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Improved Modeling Capabilites with Reduced-Order
Integration

Osama A. Mohamed, P.E.1; Doyle E. Byrd2; and John O. Dow3

Abstract: Many rectangular isoparametric finite elements contain a modeling error known as parasitic shear. Parasitic she
removed by applying the correct reduced-order Gauss quardrature integration rule. When the 131 rule is blindly applied another erro
spurious zero energy modes, can be introduced. An analysis procedure is presented that identifies the correct Gauss integra
eliminating parasitic shear without introducing spurious zero energy modes. Displacement polynomials expressed in transpare
assists in the identification of error sources. The procedure is developed with the four-node membrane element and then applie
and correct four- and nine-node Mindlin plate bending elements. Eigenvalue analyses and sample problems are presented to
the improvements produced by the procedure.
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Introduction

Many displacement-based elements are found to be overly
(Dohetry et al. 1969; Zinkiewicz et al. 1971; Kavanagh and
1972; Pawsey 1972; Prathap and Bhashyam 1982; Stolarsk
Belytschko 1983; Hughes 1987; Dow and Mohamed 2002). This
modeling deficiency is often caused by the existence of no
strain terms in the shear strain expressions(Dow and Byrd 1988).
These improper terms which couple the normal strains to
shear strains at the kinematic level represent violations o
principles of continuum mechanics. This modeling deficienc
known as parasitic shear. Another mechanism can cause a
ment to be overly stiff when it has a high aspect ratio. This m
eling error can be controlled and will not be discussed here

The four-node membrane quadrilateral is known to be infe
with parasitic shear(Cook 1972; 1975). The effects of parasit
shear can be eliminated in this element by using a 131 Gauss
quadrature integration rule to evaluate the shear strain comp
of the strain energy expression. The strain energy terms a
ated with normal strains are evaluated with a 232 Gauss quadra
ture rule. The process of using a lower-order numerical inte
tion scheme to eliminate the effects of parasitic shear is c
reduced-order integration.

The successful use of 131 reduced-order Gauss quadrat
integration to eliminate parasitic shear in the four-node memb
element has led to attempts to use this exact strategy to elim

1Assistant Professor, Univ. of Hartford, West Hartford, CT 06117
2Director of Production Operations, ABAQUS Inc., Pawtucket,

02860.
3Associate Professor, Univ. of Colorado, Boulder, CO 80309.
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proved on June 4, 2004. This paper is part of theJournal of Engineering
Mechanics, Vol. 131, No. 1, January 1, 2005. ©ASCE, ISSN 0733-93

2005/1-2–11/$25.00.
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this modeling deficiency from other elements. However, atte
to correct parasitic shear in an element through the indiscrim
use of reduced-order integration can introduce other mod
errors in the element. The most notable is the introductio
spurious zero energy modes(Parisch 1979; Huang and Hint
1984).

The objective of this presentation is to provide a clear ex
nation of the effects of reduced-order Gauss quadrature in
tion on the modeling characteristics of isoparametric finite
ments. This analysis explains why the overstiffening is somet
corrected and why spurious zero energy modes are some
introduced when reduced-order integration is used. With
knowledge, isoparametric elements can be formed in which
sitic shear is removed and other modeling errors are not
duced. It will be seen that the careful application of reduced-o
Gauss quadrature integration produces these improved cha
istics in isoparametric elements.

The analysis procedure for identifying the appropr
reduced-order Gauss quadrature rules for eliminating par
shear without introducing other modeling errors uses a phys
based notation(Dow 1999). The physically based notation allo
the equations developed during the element formulation p
dure to be directly related to the equations of continuum mec
ics that describe the physical system being analyzed. The a
to directly compare the discrete and continuous mathematica
resentations of the problem being solved allows modeling e
in individual elements to be identified during the formulation p
cess. By identifying the terms that are the source of the mod
error, appropriate reduced-order integration rules can be spe
that eliminate the erroneous terms and retain the correct term
this way, parasitic shear can be eliminated without introdu
spurious zero energy modes or other modeling errors.

The procedure is developed for the familiar case of the
node membrane quadrilateral. Then the four- and nine-
Mindlin plate bending elements are examined. Appropriate
gration rules are identified that eliminate parasitic shear wit
introducing zero energy modes into these elements. An e
value analysis of the four-node membrane element and the

node Mindlin plate element are performed to show that the selec-
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tive use of reduced-order integration rules is successful. T
corrected and uncorrected elements are used to analyze ex
plate bending problems to demonstrate the improvements i
modeling characteristics produced by the techniques pres
here.

Four-Node Membrane Quadrilateral

The four-node membrane quadrilateral is shown in Fig. 1.
element has two in-plane displacements at each node. Th
placement and strain expressions for this element will be de
using strain gradient notation. The use of this physically inter
able notation identifies the modeling characteristics of the
ment during the formulation stage(Dow and Byrd 1986; Dow e
al. 1986). If parasitic shear is present, the appropriate integra
rules can be identified that eliminates parasitic shear and do
generate any spurious zero-energy modes in the element.

