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1 Introduction

In the mathematical simulation of the evolution of real processes in physics, chemistry,
population dynamics, radio engineering etc. which are subject to disturbances of negligible
duration with respect to the total duration of the process, it is often convenient to assume
that the disturbances are “momentary”, in the form of impulses. This leads to the
investigation of differential equations and systems with discontinuous trajectories, or
with impulse effect, called for the sake of brevity impulsive differential equations and
systems.

Impulsive differential equations with delay describe models of real processes and phe-
nomena where both dependence on the past and momentary disturbances are observed.
For instance, the size of a given population may be normally described by a delay dif-
ferential equation and, at certain moments, the number of individuals can be abruptly
changed. The interaction of the impulsive perturbation and the delay makes difficult the
qualitative investigation of such equations. In particular, the solutions are not smooth
at the moments of impulse effect shifted by the delay [8].

Suppose that there are finitely many argument deviations whose dependence on t is
known. Then the general form of the functional differential equation is

2™ (t) = f(t, ™ (t — hi(t)), ...,z (t — hi(t))) (1)

where z(t) € R" : real Euclidean space of n-dimensional column vectors with norm | - |
and m; > 0, h; > 0 for all i.
i) Equation (1) is called a functional differential equation of retarded type, or retarded
functional differential equation if max {my,mq, ..., my} < m.
ii) Equation (1) is called a functional differential equation of neutral type if
max {mi, mo,...,my} = m.
iii) Equation (1) is called a functional differential equation of advanced type if
max {my, mo,...,my} > m.

A classical problem of the qualitative theory of differential equations is the existence
of periodic (or almost periodic) solutions. Numerous references on this matter concerning
differential equations with delay and impulsive differential equations can be found in [5].
A traditional approach to this problem is the investigation of the linearized system (also
called system in variations) with respect to a periodic solution of the unperturbed system
satisfying certain nondegeneracy assumptions.

In [5] it is proved, by using the implicit function theorem, that for a periodic impulsive
system with a small delay, if the corresponding system without delay has an isolated w-
periodic solution, then in any sufficiently small neighbourhood of this orbit, the system
considered also has a unique w-periodic solution. In an earlier version [7] of this paper,
this result was proved under considerably more restrictive assumptions with the use of
the contraction mapping principle (see also [4], §8). Moreover, this result was extended
to the case of a neutral impulsive system with a small delay [13].

In [9, 10] a periodic impulsive system with a small delay is considered, such that
the corresponding system without delay is linear and has an r-parametric family of w-
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periodic solutions. In the so called critical cases of the first and second order conditions
are obtained for the existence of w-periodic solutions of the initial system.

In the papers [1, 2, 11], the problem of existence of periodic (both in the noncritical
and critical cases) and almost periodic solutions is studied in the presence of a delay which
differs from a constant by a small amplitude periodic perturbation. The introduction of
such delays is justified in the abstract [16] as follows:

“There are many reasons for incorporating delays into biological and ecological mod-
els, and often a fixed delay is best suited, or a good approximation. The strength of
these fixed delays may however fluctuate in time, through e.g. seasonal effects or pho-
toperiod. We would e.g. expect the regeneration rate of resources to be slower in
winter than summer. In addition, the effect of small perturbations in model parame-
ters (including delay) can give information on the robustness of our model, since model
parameters invariably need to be estimated.

We examine some simple population models that incorporate a time delay which is
not a constant but is instead an explicit periodic function of time ...”.

In the present paper we consider a neutral impulsive system with a small delay of the
argument of the derivative and another delay which differs from a constant by a periodic
perturbation of a small amplitude . If the corresponding system with constant delay has
an isolated w-periodic solution and the period of the delay is not rationally dependent
on w, then under a nondegeneracy assumption we shall prove that in any sufficiently
small neighbourhood of this orbit the perturbed system has a unique almost periodic
solution. The case when the period of the delay is w (or is a rational multiple of w) will
be considered elsewhere.

2 Statement of the problem. Main result

Throughout this paper we study a neutral system with impulses at fixed moments
and a small delay of the argument of the derivative. Another delay fluctuating around a
constant value which can be assumed to be 1 without loss of generality:

{oz:(t) = D()a(t — h) + f(t,x(t), x(t — h), x(t — 1 — hyp(1))), L # b,

‘ (2)
Az(t;) = Li(x(t;), x(t; — h)), i € Z,

where x € Q CR", D : R —- R™" f:Rx QxQxQ— R" Qis a domain in R";
¢ : R — [-1,1]; Z is the set of all integers; Ax(t;) = z(¢t; +0) — z(¢t; — 0) are the impulses
at moments t; and {t;};cz is a strictly increasing sequence such that Zginoo t; = too;
I; : QxQ—R" (i €Z), hand 1+ hp(t) are the delays, h € [0, ko) is a small parameter;
ho will be specified below.

