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A B S T R A C T

In this work, we demonstrate that the thermal nonclassical correlations can enhance and become more stable
under the magnetic field and second-order spin–orbit interaction effect. Also, we show that the local quantum
uncertainty measure can reveal purely quantum correlations beyond other quantifiers of correlations. Our
analytical model describes a Heisenberg XYZ two-spin system with an inhomogeneous magnetic field and
spin–orbit interaction. A special emphasis is devoted to local quantum uncertainty, concurrence, and Bell-
nonlocality measures to investigate the correlations of the bipartite-system at the equilibrium temperature.
Our results indicate that temperature, magnetic field, and magnetic field inhomogeneity with DMI and Kaplan–
Shekhtman–Entin-Wohlman–Aharony (KSEA) exchanges all play a role in determining the degree of correlation
between the quantum spins to some extent. The KSEA interaction greatly enhances the quantum correlation
in the system whereas quantum quantifiers are more stable under the influence of the external magnetic
field, especially when inhomogeneous and homogeneous magnetic field are near to zero. Furthermore, these
findings suggest that the thermal LQU captures a stronger quantum correlation than the Bell-nonlocality and
entanglement measures.
Introduction

During the last decade, tremendous progress has been made in the
investigation of quantum correlations (QCs) beyond entanglement. QCs
are already common in many natural systems, and they play an impor-
tant role in quantum computing technology due to their high technical
potential [1]. The QCs preservation is one of the most challenging
problems for the quantum technology [2–4]. The Einstein–Podolsky–
Rosen (EPR) [5,6] pique interest in the entanglement phenomenon,
which has stirred up a long-running discussion about quantum theory
vs classical theory. Entanglement is a kind of QC that may be quantified
in several ways, such as negativity and concurrence [7].

On the other hand, quantum non-locality, such as that indicated
by the Bell inequalities violation by quantum entangled states [6], is
one of the more practical ways of startling predictions of quantum
mechanics. Recently, as confirmed in loophole-free experiments [8–10].
Bell-type inequalities [11] are a popular way to measure non-locality.
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Now, the non-classical correlations and non-locality including quantum
entanglement were considered features of QCs. Furthermore, the con-
cept of quantum correlations qualifies to perform numerous quantum
information processing tasks that are not classically achievable [12–
14]. The resources of non-classical correlations can be exploited for
enhancing ways of transmitting and manipulating information, such
as quantum dense coding [15], entanglement swapping [16], quantum
key distribution [17], quantum computing and quantum cryptogra-
phy [18]. Also quantum non-locality has been proven to be useful in
many quantum tasks, such as machine learning techniques to network
nonlocality [19] and randomness certification [20].

Indeed, a new categorization system for correlations based on quan-
tum measurement techniques has emerged, and it plays a major role in
quantum information theory. In particular, to measure this quantum
correlation, quantum discord (QD) [21] is used as another type of non-
local correlation. Meanwhile, there are separable cases with non-zero
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discord that can be employed to accomplish beneficial quantum pro-
cesses [22,23]. Obtaining a mathematical technique for determining
quantum discord, on the other hand, is only conceivable in a few rare
situations, and the general case is rather difficult [24].

To avoid these issues, the local quantum uncertainty (LQU) tech-
nique was suggested as the principal quantifier for determining non-
classical correlations [25]. Furthermore, unlike the other measures, this
reliable quantifier meets all the conditions for quantum correlation
measurements and is easy to compute. This measure, which is based
on the lower bound of the skew information [26] over all feasible local
measurements, has sparked considerable attention and has been thor-
oughly investigated [27–29]. It is also connected to Fisher’s quantum
information, making it a helpful resource in quantum metrology [30,
31].

Spin chain systems have recently emerged as viable possibilities
for establishing non-classical correlation because they possess several
distinguishing characteristics when compared to other physical sys-
tems [32,33]. They are responsible for carrying data based on quantum
correlations. [34]. Besides, the conventional materials of atoms can
incorporate various types of interactions, like spin–spin interaction and
spin–orbit interaction (SOI) that are specified by multiferroic mecha-
nisms [35]. The SOI emerges as a result of the presence of structural in-
version asymmetry within the materials, causing anisotropic exchange
coupling between the spins. A Heisenberg model, which has been
simplified to an Ising model, describes such an SOI [36]. Moreover,
Heisenberg spin chains have piqued the interest of many researchers
because of their importance in the modeling and simulation of several
systems, including qubits based on quantum annealing processes [2,
37], quantum dots, electronic spin, and optical lattices [38,39], pro-
viding potential applications to quantum computing (see Ref. [2,40]).
The dynamics of this system can be simulated on the IBM quantum
computer [41].

In addition, the SOI can generate two types of anisotropy one called
Dzyaloshinskii–Moriya interaction (DMI) effect [42] and other called
Kaplan–Shekhtman–Entin-Wohlman–Aharony (KSEA) effect [43]. The
KSEA interaction has been observed experimentally in the helimag-
netic insulator Ba2CuGe2O7 [44]. These effects are significant in quan-
um information and KSEA effect can compensate the destruction of
U(2) symmetry by DMI. Furthermore, the DMI and KSEA effects play
n important role in modulating the dynamic properties of quantum
orrelations as it can overcome the local minimum of non-classical
orrelation [45]. In this context, there has recently been a growing
nterest in the quantification and description of quantum correlations
n various models of the two-qubit Heisenberg spin-chain [37,46].
xperimentally, thermal entanglement in a spin chain formed by the
ombination Na2Cu5Si4O14 has been observed [47]. The features of
he spin chain model with the Dzyaloshinskii–Moriya (DM) exchange
arising from spinorbit coupling) in particular have been extensively
nvestigated, which can induce another type of anisotropy. Entan-
lement and quantum discord measurements in bipartite systems in
he XYZ Heisenberg spin models with DMI and KSEA have also been
xamined [48–50].

