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Nanoscopic fluids especially viscoelastic Nanofluids are very useful in engineering and industrial problems. This
research is to determine the open channel flow of a viscoelastic nanofluid (namely Oldroyd-B (OBNF)). Oldroyd-
B fluid (OBF) was used as the base fluid and molybdenum disulphide nanopatrials were added in the fluid to
form desired OBNF. To convert the mathematical model to a fractional model from a classical order partial
differential equation PDE, fractional type derivative named Caputo-Fabrizio (CF) was used. The main objective of
this study is to find the exact mathematical solution for the temperature, concentration and velocity distributions
by using integral transformation technique. Final results are discussed graphically for the influence of different
parameters on calculated temperature, concentration and velocity. Skin friction of the said fluid and engineering
related dimensionless numbers including Reynolds number (Re), Prandtl number (Pr), Grashof number (Gr) and
Schmidt number (Sc) are also discussed. At the end a comparison is illustrated in graphical form between current
studied fluid (i.e. OBNF), another non-Newtonian fluid (i.e. Maxwell Nanofluid (MWNF)) and Newtonian fluid.
As we know speed of Newtonian fluid is greater than non-Newtonian fluid, the same statement is validated by our
solution. It is also noted that adding molybdenum disulphide nanoparticles to grease, heat transmission increased
to 19.11% and mass transmission decreased to 2.51%.

1. Introduction and find out that in cases of nanoparticles active control, by reduc-

ing the velocity and temperature, thermophoretic parameters were in-

In present era, heat transfer applications are very vast almost in
every field of science. Nanofluid got more attention because of their
ability to enhance capacity of heat transformation. Choi and Eastman
[1] introduced nanofluid in late nineteenth century. Koriko et al. in-
vestigated MHD thixotropic nanofluid for bioconvection flow and use
Optimal Homotopy Analysis Method for solving governing equations

creased [2]. Rehman et al. discussed an exponentially stretched surface
for three-dimensional flow and developed a model for MHD water-based
nanofluid in which consider three types of nanoparticles. They con-
cluded that Skin-friction is greater for CuO-water nanofluid and lesser
for AL,O;—water nanofluid, and local Nusselt number came out greater
for CuO-water nanofluid whereas lesser for Fe;O,-water nanofluid [3].
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Nomenclature

p Density

< Heat capacity at constant pressure
k Thermal conductivity
T, Temperature

Ty ambient Temperature
C, concentration

Cy ambient concentration
v Velocity

g Gravity force

A Relaxation parameter
A Retardation parameter

U Dynamic viscosity
a Fractional parameter

v Kinematic viscosity

s Laplace transform parameter
n Fourier transform parameter
s Laplace transform parameter

Re Reynolds number
Pr Prandtl number
Gr Grashof number
Sc Schmidt number

Sheikholeslami studied Lorentz forces impact on Fe;O, water, and con-
cluded that heat transfer is increased by increase in radiation parameter
and decreased by decrease in Lorentz forces [4]. Chamkha et al. used
Keller box method and discussed the Nanofluid over an isothermal ver-
tical wedge in a porous and thermal medium [5]. Wang et al. discussed
minimum quantity lubrication of Nanofluid with a unique mechanism,
process and device [6]. Liu et al. worked on magnetized stretched sheet
and examined the flow of boundary-driven Maxwell nanofluid by us-
ing shooting scheme [7]. Bhattia et al. worked on a stretchable elastic
surface and examined the flow of non-Darcian nanofluid flow, by used
Keller-box numerical approach [8]. Dinarvand et al. studied thermomi-
cropolar binary nanofluid numerically by using the bvp4c pattern of
Matlab [9]. Basit et al. discussed two dimensional Sutterby nanofluid
flow along a parabolic medium they also used bvp4c numerical method
on Matlab [10]. Hasan et al. worked on 2-dimensional lid-driven cav-
ity to investigate its flow pattern and thermal behavior. They concluded
that the drag force and velocity field are greater at high Richardson
numbers [11]. Hossain et al. worked on Magnetohydrodynamic (MHD)
unsteady mixed convection for kerosene oil-based CNT nanofluid and
concluded that increase in radiation intensity and dimensionless time
improves fluid velocity, pressure, and temperature gradient but de-
creases the heat transfer rate of the semicircular heater [12]. Islam et
al. studied water-based CNT-nanofluid and examined natural convec-
tion phenomena and find out that the heat transfer rate displays varied
patterns varying the Rayleigh number, and it rises as the oscillation pe-
riod increases. The fluid temperature and flow fields exhibit periodic
behavior due to the sinusoidal heat source [13]. Azad et al. worked on
MHD mixed convection in cylindrical coordinates they find out that the
fluid flow and thermal performance boost up while the rotating speed
of the cylinder is higher [14]. Hossain et al. studied numerically the
time-dependent effect of low Reynolds number on Kerosene oil-based
CNT nanofluid with magnetic field and radiation, their findings will be
useful for designing thermal devices related to heat transfer, especially
using the Kerosene oil-based CNT nanofluid under different conditions
[15]. Hossain et al. worked in a magnetic field, used Oil-based nanoflu-
ids along with thermophysical properties to observe radiative domain.
They use Galerkin residual technique based on finite elements meth-
ods [16]. Hasan et al. investigated the Rayleigh number and particle
concentration effects in transient cavity flow by using Galerkin residual
method and concluded that when the nanoparticle concentration rises,
the heat transfer rate and average fluid temperature also increase [17].
Azad et al. worked numerically on nanofluid and study the effect of
Hartmann number on combined convective flow in a horizontal chan-
nel. They concluded that physical parameters strongly affect the flow
phenomenon and temperature field inside the cavity, whereas in the
channel these effects are less significant [18].

