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Abstract: Many rectangular isoparametric finite elements contain a modeling error known as parasitic shear. Parasitic shear can bg
removed by applying the correct reduced-order Gauss quardrature integration rule. Whenlthialé is blindly applied another error,
spurious zero energy modes, can be introduced. An analysis procedure is presented that identifies the correct Gauss integration rule 1
eliminating parasitic shear without introducing spurious zero energy modes. Displacement polynomials expressed in transparent notatio
assists in the identification of error sources. The procedure is developed with the four-node membrane element and then applied to analy
and correct four- and nine-node Mindlin plate bending elements. Eigenvalue analyses and sample problems are presented to demonstr.
the improvements produced by the procedure.
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Introduction this modeling deficiency from other elements. However, attempts
to correct parasitic shear in an element through the indiscriminate

Many displacement-based elements are found to be overly stiffuse of reduced-order integration can introduce other modeling
(Dohetry et al. 1969; Zinkiewicz et al. 1971; Kavanagh and Key €rrors in the element. The mo_st notable is the introduc_tion of
1972; Pawsey 1972; Prathap and Bhashyam 1982; Stolarski andPurious zero energy modgBarisch 1979; Huang and Hinton
Belytschko 1983; Hughes 1987; Dow and Mohamed 200Ris 1984 o . . .

modeling deficiency is often caused by the existence of normal 1€ Objective of this presentation is to provide a clear expla-
strain terms in the shear strain expressi@dsw and Byrd 1988 nation of the effects of reduced-order Gauss quadrature integra-

These improper terms which couple the normal strains to the tion on thg modelipg char.acteristics of isop_arar_netr_ic finite .ele-
shear strains at the kinematic level represent violations of the ments. This analysis explains why the overstiffening is sometimes

principles of continuum mechanics. This modeling deficiency is porrected and why spurious ZET0 €energy ques are so.metm)es
o . introduced when reduced-order integration is used. With this
known as parasitic shear. Another mechanism can cause an ele-

ment to be overly stiff when it has a high aspect ratio. This mod- k.n.owledge,.lsoparametnc elements can t.)e formed in which para-
eling error can be controlled and will not be discussed here sitic shear is removed and other modeling errors are not intro-
Tghe four-node membrane quadrilateral is known to be infécted duced. It will be seen that the careful application of reduced-order
. . Gauss quadrature integration produces these improved character-
with parasitic sheatCook 1972; 1975 The effects of parasitic q g P P

h be eliminated in this el b allG istics in isoparametric elements.
shear can be eliminated In this element by using auss The analysis procedure for identifying the appropriate

quadrature_ integration rule to_evaluate the_shear strain Componenfeduced-order Gauss quadrature rules for eliminating parasitic
of the strain energy expression. The strain energy terms assoCigpear without introducing other modeling errors uses a physically
ated with normal strains are evaluated with’a2 Gauss quadra-  paseq notatiofDow 1999. The physically based notation allows
ture rule. The process of using a lower-order numerical integra- yhe equations developed during the element formulation proce-
tion scheme to eliminate the effects of parasitic shear is called g, e to be directly related to the equations of continuum mechan-
reduced-order integration. ics that describe the physical system being analyzed. The ability
The successful use ofX1 reduced-order Gauss quadrature 4 girectly compare the discrete and continuous mathematical rep-
integration to eliminate parasitic shear in the four-node membrane asentations of the problem being solved allows modeling errors
element has led to attempts to use this exact strategy to eliminatqy, individual elements to be identified during the formulation pro-
cess. By identifying the terms that are the source of the modeling
!Assistant Professor, Univ. of Hartford, West Hartford, CT 06117. error, appropriate reduced-order integration rules can be specified
“Director of Production Operations, ABAQUS Inc., Pawtucket, Rl that eliminate the erroneous terms and retain the correct terms. In
02860. _ this way, parasitic shear can be eliminated without introducing
e e o e, SoUdr SO, SPUIoS 221 cergy modesof othermodelng orrs
ote. . . . : i
June 1, 2005. Separate discussions must be submitted for individual pa- The procedure is developed for the familiar case of the four-

pers. To extend the closing date by one month, a written request must benOde membrane quadrilateral. Then the four- and nine-node

filed with the ASCE Managing Editor. The manuscript for this paper was 'V“”‘?”'” plate be”?"”g .ellements a.re.examlned. .A.\pproprlate. Inte-
submitted for review and possible publication on April 29, 2003; ap- 9gration rules are identified that eliminate parasitic shear without

proved on June 4, 2004. This paper is part oftharnal of Engineering introducing zero energy modes into these elements. An eigen-
Mechanics Vol. 131, No. 1, January 1, 2005. ©ASCE, ISSN 0733-9399/ Vvalue analysis of the four-node membrane element and the four-
2005/1-2-11/$25.00. node Mindlin plate element are performed to show that the selec-
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q Table 1. Differentiation of Strains of the Four-Node Membrane

y,U Quadrilateral into Correct and Parasitic Polynomial Terms
u, Strain Correct terms Parasitic terms
&y 1,y None
Constant inx, linear iny
ey 1,x None
Linear inx, constant iny
Yxy 1 X,y
Constant inx andy Linear inx andy
xu

_ _ will vary linearly with x. Thev displacement for this case would
Fig. 1. Four-node membrane quadrilateral be zero.
The associated strain expressions are produced when the dis-
placements given in Eqgl) and (2) are substituted into the

g\grareucstg dognrgduuncc?odr-rgrc?scri gfrgreﬁlgnarrglizelj tzu;ﬁzlsslzl'elgﬁln’lstrain—displacement definitions. The strain expressions for the
y Pifbur-node membrane element are represented as

plate bending problems to demonstrate the improvements in the
modeling characteristics produced by the techniques presented