Motivated by the aforementioned studies, we investigate the com-
ined influences of the DMI and KSEA exchanges in non-classical
orrelation in the Heisenberg model, which are frequently ignored in
everal works but may have a significant impact on the dynamical
roperties of quantum systems. The establishment of an appropriate
uantifier for non-classical correlations in hybrid quantum systems,
s crucial. Moreover, the effect of temperature and magnetic field on
uantum correlations properties prompts the system to various types of
ynamics, such that sudden death of the quantum correlations. Some
tudies [51,52] have investigated the thermal behavior of QC without
onsidering the influence of DMI (antisymmetric) and KSEA (symmet-
ic) effects in the case of thermal equilibrium. In this regard, we present
comparative investigation of the distinct pairwise thermal quantum
2

correlation quantifiers in a two-qubit anisotropic Heisenberg XYZ spin-
1/2 chain system under the effects of DMI and KSEA interactions, as
well as the effects of a transverse uniform (non-uniform) magnetic field
in this article. The influences of temperature and coupling interactions
in a specific direction with DMI and KSEA interactions on quantum
correlation measurements are thoroughly examined and discussed. Fur-
ther, the local quantum uncertainty, Bell-non locality and entanglement
measures are employed to quantify the impact of spin symmetry on
thermal non-classical correlations. Also, we illustrate the behavior of
QC in the presence of DMI and KSEA interactions and external magnetic
fields.

The outline of the manuscript is as follows: In Section ‘‘Physical
model and its thermal equilibrium’’, we introduce the Hamiltonian
model and its thermal equilibrium. In Section ‘‘Nonclassical correla-
tion measures’’, we present the non-classical correlations measures.
We discuss the results in Section ‘‘Results and Discussion’’. Section
‘‘Conclusions’’ concludes our findings.

Physical model and its thermal equilibrium

Heisenberg spin chains are useful approaches in quantum infor-
mation applications because they illustrate non-classical correlations
and entanglement phenomena. In the late 1920’s, Heisenberg and
Dirac introduced the Heisenberg spin chain [53,54]. It is a quantum
mechanics-based model for investigating the ferromagnetic and anti-
ferromagnetic properties of matter, particularly when the interactions
between the spins can lead to collective behaviors with macroscopic re-
sults, such as ferromagnetism, where neighboring spins line up parallel
to each other, and antiferromagnetism, where neighboring spins point
in opposite directions. The source of such spontaneous magnetization
is the so-called exchange interaction. We introduce one-dimensional
model describing the incorporating system of spin- 12 anisotropic chain
and SOI effect with inhomogeneous external magnetic fields. Such a
system is described by the following Hamiltonian [42,43]:

𝐻̂ =
𝑁−1
∑

𝑘=1
[
∑

𝑑=𝑥,𝑦,𝑧
𝐽𝑑 𝜎̂

𝑑
𝑘 𝜎̂

𝑑
𝑘+1 + (𝛤𝑧 +𝑧)𝜎̂𝑥𝑘 𝜎̂

𝑦
𝑘+1 + (𝛤𝑧 −𝑧)𝜎̂

𝑦
𝑘𝜎̂

𝑥
𝑘+1]

+
𝑁
∑

𝑘=1
𝑀𝑧𝑘𝜎̂

𝑧
𝑘 , (1)

where 𝑁 is the number of qubits and 𝜎̂𝑑=𝑥,𝑦,𝑧𝑘 represents a Pauli matrix.
n Eq. (1), the first term stands for the Heisenberg XYZ chain with
he exchange coupling (𝐽𝑑=𝑥,𝑦,𝑧) as the anisotropic coupling coefficient

and for most of the paper, we assume (𝐽𝑑 = 𝐽 ) and nearest neighbor
interactions. The present chain is an antiferromagnetic when 𝐽𝑑 is
larger than zero while is a ferromagnetic when 𝐽𝑑 is smaller than zero
(i.e., If 𝐽𝑑 > 0 positive (𝐽𝑑 < 0 negative) values are corresponding
to AFM (FM) interaction). If 𝐽𝑥 = 𝐽𝑦 and = 𝐽𝑧, we have an XXX

eisenberg model. While the case 𝐽𝑥 = 𝐽𝑦 ≠ 𝐽𝑧 represents the XXZ
eisenberg model, our major interest in this work is the case where
e have 𝐽𝑥 ≠ 𝐽𝑦 ≠ 𝐽𝑧 ≠ 0, symbolizing the XYZ Heisenberg spin

hain [55]. The second and third terms are the first and second orders
n SOI around the 𝑧-axis, with 𝑧 indicating the DMI strength. This type
f exchange occurs in spin systems due to the coupling of the electron to
he angular momentum of the positive ion. We also consider the effects
f anisotropic antisymmetric spin–orbit interactions. While 𝛤𝑧 indicates
he KSEA traceless tensor strength, represents the symmetric orbit–spin
oupling contribution of the KSEA (𝑧−KSEA) interaction, which is most
ften ignored in several works but may have a particular impact on the
ynamical properties of quantum systems. The fourth term represents
he inhomogeneous external magnetic fields that perpendicular to the
MI vector with strength (𝑀𝑧). Here, we suppose that 𝑀𝑧1 = (𝐺+𝛥)