In classical mathematics, fractional calculus is an important field.
In which fractional order integral and differential operations are stud-
ied. In a conversation between L. Hopital and Leibniz via a letter about
this content, in which they discussed how we can Justlfy g L when

m = 1/2? Leibniz suggested in his letter that there is a close relation-

ship between derivatives and infinite divergent series, and i = z\/zzZ .
After their discussion many Famous mathematicians started working in
this research area. In recent era the topic of this research has been ex-
panded in different fields in different ways and scientist are working on
this line, many researchers are working on it.

Shah et al. considered blood as base fluid along with gold nanoparticles
and worked in an incline surface to study magnetohydrodynamic Cas-
son nanofluid they found that increasing the volume percentage of gold
nanoparticles from (0-0.04) percent gave an increase of up to 3.825% in
the heat transfer rate [19]. Murtaza et al. worked on fractal fractional
Casson nanofluid flow by using numerical methods and concluded that
in response to 0.04 volume fraction of cadmium telluride nanoparticles,
the rate of heat transfer increased by 15.27% and rate of mass transfer
decrease by 2.07% [20]. Ahmad et al. used the fractal fractional differ-
ential operator and, as a coupled system of ODEs, expressed the feelings
of love between Romeo and Juliet [21]. A well-known fractional differ-
ential operator is the Riemann-Liouville Fractional Differential Operator
[22],

L4 g 0<p<1;
— 0 sn<b
Dlgn=1 "7 @t 10 Gy b}
d =1
280, o=1,

where I'(+) is known as Gamma function.

In recent era fractional calculus is advantageous in bioengineering [23]
and biorheology [24]. “These derivatives are in fact improved differen-
tial equations, where integral time derivative has been replaced by frac-
tional number” [25,26]. Recently many researchers work on fractional-
ized fluids and obtained the solutions. Abbas et al. studied brinkman
fluid flow by using Prabhakar fractional derivatives, for mathemati-
cal calculations they use integral transformations and some numeri-
cal algorithms [27]. Siddique et al. worked on Jeffrey fluid and study
magnetohydrodynamics and heat absorption effect on it by using the
Prabhakar-like fractional derivative and concluded by some compres-
sions that fractional model is better suited for describing the memory
effect of the thermal and momentum fields [28]. Fetecau et al. dis-
cussed MHD unidirectional fractional Maxwell fluids, for fractional type
model they used Caputo fractional derivative and calculate the fluid ve-
locity, shear stress, and Darcy’s resistance graphically [29]. Rehman et
al. used different fractional derivative operators and studied the second
grade fluid flow in fractional form, like (i) Caputo hybrid derivative,
(ii) Atangana Baleanu in Caputo sense, (iii) Caputo Fabrizio fractional
derivative operators [30]. Beddrich et al. worked on time-fractional
Navier-Stokes—-Fokker—Planck system and introduced a new approach
for numerical approximation [31].

