z
(j)
τ,n

corresponds to the replacement of Z
(j)
τ,n by Z

(j)
τ,n+1 in (6.5′(n)).

Proof that (6.11) holds with hδ1 ≤ |t| ≤ hδ0 . It uses

Lemma 6.4. Let us denote v̄′j = ∂ξj p(v̄) for v̄ ∈ supp l. Then

|t| ≤ 2hδ1 ⇒ (I − f δ1,2ε
Z+tv̄′

j
(xj))Ut f δ1,ε

Z (xj)F δ0,ε
{v̄}

∼= 0. (6.12)

Proof. Clearly f δ1,ε
Z (xj)F

δ0,ε
{v̄}

∼= F δ0,2ε
{v̄} f δ1,ε

Z (xj)F
δ0,ε
{v̄} and we check that

|t| ≤ 2hδ1 ⇒ (I − F δ0,4ε
{v̄} )Ut F δ0,2ε

{v̄}
∼= 0 (6.13)

using (6.5(n)) with n = 0 and Z = {v̄}. Indeed, since δ0 < δ1, we find |t| ≤ 2hδ1 ≤
hδ0 ⇒ Zt,0 = B(v̄, 2εhδ0 + C̄|t|) ⊂ B(v̄, 3εhδ0) for h < h0 if h0 is small enough.
Reasoning as in the proof of Proposition 5.2 we take

b̃(x, ξ) = f δ1,ε
Z (xj)θef(ξ), bt(x, ξ) = f δ1,2ε

Z (xj − tv̄′j)θef(ξ)

and b = bt|t=0, we define ϑt as the change of variable xj → xj − tv̄′j instead of

exp(tHp̃) considered in Proposition 5.2, the classes of symbols Sm̃
δ0,δ1

replacing the

classes Sm̃
δ0,δ0

of Proposition 5.2.

The proof of Proposition 5.2 was based on the estimate of the Heisenberg
derivative of Lemma 5.1. However due to the property (6.13), the presence of

F δ0,ε
{v̄} in (6.12) allows us to use the auxiliary cut-off F δ0,4ε

{v̄} , i.e., to complete the

proof of Lemma 6.3 it suffices to show that

|t| ≤ 2hδ1 ⇒ (t DP/hlwt )F δ0,4ε
{v̄} ∈ Op(S−σ

δ0,δ1
), (6.14)

where σ > 0 and lt ∈ S0
δ0,δ1

has the form lt(x, ξ) = f(xj − tv̄′j)θef(ξ).

Since f ′(xj − tv̄′j)θef(ξ) are symbols belonging to Sδ1

0,δ1
, writing only the lead-

ing term of the commutator we have
(
DP/hlwt − f ′(xj − tv̄′j)(∂ξj p

w − v̄′j)
)
F δ0,4ε
{v̄} ∈ Op(Sδ1−σ

δ0,δ1
).

Then (∂ξj p
w − v̄′j)F

δ0,4ε
{v̄} ∈ Op(S−δ0

δ0,δ1
) ⇒ (DP/hlwt )F δ0,4ε

{v̄} ∈ Op(Sδ1−σ
δ0,δ1

) and |t| ≤
2hδ1 ensures (6.14), completing the proof of lemma. �

To prove (6.11) with hδ1 ≤ |t| ≤ hδ0 we introduce the notations Z̃ = supp l,

Z̃n = Z̃(2C̄hδ0(log2(1/h)−n)) for n < log2(1/h)−1 and Zτ,n = Z+2nτ [C̄−j ; C̄j ].
Then it suffices to show the estimates

sup
hδ1≤|τ |≤min{2hδ1 , 2−nhδ0}

‖(I − f δ1,ε
Zτ,n

(xj))U2nτ f δ1,ε
Z (xj)F

δ0,1

Z̃n
‖

≤ CN,ε 4nhN .

(6.15(n))
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Indeed, if n ∈ N satisfies 2n ≤ h−δ1 |t| ≤ 2n+1 and hδ1 ≤ |t| ≤ hδ0 , then n ≤
(δ1 − δ0)log2(1/h) and (6.11) follows from (6.15(n)) with τ = 2−nt.

In the first step we check that Lemma 6.4 implies (6.15(n)) for n = 0.