As usual in the theory of the impulsive differential equations [4, 14], at the points
of discontinuity t; of the solution z(t) we assume that z(¢;) = x(¢; — 0). It is clear
that, in general, the derivatives @(¢; + kh), k € Z, do not exist. On the other hand,
there do exist the limits @(t; + kh = 0). According to the above convention, we assume
i(ti + kh) = i(ti + kh — 0).
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Similarly, the derivative & does not exist at the other points of discontinuity of the
right-hand side f(¢,z(t),z(t — h),z(t — 1 — hp(t))), i.e., at points ¢ which are solutions
of the equations

L= 1= hp(t) = L, (3)

i € Z. We require the continuity of the solution z(¢) at such points if they are distinct
from the moments of impulse effect ;.
For the sake of brevity we shall use the notation:

m=a(t), w)=a(t—h), ) =2(t—1), y"1)=2(t—1-he(t))

(thus, for instance, 39 = z(t; — 1) = ;).
We let |x| denote the Euclidean norm of a vector x € R", and for an (n x n)-matrix
A we define the associated norm

|Al = sup {|Az|/|z|; = €R"\0}.

In the sequel we require the fulfillment of the following assumptions:

A1l. The function f(¢,z,Z,y) is continuous (or piecewise continuous, with discon-
tinuities of the first kind at the points ¢;) and w-periodic with respect to ¢, twice
continuously differentiable with respect to x,z,y € €2, with second derivatives that are
locally Lipschitz continuous with respect to x,Z,y .

A2. The matrix D(t) is w-periodic, sup |D(t)] = n < 1, its first derivative is
te[0,w]
continuous (or piecewise continuous, with discontinuities of the first kind at the points

t;), and its second derivative is bounded on each interval of continuity.

A3. The functions I;(x,z), i € Z, are twice continuously differentiable with respect
to x, T € (), with second derivatives that are locally Lipschitz continuous with respect
tox, T .

A4. There exists a positive integer m such that t;1, =t; + w, Litm(x,z) = Li(z, T)
for i € Z and x,x € ).

A5. The function ¢(t) is wi—periodic, where w;/w is irrational, and Lipschitz con-
tinuous:

lp(t') — (") < K|t'—t"], ¢, " eR.

We may note that the invertibility of the matrix £—D(¢) (E is the unit matrix) follows

from the inequality n < 1 (condition A2). Moreover, sup |[(E — D(t))7! < (1 —n)~L
te(o,w]
If ho < min {1, 1/K}, then for h € (0, hg) equation (3) has a unique solution ¢;(h)

for each i € Z. It obviously satisfies
’ti(h)—ti—ly < h, tz(O) =t + 1.

It is natural to assume that the period w is distinct from the unperturbed delay 1. For
the sake of definiteness we assume that w > 1 and t; # 0 Vi € Z.
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For h = 0, we use (2) to obtain the so called generating system

{ab(t) = (E— D(t)) " f(t.a(t), (t),a(t — 1)), t # L, "

AfE(tZ) = Iz(a:z,acz), 1€ Z,
and suppose that
A6. The generating system (4) has an w-periodic solution v (t) such that ¥ (t) € Q for

all t € R, and
9]

AT. a—yf(t,zp(t), Y(t),y) = 0, the zero matrix of dimension (n x n).

y=p(t—1)

Now define the linearized system with respect to ¥ (t):

) =(E-D@)'AW)=(1), t #1,
Az(t;) = Bz, i € Z,

where

0
, and B;= %Ii(:v,:v)

O 4ty e, 0(t — 1))

At) = 5-

T=(1) T=1p;

Let the (n x n)-matrix X (¢,s) be the Cauchy matrix of (5), and let X (¢) = X(¢,0) be
its fundamental solution [15]. Denote

= i In X (w), O(t) = X(t)e M.

®(t) is an w-periodic piecewise continuous nondegenerate matrix-valued function, with
points of discontinuity of the first kind at {t;};cz. Now we make two additional assump-
tions:
AS8. The matrices £ + B;, © € Z, are nonsingular.
A9. The matrix A has no eigenvalues with real part zero.
Together with (5) we consider the nonhomogeneous system

dt) = (E— D) (A)=(t) + f(1), t # ti,
l AZ(tZ) = Bz + a;, 1€ Z,

(6)

where f(t) € AP,{t;}, the space of all almost periodic functions with values in R™, which
are piecewise continuous with points of discontinuity of the first kind at ¢;, ¢ € Z, while
a; € ap,, the space of all almost periodic sequences with values in R™ [15]. Under these
assumptions system (6) has a unique almost periodic solution (see [15, Theorem 25.3]).

We give only those fragments of the proof that will be used henceforth.
Without loss of generality we may assume that A = diag (P, N), where P and N are
square matrices of order k and n — k respectively, such that

Re);(P)>0, j=1,k  Re)M(N)<O0, j=Fk+1,n.
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Denote

— diag (e*,0) for ¢ <0,
G(t) =
diag (0,e™t) for t > 0.