The first step in this process is to express the displace
polynomials in terms of strain gradients. The displacement p
nomials for the four-node quadrilateral consist of four terms
both theu and v displacements. The polynomial expansion
each displacement includes thel, x, y, and xy terms. These ar
linear polynomials with the additionalxy term chosen for invar
ance. The strain gradient representations for the displacemen
resentations in a four-node quadrilateral are expressed in s
gradient notation as(Dow 1999)

usx,yd = fug0 + f«xg0x + fgxy/2 − rg0y + f«x,yg0xy s1d

vsx,yd = fvg0 + fgxy/2 + rg0x + f«yg0y + f«y,xg0xy s2d

From these displacement expressions, it is seen that th
ment is capable of modeling the following eight linearly indep
dent strain states:
rigid body modes

s1d fug0 s2d fvg0 s3d frg0

constant strain states

s4d f«xg0 s5d f«yg0 s6d fgxyg0

Bilinear variations

s7d f«x,yg0 s8d f«y,xg0

Each of these eight strain states produces a specific displac
pattern in the element. For example, if the element is represe
a constant strain of unity in thex direction, then the coefficie

Fig. 1. Four-node membrane quadrilateral
f«xgo will have a specific value of unity and theu displacement
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will vary linearly with x. Thev displacement for this case wou
be zero.

The associated strain expressions are produced when th
placements given in Eqs.(1) and (2) are substituted into th
strain–displacement definitions. The strain expressions fo
four-node membrane element are represented as

«xsx,yd =
] u

] x
= f«xg0 + f«x,yg0y s3d

«ysx,yd =
] v
] y

= f«yg0 + f«y,xg0x s4d

gxysx,yd =
] u

] y
+

] y

] x
= fgxyg0 + f«x,yg0 x + f«y,xg0y s5d

It is seen that the normal strain expressions are incomplete T
series expressions since they contain only the constant strai
plus one of the first two derivative terms. For example, the no
strain«x consists of a constant term plus a linear variation in
y direction.

However, the shear strain expression is contaminated wit
rivatives of the normal strain. This gives a coupling between
normal and shear terms at the kinematic level and causes pa
shear. If the element is representing the purely flexural strain
of f«x,yg0, then not only is strain energy produced from the nor
strains, but strain energy is also produced in shear strains e
sions. This parasitic shear strain energy is incorrect and shou
eliminated from the element(Byrd 1988). It is noted that if com
pete polynomials are used in an element, then parasitic shea
not exist in the element. A six-node triangular element is an
ample of an element developed from complete second-orde
pansions for the displacements and is not covered in this pa

The strains for the four-node membrane quadrilateral ele
are separated in Table 1 into the correct and incorrect par
shear terms. It is seen that the normal strains do not contai
incorrect terms while the shear strain has both correct and
sitic terms.

The parasitic shear terms can be removed from the four-
element by integrating the strain energy contribution of the s
strain with a 131 Gauss quadrature integration rule instea
with a 232 rule. As will be shown later, the indiscriminate use
a 131 rule is not generally successful. It should be noted tha
normal strain contribution to the strain energy is integrated w
232 rule. It is the use of a lower-order integration the proces
name, reduced-order integration. The reason for the succe
this approach with the four-node element will now be discus

The strain energy for this element will be developed using
strain gradient expressions given in Eqs.(3), (4), and (5) as fol-

Table 1. Differentiation of Strains of the Four-Node Membra
Quadrilateral into Correct and Parasitic Polynomial Terms

Strain Correct terms Parasitic terms

«x 1,y
Constant inx, linear in y

None

«y 1,x
Linear in x, constant iny

None

gxy 1
Constant inx andy

x,y
Linear in x andy
lows:
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h«j = 30 0 0 1 0 0 y 0

0 0 0 0 1 0 0 x

0 0 0 0 0 1 x y
4h«sgj = fTsggh«sgj s6d

where

h«j = h«x «y gxy jT

and

h«sgj = hfug0 fvg0 frg0 f«xg0 f«yg0 fgxyg0 f«x,yg0 f«y,xg0 jT

The coupling between the normal and shear is evident in th
row in the transformation matrixfTsgg. The incorrect norma
strain terms are introduced by thex and y terms in the last tw
columns. The internal strain energy for the element is comp
as

U =
1

2EVol

h«jThsjdV s7d

with the constitutive relationship given as

hsj = fDgh«j s8d

The strain energy is written as

U =
1

2EVol

h«jTfDgh«jdV s9d

This is expanded in component form to yield

U =
1

2EVol

sD1«x
2 + D1«y

2 + D2«x«y + D3gxy
2 ddV s10d

Substitution of Eq.(6) into Eq. (9) yields

U = 1
2h«sgjTfUgh«sgj s11d

where

fUg =E
Vol

fTsggTfDgfTsggdV

is a strain energy matrix in strain gradient coordinates. The s
energy matrix is separated into the contributions from the no
strains and the shear strain as

fUg = fU«g + fUgg s12d

wherefU«g corresponds to the first two rows of the transforma
matrix fTsgg and fUgg corresponds to the last row.

For the flexural strain energy matrix, the maximum integr
to be evaluated is second-order polynomials in thex andy direc-
tions. For isoparametric elements that are mapped onto a n
domain, the required order of Gauss quadrature is a two-poin
in the x direction and a two-point rule in they direction.