J
here. g(Xy) = a—i =[exo+ [exyloy ()

Four-Node Membrane Quadrilateral I
Sy(X,y) = 07_ = [Sy]o + [Sy,X]OX (4)
The four-node membrane quadrilateral is shown in Fig. 1. This y
element has two in-plane displacements at each node. The dis-
placement and strain expressions for this element will be derived Jau
using strain gradient notation. The use of this physically interpret- VaXY) = ay toxC [¥xylo * [exylo X + [eyJoy )
able notation identifies the modeling characteristics of the ele-
ment during the formulation stag®ow and Byrd 1986; Dow et It ig seen that t.he normal strain exp(essions are incomplete _Taylor
al. 1988. If parasitic shear is present, the appropriate integration S€ries expressions since th_ey contain only the constant strain term
rules can be identified that eliminates parasitic shear and does noP!us one of the first two derivative terms. For example, the normal
generate any spurious zero-energy modes in the element. strain e, consists of a constant term plus a linear variation in the
The first step in this process is to express the displacementY direction.
polynomials in terms of strain gradients. The displacement poly- However, the shear strain expression is contaminated with de-
nomials for the four-node quadrilateral consist of four terms for fivatives of the normal strain. This gives a coupling between the
both theu andv displacements. The polynomial expansion for normal and shear terms at the kinematic level and causes parasitic
each displacement includes thex, y, andxy terms. These are shear. If the element is representing the purely flexural strain state
linear polynomials with the additionaly term chosen for invari-  Of [£xylo, then not only is strain energy produced from the normal
ance. The strain gradient representations for the displacement repStrains, but strain energy is also produced in shear strains expres-
resentations in a four-node quadrilateral are expressed in strain-Sions. This parasitic shear strain energy is incorrect and should be

gradient notation agDow 1999 eliminated from the elemeriByrd 1988. It is noted that if com-
pete polynomials are used in an element, then parasitic shear will
u(x,y) =[ulo + [exoX + [vx/2 — 1oy + [exyloxy 1) not exist in the element. A six-node triangular element is an ex-
ample of an element developed from complete second-order ex-
v(Xy) =[vlo + [vx/2 +r]ox +[gy]oy + [&yxJoxy (2 pansions for the displacements and is not covered in this paper.

. . . The strains for the four-node membrane quadrilateral element
From these displacement expressions, it is seen that the ele- d

ment is canable of modeling the following eiaht linearly indepen- are separated in Table 1 into the correct and incorrect parasitic
dent strainpstateS' 9 g€ y P shear terms. It is seen that the normal strains do not contain any

e incorrect terms while the shear strain has both correct and para-
rigid body modes

sitic terms.
(D [ulo @ [v]e (3 [r]o The parasitic shear terms can be removed from the four-node
. element by integrating the strain energy contribution of the shear
constant strain states strain with a 1Xx 1 Gauss quadrature integration rule instead of
4 (e 5) e 6 with a 2X 2 rule. As will be shown later, the indiscriminate use of
N o @ Ledo ) Loyl (6 Lo a 1x 1 rule is not generally successful. It should be noted that the
Bilinear variations normal strain contribution to the strain energy is integrated with a

) [eelo (8) [evs] 2X 2 rule. Itis the use _of a Iower-order integration the process its
Xy10 yxi0 name, reduced-order integration. The reason for the success of

Each of these eight strain states produces a specific displacemerthis approach with the four-node element will now be discussed.

pattern in the element. For example, if the element is representing  The strain energy for this element will be developed using the

a constant strain of unity in the direction, then the coefficient  strain gradient expressions given in E¢3), (4), and(5) as fol-

[&4], Will have a specific value of unity and thedisplacement lows:
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000100y0 Table 2. Eigenvalues for the Four-Node Membrane Quadrilateral
{e}=]0 0 0 0 1 0 0 x {esg=[Tsgl{esy (6) Eigenvalues
000O0OT1xy Mode Standard Reduced
number integration integration
where
T 1 0.0 0.0
{e}t ={&x Ey 'ny} 2 0.0 0.0
and 3 0.0 0.0
4 1.4835E4 1.0989E4
— T
{Ssg} - {[U]O [U]O [r]O [ax]O [Sy]o ['ny]O [SX,y]O [sy,X]O} 5 1.4835E4 1.0989E4
The coupling between the normal and shear is evident in the last6 2.3077E4 2.3077E4
row in the transformation matriXTs]. The incorrect normal 7 2.3077E4 2.3077E4
strain terms are introduced by tlxeandy terms in the last two 8 4.2857E4 4.2857E4
columns. The internal strain energy for the element is computed gym 1.1868E5 1.1099E5
as
1 T
U=—- {e}{o}dV (7) :
2 )\ In order to evaluate the shear strain energy component, a 2
) o _ o X 2 rule is required since the integrands are second order in both
with the constitutive relationship given as x andy. However, if the strain energy contributions due to the
{o}=[DNe} (8) parasitic shear terms are to be eIimingted, then the mEith'Yit
) o must be separated into the correct and incorrect terms. From Eqgs.
The strain energy is written as (5) and(6) along with Table 1, it is seen that the parasitic shear
1 terms contribute to terms iU, ]. These terms contain integrands
U= —f {e}'[DHe}dV 9 consisting of polynomial that are functions wfandy. The only
2) ol term that is not associated with the parasitic shear consists of the

integration of unity, which gives the volume of the element. In
order to compute the required integrand of unity and not evaluate
the integrands involving function of andy, a 1X 1 pattern for