It can be shown that
IG(#)|| < Ce M, (7)

where C' and « are positive constants. Moreover,
20(t) = / (Gt — )P () (E — D(r)) " f(7) dr + Z SG(t—t;)P (t)a; (8)
is the unique almost periodic solution of (6). We will also need to estimate

[ Ge-nler wma YjGe- )]

i€Z
by using of (7). We have
/ |Gt —71)| dr < C'/ e ot=rlgr = 20/ T do = —. (9)
—00 —0o0 0 aQ
Next we estimate
S(ty="> e el
i€Z
under the assumption that
inf( j+1— ) =60>0.
JEZ
In our case # = 0<niin 1(tj+1 —t;). Without loss of generality we may assume that
>j>sm—
to <t <ty. Then
S():Z —a(t;—t) +Z —af(t—t_
i=1
In the first sum .
Li—t>t—ti= Y (tj—t;) > (i — 1),
j=1
and in the second one
i—1
b=t >tg—toy =Y (toj—t ;) >if.
5=0
So we have
< —af(i—1) —afi _ %
Z + Z =T
and 00
Y lG( -6 < ——. (10)

1€Z
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Denote also

M =sup {[[@@®)[@ (7l : .7 €[0,w]},  B=supY (Gt —t)|l[Bi.
teR %=
In fact, the last supremum does not exceed

2C
—sup |B;|.
1—ef z‘eg ’ ’

Our result in the present paper is the following

Theorem 2.1. Let conditions A1-A9 hold. If
n3+26M) <1, (11)

then there exists a number h, > 0 such that for h € (0, h,) system (2) has a unique almost
periodic solution z(¢,h) depending continuously on h and z(¢,h) — 9(t) as h — 0.

Remark 2.2. Condition A7 is of technical character. It enables us to apply Floquet’s
theory adapted for impulsive systems in [15]. Otherwise we would have to adapt the
spectral decompositions given in [12] for impulsive systems and apply them to our case.
Conditions of the form Al, A3 first appeared in [4], §8 and [7] even though they were
not required by the method applied there. In the subsequent papers [1, 2, 5, 9, 11] and
[10] (only in the critical case of first order) they were weakened to continuity of the first
partial derivatives with respect to x, z,y. However, this is not possible for neutral systems
when we use the contraction mapping principle as in [13] or the present paper. Still under
such weaker conditions (and just piecewise continuity of D(¢) in A2) we can prove the
existence of a not necessarily unique periodic (respectively almost periodic) solution by
using Schauder’s fixed point theorem (see [6]).

3 Proof of the main result

In system (2) we change the variables according to the formula
r= () + 2 (12)
and obtain the system
i) =(E- D) {AWM)(t) +Qt, 2(1), 2(t — 1))
+Of (8, w(t), x(t —h), y"(t)) — D()(@(t) — @(t — )}, t # b, (13)
|22(t) = By + Ji(zs) + 01w 20), i € 2,
where

Qt,z,2) = f(t, () + 2,0 (t) + z,0(t — 1) + 2)
=t p(@),¥(), vt —1)) — At)z,
Ji(zi) = Li(Vi + 2,05 + 2i) — Li(Wi, ;) — Biz
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are nonlinearities inherent to the generating system (4) and therefore independent of the
small parameter h, while

Of(t,x(t), 2(1), y" (1) = f(t,x(t),z(t),y" (1)) — f(t,2(t), 2(t),5°(1)),

are increments due to the presence of the small parameter.

We can formally consider (13) as a nonhomogeneous system of the form (6). Then
its unique almost periodic solution z(¢) must satisfy an equality of the form (8) which in
this case is the operator equation

= Upz — Vyz, (14)

where

Unz(t) = /_OO O(t)G(t — T)(I)_I(T)(E — D(T))_IQ(T,Z(T),Z(T —1))dr
+ /OO d(HG(t— 1) N (7)(E — D(T))_I(Sf(T,x(T),i(T),yh(T)) dr

+ 3 DGt — ) (t) i(z) + Y P)G(t — ) ()01, ;)

€L 1€EZ

=T12(t) + Loz(t) + S12(t) + Sa2(t),
Viz(t) = /_OO O(t)G(t — T)(I)_I(T)(E — D(T))_ID(T)(Q':(T) —&(r — h)) dr. (15)

For the sake of brevity we still write x instead of ¢)(t)+z in § f (¢, x(t), Z(t), y"(t)), 0I;(x;, T;)
as well as in Zyz, Syz and in V,z. Moreover, in §3.2 we will further transform the expres-
sions Zyz(t) and Syz(t) under the assumption that x(¢) is a solution of system (2). This
will considerably simplify some estimates in §3.2 and §3.3. Such additional modification
of the operator equation was used in [9, 10] for a periodic system with small constant
delay and a linear generating system in the critical case (when the linearized system has
nontrivial w-periodic solutions).

An almost periodic solution z(t) = x(t,h) of system (2) corresponds to a fixed point
z of the operator U;, — V), in a suitable set of almost periodic functions. To this end we
shall prove that U, — V) maps a suitably chosen set into itself (§3.2) as a contraction

(53.3).