If the flexural strain energy matrix is separated into the c
ponents due to«x, «y, and the coupling between the two due
Poisson’s effect, then different rules apply to each. It is seen
the evaluation of the strain energy due to«x requires a 132
pattern in order to sufficiently integrate the required integra
The 132 pattern refers to one point in thex direction and two
point in they direction. The evaluation of the strain energy du
«y would require a 231 pattern. The strain energy evaluation
the Poisson’s coupling would require a 131 pattern since th
maximum integrand to be evaluated isxy. However, a 232 rule
is used for the combined flexural strain energy evaluation

convenience and time considerations.
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In order to evaluate the shear strain energy component
32 rule is required since the integrands are second order in
x and y. However, if the strain energy contributions due to
parasitic shear terms are to be eliminated, then the matrixfUgg
must be separated into the correct and incorrect terms. From
(5) and (6) along with Table 1, it is seen that the parasitic sh
terms contribute to terms infUgg. These terms contain integran
consisting of polynomial that are functions ofx andy. The only
term that is not associated with the parasitic shear consists
integration of unity, which gives the volume of the element
order to compute the required integrand of unity and not eva
the integrands involving function ofx and y, a 131 pattern fo
Gauss quadrature is required. The one-point rule correctly e
ates 2N−1=1 orfirst-order polynomials. If the element domain
mapped onto a square domain with the origin at the center,
the one-point quadrature correctly evaluates the constant fun
but gives zero for the other integrals involving functions ofx and
y. In other words, the use of a 131 pattern of Gauss quadratu
for the evaluation of the shear strain component of the s
energy matrix eliminates the adverse effects of parasitic she

The use of the prescribed reduced integration does not e
nate any of the strain states that form the basis of the deform
modes for the element. Thus, no spurious zero-energy mod
developed with the use of the reduced integration.

Therefore, the appropriate rules for the Gauss quadratu
the four-node membrane quadrilateral are 232 for the flexura
strain energy and 131 for the shear strain energy. With the
orders for the Gauss quadrature for the evaluation of the
energy, the influence of the parasitic shear terms is elimin
without the development of any spurious zero-energy mode

These conclusions are confirmed from an eigenvalue an
for a square element of unit thickness with the material prope
of E=30,000 andy=0.3. The element is formed isoparame
cally using both standard and reduced integration rules. Th
genvalues for the two elements are given in Table 2. Sinc
membrane elements are based on displacement represen
the element with the lowest eigenvalue spectrum will be the b
element, according to Rayleigh–Ritz criteria. From Table 2,
seen that the element formulated with the reduced integratio
the shear strain energy is the better element. Also notice tha
the energy content of Modes 4 and 5 are reduced. These m
correspond to the flexural modes that should be reduced d
the elimination of the parasitic shear terms. The eigenvalu
the last three modes, which are the shear and the exten
modes, are not reduced. This is expected since these strain

Table 2. Eigenvalues for the Four-Node Membrane Quadrilateral

Eigenvalues

Mode
number

Standard
integration

Reduced
integration

1 0.0 0.0

2 0.0 0.0

3 0.0 0.0

4 1.4835E4 1.0989E4

5 1.4835E4 1.0989E4

6 2.3077E4 2.3077E4

7 2.3077E4 2.3077E4

8 4.2857E4 4.2857E4

Sum 1.1868E5 1.1099E5
are not modified.

 131(1): 2-11 



teral
am
d is

ments
for-

espe-
flex-

heavy

ides
ap-

to be
r the
1
d by
cally

ad-
will
zero-

The
-

tions.
clu-
trans
nden

cy. It
t this
f the

made

nce
s.

into
oted
ani-
se-
does
e so-

sitic
ied to
sitic
peci-

addi-
tion,
ccur
en-

onse-
so the
n. The

, each
g to
d
red
lace-
at the
r

and

f rep-

icity

ode

 D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

A
bu

 D
ha

bi
 U

ni
ve

rs
ity

 o
n 

09
/3

0/
24

. C
op

yr
ig

ht
 A

SC
E

. F
or

 p
er

so
na

l u
se

 o
nl

y;
 a

ll 
ri

gh
ts

 r
es

er
ve

d.
 

The improvement in the four-node membrane quadrila
formed isoparametrically is illustrated with a cantilever be
problem. The beam has a length to depth ratio of ten an
subjected to an end shear load. The normalized tip displace
for various discretizations are given in Table 3. The element
mulated with reduced integration gives much better results,
cially for the coarse meshes. This beam problem has mainly
ural deformations, which means that the parasitic shear has
influence on the solution.

This illustrates that the removal of the parasitic shear prov
an improvement in the element’s modeling capabilities. The
propriate Gauss integration rules allow the parasitic shear
easily removed from the element. These appropriate rules fo
Gauss quadrature are 232 for the flexural contribution and
31 for the shear contribution. These rules are determine
examining the strain expressions for the element in physi
interpretable strain gradients.

In the next section, the four-node Mindin plate-bending qu
rilateral is examined for the proper integration rules that
eliminate the parasitic shear and not induce any spurious
energy modes of deformation.

Four-Node Mindlin Plate Bending Quadrilateral

The four-node plate-bending quadrilateral is shown in Fig. 2.
element has three degree of freedoms(DOFs) at each node con
sisting of a transverse displacement and two in-plane rota
The Reissner–Mindlin plate-bending theory allows for the in
sion of through thickness shear strains. This means that the
verse displacements and the in-plane rotations are indepe
quantities and will be represented by separate polynomials.

The element is known to have a severe modeling deficien
is overstiff because of parasitic shear. An attempt to correc
modeling error through the use of reduced order integration o
shear strain contribution to the strain energy has been

Table 3. Results of Cantilever Beam Analysis Using Four-N
Membrane Elements

Normalized tip deflections for element with

Mesh used
in beam modela

Standard
integration

Reduced
integration

132 0.09 0.85

1310 0.67 0.91

2320 0.89 0.97

4340 0.097 0.99

Exact deflection=PL3/3EI+PL/KGA
aElements through depth by elements along length.