Lubricants are actually the substances which are used on a machine’s
parts to work smoothly. They used in oil as friction reducing agent be-
tween mechanical parts which are in contact with each other. These oils
are used in motorized vehicles, where specifically they known as motor
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oils and transmission fluids. The use of lubricants in vehicles is essential
to work vehicles properly. If the engine of a vehicle is lubricated prop-
erly, it needs less energy to move. So that vehicle consumes less fuel
and long runs at low temperature. Similarly use of lubricant in other ma-
chinery is also essential to improve its efficiency. Actually lubricant play
some basic roles in a machine first of all it reduces the friction which im-
prove engine efficiency and reduce fuel consumption, keep engine clean,
improving seal tightness, improve the service life of the engine and cool-
ing the engine. Sometimes water is also used as lubricant in industrial
area. Grease is commonly used lubricant which is actually a thick oily
substance. Lubricating greases are typically combination of three in-
gredients: (i) oil, (ii) thickener, (iii) additives, which keep them in a
semi-solid state. It is actually the combination of Thickener (5%-20%),
Base 0il (80%-95%), Additives (0%-10%). Thickeners reduce the friction
between moving objects, additives enhance the ability of lubricating
of the base oil, and also improve the ability of object to protect against
wear and rust. It used to reduce the friction in machinery. Different types
of greases are available in the market e.g. aluminum, lithium, Dielectric,
synthetic and mineral based etc. Molybdenum Disulphide Grease is a
multi-purpose grease, based on mineral base oils, lithium thickener and
molybdenum disulphide, it forms a chemical reaction with metal sur-
faces which reduces friction which is known as boundary lubrication.
It s mostly used for the lubrication of earthmoving equipments, agri-
cultural machinery, homokinetic joints and heavy loaded plain bearing.
Paszkowski [32] worked on mineral oil (ORLEN OIL SN-400) based lu-
bricating greases, where lithium 12-hydroxystearate used as thickener
and studied thixotropy. Through experimental work he finds a math-
ematical relation for lithium grease, which have wide application in
lubrication system. Saeed and Kim studied nanofluid as a coolant in
mini-channel heatsinks [33]. Yiling et al. worked on zirconium phos-
phate intercalated along with the thickener octadecyltrimethylammo-
nium bromide (STAB-ZrP). Recently, Fabian et al. studied the prototype
formulations and characterization with the help of LTS behavior, out-
gassing, and tribological performance [34]. Paszkowski et al. studied
thixotropy of lithium lubricating greases [35]. Zhou et al. with the
help of a fibrous structure worked on shear degradation of lubricating
greases [36]. Fan et al. discussed Tribological properties of conductive
lubricating greases [37].

Inspired by the above literature review and to close the loopholes,
the objectives of the current work have been designed (1) to study non-
Newtonian Nanofluid by considering an open channel flow of Oldroyd-B
Nanofluid (OBNF) along with heat and mass transfer, placed between
two parallel walls through integral transform technique for exact solu-
tion. (2) Furthermore, dimensionless numbers including Re, Pr, Gr and
skin friction were calculated and a comparison was performed between
Newtonian and non-Newtonian fluids. Previous researchers worked on
Newtonian fluid or on simplest non-Newtonian fluids. In this work more
complex type of viscoelastic non-Newtonian fluid is used whose mathe-
matical study will be much useful as compare those fluids.

2. Methodology

Fractional differential operator is used for convert an ordinary type
fluid to a fraction type model. Which is much useful as compare to
ordinary differential model. Atangana in his book “Fractal-fractional dif-
ferentiation and integration: connecting fractal calculus and fractional
calculus to predict complex system” define different differential oper-
ators in detail [38]. In this research Caputo- Fabrizio Time-fractional
Differential Operator is used which is defined as [39,40],

ol

here, M («) known as normalization function

CFDE f(1) = ")]F(t)w~ @

MO)=M)=1.
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There are three methods for solving differential equation analytically.
One of the most popular method is integral transformation. In the book
“Integral Transforms and their Applications”, Debnath and Bhatta define
different integral transformation [41].

The Laplace transform of g(¢) in 0 <7 < o is,

G(s)=L{g)}=8(s)= / e"g(tydt; Res>0, 3
0

where, e™ is kernel of the transform and s is transformed variable.
The inverse Laplace of Eq. (3) is

c+ico

L./eS’G(s)ds; c>0. 4
2ri

c—ioco

G} =g =

Laplace transformation of Caputo Fabrizio (CF) time fractional deriva-
tive [38]

CF ma saF(s)
D t s

L[ g 0] - 258

where,

1 a = a

Tl-a VT 1—a

The Fourier transform of g(x) is defined as,

(o)

G(k)=F{g(x)} = g;(x) = / e g (k)dx, (5)
where, k is transformed variable. The inverse Fourier transformation of
Eq. (5) is defined as

e

FH{GK)) =g(x) = / G 6)
—0o0

Fourier transformation is further classified into many types. The Fourier

sine transform is one of them and defined as;

0

G(k)=F{G(x)}= 8rs(K) = / sin2rxx)g(k)dx. 7
The inverse Fourier transformation of Eq. (7) is defined as

(o)

FH{G®K)} =gx)= / sinQRrkx)G(x)dk. (8)

—00
2.1. Governing equations

Let us consider a flow of Oldroyd-B Nanofluid between two parallel
plates placed vertically and septated by the distance k. For the improve-
ment in heat transfer, M oS, are suspended uniformly in the base fluid.
Consider the fluid motion is along x axes in the presence of buoyancy
forces see Fig. 1. Initially both plates and the fluid everything is at rest
with ambient temperature and constant concentration 7, and C, re-
spectively. After time ¢ > 0%, the temperature and concentration of the
left plate increased to 7, and C,,. According to the conditions of the
flow the velocity field, temperature and contraction are as follows,

V=00, ©
T=T.(y1, (10)
C=C,(»1). an

Since, from literature history constitutive equations for continuity, mo-
mentum, temperature and contraction [42,43],

vV =0, 12)
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Fig. 1. Physical significance of the fluid flow
a  p
a—TzL(kVXVXT), (14)
a  p »
%—szVXVXC. (15)

According to the current discussed problem above equations are reduced
to the form below,

v, Po,
p(1420) B = (144, 5) 5 + (1445 ) 0PPET0:0 ~ o)
a

(14 4.2) (0BO(C.000 = Croo),

(16)
(prC )aT* _kaZT* 17)
pLp o FIE
aC, 9%C,
=D s (18)
ot 0y?