This is expanded in component form to yield

U= 2 (Daes + D18§ +Dosyey + DBViy)dV (10 Gauss quadrature is required. The one-point rule correctly evalu-
vel ates N-1=1 orfirst-order polynomials. If the element domain is
Substitution of Eq(6) into Eq.(9) yields mapped onto a square domain with the origin at the center, thus,
g T the one-point quadrature correctly evaluates the constant function,
U=3lesgt [Ulesg (11 but gives zero for the other integrals involving functionsxand

y. In other words, the use of aXl1 pattern of Gauss quadrature
for the evaluation of the shear strain component of the strain
_ T energy matrix eliminates the adverse effects of parasitic shear.
[V]= fvm [Tsgl [DI[TsgldV The use of the prescribed reduced integration does not elimi-
nate any of the strain states that form the basis of the deformation
is a strain energy matrix in strain gradient coordinates. The strain modes for the element. Thus, no spurious zero-energy modes are
energy matrix is separated into the contributions from the normal developed with the use of the reduced integration.
strains and the shear strain as Therefore, the appropriate rules for the Gauss quadrature for
_ the four-node membrane quadrilateral arg 2 for the flexural
[U1=[U.]+[U,] (12 strain energy and X 1 for the shear strain energy. With these
where[U, ] corresponds to the first two rows of the transformation orders for the Gauss quadrature for the evaluation of the strain
maitrix [Ty and[U,] corresponds to the last row. energy, the influence of the parasitic shear terms is eliminated
For the flexural strain energy matrix, the maximum integrand without the development of any spurious zero-energy modes.
to be evaluated is second-order polynomials inxfandy direc- These conclusions are confirmed from an eigenvalue analysis
tions. For isoparametric elements that are mapped onto a naturafor a square element of unit thickness with the material properties
domain, the required order of Gauss quadrature is a two-point ruleof E=30,000 andv=0.3. The element is formed isoparametri-
in the x direction and a two-point rule in the direction. cally using both standard and reduced integration rules. The ei-
If the flexural strain energy matrix is separated into the com- genvalues for the two elements are given in Table 2. Since the
ponents due ta,, &,, and the coupling between the two due to membrane elements are based on displacement representations,
Poisson’s effect, then different rules apply to each. It is seen thatthe element with the lowest eigenvalue spectrum will be the better
the evaluation of the strain energy due dp requires a X2 element, according to Rayleigh—Ritz criteria. From Table 2, it is
pattern in order to sufficiently integrate the required integrands. seen that the element formulated with the reduced integration for
The 1X 2 pattern refers to one point in thedirection and two the shear strain energy is the better element. Also notice that only
point in they direction. The evaluation of the strain energy due to the energy content of Modes 4 and 5 are reduced. These modes
g, would require a X 1 pattern. The strain energy evaluation for correspond to the flexural modes that should be reduced due to
the Poisson’s coupling would require ax1l pattern since the  the elimination of the parasitic shear terms. The eigenvalues of

where

maximum integrand to be evaluatedxig However, a 2 2 rule the last three modes, which are the shear and the extensional
is used for the combined flexural strain energy evaluation for modes, are not reduced. This is expected since these strain states
convenience and time considerations. are not modified.
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Table 3. Results of Cantilever Beam Analysis Using Four-Node
Membrane Elements

Normalized tip deflections for element with

Mesh used Standard Reduced
in beam modél integration integration
1x2 0.09 0.85
1x10 0.67 0.91
2x20 0.89 0.97
4% 40 0.097 0.99

Exact deflection®L3/3EI+PL/KGA
*Elements through depth by elements along length.

The improvement in the four-node membrane quadrilateral
formed isoparametrically is illustrated with a cantilever beam

problem. The beam has a length to depth ratio of ten and is
subjected to an end shear load. The normalized tip displacement
for various discretizations are given in Table 3. The element for-
mulated with reduced integration gives much better results, espe-
cially for the coarse meshes. This beam problem has mainly flex-

ural deformations, which means that the parasitic shear has hea
influence on the solution.

This illustrates that the removal of the parasitic shear provides
an improvement in the element’s modeling capabilities. The ap-

propriate Gauss integration rules allow the parasitic shear to b
easily removed from the element. These appropriate rules for th
Gauss quadrature arex2 for the flexural contribution and 1

X1 for the shear contribution. These rules are determined by
examining the strain expressions for the element in physically

interpretable strain gradients.

In the next section, the four-node Mindin plate-bending quad-

rilateral is examined for the proper integration rules that will

eliminate the parasitic shear and not induce any spurious zero-

energy modes of deformation.

Four-Node Mindlin Plate Bending Quadrilateral

The four-node plate-bending quadrilateral is shown in Fig. 2. The

element has three degree of freedaid®Fs at each node con-

(Hughes et al. 1977 The integration rules used in the reference
were 2X 2 for the bending terms andXl1 for the shear terms.
This approach introduced two spurious zero-energy modes into
the element for a total of five zero-energy modes. It was noted
that in most problems the elemental rank deficiency did not mani-
fest itself into the global stiffness matrix and was of little conse-
quence. However, for some problems, the global stiffness does
indicate the existence of rank deficiency, which precludes the so-
lution of the system of equations.

In the following, the procedure used to identify the parasitic
shear terms in the four-node membrane element will be applied to
the four-node Mindlin plate-bending element. With the parasitic
shear terms identified, appropriate integration rules can be speci-

| fied that eliminate the parasitic shear without causing the addi-
tional zero-energy modes in the element. During this examination,
the source of the two additional zero-energy modes that occur
é/vith the use of X 1 reduced integration for the shear strain en-
ergy is identified.