Let {lk}k=0,...,Kh
be a uniformly bounded family of symbols S0

δ0,δ0
(i.e., lk

satisfy the estimates (3.14) with constants Cn,α,β independent of k) satisfying

F δ0,1

Z̃0
=

∑

0≤k≤Kh

lk with supp lk ⊂ B(v̄(k), εhδ0/2) (6.16)

where v̄(k) ∈ Z̃0 and Kh ≤ Ch−3dδ0 . Since lwk
∼= F δ0,ε

{v̄(k)}l
w
k , Lemma 6.4 ensures

sup
|τ |≤2hδ1

‖(I − f δ1,2ε
Z+τ v̄′

j,k
(xj))Uτ f δ1,ε

Z (xj)l
w
k ‖ ≤ CN̄hN̄ , (6.17)

where v̄′j,k = ∂ξj p(v̄(k)) ∈ [C̄−j + c; C̄j − c] and N̄ ∈ N is arbitrary.

However the conditions |τ | ≥ hδ1 , c ≥ 2ε and 0 /∈ [C̄−j ; C̄j ] ensure

[s + τ v̄′j,k − 2εhδ1; s̃ + τ v̄′j,k + 2εhδ1 ] ⊂ [s; s̃] + τ [v̄′j,k − c; v̄′j,k + c] ⊂ Zτ,0,

which means that f δ1,ε
Zτ,0

(xj) = 1 on supp f δ1,2ε
Z+τ v̄′

j,k
. Thus I − f δ1,2ε

Z+τ v̄′
j,k

(xj) in (6.17)

can be replaced by I − f δ1,2ε
Zτ,0

(xj) if |τ | ≥ hδ1 and summing up with respect to k

we obtain (6.15(0)) with the error term KhhN̄ = O(hN̄−2dδ0).

Finally we show (6.15(n)) by induction with respect to n ∈ N. Since Z̃n ⊃
Z̃n+1(2C̄hδ0), using (6.5(0)) with Z = Z̃n+1 we find |t| ≤ hδ0 ⇒ Ut F δ0,1

Z̃n+1

∼=
F δ0,1

Z̃n
Ut F δ0,1

Z̃n+1
. We use the last property for t = 0 and t = 2nτ to insert the

additional cut-off F δ0,1

Z̃n
, allowing us to make the induction step reasoning similarly

as in the proof of Lemma 6.2. �

End of the proof. As we noticed at the end of Section 4, it remains to prove
Proposition 4.3, i.e., the estimate (5.1). To begin we observe that (4.6) allows us
to find lj ∈ C∞

0 (R2d), j = ±1, . . . ,±d, such that

±∂ξ±j p(x, ξ) ≥ c0 for (x, ξ) ∈ supp l±j (6.18)

and L0L
∗
0
∼=

∑
1≤j≤d(lwj + lw−j), i.e. for every N̄ ∈ N we have

tr L∗
0UtL0 = tr UtL0L

∗
0 =

∑

1≤j≤d

tr Ut(l
w
j + lw−j) + O(hN̄ ).

Let {lj,k}k=0,...,Kh
be a uniformly bounded family of symbols S0

0,δ1
with Kh ≤

Ch−dδ1 , satisfying
∑

0≤k≤Kh

lj,k = lj , and |xj − v̄j,k| ≥ εhδ1/2 ⇒ lj,k(x, ξ) = 0
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for certain v̄j,k ∈ R. Thus (I − f δ1,ε
{v̄j,k}(xj))l

w
j,k

∼= 0 and

trUtl
w
j,k = trUtf

δ1,ε
{v̄j,k}(xj)l

w
j,kf δ1,ε

{v̄j,k}(xj) + O(hN̄ )

= tr f δ1,ε
{v̄j,k}(xj)Utf

δ1,ε
{v̄j,k}(xj)l

w
j,k + O(hN̄ ).

(6.19)

Since the conditions (6.18) imply (6.10) with 0 /∈ [C̄−j ; C̄j ], Proposition 6.3 allows

us to replace f δ1,ε
{v̄j,k}(xj) by f δ1,ε

{v̄j,k}f
δ1,ε

v̄j,k+t[C̄−j; C̄j]
(xj) = 0 if |t| ≥ hδ1 and 2ε ≤ c0,

i.e., the whole expression (6.19) is O(hN̄ ) if hδ1 ≤ |t| ≤ c̄.