Physical conditions according to the current discussed problem are

0,(3,0)=0,0,(0,) =0,0,(c0,1) =0,
T.30,0)=T,,. T.(0,0) =T, T, (k,t) = T\,
C.(».0)=C,.C.00,1)=C,,,C,.(k,t) = C,q.

19)

In the system of PDEs (16) - (19) v, velocity component of OBNF along
x-axis, T, is fluid temperature, T, is ambient temperature and T, is
the wall temperature. C, is fluid concentration, C, is ambient concen-
tration and C,, is the wall concentration. 4 is relaxation time, “its the
time required to a fluid to return its initial equilibrium state after de-
formation.” A,, is retardation time, it can be defined as “The time that
is actually required for the strain to reach its maximum value under a
state of constant stress.”

Introducing some non dimensional quantities,

v T, - T*oo C* B C*oo

Uy ) & .
= —, :—’J:—’T: ’C: s 20
T=85 K T.p—Ton Cow—Coos (20)

EI
since for Nanofluid some physical quantities are defined as [44],

pnr=ps (1 — @)+ @p,,
(pBr),; = (0br) , (L= @)+ 0 (0Pr),
(pﬁC)nf = (p(/’ﬂc)s + (Pﬂc)f 1-9),
(rcy),, == @) (pc,) , +a(pc,), @1
an:Df(l_(D)s
_ kg+2k p =20 (k p—ky)
kg =ky [ kx+2kff+¢(kf/—kx) ] ’
Hap = (1= @),
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now using the equations (20), (21) equations (16) - (19) reduced to
following dimensionless form,

o 2 e
A2<1+A£>%§‘”=(1+/{,%> s +A(1+/1%)T(§,8)

A (1425 )CE 9.

(22)
o3 2 3
oT (&,3) _ 1 0 T(f,\s)’ ©23)
05 A; o2
o 2 o
d0C (¢,3) zia C(-f,\s)’ 24)
03 A, o2
w(£,0)=0,T(3,0)=0,C(,0)=0,
@(0,3)=0,7(0,F) =1,C(0,F) =0,
@(c0,F)=0,T(1,5)=0,C(1,F) =0, (25)
dw(E,3) |
o 18=0
where,
AU, Agrl,
h= 2= T2 A = IRe, A= Gryls, Ay = G,
(vbr), (A=) +0(oh,),

p
f=(1—¢)+<pp—s,f1=(1—(p)+(p =

r (rbr), (rB.)

Lk gprok? (T, —T,
b\ pen K o PP (Tw T
(1-9* v VA
gBcrk? (Cyy — Cy)
m= —,
v
Pr R I v
A, = T e¢2,A4=SCRe,Pr:—p,Sc:—f,
b, —¢ k D,
kg (1+2¢) + k(2 —2¢) (c,),
1= ,Pr=1-0¢+
k(1= )+, ($+2) (rey),

2.2. Exact solution

2.2.1. Temperature
Apply Caputo Fabrizio (CF) time fractional derivative Eq (2) on Eq
(23), temperature equation with fractional derivative is as follows

1 I°TED)

CF na ~
D% ,A8) =
3 (5 ) 53 JE2

) (26)
where, ¢F Dg is Caputo Fabrizio fractional differential operator, a frac-
tional parameter.
Apply Laplace transformation on Eq (26)

sa = 1 °T(,s)
TE)=F"——5

s 27
s+a; Ay 0&2 27)

Laplace transform of T (&, ), is 7(5, s).
Apply finite Fourier sine transformation on Eq (27)

= nrx ai a—a

T,(ns)y=| —— _— ), 28
f( ) <a°A3+nﬂ)<a2s az(s+a2)> (28)

where, T 1 (n, 5) is fourier sine transform of 7(5, s) and

o (mr)2

4y =—"7
2 aA; +nrn’

now apply inverse laplace transformation

1= (_l)n _ (_1)n+1
nr nr

d = nx 4 — 4
3 a,Az +nrx a, '

Ty (n.9) = — ayexp(—a, ), (29)
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Finally use finite Fourier sine inverse transformation, the temperature
is as follows

T(ES)=1-£-2 azexp(—a,S)sin(nzf). (30)

n=1

2.2.2. Contraction
Apply Caputo Fabrizio (CF) time fractional derivative Eq (2) on Eq
(24), contraction equation with fractional derivative is as bellow,