2
and 𝑀𝑧2 = (𝐺−𝛥)

2 , where 𝐺 (𝛥) denotes to the amount of homogeneity
(inhomogeneity) of the magnetic field.
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Now, we consider the case of the two spins interacting (i.e., 𝑁 = 2)
in an anisotropic Heisenberg XYZ chain in the existence of the DMI and
KSEA along the 𝑧-axis, which can be described as;

𝑧𝑧 =
(𝐺 + 𝛥)

2
𝜎𝑧1 +

(𝐺 − 𝛥)
2

𝜎𝑧2 + 𝐽𝑥𝜎
𝑥
1𝜎

𝑥
2 + 𝐽𝑦𝜎

𝑦
1𝜎

𝑦
2 + 𝐽𝑧𝜎

𝑧
1𝜎

𝑧
2 + (2)

+(𝛤𝑧 +𝑧)𝜎̂𝑥1 𝜎̂
𝑦
2 + (𝛤𝑧 −𝑧)𝜎̂

𝑦
1 𝜎̂

𝑥
2

or particular values of the parameters of the system, an analytic
xpression can be determined (see in the Appendix). To describe the
pin system in the case of thermodynamic equilibrium at temperature
𝑇 ), we use the following density operator:

𝐴𝐵(𝑇 ) = 1
𝑍
e−𝐻∕𝐾𝛽𝑇 = 1

𝑍
∑

𝑖
e−𝜆𝑖∕𝐾𝛽𝑇

|𝑆𝑖⟩⟨𝑆𝑖| (3)

where 𝐾 is the Boltzmann constant and  refers to the system par-
ition function. According to the above standard basis and used the
igenvalues and eigenstates, the analytical expression of 𝜌̂(𝑇 ) is given
y:

𝜌̂(𝑇 ) = 1

[

𝜒11|00⟩⟨00| + 𝜒14|00⟩⟨11| + 𝜒22|01⟩⟨01| + 𝜒23|01⟩⟨10|

+𝜒32|10⟩⟨01| + 𝜒33|10⟩⟨10| + 𝜒41|11⟩⟨00| + 𝜒44|11⟩⟨11|
]

, (4)

where

𝜒11 = 𝑒−𝛽𝐽𝑧 [𝛼2 cosh(𝛼2𝛽)−𝐺 sinh(𝛼2𝛽)]
𝛼2

, 𝜒22 = 𝑒𝛽𝐽𝑧 [𝛼1 cosh(𝛼1𝛽)−𝛥 sinh(𝛼1𝛽)]
𝛼1

,

𝜒23 = −𝑒𝛽𝐽𝑧 sinh(𝛼1𝛽)(𝐽𝑥+𝐽𝑦+2𝑖𝑧)
𝛼1

, 𝜒14 = 𝑒−𝛽𝐽𝑧
sinh(𝛼2𝛽)(−𝐽𝑥+𝐽𝑦+2𝑖𝛤𝑧)

𝛼2
,

𝜒33 = 𝑒𝛽𝐽𝑧 [𝛼1 cosh(𝛼1𝛽)+𝛥 sinh(𝛼1𝛽)]
𝛼1

, 𝜒44 = 𝑒−𝛽𝐽𝑧 [𝛼2 cosh(𝛼2𝛽)+𝐺 sinh(𝛼2𝛽)]
𝛼2

,

𝜒41 = 𝜒∗
14, 𝜒32 = 𝜒∗

23 , 𝛽 = 1
𝐾𝑇 , and  = 2[𝑒−𝛽𝐽𝑧 cosh(𝛼2𝛽) + 𝑒𝛽𝐽𝑧

osh(𝛼1𝛽)]. In what follows, the thermal non-classical correlations of
wo coupling spins will be quantified and studied against the above
arameters, with the main focus on 𝐽𝑧 and 𝛤𝑧.

onclassical correlation measures

In the following context, we utilize some measures like the local
uantum uncertainty, Bell non-locality and entanglement concurrence
o investigate the thermal equilibrium correlations of the two-spin
nformation resources.

asic concepts of measures

• Local quantum uncertainty
We start with the local quantum uncertainty measure (i.e., 𝐿)
[25] that determines the minimal uncertainty associated to a
single measurement observable on the subsystem. So, for the
thermal correlation of the two coupling spins, we can obtain
analytical expression of closed form of 𝐿 for any dimension of
bipartite system as follows:

𝐿(𝑇 ) = 1 − max{𝛬1, 𝛬2, 𝛬3} (5)

where 𝛬𝑟(𝑟 = 1, 2, 3) refers to the eigenvalues of symmetric
correlation matrix 𝑊𝑎𝑏 with dimension 3 × 3 (see Appendix). The
elements of 𝜔𝑎𝑏 are given by:

(𝜔𝑎𝑏)𝑘𝑠 = Tr{
√

𝜌̂(𝑇 )(𝜎̂𝑘 ⊗ 𝐼)
√

𝜌̂(𝑇 )(𝜎̂𝑠 ⊗ 𝐼)} (6)

with (𝑘, 𝑠 = 𝑥, 𝑦, 𝑧), 𝜎̂’s represent the Pauli matrices, and 𝐼 is an
2 × 2 identity matrix.