Fig. 2. Four-node plate bending quadrilateral
JOUR
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(Hughes et al. 1977). The integration rules used in the refere
were 232 for the bending terms and 131 for the shear term
This approach introduced two spurious zero-energy modes
the element for a total of five zero-energy modes. It was n
that in most problems the elemental rank deficiency did not m
fest itself into the global stiffness matrix and was of little con
quence. However, for some problems, the global stiffness
indicate the existence of rank deficiency, which precludes th
lution of the system of equations.

In the following, the procedure used to identify the para
shear terms in the four-node membrane element will be appl
the four-node Mindlin plate-bending element. With the para
shear terms identified, appropriate integration rules can be s
fied that eliminate the parasitic shear without causing the
tional zero-energy modes in the element. During this examina
the source of the two additional zero-energy modes that o
with the use of 131 reduced integration for the shear strain
ergy is identified.

The procedure requires that the displacements and, c
quently, the strains be expressed in terms of strain gradients
terms that cause the modeling error can be immediately see
three governing displacement fields are associated with thew, u,
andv displacements. Since each expression is independent
would consist of a polynomial with four terms correspondin
the available DOF in the element. Thew displacement woul
include the terms 1,x, y, andxy. Since plane sections are requi
to remain plane in first-order plate theory, the in-plane disp
ments have to be linear through the thickness. This means th
u and v displacements are linear inz. Thus the polynomials fo
the in-plane displacementsu andv include the termsz, xz, yz, and
xyz. The strain gradient representations for the transverse
in-plane displacements are(Byrd 1988)

wsx,yd = fwg0 + fgxz/2 − qg0x

+ fgyz/2 + pg0y + fs− gxy,z + gyx,x + gxz,yd/2g0xy s13d

usx,y,zd = fgxz/2 + qg0z+ f«x,zg0xz+ fsgxy,z − gyz,x + gxz,yd/2g0yz

+ fs«x,yzdg0xyz s14d

vsx,y,zd = fgyz/2 − pg0z+ fsgxy,z + gyz,x − gxz,yd/2g0xz+ f«y,zg0yz

+ f«y,xzg0xyz s15d

The coefficients of Eqs.(13), (14), and(15) identify the 12 strain
states or deformation patterns that the element is capable o
resenting. They are as follows:
rigid body modes

s1d fwg0 s2d fpg0 s3d fqg0

flexural strain states

s4d f«x,zg0 s5d f«x,yzg0 s6d f«y,zg0 s7d f«y,xzg0

shear strain states

s8d fgxy,zg0 s9d fgxzg0 s10d fgxz,yg0 s11d fgyzg0 s12d fgyz,xg0

The rotations and strains found by substituting Eqs.(13)–(15)
into the definition of rotations and strains from linear elast
gives

psx,yd = fp − gyz/2g0 + fs− gxy,z − gyz,x + gxz,yd/2g0x + f− «y,zg0y
+ f− «y,xzg0xy s16d
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qsx,yd = fgxz/2 + qg0 + f«x,zg0x + fsgxy,z − gyz,x + gxz,yd/2g0y

+ f«x,yzg0xy s17d

«x = f«x,zg0z+ f«x,yzg0yz s18d

«y = f«y,zg0z+ f«y,xzg0xz s19d

gxy = fgxy,zg0z+ f«x,yzg0xz+ f«y,xzg0yz s20d

gxz= fgxzg0 + f«x,zg0x + fgxz,yg0y + f«x,yzg0xy s21d

gyz= fgyzg0 + fgyz,xg0x + f«y,zg0y + f«y,xzg0xy s22d

One of first things to note is that the in-plane sheargxy has
parasitic shear terms. These are normal strain terms and m
eliminated to correct the element. Normally, reduced-order
gration is only applied to integrands produced by the transv
shear strain and not on those produced by the in-plane
strain. However from Eq.(20), it is apparent that the reduc
integration should be applied to those produced by the in-p
shear strain in order to eliminate the parasitic shear. Tab
shows the correct terms that should be retained and the pa
terms that should be eliminated.

Since this expression is similar to the shear strain in the
node membrane element, a reduced 131 pattern for the Gaus
quadrature rule is required for the integration of the in-plane s
strain contribution to the strain energy. This would eliminate
contribution of the parasitic terms associated withx andy in the
in-plane shear strain. Also, it does not eliminate any of the co
strain states that form part of the basis set for the element.
this integration pattern would not generate any spurious
energy modes.

The parasitic shear terms existing in the transverse shear
are obvious in Eqs.(21) and(22). Forgxz the parasitic shear term
are associated with thex andxy terms and should be eliminate
The strain states associated with the 1.0 andy terms are not para
sitic shear terms and should be retained. The integration rule
perform this operation are a 132 pattern. The one-point rule
the x direction will eliminate the terms that are a function ox,
which are exactly those that are associated with the parasitic
terms. The two-point rule in they direction will evaluate th
integrands associated with the goody terms up to the integrand
y3 which is sufficient for the integrands existing in the str
energy expression for this transverse shear strain.

For gyz, the terms to be eliminated are associated with ty
andxy polynomial terms and those to be kept are associated

Table 4. Differentiation of Strains of the Four-Node Mindlin Pla
Bending Quadrilateral into Correct and Parasitic Polynomial Terms

Strain Correct terms Parasitic terms

«x z,yz
Constant inx, linear in y

None

«y z,xz
Linear in x, constant iny

None

gxy z
Constant inx andy

xz,yz
Linear in x andy

gxz 1,y
Constant inx, linear in y

x,xy
Linear in x andy

gyz 1,x
Linear in x, constant iny

y,xy
Linear in x andy
the 1.0 andx polynomial terms. A Gauss quadrature pattern of
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231 accomplishes this operation by eliminating the integr
that are a function ofy and integrates the integrands that
polynomials up tox3.