The procedure requires that the displacements and, conse-
quently, the strains be expressed in terms of strain gradients so the
erms that cause the modeling error can be immediately seen. The
hree governing displacement fields are associated withwthe
andv displacements. Since each expression is independent, each
would consist of a polynomial with four terms corresponding to
ethe available DOF in the element. The displacement would
einclude the terms 1x, y, andxy. Since plane sections are required
to remain plane in first-order plate theory, the in-plane displace-
ments have to be linear through the thickness. This means that the
u andv displacements are linear m Thus the polynomials for
the in-plane displacementsandv include the termg, xz, yz and
Xyz The strain gradient representations for the transverse and
in-plane displacements a(Byrd 1988

W(X,y) =Wl + [vxd2 = qlox

+ I:sz/2 + p]Oy +[(- Vxyz T Yyxx T szy)/Z]OXy (13

U(X,y,Z) = [’YXJZ + q]OZ + [SX,JOXZ'F [(ny,z - 'sz,x + 'sz,y)lz]oyz
+ [(sx,yz)]oxyz (14

sisting of a transverse displacement and two in-plane rotations. y(x,y,z) = [VyA2 = Ploz + [(Vxyz + Yyzx = Vxzy)/2loXz+ [&y /oy Z

The Reissner—Mindlin plate-bending theory allows for the inclu-

sion of through thickness shear strains. This means that the trans-

+ [Sy,xﬂoXyZ (15)

verse displacements and the in-plane rotations are independenthe coefficients of Eqg13), (14), and(15) identify the 12 strain

guantities and will be represented by separate polynomials.
The element is known to have a severe modeling deficiency. |

states or deformation patterns that the element is capable of rep-
tresenting. They are as follows:

is overstiff because of parasitic shear. An attempt to correct this rigid body modes
modeling error through the use of reduced order integration of the

shear strain contribution to the strain energy has been made

Fig. 2. Four-node plate bending quadrilateral

JO

(D) [wlo (2 [plo (3) [alo

flexural strain states

(4) [exzlo (5) [exyzlo (6) [y2lo (7) [£yx2lo

shear strain states

8 ['ny,L]O 9 [Vxﬂo (10 ['sz,y]o (11 [Vyilo (12 ['szx]o
The rotations and strains found by substituting EG8)—(15)
into the definition of rotations and strains from linear elasticity
gives
p(x,y) = [p - 'sz/2]O +[(= Yxyz ~ Vyzx T 'sz,y)/z]ox +[- 8y,JOy
+ [_ 8y,xz‘loxy (16)
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Table 4. Differentiation of Strains of the Four-Node Mindlin Plate-

Table 5. Eigenvalues for Three Types of Four-Node Mindlin Plate

Bending Quadrilateral into Correct and Parasitic Polynomial Terms Elements
Strain Correct terms Parasitic terms Eigenvalues
e 2,yz None Mode Normal Appropriate reduced Uniform reduced
X donstant inx, linear iny number integration integration integration
&y Z,Xz None 1 0.0 0.0 0.0
Linear inx, constant iny 2 0.0 0.0 0.0
Yxy z Xzyz 3 0.0 0.0 0.0
Constant inx andy Linear inx andy 4 0.11914E +04 0.91575E +03 0.0
Yxz 1y o ) XXy 5 0.23046E +04 0.91575E+03 0.0
Constant 1NX, linear ny Linear inx andy 6 0.23046E+04 0.11914E+04 0.91575E+03
Yyz Lx . yxy 7 0.32051E+04 0.19231E+04 0.91575E+03
Linear inx, constant iny Linear inx andy
8 0.51282E+04 0.32051E+04 0.19231E+04
9 0.67766E+04 0.35714E+04 0.19231E+04
AY) = [vxd2 +qlo + [x JoX + [(,ny’Z ~Vyux ¥ "/xzy)/z]oy 10 0.10347E+05 0.10347E+05 0.35714E+04
11 0.19231E+05 0.19231E+05 0.19231E+05
* Lexyzloxy an g 0.19231E +05 0.19231E +05 0.19231E +05
Sum 0.69719E+05 0.60531E+05 0.47711E+05
&x= [8x2oz + [exyaloyz (18 Note:E=30,000,u=0.3; andK=5/6.
&y = [sy,JOZ + [sy,xz-loxz (19
2x 1 accomplishes this operation by eliminating the integrands
Vay = [y 2loZ + [ExyodoXZ+ [ey ooy Z (20) that are a functior; ofy and integrates the integrands that are
polynomials up tax°.

Y= [¥xalo * [ 20X + [Yazyloy + [ExyaloXy (21) These integration patterns for the transverse shear strain com-
ponents to the strain energy eliminate only the terms that are
defined as parasitic shear terms. Other nonparasitic shear terms

Yyz= [’YyJO + ['sz,x]OX + [Sy,JOy + [Sy,xﬂoxy (22 b b

One of first things to note is that the in-plane shegy has
parasitic shear terms. These are normal strain terms and must be If a uniform 1X 1 pattern is used for the reduced integration of
eliminated to correct the element. Normally, reduced-order inte- the transverse shear contributions to the strain energy, then two
gration is only applied to integrands produced by the transversespurious zero-energy modes of deformation are generated
shear strain and not on those produced by the in-plane shea(Hughes et al. 1997 These are explained by examining the trans-

strain. However from Eq(20), it is apparent that the reduced

are not eliminated. These integration patterns do not produce any
spurious zero-energy modes of deformation.

verse shear strain expressions given in Eg%) and (22). A 1

integration should be applied to those produced by the in-plane X 1 pattern of Gauss quadrature would eliminate all integrands
shear strain in order to eliminate the parasitic shear. Table 4that are functions of eithet or y. This eliminates the strain state
shows the correct terms that should be retained and the parasiti¢vy,,,], associated with thg term invy,, and eliminates the strain
terms that should be eliminated.