We first need to introduce some

3.1 Notation

We assume that the spaces AP,{t;} and ap, of almost periodic functions and almost
periodic sequences respectively are equipped with the norms

lwl = suplw(®)],  [{ai}iezl = sup|ail.
tER i€Z
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There exists a constant o such that 2 contains a closed pg—neighbourhood €2y of the
periodic orbit {x = (t); t € R}. Let us denote

M, = max{sup{]f(t,x,i:,y)] cte0,w], x,Z,y € Ql},
sup{]li(x,:i)] ci=1,m, z,T € Ql}},

M, = max{sup{]%f(t,:v,:i,y)] cte|0,w], x,z,y € Ql},

sup{ 10 /(1,2 2,9)] - 1
sup{ |0, £ (t. 7. 2.9)] - 1
sup{]@mli(:v,i:)] ci=1,m, x,T € Ql},

Sup{’ailz(‘rff)’ L= y My T, Y EQI}}

and, similarly, let My be the maximum of the supremums of the matrices of the second
derivatives of f(t,x,z,y) with respect to z,z,y for t € [0,w], z,Z,y € @ and of the
second derivatives of I;(z,7) for i = 1,m, z,y € Q1. We shall not explicitly denote the
Lipschitz constants for the second derivatives of f(¢,z,z,y) and [;(z,Z). Sometimes, for
the sake of brevity, we shall use the Landau symbol O(u*) for a quantity whose module
(norm) can be estimated by a constant times p* for p small enough. The meaning of
O(h) is similar.
For a,b € R denote

(a,b) if a <b,
(b,a) if a>b,
l 0 if a=0.

We may note that
T €Jti(h), ti+1] <= t;€lr—1,7—1—he(7)[.
Define the “bad” sets
A=t ti+ ), AL =lt(h), i+ 1]
i€z i€Z

We further define the “good” set Al =R\ (A" U AD).

For the sake of convenience we assume that for i = 1,m ¢, + 1 # t; Vj € Z. Then
for h small enough the “bad” set A" U A% is a disjoint union of intervals.

Let ho > 0 be so small that all the above assumptions are valid for h € (0, ho).

For u € (0, po| define a set of functions

T, = (€ AP |zl <u}.

We shall find a dependence between h and p so that the operator U, — V, in (14) maps
the set 7, into itself as a contraction.
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3.2 Invariance of the set 7, under the action of the operator U, — V),

Let z € 7,. We shall estimate |U,z(t)| using the representation
Upz(t) = Ty2(t) + Toz(t) + S12(t) + Saz(t)

and system (2).

First we have

1
Ji(z) = {/0 (0pL; (Vi + 52,5 + 52;) — 01 (¥, 1;)) ds

1
+/ (0z1; (Vi + 52,0 + 52;) — 0z1;(¥4, 1)) dS}sz
0

thus )
0

and

S1z(t)] < DG — 1)@ ()| | Fi(z0)ll < 2MeM Y [IG(E = t)l||z1 = O(u).

1€EZ 1€EZ

Similarly, we have
Q=)0 = 1) = { [ 10105, 005) 4 52(7),000) + 52(0),560) + 53(7)
—0p f (1, 9(7), ¥(7), ¥(7))] ds
[ s, 000) 4 52001, 0(0) 45207, 67) + 500
— 0,/ (r, (), (7, 9(r))] ds b (7)
[ T 0r) 52051, 000) 45207, + 5500
=8, f(r, (1), 9(7),4(7)) ] ds - 2(7),

thus
1Q(7, (1), 2(r = 1))| < 2/0 Mos (2]2(7)| + [2(7)]) ds - |2(7))|
N /0 Mys (2]2(7)] + |2(7)]) ds - |3(7)|
= My(2|2(7)] + |3(r)])?/2
and
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Now let us estimate |2(t)|, where x(t) is a solution of (2). We have

()] < [D@la6)] + [f(t,x(t), 2(¢ = h),y" ()] < nsup (6)] + M.
Thus
sup [2(t)| < nsup [#(t)] + Mo

and, finally,
sup |#(t)] < Mo(1 —n)~!

Further on, since the intervals (¢; — h, ;) contain none of the points ¢;, we have
Lo
0 (95
! 0
= / Oz1i(xs, x(t; — sh)) 5 x(t; — sh)ds
s

= —h/ Oz Ii(x, x(t; — sh))@(t; — sh) ds,
thus [61;(z;, 7;)| < hMyMo(1 —n)~! and

Sz(t) = Y @Gt — ) ;)0 (21, %) = O(h). (19)

€L

Then we estimate the difference x(t) — x(t — h). If t is not in A" then z(t) is
continuous on [t — h, t] and & exists on this interval, with the possible exception of finitely
many points. Then we have

[@(t) = x(t = h)| < AMp(1 —n)~".

Now we shall obtain an analogous estimate for A”. Then the interval (+ — h,t) contains
just one point of discontinuity t; of z(¢), thus

lz(t) —x(t —h)| < |z(t) — x(t; + 0)| + |z (t; + 0) — x(t;)| + |x(t;) — x(t — h)|

< Mo(1—n) Mt —t;) + Mo+ Mo(1 —n) " t; —t +h) = Mo(1+h(1—n)"").