These integration patterns for the transverse shear strain
ponents to the strain energy eliminate only the terms tha
defined as parasitic shear terms. Other nonparasitic shear
are not eliminated. These integration patterns do not produc
spurious zero-energy modes of deformation.

If a uniform 131 pattern is used for the reduced integratio
the transverse shear contributions to the strain energy, the
spurious zero-energy modes of deformation are gene
(Hughes et al. 1977). These are explained by examining the tra
verse shear strain expressions given in Eqs.(21) and (22). A 1
31 pattern of Gauss quadrature would eliminate all integr
that are functions of eitherx or y. This eliminates the strain sta
fgxz,yg0 associated with they term in gxz and eliminates the stra
statefgyz,xg0 associated with thex term in gyz. These are corre
terms that are not to be eliminated. These are the only s
energy expressions in which these strain states exist and
elimination provides two modes of deformation, which contai
strain energy. The elimination of these two strain states prod
the two spurious zero energy modes of deformation. Essentia
eliminates two of the fundamental modes or strain states from
basis set for this element.

The appropriate patterns for the reduced integration o
four-node Mindlin plate bending element that eliminates the p
sitic shear and does not produce any spurious zero-energy
are: (1) a 132 pattern for«x; (2) a 231 pattern for«y; (3) a 1
31 pattern for Poisson’s coupling between«x and «y; (4) a 1
31 pattern forgxy; (5) a 132 pattern forgxz; and (6) a 231
pattern forgyz. Thus the required strain energy integral eva
tions can be accomplished with three integration patterns.

An eigenvalue analysis is performed to illustrate the di
ences between an isoparametric element generated with st
integration rules that do not exclude the parasitic shear, an
parametric element generated using the appropriate integ
pattern just discussed, and an isoparametric element gen
with a uniform 131 reduced integration for the strain ene
contributions for all the shear strains. The element to be ana
is a square element with a length to thickness ratio of two.

Table 5. Eigenvalues for Three Types of Four-Node Mindlin P
Elements

Eigenvalues

Mode
number

Normal
integration

Appropriate reduced
integration

Uniform reduced
integration

1 0.0 0.0 0.0

2 0.0 0.0 0.0

3 0.0 0.0 0.0

4 0.11914E+04 0.91575E+03 0.0

5 0.23046E+04 0.91575E+03 0.0

6 0.23046E+04 0.11914E+04 0.91575E+0

7 0.32051E+04 0.19231E+04 0.91575E+0

8 0.51282E+04 0.32051E+04 0.19231E+0

9 0.67766E+04 0.35714E+04 0.19231E+0

10 0.10347E+05 0.10347E+05 0.35714E+0

11 0.19231E+05 0.19231E+05 0.19231E+0

12 0.19231E+05 0.19231E+05 0.19231E+0

Sum 0.69719E+05 0.60531E+05 0.47711E+0

Note: E530,000;y50.3; andK55/6.
eigenvalues for the three elements are given in Table 5. It is noted
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that six modes are different between the element with no
standard integration rules and the element with appropriate
gration rules. These six modes correspond to the flexural m
that exist as parasitic shear in shear strains. The two addi
zero-energy modes are evident in the element with uniform
duced integration for the shear strain energy.

It is seen that the element generated using uniform red
integration is the softest element. The element generated wi
appropriate integration rules is less stiff than the element g
ated with normal integration. Plate problems analyzed with fi
elements do not exhibit inter-element compatibility so they do
obey the Rayleigh–Ritz criterion. As a result, they do not
proach the correct result monotonically, so the relative ma
tudes of the sum of the eigenvalues are not an indication o
quality of the element in an analysis. This is illustrated on sq
plate problems with simply supported and clamped edge c
tions subjected to both concentrated center and uniformly va
loads.

The results for these analyses for the Mindlin plate ben
elements with the integration schemes are given in Table 6
plate subjected to the concentrated center load. For the plate
lem with a concentrated load, the element with appropriat
duced integration gives better results for the simply suppo
case while in the clamped edge case, the element with un
reduced integration gives slightly better results. In both case
element with standard integration does not gives acceptab
sults, even in the refined discretizations.

In order to illustrate the deficiencies of elements that pos
spurious zero-energy modes, the following example proble
analyzed. The problem consists of a square plate supported
at the corners resembling a table, which is a commonly
structure. The plate is subjected to both a concentrated load
center and uniformly varying loads. The results of the anal
using the above Mindlin four-node elements are given in Tab
for the problem with a uniform load.

An approximate value for the center deflection due to a
formly varying load is 0.0265, computed using a series solu
(Ballesteros and Lee 1960). The results for the various elemen

Table 6. Results of Square Plate Analyses with Concentrated Cent

Problem definition
Ele

in q

Square plate simply supported concentrated center load

2

4

8

12

Exact deflectiond

Square plate clamped edges concentrated center load

1

2

4

8

12

Exact deflectiond

aElement with normal Gauss numerical integration.
bElement with appropriate reduced Gauss numerical integration.
cElement with uniform reduced Gauss numerical integration.
dExact solution for thin plate from Timoshenko and Woinowsky-Krie
excluding the Mindlin element generated with uniform integra-

JOUR
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-

tion, indicate that the elements are adequately modeling this
lem. The results of these finite element analyses correspond
accuracy reported when four-node Kirchhoff elements are us
model this problem(Zienkiewicz 1977).