Since this expression is similar to the shear strain in the four- terms that are not to be eliminated. These are the only strain
node membrane element, a reduced 1 pattern for the Gauss
quadrature rule is required for the integration of the in-plane shearelimination provides two modes of deformation, which contain no
strain contribution to the strain energy. This would eliminate the strain energy. The elimination of these two strain states produces
contribution of the parasitic terms associated witandy in the
in-plane shear strain. Also, it does not eliminate any of the correct eliminates two of the fundamental modes or strain states from the
strain states that form part of the basis set for the element. Thusbasis set for this element.

this integration pattern would not generate any spurious zero-

energy modes.
The parasitic shear terms existing in the transverse shear termsitic shear and does not produce any spurious zero-energy modes
are obvious in Eq921) and(22). Forv,, the parasitic shear terms

are associated with theandxy terms and should be eliminated.

The strain states associated with the 1.0 yahekms are not para-
sitic shear terms and should be retained. The integration rules thapattern forvy,,. Thus the required strain energy integral evalua-
perform this operation are aX12 pattern. The one-point rule in
the x direction will eliminate the terms that are a functionof

which are exactly those that are associated with the parasitic sheaences between an isoparametric element generated with standard
terms. The two-point rule in thg direction will evaluate the
integrands associated with the gopterms up to the integrand of

state[yy,]o associated with the term in-y,,. These are correct

energy expressions in which these strain states exist and their

the two spurious zero energy modes of deformation. Essentially, it
The appropriate patterns for the reduced integration of the

four-node Mindlin plate bending element that eliminates the para-

are: (1) a 1x2 pattern fore,; (2) a 2X 1 pattern fore,; (3) a 1

X 1 pattern for Poisson’s coupling betweep ande,; (4) a 1

X1 pattern fory,,, (5) a 1X2 pattern fory,, and(6) a 2x 1

tions can be accomplished with three integration patterns.
An eigenvalue analysis is performed to illustrate the differ-

integration rules that do not exclude the parasitic shear, an iso-
parametric element generated using the appropriate integration

y® which is sufficient for the integrands existing in the strain pattern just discussed, and an isoparametric element generated
energy expression for this transverse shear strain. with a uniform 1X 1 reduced integration for the strain energy
For vy, the terms to be eliminated are associated withythe  contributions for all the shear strains. The element to be analyzed
andxy polynomial terms and those to be kept are associated withis a square element with a length to thickness ratio of two. The
the 1.0 andx polynomial terms. A Gauss quadrature pattern of eigenvalues for the three elements are given in Table 5. It is noted
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Table 6. Results of Square Plate Analyses with Concentrated Central Load Using Four-Node Mindlin Plate Elements

Deflections under point load

Elements
Problem definition in quadrant Element f Element 2 Element 3
Square plate simply supported concentrated center load xX11 4.278E-5 1.341E-2 2.405E-2
2X2 1.343E-4 1.167E-2 1.262E-2
4X4 4.846E-4 1.160E-2 1.181E-2
8X8 1.690E-3 1.162E-2 1.170E-2
12x12 3.203E-3 1.163E-2 1.170E-2
Exact deflectiof\ 1.160E-2
Square plate clamped edges concentrated center load
1xX1 1.071E-5 1.071E-5 1.429E-5
2X2 4.588E-5 4.948E-3 4.953E-3
4X4 1.691E-4 5.454E-3 5.462E-3
8x8 6.044E-4 5.586E-3 5.597E-3
12x12 1.192E-3 5.613E-3 5.626E-3
Exact deflectiofi 5.600E-3

*Element with normal Gauss numerical integration.

PElement with appropriate reduced Gauss numerical integration.
°Element with uniform reduced Gauss numerical integration.

9Exact solution for thin plate from Timoshenko and Woinowsky-Krie@59.

that six modes are different between the element with normal tion, indicate that the elements are adequately modeling this prob-
standard integration rules and the element with appropriate inte-lem. The results of these finite element analyses correspond to the
gration rules. These six modes correspond to the flexural modesaccuracy reported when four-node Kirchhoff elements are used to
that exist as parasitic shear in shear strains. The two additionalmodel this problem(Zienkiewicz 1977.

zero-energy modes are evident in the element with uniform re-  For the isoparametric element with uniformly reduced integra-
duced integration for the shear strain energy. tion, the results for the uniformly varying load case indicated the

It is seen that the element generated using uniform reducedpresence of singularities in the global stiffness matrix. The ele-
integration is the softest element. The element generated with thement with appropriate reduced integration gives smooth results
appropriate integration rules is less stiff than the element gener-for the deflections from the center to the edge. Since the element
ated with normal integration. Plate problems analyzed with finite with appropriately reduced integration performed adequately, it is
elements do not exhibit inter-element compatibility so they do not assumed that the oscillations are caused by the addition of the two
obey the Rayleigh—Ritz criterion. As a result, they do not ap- zero-energy modes that exist in the element stiffness matrix for
proach the correct result monotonically, so the relative magni- the isoparametric element generated with uniform reduced inte-
tudes of the sum of the eigenvalues are not an indication of thegration. The singularities and the oscillations in the transverse
quality of the element in an analysis. This is illustrated on square displacement for this type of problem create some suspicion con-
plate problems with simply supported and clamped edge condi- cerning the use of the rank-deficient isoparametric elements with
tions subjected to both concentrated center and uniformly varying reduced integrationCook 2002. This inclusion of the zero-
loads. energy deformation modes has been a topic of discussion in the

The results for these analyses for the Mindlin plate bending literature(Hughes and Cohen 1978; Hughes and Tezduyar 1978;
elements with the integration schemes are given in Table 6 for aPugh et al. 1978; Crisfield 1984nd is still an open question.
plate subjected to the concentrated center load. For the plate probHowever, with the clear identification of the source of these ad-
lem with a concentrated load, the element with appropriate re- ditional zero-energy modes previously presented, then these ele-
duced integration gives better results for the simply supported
case while in the clamped edge case, the element with uniform
reduced integration gives slightly better results. In both cases, thetapie 7. Analysis of Square Plate with Uniform Load and Corner
element with standard integration does not gives acceptable re-supports Using Four-Node Plate Elements
sults, even in the refined discretizations.