To complete the proof it remains to sum up with respect to k, which gives
(5.1) with the error term KhhN̄ = O(hN̄−dδ1). �

7. Appendix

(A) Proof of (2.2) and (2.3) Dropping the indices ν, ν̄ we write

∂α
x ∂xj ah(x) =

∫
∂xj a(y)γ

(α)

hδ (x − y)h−δ|α| dy. (7.1)

Further on we assume |α| ≥ 1, hence
∫

γ
(α)

hδ (x − y)dy = 0 and (7.1) still holds if
∂xj a(y) is replaced by ∂xj a(y) − ∂xj a(x). Therefore

|∂α
x ∂xj ah(x)| ≤

∫
|∂xj a(y) − ∂xj a(x)||γ(α)

hδ (x − y)|h−δ|α| dy

≤ C

∫
|y − x|r|γ(α)

hδ (x − y)|h−δ|α| dy = Ch(r−|α|)δ
∫

|y|r|γ(α)
1 (y)| dy

completes the proof of (2.3). Next we are going to estimate

ah(x) − a(x) =

∫
(a(y) − a(x))γhδ (x − y) dy, (7.2)

using the fact that the expression

a(y)− a(x)− (y − x) · ∇a(x) =

∫ 1

0

ds s(y −x) · (∇a(x + s(y − x))−∇a(x)) (7.3)

is O(|y −x|1+r). Moreover γ1(−x) = γ1(x) ⇒
∫
(y −x)γhδ (x− y) dy = 0 and (7.2)

still holds if a(y) − a(x) is replaced by (7.3). Therefore

|ah(x) − a(x)| ≤ C

∫
|y − x|1+r |γhδ(x − y)| dy = Crh

(1+r)δ.
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(B) Proof of the discreteness of the spectrum
Since |x| ≥ C̄ ⇒ a(x, ξ) ≥ E0 + 4c0, we can find θ ∈ C∞

0 (Rd) such that

θ ≥ 0 and a(x, ξ) + θ(x) ≥ E0 + 3c0.

Following [6] it is possible to introduce the symbol p′h such that its Weyl quanti-
zation (defined in Section 5) is p′h

w
= P−

h . Then (2.5) still holds with p′h instead
of ph, hence

p′h
w
(x, ξ) + θ(x) ≥ a(x, ξ) + θ(x) − Ch ≥ E0 + c0 (7.4)

if h ∈]0; h0] and h0 is fixed small enough. Let Θ denote the operator of multipli-
cation by θ. Due to (7.4) the Garding inequality (cf. [6]) ensures

Ah + Θ ≥ P−
h + Θ − Ch ≥ E0 + 2c0 − C′h ≥ E0 + c0

if h ∈]0; h0] with h0 small enough. Since Θ is a relatively compact perturbation
of Ah, the essential spectrum does not change (cf. [12]) and Ah + Θ ≥ E0 + c0

ensures
σess(Ah) = σess(Ah + Θ) ⊂ σ(Ah + Θ) ⊂ [E0 + c0; ∞[.

(C) We check that (2.21) implies (2.18). It suffices to show
∫

dxdξ

(2πh)d
(g2(f̃Z

h − 1IZ)) ◦ ph = O(h1−d), (7.5)

tr (g2(f̃Z
h − 1IZ)(P±

h ) = O(h1−d), (7.6)

where instead of Z = [E′; E] we will consider Z =] − ∞; E] with E ∈ [E0 −
2c0; E0 + 2c0]. We begin by writing the following easy estimate

|(f̃Z
h − 1IZ)(λ)| ≤ CN 〈(λ − E)/h〉−N

, (7.7)

which holds for every N ∈ N. Using (7.7) with N = 2 we can estimate the left-hand
side of (7.5) by

∫
dxdξ

(2πh)d
g2(ph(x, ξ))C2〈(ph(x, ξ) − E)/h〉−2 ≤ h−d

∑

k∈Z

C′
2〈k〉−2|Γh

E,k|,

Γh
E,k = {(x, ξ) : ph(x, ξ) ∈ [E + kh; E + (k + 1)h] ∩ [E0 − 2c0; E0 + 2c0]}.

To complete the proof of (7.5) we observe that |Γh
E,k| ≤ Ch holds due to

(2.12)–(2.14).
In the next step we use the hypothesis that (2.21) holds in the particular case

Z = [E; E + h] allowing us to write

tr (g2f̃
[E; E+h]
h )(P±

h ) =

∫
dxdξ

(2πh)d
(g2f̃

[E; E+h]
h ) ◦ ph + O(h1−d). (7.8)

Due to (7.5) the integral in (7.8) is O(h1−d), hence the left-hand side of (7.8) is

O(h1−d). Since f̃Z
h > 0, we have 1I[E; E+h] ≤ Cf̃

[E; E+h]
h with a certain constant

C > 0 and

tr (g21[E; E+h])(P
±
h ) ≤ Ctr (g2f̃

[E; E+h]
h )(P±

h ) = O(h1−d). (7.9)
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Due to (7.7) the left-hand side of (7.6) can be estimated by

tr g2(P±
h )C2〈(P±

h − E)/h〉−2 ≤
∑

k∈Z

〈k〉−2
C′

2 tr g21I[E+kh; E+(k+1)h](P
±
h ),

which is O(h1−d) due to (7.9).