• Bell nonlocality
According to [11,56], the indicator of two-spin Bell non-locality
(i.e., 𝐵) can be specified by the maximal values of the two-spin
Bell function. The two-spin Bell function can be analytically given
by:

𝐵(𝑇 ) = 2
√

𝑅𝜌(𝑇 ) = 2
√

max(𝑢𝑖 + 𝑢𝑗 ) (7)
3

𝑖<𝑗
where 𝑢𝑖,𝑗 (𝑖, 𝑗 = 1, 2, 3) indicates the two largest eigenvalues of
𝜌̂(𝑇 ) and its amount is less than one (see Appendix). Here, this
quantity 𝑅𝜌 can be employed to determine the violation degree
of 𝐵. So, when 𝑅𝜌 > 1, then 𝐵 > 2 and causing violation of 𝐵.
This means that the states have nonlocal correlation. In another
aspect, to specify the violation of Bell inequality, the maximal Bell
function is given by the form:

𝐵(𝑇 ) =
√

max[0, 𝑅𝜌(𝑇 ) − 1]. (8)

For 𝑅𝜌, we find that 0 ≤ 𝐵 ≤ 1, such that 𝐵 = 1 signifies the
largest inequality violation. One can observe that for increasing
the degree of 𝐵 above zero, the violation of 𝐵 also gradually
increasing.

• Entanglement concurrence
In order to describe the dynamic evolution of quantum entan-
glement we use Wootters’ concurrence [57]. For any two qubits,
the concurrence may be calculated explicitly from their density
matrix 𝜌 for qubits 𝐴 and 𝐵 as:

𝐶(𝜌) = max
{

0,
√

𝜏1 −
√

𝜏2 −
√

𝜏3 −
√

𝜏4
}

,

where the quantities 𝜏𝑖 are the eigenvalues in decreasing order of
the matrix 𝜁 :

𝜁 = 𝜌
(

𝜎𝑦 ⊗ 𝜎𝑦
)

𝜌∗
(

𝜎𝑦 ⊗ 𝜎𝑦
)

,

where 𝜌∗ denotes the complex conjugation of 𝜌 in the standard
basis |0, 𝑛⟩, |1, 𝑚⟩, 𝑛, 𝑚 = 0, 1 and 𝜎𝑦 is the Pauli matrix . The
expression of the concurrence of an arbitrary X state was found in
Ref. [57] (i.e., 𝐶) was considered a most common measure to in-
vestigate the entanglement between the two-spin. The analytical
expression for this measure is given by:

𝐶(𝑇 ) = 2max
{

0, 𝐶1(𝑇 ), 𝐶2(𝑇 )
}

, (9)

where 𝐶1(𝑇 ) =
√

𝜌14𝜌41 −
√

𝜌22𝜌33, 𝐶2(𝑇 ) =
√

𝜌23𝜌32 −
√

𝜌11𝜌44,
and 𝜌𝑟𝑗 (𝑟, 𝑗 = 1,… , 4) refers to the matrix elements of density
operator. One can observe that for the maximally entangled states
𝐶 is equal unity and for the separable states 𝐶 vanishes.

esults and discussion

In this part, we examine the thermal nonclassical correlations (TNC)
y using the local quantum uncertainty (Dashed curve), entanglement
oncurrence (Solid curve) and Bell non-locality (Dot dashed curve) for
he bipartite system spins under the effects of KSEA and DMI.

Fig. 1(a), (b) display the TNC measures (i.e, 𝐶,𝐿 and 𝐵) as a func-
ion of 𝐾𝑇 . We observe that the uncertainty of TNC are decreasing with
he increasing of temperature. Also, with KT near to zero, the curves of
, L, and B are close to one, and they begin to drop after approaching a
pecific temperature. Furthermore, by raising the value of 𝛤𝑧, the tem-
erature at which TNC begins to decline will increase. This means that,
he degree of TNC in the proposed system is enhanced, see Fig. 1(a),
b). Also, the 𝐿 and 𝐶 curves dies out exponential by increasing the
emperature whereas happens a sudden death of 𝐵 prior the other
urves. In this regard, the 𝐿 and 𝐶 measures are more robust than B,

and it is difficult to maintain the Bell function when 𝐾𝑇 approaches to
infinity. It is worth noting that the thermodynamic quantum correla-
tion grows stronger as 𝛤𝑧 strength increases, and the local quantum
uncertainty will preserve correlations even if the system is uncorre-
lated. Furthermore, the Bell non-locality and concurrent entanglement
vanish for a specific limiting value of 𝑇 , which grows with rising 𝛤𝑧
parameter values. As a result, Bell non-locality [45], may be observed
in the considering system, as well as an entangled–unentangled phase
transition with 𝛤𝑧-dependent critical temperature.