In order to illustrate the deficiencies of elements that possess
spurious zero-energy modes, the following example problem is MesH Element ? Element 3 Element §
analyzed. The problem _consists of a square plate supported only, , 4 2 853E-5 1.203E-2
at the corners resembling a table, which is a commonly used

Deflections at plate center

Singular

. - X2 1.861E-4 2.190E-2 Singular
structure. The plate is subjected to both a concentrated load at the N9
h . 8.121E-4 2.461E-2 Singular
center and uniformly varying loads. The results of the analyses8><8 2 957E-3 2 531E-2 sinaul
using the above Mindlin four-node elements are given in Table 7 : ) : ) inguar
X 12 5.664E-3 2.545E-2 Singular

for the problem with a uniform load.
An approximate value for the center deflection due to a uni- asquare elements in quarter plate, due to symmetry.

formly varying load is 0.0265, computed using a series solution "Element with normal Gauss numerical integration.

(Ballesteros and Lee 19§0The results for the various elements, °‘Element with appropriate reduced Gauss numerical integration.

excluding the Mindlin element generated with uniform integra- “Element with uniform reduced Gauss numerical integration.
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Zw i placement fields are associated with thev, and w displace-

f f,'/ ments. Since each expression is independent, each would consist
> of a polynomial with nine terms corresponding to the available
DOFs in the element. The displacement would include the
polynomial terms 1x, y, X2, Xy, ¥, X2y, xy?, and x%y?. Since
plane sections are required to remain plane in the first order plate
theory, the in-plane displacements have to be linear through the
thickness. This means that tbeandv displacements are linear in

z. Thus polynomials for the in-plane displacementandv in-

C Yo clude the termsz, xz, yz, X%z, xyz, y?z, X?yz, xy’z, and x?y?z.
Y ! The strain gradient expressions for the displacement are
Xu W(x,y) = [Wlo + [vxd2 = qlox + [vy/2 — ploy

+[(- Vxyz T Yyzx T "/xzy)/z]oxy"' [('szx - Sx,z)lz]oxz
+ [('szy - 8y,z)/2]0y2 + [('szxy - 8><,yz)/2:|0X2y

+ [('ny,xy - gy,xz)/z]oxyz + [('sz,xyy_ Sx,yyz)/4]0X2y2
ments need not be used anymore. The isoparametric elements (23)
with the appropriately reduced integration schemes could be used
in the analyses.
This illustrates that the removal of the parasitic shear using an u(xy.2) = [vxd2 + aloz+ [exzloxz+ [(Yxyz = Vyax * Vaay)/2loy 2

Fig. 3. Nine-node plate bending quadrilateral

apprtopriz:rt]e reiduceci integ(;atli_on teChntiﬂ'ltj'e pro_\t/ki]dest _art1 ircr;pr_ove- +[(eyx 2)/2]0X22+[(8x,yz)]oxy2+ [(ny,yz— Eyx )2)y?z
ment in the element’s modeling capabilities without introducing

any spurious zero-energy modes. These appropriate rules for the * [(SX’XVZ)/ZJOXZVZJ' [(SXWZ)/Z]OxyzZJ' [(8X~nyz)/4]oxzyzz
Gauss quadrature can be applied in two fashions. The first is to (24
use a 2< 2 pattern for the flexural contribution, ax11 pattern for

the in-plane shear contribution, ax®2 pattern for they,, contri- v(%,Y,2) = [¥y42 = ploZ+ [ (Vxy2 + Yyzx = Yxzy)/2]oXZ+ [&y ,loy Z
bution, and 2<1 for they,, contribution. The second method of ) )
application, which may be slightly more efficient, is to use a 1 +[(ey) Joxyz+ [(ey,y )/ 2]y Z+ [(Vyypo =~ ExyD/2]0X°Z
X 2 pattern for the contribution due tg andv,, a 2X 1 pattern +[(8yxx 2] xPyz+ [(eyxy M2]oxyPz + [(eyxxy )4]Py*z

for the contribution due te, andv,,, and a 1X 1 pattern for the
- . (25

contribution due to the flexural coupling ang,. These rules are

determined by examining the strain expressions for the elementThe coefficients of Eqg23), (24), and(25) identify the 27 strain

that are derived in physically interpretable strain gradients. states or deformation patterns that constitute the basis set for the
In the next section, the nine-node Mindlin plate-bending quad- element. They are as follows:

rilateral is examined for the proper integration rules that will rigid body modes

eliminate the parasitic shear and not induce any spurious zero-

energy modes of deformation. (D [wlo (2 [plo (3 [alo

flexural strain states

Nine-Node Mindlin Plate Bending Quadrilateral (4 [exado (B [exxado  (6) [exyzlo
The ni de ol bendi dril lis sh i Fia. 3. Th (7) [ax,xyz-lo (8 [ex,yyz-lo (9 [sx,xyyz-lo

e nine-node plate-bending quadrilateral is shown in Fig. 3. The 10 11 12
element has three DOFs at each node consisting of a transverse (13) Leyzlo (14) Loyoclo (15) [oyyelo
displacement and two in-plane rotations. This element is also (13) feyoclo (14) [eyxyado (19 [eyuyzo
based on the Reissner—Mindlin plate-bending theory. shear strain states

The element is known to have a severe modeling deficiency
due to parasitic shear, which is alleviated through the use of re- (16) [vxyzdo  (17) [yxyxdo  (18) [Yxyyzlo
duced (i;_tegli_atio_n for tf;elgs)r;jeleghstr_ain coqtribut:on to t(;]_e s;[]rain (19 [vido (20 [¥xzxlo  (21) [vxzylo
energy(Zienkiewicz et al. e integration rules used in the 29 23 24
references were 83 for the bending terms and>22 for the (2 ) [Veaxylo (2 ) [Veaxndo (2 ) [yzlo
shear terms. It was discovered that this element had an additional (25 [¥yzdo (26) [vyzylo  (27) [vyanylo
zero-energy mode beyond those associated with the rigid bodyThese 27 strain states define the set of deformation modes that
modes. form the basis for the element.