Next we estimate the difference z(t — 1) — z(t — 1 — he(t)). If t ¢ AR then z(t) is
continuous in the interval |t;(h),t; + 1] and |z(t — 1) — x(t — 1 — he(t))] < Mgh(1 —n)7!

Let t € Ab e, t €]t;(h),t; + 1] for some i € Z. This means that the interval
|t =1, — 1 — he(t)[ contains just one discontinuity point ¢;. Then we have

2(t = 1) —z(t = 1 = he(@))] < |o(t = 1) = 2(t; + sgn (1))
+a(ti +sgn(t)) — x(t; — sgn o(t))] + [x(t; — sgnp(t)) — =(t =1 = hep(t))|

< sup|z(t)|(t — 1 — t;)sgn @(t) + |Li(xs, T;)| +sup |2(¢)|(t; —t + 1 + hep(t))sgn p(t)
= hsup @ (t)l|o(t)] + [ Liwi, 7)) < Mo(1+h(L—n)7").
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Using these estimates, we evaluate 0 f(7,z(7), Z(7),y"(7)). If 7 € A%, we have
Sf (1, z(T / —fT:I: x(t — sh),y*" (1)) ds
:—h/afT:U x(1 — sh),y*" (1)) & (T — sh)ds

—he(T / Oy f(r,2(7),x(T — sh),y ( ))@(T — 1 — shp(T))ds

and
(6 (ra(),2(7),y" (1) < 2hMoM;i(1 —n)~". (20)
Next, if 7 € A" we have

0 (m,2(7), (1), 5" (7))

— %f(T,x(T), sz(r —h) + (1= s)z(7),y*" (1)) ds

/ Oz f(r,2(7), sx(t — h) + (1 — S)LI:(T),ySh(T)) ds - (z(t—h) —x(7))
—hgp(T)/O Oy f(1,2(1), sx(1 —h) + (1 — s)zv(T),ySh(T))j:(T — 1 —sho(T))ds

and

"(1))]
)Y+ hMo(1 - )~}
)-

1

|0f(r,2(7), 2(7), y
< Mi{Mo(1+ h(1 -
= MoM;(1+2h(1—n)~

Finally, for 7 € A%
Sf(r,2(r),2(1), y"(1))

/ %f T,2(7),x(T — sh), s h(T)—I—(l—S)yO(T))dS
= —h/ Oz f (7, 2(7), 2(T — sh),sy™(7) + (1 — 8)y°(7)) - &(1 — sh) ds
/ Oy f(1,2(7),2(T — sh), s h( )+ (1= 8)y°(7)) ds - (a:(T—l—hgo(T)) —:1:(7'—1))

and

[6f (7, 2(r), 2(7), 4" ()] (22)

< My{hMo(1 — )™  + Mo(1 + h(1 — )™}
= MoMi(1+2h(1—n)7").
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Next, we use the representation

L) = [ ®0GE -0 (0)(E = D) 55 (ra(r), 57), /()

[ [+
A JAL AL

Making use of the estimates (20), (21) and (22), we find

Toz(0)] < MMM =) [ Gt = 7] dr )
A%
+MMoM;(1—n)""(1+2h(1—n)") / |Gt —71)| dr
APUADR
= QhMMOMl(l—n)_Q/ HG(t—T)HdT—I—MMOMl(l—n)_l/ |G(t—T)] dr.
—00 AluAl

Now we use the estimate (9). We need estimates for [,, |G(t —7)| dr, j =1,2.
J
We will estimate the integral for j = 1. The arguments are similar to those used for

deriving the estimate (10). We have
ti+h

/ Gt —7)| dr < C’Z/ e lt=7lqr.
Al

iez V't
For t € R, we shall consider two possibilities:
a) t belongs to none of the segments [t;,¢; + h|, i € Z. Then we may assume that

to+h <t<t;. Now for i € N we have

ti+h
/ e—oz|t—T| dr < he—oz(ti—h) < he—oz@(i—l).
t

i

For i ¢ N
ti+h )
/ e—oz|t—T| dr S he—oz(to—ti) S heoz@z)

t;

and as above we conclude that

2
[ G-l < 22 2
Aib 1—e@

b) t belongs to one of these segments, say, to < t <ty + h. Now for i € N we have

ti+h
/ e—oz|t—T| dr S he—oz(ti—to—h) S heozhe—oz917
t

i

and for —2 € N
ti+h

/ e—oz|t—T| dr < he—oz(to—ti—h) < heozheozei.
t

i
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Finally,
to+h
/ e =Tl gr < p

to
and
G dr < Ch | 1+ 2¢0" " iad cn (1 2¢2 70 9
/A?H (t—7)|dr < + 2¢ ;e = (+1_—6_a9> (25)

Combining the estimates (24) and (25), we have

Ch
/ |G(t —71)| dr < ﬁmaX{Q, 1—e @0 4 2e(h=0)1
h —e @

Af

For h small enough, namely, for

h<h = ,
a
estimate (24) holds for any ¢t € R.
In a similar way we derive the estimate
2Ch
6=l < 2 20
AZ 1 —e @

for any t € R and h < hy/2. We omit the calculations, which can be found in [11].
Substituting the estimates (9), (24) and (26) into (23), we find

|Zo2(t)| = O(h). (27)
Adding together the estimates (16), (17), (19) and (27), we obtain
Up2(t)] = O(u?) + O(h). (28)
Henceforth, we shall repeatedly use the following lemma or arguments of its proof.