For the isoparametric element with uniformly reduced inte
tion, the results for the uniformly varying load case indicated
presence of singularities in the global stiffness matrix. The
ment with appropriate reduced integration gives smooth re
for the deflections from the center to the edge. Since the ele
with appropriately reduced integration performed adequately
assumed that the oscillations are caused by the addition of th
zero-energy modes that exist in the element stiffness matr
the isoparametric element generated with uniform reduced
gration. The singularities and the oscillations in the transv
displacement for this type of problem create some suspicion
cerning the use of the rank-deficient isoparametric elements
reduced integration(Cook 2002). This inclusion of the zero
energy deformation modes has been a topic of discussion
literature(Hughes and Cohen 1978; Hughes and Tezduyar 1
Pugh et al. 1978; Crisfield 1984) and is still an open questio
However, with the clear identification of the source of these
ditional zero-energy modes previously presented, then thes

ad Using Four-Node Mindlin Plate Elements

nt

Deflections under point load

Element 1a Element 2b Element 3c

4.278E-5 1.341E-2 2.405E-2

1.343E-4 1.167E-2 1.262E-2

4.846E-4 1.160E-2 1.181E-2

1.690E-3 1.162E-2 1.170E-2

3.203E-3 1.163E-2 1.170E-2

1.160E-2

1.071E-5 1.071E-5 1.429E-5

4.588E-5 4.948E-3 4.953E-3

1.691E-4 5.454E-3 5.462E-3

6.044E-4 5.586E-3 5.597E-3

1.192E-3 5.613E-3 5.626E-3

5.600E-3

.

Table 7. Analysis of Square Plate with Uniform Load and Cor
Supports Using Four-Node Plate Elements

Deflections at plate center

Mesha Element 1b Element 2c Element 3d

131 2.853E-5 1.203E-2 Singular

232 1.861E-4 2.190E-2 Singular

434 8.121E-4 2.461E-2 Singular

838 2.957E-3 2.531E-2 Singular

12312 5.664E-3 2.545E-2 Singular
aSquare elements in quarter plate, due to symmetry.
bElement with normal Gauss numerical integration.
cElement with appropriate reduced Gauss numerical integration.
d

ral Lo

ments
uadra

131

32

34

38

312

31

32

34

38

312
Element with uniform reduced Gauss numerical integration.
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ments need not be used anymore. The isoparametric ele
with the appropriately reduced integration schemes could be
in the analyses.

This illustrates that the removal of the parasitic shear usin
appropriate reduced integration technique provides an imp
ment in the element’s modeling capabilities without introduc
any spurious zero-energy modes. These appropriate rules f
Gauss quadrature can be applied in two fashions. The first
use a 232 pattern for the flexural contribution, a 131 pattern fo
the in-plane shear contribution, a 132 pattern for thegxz contri-
bution, and 231 for thegyz contribution. The second method
application, which may be slightly more efficient, is to use
32 pattern for the contribution due to«x andgxz, a 231 pattern
for the contribution due to«y andgyz, and a 131 pattern for the
contribution due to the flexural coupling andgxy. These rules ar
determined by examining the strain expressions for the ele
that are derived in physically interpretable strain gradients.

In the next section, the nine-node Mindlin plate-bending q
rilateral is examined for the proper integration rules that
eliminate the parasitic shear and not induce any spurious
energy modes of deformation.

Nine-Node Mindlin Plate Bending Quadrilateral

The nine-node plate-bending quadrilateral is shown in Fig. 3.
element has three DOFs at each node consisting of a tran
displacement and two in-plane rotations. This element is
based on the Reissner–Mindlin plate-bending theory.

The element is known to have a severe modeling defici
due to parasitic shear, which is alleviated through the use o
duced integration for the shear strain contribution to the s
energy(Zienkiewicz et al. 1971). The integration rules used in t
references were 333 for the bending terms and 232 for the
shear terms. It was discovered that this element had an add
zero-energy mode beyond those associated with the rigid
modes.

In the following, the previous procedure used in determin
the parasitic shear terms will be applied to the nine-node Min
plate-bending element. With the parasitic shear identified, a
priate integration rules can be specified that eliminate the par
shear without causing the additional zero-energy mode that
with the use of uniform 232 reduced integration for the she
strain energy.

The procedure requires that the displacements and stra

Fig. 3. Nine-node plate bending quadrilateral
expressed in terms of strain gradients. The three governing dis-
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placement fields are associated with theu, v, and w displace
ments. Since each expression is independent, each would c
of a polynomial with nine terms corresponding to the avail
DOFs in the element. Thew displacement would include t
polynomial terms 1,x, y, x2, xy, y2, x2y, xy2, and x2y2. Since
plane sections are required to remain plane in the first order
theory, the in-plane displacements have to be linear throug
thickness. This means that theu andv displacements are linear
z. Thus polynomials for the in-plane displacementsu and v in-
clude the termsz, xz, yz, x2z, xyz, y2z, x2yz, xy2z, and x2y2z.
The strain gradient expressions for the displacement are