1 9*C(&,5)
CFpLC(E,s) = ——2". 31
e vir: €3]
Apply Laplace transformation on Eq (31)
1 0°CE&s)
Cc = . 32
e CEn= 32)

Apply finite Fourier sine transformation on Eq (32)

= nm 4 4~ 4s
C,(ns)=| ————— —_ ), 33
5 (n.5) <a°A4+n7r> <a55 az(s+a5)> 33
where,
al(nrr)2
a5 =
aA, +nn
Now apply inverse laplace transformation

1= (_l)n _ (_1)n+1
nr

C,(n,3)=
r(n,3) e

0 = nm 4 —4as
4 a,Ay+nx as ’

Finally apply inverse finite Fourier sine transformation

—ayexp(—a, ), (34)

CE9)=1-£-2 ayexp(—asS)sin(nzf). (35)

n=1

2.2.3. Velocity
Apply Caputo Fabrizio (CF) time fractional derivative Eq (2) on Eq
(22), and get fractional velocity equation for FOBNF as follows,

2 &
Ay (14497 DE) ¥ D r (¢,9) = (144,57 D ) 2249
+A (14+4°TDE) T €. 9) 36)
+A; (1427Dg ) (€. 9).
Taking the Laplace transformation to Egs (36), the transformed problem
is:

A23a(1+31)_(§,5)—(1+/1 >0w(§S)+A<1+A sa )T(f,s)

s+ s+ay 0&2
sa
+A, <1 Az )C(é,s).
37)
Now, apply finite fourier sine transform
sa(14+s4) _ sa 22—
AHUEDT (n,5) = (144, 24 ) (<nm)T (6.9)
sa T
A (14+A25) T @9) 38)
+A; (1+425)C, ),
rearrange above Eq (38)
@ s (n,s)
s+a; sSA +a; = sA +a; , —
= AT ¢ (&,5) +———AC+(£,9)],
[s2A+A6+sA,][ s+a 7 (6:9) s+a; ! 7 (&:9)

where,

A, =aA, + (nn)* [1 + A,a] ,Ag = ay (nm), A = daA,, A =1 +al,
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use Eq (28) and Eq (33) in above equation

Ef (n,s)
1 (s+ L3y)(s+ap) (s+ L3)(s+ay)
(s+Lp)(s+Ly) s(s+ay) a(s + as) |
(39
where,
L=

all;Re + (nz?)(1 + 4,a) + \/(all3Re + m:)2 +(nn)* A, (a, +2) + naReally (2a4, + 4nzda,)
2Jall;Re ’

L=

all;Re + (nz?)(1 + ,a) — \/(all;Re +n7)’ + (x4, (ad, +2) + nxReall; (2a4, +4nxiay)
2Aall;Re ’

a
P »L6=< nx

1 A)Grlls),
1+ak a°A3+n7t>(( +ad) r13)

nr
L= — 1 A Gmlyly).
7 <a°A4+nﬂ>(( +ad) m23)

Rearrange Eq (39) as follows,

— LyL LiL Ly—ajay—ayLy+ay®
wf(n’s):%<Z]L3L6> l(al 3 7) 1 <“1 3—a1ay—ayL3+ay L6)
s \aLiL,

s \ayLi{Ly s+ay az(Ll—az)(—L2+az)
4! <01L1+L1L3—a1L3+L12 ) 1 (—alLrLzLﬁalLrLz2 )
stLy \ Li(Li—Ly)(Li—a;) © s+L, Ly(Li-Ly)(Ly—ay) ©
4! <a1L3—a1a2—a2L3+a22 >+ 1 <a1L1+L1L3—a1L3+L12 )
stay \ ay(Ly—ay)(~Ly+ay) 7 s+Ly \ " Ly(Li=Ly)(Li=ay) 7
. (—ale—L2L3+a1L3—L22
s+1L, Ly(Li—Ly)(Ly=ay) 1)’

(40)

apply inverse laplace transform to Eq (40)

01L3(L6+L7)) (01L3—0102—02L3+azz -0,
@ (n,S =< - - Lg )e™®3
7 (n,3) whl ar(Li—a) (~Ltay) 16
a L+l Ly—a) L3+, L -3 —ajLy—LyLs+a; L3—L,° ) -1,
a1 5 1 e S | —=——=—=__1 5 < | 2
( L1<L1_L2)(L1_az)2 6 Ly(Ly~Ly)(Ly~ ﬂz) 6
aly—ayay—aylz+ay L ) —ar S <01L1+L1L3—01L3+L1 ) -3
e~ @S 4 L, )e ™1
(a2(’~1—f12)(—1~2+"2) 27 Li(Li-Ly)(Li—a) 7
—aily—lylataly—Ly” )e—Lzs
Ly(Li=Ly)(Ly-az) 7 ’

apply inverse fourier sine transformation and get the final result for

velocity field as follows,
aLs(Le+Lq) ayLy—ajay—ay Ly+ay” -ay S
w(,3)=2 [( >+< Lg)e 2%
€S E ayLiLy a(Li—a)(~Ly+ay) 6
1L1+L L3 ayL3+L,? ) -3 (-ale—L2L3+01L3 Ly? ) -L,S
abithlyalstly” p ) o=  (Zalozbalsva lsoly” y 2
( Ly(Li-Ly) (Ly-ay) 6 Ly(Li=Ly)(Ly 02) 6