(D) Proof of Lemma 3.1. Let l1 ∈ C∞
0 (R2d) be h-independent and such that

supp l1 ∩ supp (1− l) = ∅. We introduce P1 = l̃w1 (P −E1)l̃
w
1 + E1, where l̃w1 is the

Weyl quantization (described in Section 5) of l̃1 = 1 − l1. Denoting L̃ = I − L =
(1 − l)(x, hD) we obtain

L̃(P1 − P ) = L̃(lw1 (P − E1)l
w
1 − Plw1 − lw1 P ) = O(hN̄ )

for every N̄ ∈ N. We denote ad0
P,P1

(L̃) = L̃ and define

adk+1
P,P1

(L̃) = Padk
P,P1

(L̃) − adk
P,P1

(L̃)P1

by induction with respect to k ∈ N. Then Taylor’s formula gives

L̃eitP = eitP1

∑

0≤k≤N−1

(−it)k

k!
adk

P,P1
(L̃) + RN (t), (7.10)

RN (t) =
(−it)N

(N − 1)!

∫ 1

0

ds (1 − s)N−1 ei(1−s)tP adN
P,P1

(L̃)eitsP1 .

However ad1
P,P1

(L̃) = [P, L] − L̃(P1 − P ) = [P, L] + O(hN̄ ) and by induction

adk
P,P1

(L̃) = adk
P,P (L̃) + O(hN̄ ) = O(hk(1−δ)) + O(hN̄ ).

If f̂ is the Fourier transform of f ∈ C∞
0 (R), then (−it)kf̂ = (f (k) )̂ and using

f(T ) =
∫∞
−∞

dt
2π f̂(t)eitT for T = P or T = P1, we note that (7.10) and RN (t) =

O(hN(1−δ)) give

L̃f(P ) =
∑

0≤k≤N−1

f (k)(P1)

k!
adk

P,P1
(L̃) + O(hN(1−δ)). (7.11)

We assume l1 = 1 on p−1(] −∞, E1]). Let θn ∈ C∞
0 (Rd) be such that 0 ≤ θn ≤ 1

and θn(ξ) = 1 if |ξ| ≤ n. If n is large enough and θ̃n = 1 − θn then P ′′ =
(Pθn(hD) + θn(hD)P )/2 ≥ −Ch and we can decompose P −E1 = p′w + P ′′ with

p′ ∈ S0
0,δ satisfying p′ l̃21 ≥ −Ch due to (p′− (p−E1))l̃

2
1 ∈ S−1

0,δ and (p−E1))l̃
2
1 ≥ 0.

Therefore

P1 − E1 = l̃w1 (P − E1)l̃
w
1 ≥ l̃w1 p′w l̃w1 − Ch ≥ −C′hδ (7.12)

holds for a certain C′ > 0 due to the Garding inequality (cf. [6]).

We complete the proof using (7.11) with f = g̃, hence supp f ⊂] − ∞, E1[)
and f (k)(P1) = 0 for h < h0 if h0 is small enough due to (7.12).
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(E) We check the estimates (5.3). Let |α| ≤ 1, β, β′ ∈ Nd. Then

∂β′

ξ ∂β
x ∂α

x p̃(·, ξ) = ∂β′

ξ (∂βγhδ0 ∗ ∂α
x p(·, ξ)θef(ξ))

can be estimated by Cα,β′

∫
|∂βγhδ0 | = O(h−|β|δ0).

To show the second estimate (5.3) we note that

∂β′

ξ ∂xj p(x, ξ)− ∂β′

ξ ∂xj p(x′, ξ) =

∫
(∂β′

ξ ∂xj a(x− y, ξ)− ∂β′

ξ ∂xj a(x′ − y, ξ))γhδ (y) dy

can be estimated by C〈ξ〉2m−|β′||x − x′|r and for |ξ| ≤ Cef we have

|∂β′

ξ ∂xj(p̃ − p)(x, ξ)| ≤ Cβ′

∫
|y − x|r |γhδ0 (x − y)| dy = O(hrδ0)

It is clear that similar estimates hold without ∂xj . Since we have already proved

∂β′

ξ ∂β
x∂xj p̃ = O(h−δ0|β|) and l∂β′

ξ ∂β
x ∂xj p = O(h−δ(|β|−r)) if |β| ≥ 1, the remaining

estimates of ∂β′

ξ ∂β
x∂xj (p̃ − p) follow.
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