wsx,yd = fwg0 + fgxz/2 − qg0x + fgyz/2 − pg0y

+ fs− gxy,z + gyz,x + gxz,yd/2g0xy+ fsgxz,x − «x,zd/2g0x
2

+ fsgyz,y − «y,zd/2g0y
2 + fsgxz,xy − «x,yzd/2g0x

2y

+ fsgyx,xy − «y,xzd/2g0xy2 + fsgxz,xyy− «x,yyzd/4g0x
2y2

s23d

usx,y,zd = fgxz/2 + qg0z+ f«x,zg0xz+ fsgxy,z − gyz,x + gxz,yd/2g0yz

+ fs«x,xzd/2g0x
2z+ fs«x,yzdg0xyz+ fsgxy,yz− «y,xzd/2g0y

2z

+ fs«x,xyzd/2g0x
2yz+ fs«x,yyzd/2g0xy2z+ fs«x,xyyzd/4g0x

2y2z

s24d

vsx,y,zd = fgyz/2 − pg0z+ fsgxy,z + gyz,x − gxz,yd/2g0xz+ f«y,zg0yz

+ fs«y,xzdg0xyz+ fs«y,yzd/2g0y
2z+ fsgxy,xz− «x,yzd/2g0x

2z

+ fs«y,xxzd/2g0x
2yz+ fs«y,xyzd/2g0xy2z+ fs«y,xxyzd/4g0x

2y2z

s25d

The coefficients of Eqs.(23), (24), and(25) identify the 27 strain
states or deformation patterns that constitute the basis set f
element. They are as follows:
rigid body modes

s1d fwg0 s2d fpg0 s3d fqg0

flexural strain states

s4d f«x,zg0 s5d f«x,xzg0 s6d f«x,yzg0

s7d f«x,xyzg0 s8d f«x,yyzg0 s9d f«x,xyyzg0

s10d f«y,zg0 s11d f«y,xzg0 s12d f«y,yzg0

s13d f«y,xxzg0 s14d f«y,xyzg0 s15d f«y,xxyzg0

shear strain states

s16d fgxy,zg0 s17d fgxy,xzg0 s18d fgxy,yzg0

s19d fgxzg0 s20d fgxz,xg0 s21d fgxz,yg0

s22d fgxz,xyg0 s23d fgxz,xyyg0 s24d fgyzg0

s25d fgyz,xg0 s26d fgyz,yg0 s27d fgyz,xyg0

These 27 strain states define the set of deformation mode
form the basis for the element.

The strains associated with these displacements for the
node Mindlin plate element are

«x = f«x,zg0z+ f«x,xzg0xz+ f«x,yzg0yz+ f«x,xyzg0xyz+ f«x,yyzg0y
2z

+ f«x,xyyzg0xy2z s26d

«y = f«y,zg0z+ f«y,xzg0xz+ f«y,yzg0yz+ f«y,xxzg0x
2z+ f«y,xyzg0xyz

2
+ f«y,xxyzg0x yz s27d
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gxy = fgxy,zg0z+ fgxy,xzg0xz+ fgxy,yzg0yz+ f«x,xyzg0x
2z

+ f«x,yyz+ «y,xxzg0xyz+ f«x,xyyz/2g0x
2yz+ f«y,xyz/2g0y

2z

+ f«y,xxyz/2g0xy2z s28d

gxz= fgxzg0 + fgxz,xg0x + fgxz,yg0y + fgxz,xyg0xy+ f«x,xz/2g0x
2

+ fsgyz,xy + gxy,yz− 2«y,xzd/2g0y
2 + f«x,xyz/2g0x

2y

+ f«xx,xyy/2g0xy2 + f«x,xyyz/4g0x
2y2 s29d

gyz= fgyzg0 + fgyz,xg0x + fgyz,yg0y + fsgxz,xy + gxy,xz− 2«x,yzd/2g0x
2

+ fgyz,xyg0xy+ f«y,yz/2g0y
2 + fsgxz,xyy− «x,yyz+ «y,xxzd/2g0x

2y

+ f«y,xyz/2g0xy2 + f«y,xxyz/2g0x
2y2 s30d

These strains are separated into the correct and parasitic te
Table 8. Also given in Table 8 is the maximum order of
polynomial terms that exist in the correct and parasitic term

The normal strains are biquadratic and do not contain
parasitic terms. From Table 8, the maximum integrand that w
be produced by«x is x2y4z2. A 333 integration pattern is require
to appropriately integrate this polynomial. Similarly, the ma
mum integrand produced by«y is x4y2z2 which requires a 332
integration pattern. The coupling between the two normal st
produces a maximum integrand ofx3y3z2. This requires a 232
pattern for appropriate integration.

The correct terms in the in-plane shear,gxy, are linear. Th
quadratic terms are parasitic. The correct terms produce a
mum integrand ofx2y2z2. The parasitic terms produce integra
of cubic or higher order. Remembering that the integration o
odd function on a symmetric domain is identically zero, the

Table 8. Differentiation of Strain of Nine-Node Mindlin Plate-Bendin

Strain Correct terms

«x z,xz, yz, xyz, y2z, xy2z
Linear in x, quadratic iny

«y z,xz,yz,xyz,x2z,x2yz
Quadratic inx, linear in y

gxy z,xz,yz,xyz
Linear in x andy

gxz 1,x,y,xy,y2,xy2

Linear in x, quadratic iny

gyz 1,x,y,xy,x2,x2y
Quadratic inx, linear in y

Table 9. Result of Square Plate Analyses with Concentrated Centr

Problem
definition

Elements
in quadrant

Square plate simply supported 131

232

Concentrated center load 434

838

Exact deflectiond

aElement with normal Gauss numerical integration.
bElement with appropriate reduced Gauss numerical integration.
cElement with uniform reduced Gauss numerical integration.
d
Exact solution for thin plate from Timosheno and Woinowsky-Krieger(1959).

JOUR
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232 integration rule appropriately integrates the integrands
ciated with the good terms and eliminates the integrands a
ated with the parasitic terms.