In the following, the previous procedure used in determining  The strains associated with these displacements for the nine-
the parasitic shear terms will be applied to the nine-node Mindlin node Mindlin plate element are
plate-bending element. With the parasitic shear identified, appro-
priate integration rules can be specified that eliminate the parasitic ~ &x = [exzl0Z+ [exxzloXZ+ [exyzloyZ+ [exxyzdoxyz+ [Sx,yyﬂoyzz
shear without causing the additional zero-energy mode that occur +[ey xyyﬂoxyzl (26)
with the use of uniform X 2 reduced integration for the shear '
strain energy. _ 5
The pro?:)e/dure requires that the displacements and strains be %Y~ [ey2loz + [eyxeloxz+ ey yaloyz+ [eyadox’z + [eyxyadoxyz
expressed in terms of strain gradients. The three governing dis- + [sylxxyjoxzyz (27
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Table 8. Differentiation of Strain of Nine-Node Mindlin Plate-Bending Quadrilateral into Correct and Parasitic Polynomial Terms

Strain Correct terms Parasitic terms
£y 7,XZ, YZ, XyZ, Y?z, Xy’z None
Linear inx, quadratic iny
&y 2,XZ,YZ,XyZ,X°2,X%yz None
Quadratic inx, linear iny
2 2 2
Yxy Z,X2,yZ,Xyz X22,Y%2,X%y2,Xy°Z
Linear inx andy Quadratic inx andy
Vxz 1,X,Y,%y,y?,xy? X2, X%y, X2y?
Linear inx, quadratic iny Quadratic inx andy
2 2 2 2\,2
Yy2 1.%,y,xy, X, X%y Y2, xy? Xy
Quadratic inx, linear iny Quadratic inx andy
Yoy = [y 2JoZ + [VayxedoXZ+ [Vxyy oY Z+ [Exxy oz 2'>< 2 integration rule appropriately.int'egrates thg integrands asso-
5 5 ciated with the good terms and eliminates the integrands associ-
*Lexyyzt eydoxyz [oxxyy 210Xy 2+ [ey,442]0y 2 ated with the parasitic terms.
+ [y xxyd 2]0Xy’2 (28 The transverse shegqy, has correct terms that produce a maxi-
mum polynomial integrand of?y*. The parasitic terms produce
Yoz = [Vxzlo + [YxzxloX + [VxzyloY + [VxzxyloXy + [8xxd 210X integrands that c.(I)In.tain the terr)](ﬁ Thus, a §>< 3 pattern ?jf inFi- )
B 2 5 gration points will integrate the integrands associated with the
+ [ (Vyzuy ¥ Yxyyz = 28yx 210y + [exxyd 210Xy good terms. The two points in thedirection will not integrate the
+ [ Exxxyy 210XV + [Exxyy /410Xy (29 integrands associated with the parasitic terms. Therefore, the 2
X 3 pattern of Gauss integration points will integrate all the inte-
Vy2= [Vy2lo + [VyzsdoX + [VyzyJoY + [(Vxzxy + Yaywz = 28xy2)/2]0X grands associated with the good terms and eliminate the inte-

2 B 2 grands due to the parasitic terms.
* Dryzgdoy + Leyyd2loy” + Ly~ 2xyyz* 2y 21Xy Similarly, the appropriate integration pattern fgy, is 3% 2
+ &y 5y 2]oXY? + [£y xxy/2]0X%Y? (30 since the maximum integrand due to the good termey$ and

These strains are separated into the correct and parasitic terms iﬁ‘” mtegr_ands du_e tq the Para_s't_'c terms gontysﬁnA two-point
Table 8. Also given in Table 8 is the maximum order of the scheme in the direction will eliminate the integrands due to the

polynomial terms that exist in the correct and parasitic terms, ~ Parasitic terms. o _ .
The normal strains are biquadratic and do not contain any Therefore, the appropriate integration rules for the stiffness

parasitic terms. From Table 8, the maximum integrand that would Matrix for the nine-node Mindlin plate-bending element are 2
be produced by, is X’y*z%. A 3X 3 integration pattern is required >3 for thez, contribution, 3< 2 for thes, contribution, 2<2 for
to appropriately integrate this polynomial. Similarly, the maxi- the Poisson’s coupling contribution22 for thew,, contribution,

mum integrand produced by, is x%y272 which requires a X 2 2X3 for theyxz‘ contributiop, f':\nd X2 fqr they,, contribution. N
integration pattern. The coupling between the two normal strains These integration rules eliminate the influence of the parasitic
produces a maximum integrand ®iy®z2. This requires a X 2 shear terms without introducing any spurious zero-energy modes
pattern for appropriate integration. into the elemental stiffness matrix.