+

aLy—ayay—ayLz+ay L ) -ay S (01L1+L1L3—01L3+L1 ) -3
e @S 4 L, )e ™1
(az(Llfaz)(*Lzﬂlz) Z Li(Li-Ly)(Ly-ay) 7
—a1Ly—Lyli+a; L3—L, L ) —-L \x:|
—= 2l =2 e 2% [ sin(nxé).
( Ly(Li=Ly)(Ly~ay) 7 ¢
(41)

2.2.4. Nusselt number
Nusselt number build the connection between heat transfer through
conduction and convection. Since the dimensional Nusselt number is

[45],
Nu——knf (—k ) 0—T
kf TW—T dy y=0

(s

using equation (30) for the studied problem the Nusselt number reduced
to the form,

kus ot
kp 0¢ |z’

Nu=-—

(42)
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Table 1

Heat transfer grease-based Mo.S, of OBNF Eq (42).
A, 0
Nu 162.42

Heat Transfer enhancement

2.2.5. Sherwood number (Sh)

It is a dimensionless number used in mass-transfer operation and
represent the effectiveness mass convection at the surface. Since the di-
mensional form of the Sherwood number is [45],

S“‘”nf(%) &
w~ “oo y

using equation (35) for the studied problem the Sherwood number is

CE.9)
9

y=0

Sh=-D,; “3)

£=0

2.2.6. Skin friction
In fluid dynamics skin friction is also termed as shear stress. It is actu-
ally the force that is exerted by flowing liquid on solid surface. Nonzero
shear stress in dimensional form for OBNF,
d d\ dw
1+,1—) = (1+/1 —)—,
( ot sf=# "ot/ ody

after rearranging

9
(l + 4 E) ow
o) o
(1+42)
using equation (21) the dimensionless skin friction for the studied prob-
lem is

Sf=Hns (44)

1 <1”r%>0_w
Ca-¢?° (1+43) %"

Now, as the fluid flow is between two vertical plates, the skin friction
on each plate is calculated separately as follows,

2]
1 (”Arﬁ) ow

sf

sfip= | -
P = )2 (1+,11> 0¢ |
23
e}
1 (1+’lrﬁ> ow
sfrp:

=@ (1422) % le=r

03
where, s f), is skin friction on the left plate and sf,, on the right plate.
3. Validation of the numerical results

Fig. 2 is a comparison graph between Newtonian and non-Newtonian
fluids. When (4,.) =0 fluid reduced to Maxwell fluid [47] it flows faster
than Oldroyd B fluid. Further when the both parameters 4 and (4,) ap-
proaches to zero the fluid reduced to Newtonian fluid [46]. Clearly from
the graph see that velocity of Newtonian fluid is greater than other two
fluids. Which validated the study as Newtonian fluids flow faster as com-
pare to the non-Newtonian fluids.

4. Result and discussions

This section includes all the discussion about the work on the open
channel flow of a viscoelastic OBNF. First of all nondimensional ap-
proach is used to get dimensionless partial differential equation then
use CF time-fractional derivative for fractional Oldroyd-B Nanofluid
(FOBNF) just because fractional model has more important and many

0.01 0.02 0.03 0.04
169.78 177.40 185.30 193.47
4.31% 9.23% 14.08% 19.11%
30, T T T T
sae Oldroyd-B fluid
—, .
B ~ 666 Maxwell flud
. +-++ Newtonian fluid
20 ¥ -
b L)
=
ey ) o
=
= .
10 ,,A—B‘_A&iﬂi_a-”ﬂ‘ . =
b4 - o - ¥
s s
- "8
o 1 1 1 I 2
0 02 04 0.6 08

S

Fig. 2. Comparison between Newtonian fluid [46], Maxwell fluid [47] and
Oldroyd-B nanofluid (OBNF).

Table 2

Mass transfer of grease-based Mo.S, of OBNF Eq (43).
A, 0 0.01 0.02 0.03 0.04
Sh 0.69 0.70 0.70 0.70 0.71
Decrease in mass distribution 0.59% 1.21% 1.84% 2.51%

applications as compare to ordinary model of fluid. Laplace and finite
fourier transformation techniques are jointly used for calculating exact
mathematical solutions.

Table 1 represents the Nusselt number, against the different values
of the coefficient A, and check the heat enhancement percentage, the
heat transfer rate increases to 12.38%, by adding up to 4% nanoparti-
cles. Table 2 represents the Sherwood number, for different values of
A,, and observe the percentage of decrease in mass transfer, the mass
distribution decreases 2.14%, by adding up to 4% nanoparticles. Table 3
is for different values of skin friction from the lower plate to the upper
plate, between the plates there is a unit difference therefore the share
stress is calculated from zero to one, skin friction near the origin at the
left plate is greater, as move towards the right plate away from origin
the friction is decreased gradually.