The transverse sheargxz has correct terms that produce a m
mum polynomial integrand ofx2y4. The parasitic terms produ
integrands that contain the termx4. Thus, a 233 pattern of inte
gration points will integrate the integrands associated with
good terms. The two points in thex direction will not integrate th
integrands associated with the parasitic terms. Therefore,
33 pattern of Gauss integration points will integrate all the i
grands associated with the good terms and eliminate the
grands due to the parasitic terms.

Similarly, the appropriate integration pattern forgyz is 332
since the maximum integrand due to the good terms isx4y2 and
all integrands due to the parasitic terms containy4. A two-point
scheme in they direction will eliminate the integrands due to
parasitic terms.

Therefore, the appropriate integration rules for the stiff
matrix for the nine-node Mindlin plate-bending element ar
33 for the«x contribution, 332 for the«y contribution, 232 for
the Poisson’s coupling contribution, 232 for thegxy contribution
233 for thegxz contribution, and 332 for thegyz contribution
These integration rules eliminate the influence of the para
shear terms without introducing any spurious zero-energy m
into the elemental stiffness matrix.

The conclusion that no zero-energy modes are introduced
the elemental stiffness matrix with the use of the appropriat
tegration rule is verified by examining the strain expressions
remain after the parasitic shear terms are eliminated. From
expressions in Eqs.(24)–(28) and the separation between the c

drilateral into Correct and Parasitic Polynomial Terms

Parasitic terms

None

None

x2z,y2z,x2yz,xy2z
Quadratic inx andy

x2,x2y,x2y2

Quadratic inx andy

y2,xy2,x2y2

Quadratic inx andy

d Using Nine-Node Mindlin Plate Elements

Deflections under point load

Element 1a Element 2b Element 3c

8.041E-3 1.178E-2 1.277E-2

1.037E-2 1.162E-2 1.188E-2

1.127E-2 1.163E-2 1.172E-2

1.157E-2 1.165E-2 1.171E-2

1.160E-2
g Qua
al Loa
NAL OF ENGINEERING MECHANICS © ASCE / JANUARY 2005 / 9
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rect and parasitic terms in Table 9, it is seen that all of the s
states that compose the basis set of deformation modes fo
element still exist in the element. In other words, no strain sta
totally eliminated from the strain expressions with the use o
appropriate integration rules. Thus, no additional zero-en
modes exist in the element when generated using the appro
integration rule.

It was noted previously that when uniform reduced 232 inte-
gration for shear strain is utilized in the generation of the elem
that an additional zero-energy mode is developed. This is
plained by examining the additional terms that are elimin
with the uniform 232 integration. Since the uniform 232 pat-
tern has been specified as the appropriate rule for the in-
shear, the additional zero-energy strains must be introduced
integration of the strain energy of the transverse shear strains
use of 232 integration pattern instead of the appropriate 233
pattern for the sheargxz eliminates these additional term
fsgyz,xy+gxy,yz−2«y,xzd /2g0y

2 and fgxz,xyy/2g0xy2. The use of a
32 pattern instead of the appropriate 332 pattern for the she
gyz eliminates these additional terms:fsgxz,xy+gxy,xz

−2«x,yzd /2g0x
2 and fsgxz,xyy−«x,yyz+«y,xxzd /2g0x

2y. Examination o
the strain states in these additionally eliminated terms ind
that all exist in other strain expressions except one. The one
state that is totally eliminated isgxz,xyy. The total elimination o
this strain state removes the strain energy associated with o
the deformation modes that form the basis set for the elem
This produces the additional zero-energy mode that is asso
with the use uniform 232 reduced integration for the shear in
nine-node Mindlin plate-bending element.

The square plate problem is analyzed using the nine-nod
ements with the various integration rules. The results for the
centrated load case are given in Table 9. It is seen that the el
with the appropriate integration rules perform better for this p
lem than the element with normal or uniform reduced integra

Thus, the use of appropriate reduced Gauss integration qu
ture for the nine-node Mindlin plate bending element elimin
the influence of parasitic shear and does not induce any spu
zero-energy modes into elemental stiffness matrix.

Conclusion

The objective of defining the appropriate Gauss numerical
gration rules that eliminate the artificial stiffening due to para
shear without inducing any spurious zero-energy modes int
element stiffness matrix has been accomplished. The object
accomplished by expressing the polynomials that approxima
displacements and rotations using a physically interpretable
tion. The use of this notation allows the equations that su
during the formulation of the finite element stiffness matrix to
compared to the equations of continuum mechanics. If the
element model does not match the appropriate constitutiv
strain–displacement relationships, the terms that cause mo
errors in the finite element are identified. That is to say, the
cise terms that are to be retained and those to be eliminate
identified.

With the knowledge about which terms are to be retained
which are to be eliminated, appropriate integration pattern
selected to eliminate the parasitic shear terms while retainin
correct terms. The selection of the appropriate quadrature p
is determined by the substitution of the strain expressions in t
of strain gradients into the definition of strain energy. Upon

amination of the integrands that exist in the strain energy, the

10 / JOURNAL OF ENGINEERING MECHANICS © ASCE / JANUARY 2005
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-

quadrature rule that will eliminate the unwanted terms is sele
In this paper, the appropriate Gauss quadrature rules are sp
for the four-node membrane quadrilateral and two Mindlin p
bending quadrilaterals, the four and nine node elements.

The source of spurious zero-energy modes that are deve
in elements generated using uniform reduced numerical int
tion is identified through the use of this procedure based upo
strain gradient notation. The indiscriminate use of uniform
duced integration eliminates the effect of certain basis elem
required in strain energy evaluation. This results in the creati
spurious zero energy modes. However, the use of appropria
duced integration schemes does not create spurious zero-
modes.
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