The correct terms in the in-plane shesgy,, are linear. The The conclusion that no zero-energy modes are introduced into

quadratic terms are parasitic. The correct terms produce a maxi-the elemental stiffness matrix with the use of the appropriate in-
mum integrand ok?y?z%. The parasitic terms produce integrands tegration rule is verified by examining the strain expressions that
of cubic or higher order. Remembering that the integration of an remain after the parasitic shear terms are eliminated. From the
odd function on a symmetric domain is identically zero, then a expressions in Eq$24)—(28) and the separation between the cor-

Table 9. Result of Square Plate Analyses with Concentrated Central Load Using Nine-Node Mindlin Plate Elements

Deflections under point load

Problem Elements

definition in quadrant Element 1 Element 3 Element 3

Square plate simply supported pil 8.041E-3 1.178E-2 1.277E-2
2X2 1.037E-2 1.162E-2 1.188E-2

Concentrated center load XA 1.127E-2 1.163E-2 1.172E-2
8X8 1.157E-2 1.165E-2 1.171E-2

Exact deflectiof 1.160E-2

*Element with normal Gauss numerical integration.

PElement with appropriate reduced Gauss numerical integration.
°Element with uniform reduced Gauss numerical integration.

YExact solution for thin plate from Timosheno and Woinowsky-Krieg959.
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rect and parasitic terms in Table 9, it is seen that all of the strain quadrature rule that will eliminate the unwanted terms is selected.
states that compose the basis set of deformation modes for thidn this paper, the appropriate Gauss quadrature rules are specified
element still exist in the element. In other words, no strain state is for the four-node membrane quadrilateral and two Mindlin plate-
totally eliminated from the strain expressions with the use of the bending quadrilaterals, the four and nine node elements.
appropriate integration rules. Thus, no additional zero-energy  The source of spurious zero-energy modes that are developed
modes exist in the element when generated using the appropriatén elements generated using uniform reduced numerical integra-
integration rule. tion is identified through the use of this procedure based upon the
It was noted previously that when uniform reduced 2 inte- strain gradient notation. The indiscriminate use of uniform re-
gration for shear strain is utilized in the generation of the element duced integration eliminates the effect of certain basis elements
that an additional zero-energy mode is developed. This is ex-required in strain energy evaluation. This results in the creation of
plained by examining the additional terms that are eliminated spurious zero energy modes. However, the use of appropriate re-
with the uniform 2x 2 integration. Since the uniform>22 pat- duced integration schemes does not create spurious zero-energy
tern has been specified as the appropriate rule for the in-planemodes.
shear, the additional zero-energy strains must be introduced in the
integration of the strain energy of the transverse shear strains. The
use of 2xX 2 integration pattern instead of the appropriate 2
pattern for the shear,, eliminates these additional terms:
[(Vyzxy* Yxyyz— 2€yx) ! 2]0y? and [yyzxyy/ 210Xy>. The use of a 2
X2 patt.em instead of the apprqpriate<3 pattern for the shear plate supported at the cornersrit. J. Mech. Sci.2, pp. 206-211.
vy, eliminates these additional terms:[(vy;xy*Vxyxz Byrd, D. E. (1988. “Identification and elimination of errors in finite

2 2 H i
= 28y7)/ 2]ox* and[(Vygxyy~Exyyzt 8yl 2]ox°y. Examination of element analysis.” PhD Dissertation, Univ. of Colorado, Boulder, Co.
the strain states in these additionally eliminated terms indicate cook, R. D.(1972. “More on reduced integration and isoparametric

that all exist in other strain expressions except one. The one strain  elements.’Int. J. Numer. Methods Engp, pp 141-142.
state that is totally eliminated ig,,,,. The total elimination of Cook, R. D.(1975. “Avoidance of parasitic shear in plane elemerL.”
this strain state removes the strain energy associated with one of Struct. Div. ASCE104(6), 1239-1253.
the deformation modes that form the basis set for the element.Cook, R. D.(2002. Concepts and applications of finite element analysis
This produces the additional zero-energy mode that is associated 4th Ed., Wiley, New York.
with the use uniform X 2 reduced integration for the shear in the = Crisfield, M. A. (1984. “A quadratic mindlin element using shear con-
nine-node Mindlin plate-bending element. straints.”Comput. Struct.18, pp 833-852. _

The square plate problem is analyzed using the nine-node el-Doherty, W. P., Wilson, E. L., and Taylor, R. [1969. “Stress analysis
ements with the various integration rules. The results for the con- ~ ©f @i-symmetric solids using higher-order quadrilateral finite ele-
centrated load case are given in Table 9. It is seen that the element U:jglt; ;tgglt#(ﬂEngt'n;:rig?el‘agziz;y Rcesl.ifNo. SESM 698i-
with the appropriate integration rules perform better for this prob- . v y, Sl

;i . . . Dow, J. 0.(1999. A unified approach to the finite element method and

lem than the element with normal or uniform reduced integration. error analysis proceduresAcademic, New York

Thus, the use of apprqprla}te reduced G.auss mtegrathn quadra—DOW’ J. 0., and Byrd, D. E1986. “Exact energy plate finite element.”
ture for the nine-node Mindlin plate bending element eliminates

he infl f itic sh dd ind . Proc., AIAA/JASME/ASCE/AHS 27th Structures, Structural Dynamics,
the influence of parasitic shear and does not induce any spurious  ,,q materials Conf.San Antonio, Tex.

zero-energy modes into elemental stiffness matrix. Dow, J. O., and Byrd, D. £1988. “The identification and elimination of
artificial stiffening errors in finite elementsiit. J. Numer. Methods
Eng. 26, pp 743-762.

Conclusion Dow, J. O., Cabiness, H. D., and Ho, T. 1986 “Linear strain element
with curved edges.J. Struct. Eng.1124), 692—708.

Dow, J. O., and Mohamed, O. A2002. “Error identification in indi-
vidual finite elements: a path to the integration of continuum and
computational mechanicsProc., 43rd AIAA/ASME/ASCE/AHS/ASC
Structures, Structural Dynamics, and Materials Confererizenver.
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