In Fig. 1(c), (e), (d) and (f), we explore the dynamic behavior of
the thermal correlation against the KSEA effect for different values of



Results in Physics 38 (2022) 105619A.N. Khedr et al.
Fig. 1. TNC behavior against the temperature and KSEA effect, with 𝐽𝑥 = 0.2, 𝐽𝑦 = 0.1, 𝐺 = 0.05, 𝛥 = 0, and 𝑧 = 1.
the equilibrium temperature and the coupling constant between two
neighboring qubits 𝐽𝑧. From Fig. 1(c), (e), when (T = 1,3) and 𝐽𝑧 =
−1.5, the behavior of 𝐶,𝐿 and 𝐵 measures are symmetric functions
about 𝛤𝑧 = 0 regardless of the uniform magnetic field ratios. It
is find that the increase of spin–orbit interaction |𝛤𝑧| enhances the
correlations. It is clear in Fig. 1(c) that when 𝛤𝑧 disappears, the C,
L, and B attain their minimum and maximum values, respectively
Fig. 1(e). Also, we discover that the Bell nonlocality vanishes for a
specific limiting value of 𝑇 before the concurrence entanglement, and it
is influenced by an increase in temperature that causes sudden death,
while the 𝐿 remains nonzero. This means that the Bell nonlocality is
more sensitive to 𝛤𝑧 than other measures. Besides, for in the absence of
KSEA, we observe from Fig. 1(e) that the Bell inequality is not violated
and that a local correlation may be established despite the absence of
bipartite entanglement. By increasing KSEA by a sufficient amount the
B violation occurs and the dynamics of 𝐿 approach the minimal value
without reaching zero. For the correlations between quantum systems
description, 𝐿 is more adapted than B and 𝐶. Fig. 1(d)–(f), depicts the
behavior of the QCs curves under identical conditions to Fig. 1(a), but
with 𝐽𝑧 = 1.5 and 𝑇 = (1, 3), respectively. It is noted that the thermal
concurrence entanglement has the maximal value in the region around
𝛤𝑧 = 0 other than both 𝐵 and 𝐿. Moreover, for constant temperature
values, we observe from Fig. 1(e), (f) that the thermal correlations are
4

suppressed by a small fraction of |𝛤𝑧|. Remarkably, in Fig. 1(f) the area
of the window in which the 𝐵 inequality is not violated is larger than
in Fig. 1(d). Eventually, when KSEA becomes more stronger the non-
local correlations occur less. This indicates that 𝐿 can capture quantum
correlations when antiferromagnetic coupling 𝐽𝑧 > 0 or ferromagnetic
coupling 𝐽𝑧 < 0 under the KSEA effect for increasing temperature,
i.e., (𝐿 is more robust against temperature.) All these results show that
quantum non locality and entanglement are not the same as quantum
correlations. Quantum non locality and entanglement are only a special
kind of quantum correlations.

Fig. 2 shows the impact of the constant exchange coefficient 𝐽𝑧
on TNC. In Fig. 2(a)–(d), it is noted that the amount of TNC grows
as the value of 𝐽𝑧 increases reaching a constant maximum for both
ferromagnetic (𝐽𝑧 < 0) and antiferromagnetic (𝐽𝑧 > 0) regions. At
critical value of 𝐽𝑧, one can observe that 𝐵 and 𝐶 vanish whereas local
uncertainty will persists. This implies that 𝐿 can identify the critical
regions of quantum phase change at a finite temperature whereas 𝐵
and 𝐶 cannot. In addition, we note that correlations undergo an abrupt
change at critical points for only antiferromagnetic region. Besides, at
low temperature, the TNC frequently exhibits similar behaviors, see
Fig. 2(a), (b). With rising temperature, both 𝐶 and 𝐵 decline and 𝐿
decreases asymptotically, and then they stabilize to a near-stable value,
with 𝐶 being bigger than 𝐵 and 𝐿 as exchange coupling increases. The
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Fig. 2. TNC behavior versus the exchange coupling impact, with 𝐽𝑥 = 0.2, 𝐽𝑦 = 0.1, 𝐺 = 0.05, 𝛥 = 0, and 𝑧 = 1.
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orrelations of the quantitative curves, on the other hand, behave iden-
ically in both regions and remain significantly present in the region
here 𝐽𝑧 < 0 even at higher temperatures, as illustrated in Fig. 2(c),

d). Furthermore, when temperature increases, the correlations in the
egion of 𝐽𝑧 > 0 changes abruptly. Finally, we may expect SOI around
he 𝑧-axis to establish conditions that protect and preserve the value
f thermal correlations in the current system with low temperature.
urthermore, thermal local quantum uncertainty is more resistant to
emperature than thermal entanglement. It is worth noting that the
airwise thermal correlation 𝐿 exhibits quantum correlations even
hen the concurrence is zero and the Bell nonlocality is present. This
emonstrates that 𝐿 can reveal quantum correlations that neither 𝐶 nor
can capture.
Fig. 2(e), (f), illustrate the features of correlations as a function of 𝐽𝑧

or various values of 𝛤𝑧. As shown in Fig. 2(e), 𝐶 and 𝐿 do not vanish
n the neighborhood of 𝐽𝑧 < 0 and 𝛤𝑧 < 0.5, however violations of 𝐵
an never happen. We can see from Fig. 2(f) that there is a dramatic
hift in 𝐶 and 𝐿, whereas 𝐵 is no longer equal to zero as the negative
𝑧 interaction increases. Furthermore, when 𝐽𝑧 increases, the thermal

𝐶, 𝐿, and 𝐵 reach an unified steady-state that remains constant at finite
temperature. It is worth noting that the revival of 𝐶, 𝐿, and 𝐵 inside
the ferromagnetic range is dependent on an increase in the value of 𝛤𝑧
at a constant temperature, whereas they are stable and have a nearly
5

unchanged value at a fixed temperature regardless of the value of 𝛤𝑧
n the antiferromagnetic region.