Lemma 3.1. Let y(¢t) be such that in each of the intervals (t;,ti11), @ € Z, y(t)
exists, except for a finite number of points, and is bounded for ¢t € R. Then for any
h > 0 and for any function y(¢) such that both the integral I = [ |x(t)| dt and the sum

S(h)=>_ sup |x(t)| are convergent we have
1€Z tE(ti ti+h)

‘/_Z xX(t)(y(t) = y(t = h)) dt‘ <h (I sup |i(7)| + S(h) sup ’Ay(m’) .

TER €L

Proof. It suffices to prove the assertion for A small enough. Then we can define the
“bad” set A" = |J(t;,t; + h) as above. If t ¢ A" then

1€Z

ly(t) —y(t—h)| < ’”;25 [9(7)].



306 V.C. Covachev et al. / Central European Journal of Mathematics 3 (2003) 292-314

If t € A" then we have

(8) = y(t = )| < hsup ()| + sup |Ay L)

Now we obtain

‘[:x@ﬂﬂw—y@—h»ﬁ‘

< [ KOlhswlio)]d
R\A

TER

[ ol (hsup 97| + sup rAym)r) dt
Al TER €7

1

<sup l9(T)] / ()] dt + sup |Ay(t;)] Z sup ) :

TER ez, te(t t1+h)

Note that in the proof of this lemma we have used arguments which are just simplified
versions of those used in the evaluation of Zoz(t).

In order to estimate —V}z(t), we represent the integral in (15) as a difference of two
integrals and change the integration variable in the first one to obtain

Vi) = [ ®0{G( =07 (7)(E - D) D(r) 29
~G(t—7+h)® 7 —h)(E—D(r—h)"'D(r —h)}a(r)
In order to apply Lemma 3.1, we carry out one more transformation to obtain
Vs(t) = / " ()G (t — ) {8 (r)(E - D(r))"' D7)
—® (7 — h)(E — D(t — h))"'D(r — h) }a(r)
+ /_OO ()Gt — 7){® (7 — h)(E — D(r — h)) ' D(r — h)i(r — h)
—® Y(7)(E — D(7)) ' D(7)i(r)} dr.

We apply Lemma 3.1 to the first integral, with ®(¢)G(t — 7)2(7) considered as a
function of 7 for any fixed ¢ instead of y, and ®'(7)(E — D(7))"'D(r) instead of y
(with points of discontinuity ¢;, ¢ € Z). Similarly, we can apply the lemma to the second
integral with ®(¢)G(t — 7) considered as a function of 7 for any fixed ¢ instead of y, and
O~Y7)(E — D(7))"'D(7)i(7) instead of y. Thus both integrals are estimated by O(h),

“Vy2(t) = O(h)

and
Unz(t) = Viz(t)] = O(1?) + O(h),



V.C. Covachev et al. / Central European Journal of Mathematics 3 (2003) 292-314 307

1.€.,

U 2(t) — Viz(t)| < Kyp® + Kyh (30)
for some positive constants K7 and K.

To provide the validity of the inequality |Uyz(t) — Vpz(t)| < u, we first choose

- ) 1
o = 1IN {Mm 2K1}'
Then, for any u € (0, fig], we have K;u? < /2 and inequality (30) takes on the form

Unz(t) — Viz(t)] < /2 + Ksh.

B
’2 2K,

then, for any h € (0,h(u)], we have Kyh < p/2 and thus

If we choose

[Unz(t) = Vaz(t)] < p,

i.e., the operator Uy, — V;, maps the set 7, into itself for u € (0, fio] and h € (0,h(u)].

3.3 Contraction property of the operator U, — V},
Let 2/, 2" € 7,. Then

U2 (t) —UZ"(t) = (T12'(t) — 112" (1) + (T2 (t) — 12" (1))
+(S12'(1)S812" (1)) + (Sa2'(t) — S22"(1)).

First we consider

Si2(t) = Si"(t) = D d)G(t — 1)@ (i) (Ji(zh) — Ji(=))).

€L

We have

Ji(z) — Ji(%])
= (LY + 25,0+ 2) — L+ 20 i+ 21)) — Bi(zl — 2!