Different physical quantities impact is observed with the help of
graphical visualization of temperature and concentration distribution
and velocity field. Physical quantities’s (say Re, Pr, a, t, Sc, A, 4,, and
Gm) influence is graphically demonstrated in Figs. 2-3. Some quantities
support the fluid and enhance its flow and some minimize the transport
ratio. The temperature 7T'(¢,S) profile for impact of different physical
parameters represented in Figs. 3-6. Figs. 7-9 represent the impact of
physical parameters on concentration C (¢,<). Figs. 10-16 are graph-
ical representation for velocity w (£, ) under the impact of different
parameters. Finally the Fig. 2 is for the comparison between the current
studied fluid and Newtonian fluid.

4.1. Effect of temperature fluctuation with different parameter

4.1.1. Effect of temperature fluctuation with respect to Reynolds number
Re

Fig. 3 is for the impact of dimensionless number Re on tempera-
ture T'(¢, ) distribution. Actually Reynolds number is the ratio between
inertial and viscous forces. As the Re inversely proportional to temper-
ature T'(&, 3). Temperature T'(€, S) has maximum value at Re = 1.
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Table 3
Skin friction of grease based MoS, of OBNF from left plate to right plate Eq (44).
£ 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
s, L1 111 110 108 107 105 1.03 101 1.00 099 0.98
T T T T T
. a4 Re=1 akk =06
0.8 Wk eee Re=2 |- 0.8F ooe =11 |-
) ' \A mam Re=3 o mmm =2
2 o6 eA " o i
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Fig. 4. The effect of Pr on T'(£, ) of Oldroyd-B nanofluid (OBNF).

4.1.2. Effect of temperature fluctuation with respect to Prandtl number Pr

Fig. 4 is for the impact of dimensionless number Prandtl number
on temperature 7'(£, ) distribution, from figure see that the value of
Pr increases T'(¢, ) decreases. When Pr increase, thickness of thermal
boundary layer reduces. Since, the ratio between momentum and ther-
mal diffusivity is called the Pr. Pr controls the relative thickening of
thermal boundary layers and the momentum.

4.1.3. Effect of temperature fluctuation with respect to fractional
parameter «

Fig. 5 is for the impact of @ on T'(¢, ). The main advantage of using
the fractional model is that more than one fluid layer for the investiga-
tion of fluid behavior and it provides more options for comparing the
research to the other fractional model, which is impossible by a classical
mathematical model. Clearly, see that as the value of « increases tem-
perature T'(¢,S5) is also increases therefore temperature T(¢, S) of the
fluid is directly proportional to a. The behavior of temperature reduced
to classical model by taking @ = 1. Compared to the classical Oldroyd-B
nanofluid model, the fractional-order Oldroyd-B nanofluid model pro-
vides a better explanation of heat transfer by varying degrees.

4.1.4. Effect of temperature fluctuation with respect to time

Fig. 6 is for the effect of time on T'(¢, §). The value of the temperature
T(&,S) distribution decreases as the value of ¢ is increased. Clearly, we
see that viscous forces decrease when T'(£, J) is increased. So, after pass
age of time temperature of nanofluid is going to decrease.

Vas]

Temperature

&
g

Fig. 6. The effect of time ¢ on T'(¢,¥) of Oldroyd-B nanofluid (OBNF).

1 ackck p=1.1
' oo (=12

o+ Hh=13

1

o
in
T

concentration

Fig. 7. The effect of A, = ¢ on C (£, ) of Oldroyd-B nanofluid (OBNF).

4.2. Effect of concentration fluctuation with dimensionless parameter

4.2.1. Effect of concentration fluctuation with respect to ¢ = Ay

In Fig. 7 different values of ¢ = A, against concentration C (¢, )
distribution are discussed. The value of the concentration C (¢, ) dis-
tribution decreases as the value of ¢ is increased. This is just because
the reason that viscous forces rise, when the concentration distribution
reduced.
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Fig. 8. The effect of « on C (¢, ) of Oldroyd-B nanofluid (OBNF).
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Fig. 9. The effect of time 7 on C (£, ) of Oldroyd-B nanofluid (OBNF).

4.2.2. Effect of concentration fluctuation with respect a

Fig. 8 is for the effect of @ on concentration C (¢, J) distribution. The
behavior of « is same on contraction as on temperature 7'(¢, §). Already
discussed in Fig. 4.

4.2.3. Effect of concentration fluctuation with respect to time

Fig. 9 is for time effect on concentration C (¢, S). The behavior of ¢
is same on contraction as on temperature 7'(¢, §). Already discussed in
Fig. 6.