Fig. 3 displays the effect of 𝐽𝑦 coupling on the thermal correlation of
he two-spin system. From Fig. 3(a), we note that the quantities of ther-
odynamic quantum correlations are weakened for both ferromagnetic

nd antiferromagnetic cases. We observe that the TNC curves reach
heir highest value in the crucial band and fall to the least amount
n the antiferromagnetic zone than in the ferromagnetic region, as
hown in Fig. 3(b), (d). Furthermore, when 𝐽𝑥 increases, the amount
f correlations in the ferromagnetic region increases more than in the
ntiferromagnetic region, and they do not appear at critical values of
𝑦, see Fig. 3(c). However, given a strong effect of KSEA and exchange
oupling 𝐽𝑥, we estimate that the amount of TNC has a stronger effect
n the system and less information is lost.

Fig. 4, depicts the dynamic of a TNC in the presence of a mag-
etic field. It is worth noting that thermal correlations based on in-
omogeneity of the magnetic field will be significant due to the robust
ffect of DMI and the weak effect of KSEA, and vice versa. Also, it finds
hat the lower bound of such quantifiers diminishes as the magnetic
alue goes up. From Fig. 4(a), (b), we can find that the 𝐵 nonlocality
s more sensitive to these effects compared to 𝐶 and 𝐿. Besides, from
ig. 4(c), (d), one can note both 𝐶, 𝐿 and 𝐵 are symmetric for the
xternal magnetic field and 𝐵 nonlocality does not vanish compared
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Fig. 3. TNC behavior versus the effect of 𝐽𝑦, with 𝐽𝑧 = 0.2, 𝐾𝑇 = 1.5, 𝐺 = 0.05, 𝛥 = 0 and 𝑧 = 1.
Fig. 4. Impact of homogeneity and inhomogeneity of magnetic field on TNC, with 𝐽𝑥 = 0.2, 𝐽𝑦 = 0.1, 𝐽𝑧 = −1.5 and 𝐾𝑇 = 1.5.
C

r

o Fig. 4(a). In addition, the thermal correlations of Fig. 4(c), (d) are
tronger than the case of inhomogeneity magnetic field. However, at
ero homogeneity (or inhomogeneity) magnetic field that the SOI effect
an enhance the strength of TNC, causing that 𝐶 realizes its greatest
6

mount and becomes more stable than 𝐵 and 𝐿. w
onclusions

We have explored the thermodynamic evolution of the quantum cor-
elations for a two-qubit system modeled by an XYZ Heisenberg chain
ith an external magnetic field and considering KSEA and DMI effects.
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For a two-qubit system modeled by an XYZ Heisenberg chain with an
external magnetic field and both KSEA and DMI effects, we investigated
the thermodynamic development of the features of the systemic quan-
tum correlations bound. First, we have computed the eigenvalues and
eigenvectors for a two-qubit quantum system analytically, and then we
have estimated the thermal equilibrium state at a finite temperature.
The local quantum uncertainty, Bell inequality, and concurrence for
the Heisenberg XYZ model under physical parameters are determined
analytically. We have proven that the thermal temperature reduces
the non-classical correlations of the quantum system, resulting in the
destruction of the correlations in the system. Furthermore, stronger
exchange coupling lowers non-classical correlations in an antiferromag-
netic case, but enhances them in a ferromagnetic case. The effect of
DMI-KSEA interactions on the FM and AFM phases are investigated
using coupling constants of various absolute temperatures. Moreover,
we have explored the three measures mentioned above in terms of
coupling constants and for different temperature.

Our results reveal that the created two-spin correlations achieve
their maximum levels at relatively low temperatures and do not begin
to dissolve until a threshold temperature has been reached. However,
we have shown that the KSEA effect is directly connected to the
emergence of the effect of temperature fluctuations, which destroys
the quantum correlation system’s coherence. Furthermore, the Local
quantum uncertainty reveals and identifies non-classical correlations in
the 2-spin XYZ Heisenberg ferromagnetic (antiferromagnetic) quantum
system as the temperature increases. We find that the Bell nonlocality
vanishes for a particular small amount of the temperature before the
concurrence, and it is affected by a temperature increase that causes
sudden death, while the local quantum uncertainty does not vanish. The
KSEA interactions suppress the local minimum of the local quantum
uncertainty. Our results indicate that the strength of the symmetry
parameters KSEA with the magnetic fields yields a more efficient
quantum correlation than the antisymmetric control strength DMI. The
symmetric KSEA may protect and eventually enhance the amount of
quantum correlations in the system. Moreover, it contributes to reduce
the destructive effects of the thermal fluctuations. Finally, we predict
that a more efficient quantum correlation can be obtained under the
strength increase of KSEA compared to the DMI.
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Appendix

We give the eigenvalues and the corresponding eigenstates of
Hamiltonian in Eq. (2) in terms of the standard basis 𝐻(|0, 𝑛⟩, |1, 𝑚⟩, 𝑛, 𝑚
0, 1). By using the condition of the eigenvalue-problem:

̂
|𝑆𝑖⟩ = 𝜆𝑖|𝑆𝑖⟩(𝑖 = 1, 2, 3, 4)

ence, the energy spectrum across the eigenvalues (i.e., 𝜆𝑘) are calcu-
ated as follows:

1 = −𝐽𝑧 − 𝛼1, 𝜆2 = −𝐽𝑧 + 𝛼1, 𝜆3 = 𝐽𝑧 − 𝛼2, 𝜆4 = 𝐽𝑧 + 𝛼2,

𝛼1 =
√

(𝐽𝑥 + 𝐽𝑦)2 + 𝛥2 + 42
𝑧, 𝛼2 =

√

(𝐽𝑥 − 𝐽𝑦)2 + 𝐺2 + 4𝛤 2
𝑧 , the

orresponding eigenvectors (i.e., |𝑆𝑗⟩) can be written as:

|𝑆1⟩

|𝑆2⟩

|𝑆3⟩

|𝑆4⟩

⎞

⎟

⎟

⎟

⎟

⎠

= 𝑀

⎛

⎜

⎜

⎜

⎜

⎝

|0, 𝑛⟩
|0, 𝑛⟩
|1, 𝑚⟩
|1, 𝑚⟩

⎞

⎟

⎟

⎟

⎟

⎠

,𝑀 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝜂𝑗1
√

|𝜂𝑗1|2+1
0 0

𝜂𝑗1
√

|𝜂𝑗1|2+1

0 𝜂𝑗
√

|𝜂𝑗 |2+1

𝜂𝑗
√

|𝜂𝑗 |2+1
0

0 1
√

|𝜂𝑗 |2+1

1
√

|𝜂𝑗 |2+1
0

1
√

|𝜂𝑗1|2+1
0 0 1

√

|𝜂𝑗1|2+1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(10)

𝜂𝑗 = (−1)𝑗𝛼1+𝛥
𝐽𝑥+𝐽𝑦−2𝑖𝑧

, 𝜂𝑗1 = (−1)𝑗1 𝛼2+𝐺
𝐽𝑥−𝐽𝑦+2𝑖𝛤𝑧

, here 𝑖 = 1, 2. Now the density matrix
s estimated by the following expression:

𝑎𝑏(𝑇 ) = 1
𝑍
[e−𝜆1𝛽 |𝑆1⟩⟨𝑆1|+e−𝜆2𝛽 |𝑆2⟩⟨𝑆2|+e−𝜆3𝛽 |𝑆3⟩⟨𝑆3|+e−𝜆4𝛽 |𝑆4⟩⟨𝑆4|]

(11)

where the partition function is defined 𝑍 = 𝑒−𝛽𝜆1 +𝑒−𝛽𝜆2 +𝑒−𝛽𝜆3 +𝑒−𝛽𝜆4 .
Now, we analytically present the local quantum uncertainty and

maximum violation of Bell–CHSH inequality for a more general class of
two-qubit states, X-structured states in Eq. (4), which are represented
in the orthonormal basis |0, 𝑛⟩ and |1, 𝑛⟩ where 𝑛 = 0, 1.

Local Quantum Uncertainty To calculate the analytical expression
of the local quantum uncertainty based on skew information, using
local unitary operations, the phase factors (off-diagonal elements) can
be disposed of via a convenient local unitary transformation 𝑈𝑎 ⊗
𝑈𝑏. All non-classical correlations and quantum entanglement remain
constant under the local unitary transformations. Let us first consider
the following local unitary transformations

𝜌𝑎𝑏𝑋 → ̀𝜌𝑎𝑏𝑋 = (𝑈𝑎 ⊗𝑈𝑏)𝜌𝑎𝑏𝑋 (𝑈𝑎 ⊗𝑈𝑏)† (12)

where, 𝑈𝑎 → exp(−𝑖2 (𝜗14 + 𝜗23))|0⟩𝑎, 𝑈𝑏 → (exp(−𝑖2 (𝜗14 − 𝜗23)|0⟩𝑏)). We
btain density state:

𝑎𝑏
X =

⎛

⎜

⎜

⎜

⎜

⎝

𝜒11 0 0 |

|

𝜒14
|

|

0 𝜒22
|

|

𝜒23
|

|

0
0 |

|

𝜒32
|

|

𝜒33 0
|

|

𝜒41
|

|

0 0 𝜒44

⎞

⎟

⎟

⎟

⎟

⎠

(13)

his process does not affect the value of non-classical correlations in the
ystem. The Fano-Bloch degeneration of the state ̀𝜌𝑎𝑏𝑋 can be written as:

𝑎̀𝑏
𝑋 = 1

4
(
∑

𝛼,𝛽
𝛼𝛽 𝜎⃗𝛼 ⊗ 𝜎⃗𝛽 ) (14)

where 𝜎0 is identity matrices, {𝜎}3𝑖=1 are the basis Pauli operator and
he correlation matrix 𝛼,𝛽 are given by 𝛼,𝛽 = 𝑇 𝑟( ̀𝜌𝑎𝑏𝑋 𝜎⃗𝛼 ⊗ 𝜎⃗𝛽 ) with
𝛼, 𝛽 = 0, 1, 2, 3).

For the density matrix in Eq. (13), the non vanishing correlation
atrix terms for this system are:

0,0 = 𝐾11 +𝐾22 +𝐾33 +𝐾44 = 1,1,1 = 2(∣ 𝐾23 ∣ + ∣ 𝐾14 ∣),

2,2 = 2(∣ 𝐾23 ∣ − ∣ 𝐾14 ∣),3,3 = 1 − 2(𝐾22 +𝐾33),

= 2(𝐾 +𝐾 ) − 1, = 2(𝐾 +𝐾 ) − 1.
0,3 11 33 3,0 11 22
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Using the following relations of the Pauli matrices
{

𝜎𝑖, 𝜎𝑗
}

= 2𝛿𝑖𝑗 , 𝑇 𝑟
(

𝜎𝑖𝜎𝑗
)