1
= {/ (OuLi(h; + sz, + (1 — )2 0y + szl 4+ (1 — 8)z]) — 0, L;(¥i, ¥)) ds
0
1
7/ (O Li( + szj + (1 = 8)z] b + s2{ + (L = 8)2!) — 0:Li(hi,1y)) d } (zi—2),
0
thus

1
| Ji(z) — Ji(2])| < 4M2/ [s|zi] + (1 = s)|2/[] ds - |2} — 27|
0
M (|2)] + |2]']) ]2 — 2| < Apby|z — 2|

A
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and
S:12'(t) — Si"(H)] < O(w)|lz" = 2" (31)
Next,
.2 (t) = T,2"(t) = /_OO d(HG(t— 1) () (E — D(7))™* x
X (Q(r,2'(r),2'(7)) = Q(r, " (7),2"(r)) ) dr
We have

|Q(7,2'(7), (7)) = Q(7, 2" (1), #(7))]
< 2M2/0 [s@2 (N + 12 (D) + 1 =) Q2" (D] +[2"(7)])] ds - | (7) = 2"(7)]
+M2/0 [s@IZ (M) +1Z(D]) + (1= 9)(2"()| + [Z"(7)])] ds - |Z(r) = 2"(7)]

1 1
< 205 3(1) 4+ 11 - 12" = ")+ Mo - 3(1 + 12"]) - [12 = 2]
< oulsy |12 — |

and
17,2 (t) — Ti2"(1)] < O(w)ll2" = 2"|. (32)

For the estimation of Sy2'(t) —Sa2"(t) and Iy2' (t) — 52" (t) we denote ' = 1) (t)+2', " =
Y(t) + 2", y"(t) = 2/ (t — 1 — heo(t)), etc. Now

S/ (1) = S2"(t) = Y d()G(t — t) @7 (t,) (0L (x}, 7)) — 0I(af, 7))

1€EZ

and
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SI(x, 7)) — 8I,(«), 7)) =

177

$;7‘f;) z’ z ) ( Z(xz, ‘f” ( ;,7 ;,))

(Zi(
= (Il(xg7i;) %,% ) ( Z(x wwwz))
—(Li(«}, 7)) — L)) + (Li(a],2l) —I(zpz,wz))

L 52l sl — s+ ) (1~ 5)
0

/—I (; + 825,10 + s25) d(1 — s)
/_1 (i + szl i + s(Bi — i + 2)) d(L — s)
/ (i + sz b + sz ) d(1 — s).

Making use (for the first time in this paper) of the continuity of the second derivatives
of I;(x, ) (condition A3), we integrate by parts and rearrange the terms to obtain

SLi(xh, z) — SLi(x), 7))

1)

1
- /(1—s>a2 W 52 o= i D)) d >}
0
1 —
+2{</ (1 — $)O% (065 + 5213 + (s — wz+z>>ds~z;,wi—wi+z;>
0
1
—</ (1= $)O2, 1 (s + 27 s+ 5(s — s + ) ds - 20 s — W + >}
0
1 — — —
+ {</ (1 — 8)02.I;(xh; + sz}, b; + s(00s — bs + 2)) ds - (y — Oy + 20), b — 1 +Zz/>
0

_</01(1_5)32 (i + sz i 4 s( — i+ Z)) ds - (0 — i + 2,0 — i + ">}'

Now we estimate separately the four addends in the braces making use also of the Lip-
schitz continuity of the second derivatives of I;(z;, Z;) according to condition A3. It is
easy to see that the first two addends are estimated by O(u)||z" — 2”||, while the other
two terms are estimated by (O(p) + O(h))||z" — 2"||. So we obtain

[822'(t) = S:2" (1) < (O(u) + O(W))|I=" = "I (33)
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We estimate Zy2'(t) — Z52"(t) in a similar way, using condition Al. Now we have (the
argument 7 is dropped for brevity)

SfC o, @'y — 5f(, 2", 7" 4"
1 (92
:{</0 (1—5)@10( 2,2, + 57" oy sz ds - 2 Z>

1 82 5 B
- </0 (1 _5)@,}0('7‘%7%7’&—’—5’2)’%‘:1&%82’ ds -z )y % >}

1 82
2 1— . B y g
+ </0 ( S)axayf(wxvxvy) x=1p+sz ds-z",Z% >

y=ip+s2"

1
/ 1-— S axa , L $7y) T=1+s2' ds - Z/72/>

-
{
([ s o s
{
A

y=t+sZ

1
(1—2s)02 f w—l—sz"w—l—sz”w—i—sz)ds 2" z”>

o\

_|_

(

1
/(1 s) (452" h+s(p—p+2"), o+ s =+ 2"")) ds - 2" z”>}

1
/ 1—8)02, f(-, 0 +s2  p+s(h—+7), w—i—s(zph V042" ds - 2 z>
0

[e=]

1
—|—2{< (1—8)0% f(,p+ 52/ 0+ s —0+7), 0+ s —¢°+2M)ds - 2,
0
w—w+z>

</011—582 452"+ s —p+ 2,0+ s =0+ 2" ds - 2,
w—w+z>}
{/011—582 b+ s b+ s(h—+ ), 0+ s — 0 + 2™)) ds-
w—w+z»w—w+z>
—<A?1—@%a«mwﬁzww+dw—w+z%&+s@ﬁ—w0+f%ww
<w—w+z%w—¢+z>}

S
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1
+2 {</ (1—8)02, f(, 0 + sz, + s( —p + '), + s(p" — ¢ + 2'")) ds - 2/,
0
,(ph o ,(pO + Z/h>