4.3. Effect of velocity fluctuation with dimensionless parameter

4.3.1. Effect of velocity fluctuation with respect to Schmidt number Sc

Fig. 10 shows Schmidt number .S'c¢ influence on the OBNF. Since ratio
between mass diffusion and viscous forces is known as Schmidt number
Sc, by increase in Sc increasing viscous forces and decreasing the mass
diffusion, by which w (¢, ) decreases. In mass transfer Schmidt number
Sc is equivalent of Prandtl Number Pr.

4.3.2. Effect of velocity fluctuation with respect to time
Fig. 11 is to investigate effect of time on velocity w (&, ). Time is
inversely proportional to the velocity w (¢, ) field of OBNF.

4.3.3. Effect of velocity fluctuation with respect to

Fig. 12 is for the response of a. The basic benefit to study the frac-
tional parameter is that it provides more than one layers to study the
fluid behavior as compare to classical model. When a — 0 the frac-
tional model reduced towards classical model. In the way researchers
can compare their study with other fractional type fluids and classical
fluid models.
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Fig. 10. The effect of Sc on w (¢, ) of Oldroyd-B nanofluid (OBNF).
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Fig. 11. The effect of  on w (¢, ) of Oldroyd-B nanofluid (OBNF).
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Fig. 12. The effect of a on w (&, ) of Oldroyd-B nanofluid (OBNF).

4.3.4. Effect of velocity fluctuation with respect to retardation time A,

Fig. 13 plotted to investigate the behavior of retardation time A, on
velocity w (€, ) field. The retardation time is actually the time that
required for the strain to reach its maximum value under a state of con-
stant stress. Clearly, we can see that this material parameter is inversely
proportional to the velocity w (£, 3) field. Hence, by increasing 4,, the
viscous forces decrease, which increases the fluid motion.

4.3.5. Effect of velocity fluctuation with respect to relaxation time A

Fig. 14 is against the behavior of material parameter relaxation time
4 of the fluid velocity w (¢, 3) of OBNF. Relaxation time is actually the
time that required to the system to its equilibrium state. When the values
of relaxation time A increase viscous forces are also increased and fluid
motion is decreased.
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Fig. 14. The effect of A on w (£, S) of Oldroyd-B nanofluid (OBNF).
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Fig. 15. The effect of Re on w (&, ) of Oldroyd-B nanofluid (OBNF).

4.3.6. Effect of velocity fluctuation with respect to Reynolds number Re

Fig. 15 is for Reynolds number Re effect on velocity w (¢, ) profile.
For greater Re the velocity w (£, ) profile decreases. By definition, Re
is actually a ratio between inertial and viscous forces. Re is directly pro-
portional to the viscous forces. As the value of Re increases the viscous
forces in the fluid enhance as a result the momentum boundary become
thick and slow down the fluid.

4.3.7. Effect of velocity fluctuation with respect to Gm

Fig. 16 is for Gm effect on the velocity w (£, S) field. Velocity
w (&, ) profile is directly proportional to Gm. Since, fluid moves from
higher to low concentration area. See in the figure that when we in-
crease the Gm the concentration level near the plate increase. This trend
in the velocity field is physically true because when the value of Gm in-
creases the concentration level near the plate increase and we know that
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Fig. 16. The effect of Gm on w (&, ) of Oldroyd-B nanofluid (OBNF).

fluid moves from higher concentration area to lower concentration area,
therefore increasing trend has been observed.

5. Conclusion

In this paper, non-Newtonian nanofluid (OBNF) are studied in open
channel flow along with heat and mass transfer. Meanwhile, several di-
mensionless numbers and skin friction are calculated and a comparison
is performed between Newtonian and non-Newtonian fluids.

It is found that the results are reducible to the classical Oldroyd-
B nanofluid (OBNF) when « approaches to one while the velocity
profile of Oldroyd-B nanofluid (OBNF) decrease by increasing the
amount of molybdenum disulphide nanoparticles.

It is identified that heat transfer rate is increased by using nanopar-
ticles in the grease, which definitely will increase life time of dif-
ferent machineries and engines.

The velocity of Oldroyd-B nanofluid (OBNF) is increased with re-
spect to A, Gm, and Gr, and decreased with respect to A,.

Another aspect showed that the heat transfers rate increases up to
11.46% by increasing the value of A, and mass transfer rate reduces
up to 2.51% of regular grease.

This work can be extended in different directions by considering dif-
ferent Newtonian and non-Newtonian fluid models. It can also be con-
sidered with different physical conditions and different directions such
as spherical, cylindrical coordinates or flow over a thin needle, circu-
lar disk and stretching/shrinking sheet. The existing model can also be
generalize by considering fractal-fractional differential operators of dif-
ferent kernels such as power decay, exponential or Mittage-Lefer kernel
to find some hidden characteristics of the fluid flow. This model can also
be considered for different base fluids in order to study various applica-
tions in science, engineering and renewable energy.
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