= 2𝛿𝑖𝑗 ,

𝑇 𝑟
(

𝜎𝑖𝜎𝑗𝜎𝑘𝜎𝑙
)

= 2
(

𝛿𝑖𝑗𝛿𝑘𝑙 − 𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘
)

(15)

Similarly, we can obtain the Fano-Bloch decomposition of matrix
√

𝜌𝑎𝑏𝑋 with 𝛼,𝛽 = 𝑇 𝑟(
√

̀𝜌𝑎𝑏𝑋 𝜎⃗𝛼 ⊗ 𝜎⃗𝛽 ) as

𝜌`𝑎𝑏
𝑋
= 1

4
∑

𝛼,𝛽
𝛼,𝛽𝜎𝛼 ⊗ 𝜎𝛽 (16)

ccording to Eq: (6), we can determine matrix 𝑊 where the di-
gonal elements and off-diagonal elements are 𝑤𝑖𝑖 = 1

4

[

∑

𝛽

(

2
0𝛽

−
∑

𝑘 2
𝑘𝛽

)]

+ 1
2
∑

𝛽 2
𝑖𝛽 (𝛽 = 0, 1, 2, 3), (𝑖, 𝑘) = 1, 2, 3 and 𝑤𝑖𝑗 = 1

2𝑖𝛽𝑗𝛽
𝑖 ≠ 𝑗), respectively. It can be easily expressions of the elements 𝑤𝑖𝑗
nvolve only the nonvanishing Fano-Bloch components of the square
oot of the density matrix given by:

11 =
1
4

((

2
1,2 −2

2,1

)

+
(

2
1,1 −2

2,2

)

+
(

2
0,3 −2

3,0

)

+
(

2
0,0 −2

3,3

))

𝑤22 =
1
4

((

2
2,2 −2

1,1

)

+
(

2
2,1 −2

1,2

)

+
(

2
0,3 −2

3,0

)

+
(

2
0,0 −2

3,3

))

𝑤33 =
1
4

(

−
(

2
1,2 +2

2,1

)

−
(

2
1,1 +2

2,2

)

+
(

2
0,3 +2

3,0

)

+
(

2
0,0 +2

3,3

))

𝑤12 = 𝑤21 =
1
2
(1,12,1 +1,22,2) 𝑤13 = 𝑤31 = 0 𝑎𝑛𝑑

𝑤23 = 𝑤32 = 0

Consecutively, we can obtain the eigenvalues of 𝛬𝑖 of the matrix 𝐖𝐀𝐁
q. (5) as

1 = 1
2

(

𝑤11 +𝑤22 +
√

(

𝑤11 −𝑤22
)

2 + 4𝑤2
12

)

(17)

2 = 1
2

(

𝑤11 +𝑤22 −
√

(

𝑤11 −𝑤22
)

2 + 4𝑤2
12

)

(18)

3 = 𝑤33 (19)

ccordingly, using this, we calculate LQU from Eq. (6) for the state
(𝑇 ). We see that LQU appreciates numerous remarkable properties. It
s constant under any local unitary operations, and it evolves to zero
or product state 𝜌𝐴𝐵 = 𝜌𝐴 ⊗ 𝜌𝐵 . Besides, the LQU is non-increasing
contractive) under local operation on the unmeasured subsystem B.
Bell nonlocality For two-qubit states and X-structured states Eq.

4). Alternatively, the X-shape states can be represented in the Bloch
epresentation as

𝑎𝑏
𝑋 = 1

4
(𝐼 ⊗ 𝐼 +

3
∑

𝛼,𝛽=1
𝑇𝛼𝛽 𝜎⃗𝛼 ⊗ 𝜎⃗𝛽 ) (20)

ere, the termes 𝑇𝛼,𝛽 , which are represented by elements 𝑡𝑖𝑗 = 𝑇 𝑟(𝜌𝑎𝑏𝑋 𝜎𝑖
𝜎𝑗 ), 𝜎1,2,3(Pauli spin matrix), are the matrix coefficients of the corre-

ation density matrix 𝑇𝛼𝛽 .
In the case of a two-qubit interaction system in the presence of the

MI strength and KSEA strength, the matrix 𝐶 = 𝑇 𝑡𝑇 is

𝐶 =
⎛

⎜

⎜

⎝

𝐴11 𝐴12 0
𝐴21 𝐴22 0
0 0 𝐴33

⎞

⎟

⎟

⎠

(21)

he eigenvalues of the matrix 𝐶 can be derived analytically as follows:

1 =
1
2
(𝐴11 + 𝐴22 − 𝛩), 𝑢2 =

1
2
(𝐴11 + 𝐴22 + 𝛩), 𝑢3 = 𝐴33

here 𝛩 =
√

(𝐴11 − 𝐴22)2 + 4𝐴12𝐴21, 𝐴11 = 𝑡211 + 𝑡212, 𝐴22 = 𝑡221 +
𝑡222, 𝐴33 = 𝑡233, 𝐴12 = 𝐴21 = 𝑡11𝑡21 + 𝑡12𝑡22. Eq. (8) allows us to calculate
easily the expression of the quantity 𝑅(𝜌) such that

𝑅(𝜌) = max
{

𝑢2 + 𝑢2, 𝑢2 + 𝑢2, 𝑢2 + 𝑢2
}

8

1 2 1 3 2 3
Then, we can give the expression of non-locality quantum test Eq. (9)
by

(𝜌) = 2
√

max[0, 𝑅(𝜌) − 1] ≤ 1.
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