1
- </ (1= 8)02,f(- 00 + 52" W+ 5( — b + "), 0 + s(¥" — ¢ + 2"")) ds - 27,
0

,(ph o ,(pO + Z”h>}

1
-H{</0—ﬁ%ﬁ@¢+m%ﬁﬂw—¢+%Mﬁmwﬁ—W+%Ww&
0
(W= +7),y" — " +z’h>

1
— </ (1= 8)02,f(, 0+ s2" 0+ s(h —p + "), 00+ s(" — ° + 2")) ds-
0
(¢—w+z”),wh—w°+z”h>}

1
i {</ (L= 8)85,f (0 + 52,9+ s( =9+ 2), 9+ (" — 90 + ")) ds:
0
(0" ="+ 2,0t =y z’h>

1
- </ (1= )85, f( 0+ 52" 0+ s( — 0+ 2"),§ + s(p" — ¥ +2")) ds:
0
(,(ph — 04 Zuh)7¢h — 0 z”h>} i

The first four expressions in the braces are estimated by O(u)||z' —2"|| for all 7 € R. The
fifth and sixth expressions are estimated by

gowwuxmmz—zw for ¢ Al
(O() + O)II' = 2| for 7€ AL
The seventh and ninth expressions are estimated by
gowwuxmmz—zw for ¢ A},
(O() + OM)II' = 2| for 7€ AL,
Finally, the eighth expression is estimated by
(O(u) + O(h))lz" = 2"|| for 7€ AL,
{(O(M) +OM)|IZ" = 2"l for 7€ (AFUAL).

Using these estimates, by arguments similar to those in the proof of Lemma 3.1 we
find
222 (t) — To2" ()] < (O(u) + O(R))|Iz" = 2"|l. (34)

Now by virtue of the estimates (31), (32), (33) and (34) we obtain

ednz" = Up2"|| < (O(p) + O(R)lIz" = 2"]I.



312 V.C. Covachev et al. / Central European Journal of Mathematics 3 (2003) 292-314

In order to estimate V2" — V2", we integrate by parts the expression (29) for V,z(t),
taking into account that the function G(t — 7) is discontinuous at 7 =t while ®(7) and
x(7) are discontinuous at ti,...,t, and making use of the equalities

a% [@()G(t - 1)@~ (7)] = —@)G(t — 1)@ (7)(E — D(1)) "' A(7)
and ®(t; +0) = (E + B;)®(t;), G(+0) — G(—0) = E. We obtain
th(t)
= (E = D(t))"'D(t)(x(t) — x(t—h))

+3 Q)(t){G(t ot — )DLt + h)(E — D(t; + h) " D(t: + 1)

—G(t =)@ (t; + 0)(E = D(t))”' D(ty) } (s, 7)

£ 2 R(C(E )27 (1 + 0)B(E — D(t) ™ Dtz — )

- [ aw{6t-ne)(# - Dir) " AE - D)D)

—G(t—T—I—h)@_l(T—h)(E—D(T—h))_lA(T—h)(E—D(T—h))_lD(T—h)}x(T—h) dr

- /_OO q)(t){G(t — 1) Y1) (E — D(1))'D(r)(E — D(r))*
~G(t—74+h)® (7 —h)(E - D(r—h)"'D(r—h)(E — D(T—h))_l}x(T—h) dr.

Further transforming the two integral terms and applying Lemma 3.1 or arguments of its
proof, we see that they are estimated by O(h)||z|. The sum of the first and third terms
can be estimated by 2(1 + MB3)n(1 —n)~Y|z|.

The difference

Gt—t;—h)®  (t; +h)(E—D(t;+h) ' D(ti+h) =Gt — ;)@ (t; +0)(E — D(t;)) ' D(t;)

is estimated by O(h) for t ¢ A" and by O(h) + n(1 — n)~! otherwise. At last, similarly
o (33), we note that

| Li(a, @) — L], )| < (O(p) + O(h)) || — 2",
thus we have
Vi (t) = V" (1) < (21 + MB)n(1 = n) ™" + O(u) + O(h))|12" = 2"
and

|(Unz'(t) = Vi (1)) — (Un2"(t) — V32" (1))]
< 20+ MBI —n)" + 7+ h) |2 = 2",

where 1 and v, are some positive constants.
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By condition (11) we have

7=2(1+MB)n1—-n""'<l1

Choose a number ¢ € (7,1) and denote r = ¢ — 7, and gy = min { fio, #} and
hy = min {h(m1), 75t Then for any pi € (0,11) and h € [0, k1] we have
(U2 = Vi) = (U = W2")| < qll2 = 2", q € (0,1),
for any 2/, 2" € 7,. O

Thus the operator U}, — V), has a unique fixed point in 7,,, which is an almost periodic
solution z(t,h) of system (13). Since z = 0 is the unique almost periodic solution of
system (13) for h = 0, then z(¢,0) = 0. Now x(¢t, h) = ¢(t) + z(t, h) is the unique almost
periodic solution of system (2) and x(¢,0) = 1 (¢). This completes the proof of Theorem
2.1. O
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