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A B S T R A C T

We perform a theoretical analysis of the Bloch equations of a two-level atom with dephasing. Exact analytical
solutions with two different chirped and time-dependent detuned laser pulses are derived. The atomic
population inversion as well as the coherence are explored for different initial populations. We show that
the stationary population inversion can be controlled.
Introduction

In the field of light–matter interaction, the two-level system pro-
vides a simple way to strengthen the understanding of quantum optics.
It is used as a basis framework to illustrate important light phenomena.
In fact, when a powerful monochromatic laser stimulates such systems,
they exhibit a fluorescence spectrum of three-peak structures known
as the Mollow spectrum measured by heterodyne detection [1,2]. As
for the case of the homodyne detection, the experimental squeezing of
the fluorescent light was demonstrated [3]. Quantum information tech-
nologies [4] used the coherent control of a single two-level quantum
system with electromagnetic fields. Therefore, an impressive progress
has been made by controlling and measuring quantum bits in vari-
ous physical systems including trapped ions [5], quantum dots [6–9],
defects in solids [10], and superconducting quantum circuits [10].
Nonetheless, processing of the quantum computing by coherently con-
trolling a qubit have a significant effect on the advancement of the
quantum information field. This can be achieved by constructing a
qubit (two-level system) that interacts with a time-dependent pulse [11,
12]. Furthermore, the two-level system provided a major insight into
the development of superconducting circuits leading to a substantial
outcome. It was used as a quantum sensor for absolute power cal-
ibration by measuring the spectrum of its dispersed radiation [13].
On the other hand, high-order non-linear optical phenomena were
achieved [14–16] using the technique of femto-second laser chirping
pulse amplification. Chirped pulses are very efficient for achieving and
enhancing the atomic population inversion in atomic and molecular
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systems either by using coherent light–matter interactions like adia-
batic rapid passage (ARP) [17] or by considering specific shaped pulses
with a phase jump [18]. In a previous study, the case of a shaped
exponential pulse was explored [19] , where the authors considered
the simplest form of decoherence out of resonance, namely dephasing,
and derived an exact analytical solution.

In our work, we derive exact analytical solutions for two new types
of pulses: the modified form of the Tanh-hyperbolic pulse and the
modified form of a quotient double exponential wave form. These two
shaped pulses are assumed to excite the two-level atom for chirped
frequencies. Such pulses have been used in numerical analysis as an
analytical form of the pulse shapes of the high-altitude electromagnetic
power (HEMP) and gamma-ray source [20,21]. The possible exper-
imental implementation of such pulses is explained in [22]. In this
paper, we show that for specific shaped pulses, we can achieve a high
population transfer rate, which is critical in the realization of quantum
memory. It is worth to mention that, chirping pulses is widely used in
the CPA laser technique (chirped population amplification) to realize
ultra-short lasers with extremely high-energy. Such pulses are very
efficient in the implementation of the atomic population transfers in
atoms and molecules [23]. Finally, our pulses are typically useful for
specific realistic lasers, for instance the Tan-hyperbolic corresponds to
a sudden switching on–off RF-pulse generator [24], while the modified
Tan-hyperbolic pulse describes an input light that starts from an initial
amplitude and drops suddenly with a fast fall time. From another side,
the modified QEXP wave form is used in the HEMP and G-ray sources.
Even though the exact solutions derived here in the two-level atom are
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Fig. 1. The energy diagram of a two-level atom.

fundamental, they might pave the way for implementations in many
fields of quantum technology, including the realization of quantum
memories and the development of light sources with exceptional optical
properties on demand.

Here, we study a two-level atom, where we apply a strong light
chirped pulse in the presence of a variable detuning. In section
‘‘Model’’, we derive exact analytical solutions for the atomic popula-
tions as well as the coherence between the ground and the excited state.
Two pulses were considered: a modified form of the tan-hyperbolic
pulse and a modified quotient exponential wave form. In section ‘‘Exact
solutions of the atomic population inversion for chirped pulses’’ we
analyse our results followed by concluding remarks.

Model

We consider a two-level atom described by a two-dimensional state
space spanned by the two energy eigenstates |1⟩ and |2⟩ and atomic
frequency 𝜔𝑎. The atom interacts with a laser field with a frequency
𝜔𝑓 . The atom is subject to the dephasing. In many physical systems
dephasing can occur, such as collective dephasing resulting from the
inhomogeneous broadening of the atomic ensemble [25], collision de-
phasing in atomic gas [26] and atomic coherence dephasing generated
by the laser pump field [27].

The considered two-level system interacting with an electromag-
netic field is illustrated in Fig. 1.

The total system Hamiltonian in the interaction picture using the
rotating-wave approximation can be written as

𝐻 = 𝛥(𝑡)𝜎𝑧
ℏ
2
+𝛺(𝑡)𝜎𝑧

ℏ
2

(1)

where 𝜎𝑥, and 𝜎𝑧 represent the Pauli matrices. The part involving 𝛺(𝑡)
presents the time-dependent driving field. Note that the amplitude of
the pulse is the Rabi frequency with the dimension of a frequency
and proportional to the laser–atom interaction such as: 𝛺(𝑡) = −𝑑 𝐸(𝑡)

ℏ ,
where d is the dipole moment. 𝛥 = 𝜔2 −𝜔1 designs the detuning which
is time depending. The temporal evolution of the system is governed
by the master equations of the Hermitian density matrix as:
𝑑𝜌(𝑡)
𝑑𝑡

= −𝑖 [𝐻, 𝜌] + 𝛤
2
(𝜎𝑧𝜌𝜎𝑧 − 𝜌) (2)

with 𝛤 is the dephasing rate inversely proportional to the decoherence
time. Here, we investigate the atomic population inversion as well as
the coherence in the two-level atom excited by a chirped and shaped
laser fields. Our objective is to find the atomic population inversion
𝜌𝑖𝑛𝑣 = 𝜌22 − 𝜌11 at 𝑡 = ∞ by deriving exact analytical solutions to the
density matrix elements under the rotating wave approximation.

The dynamics of the atomic populations and the coherences in terms
of the Bloch equations are giving by:

⎡

⎢

⎢

⎢

⎣

𝑑𝑢(𝑡)
𝑑𝑡

𝑑𝑣(𝑡)
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⎥

⎥

⎦

=
⎡
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⎢

⎣
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𝛥(𝑡) −𝛤 −𝛺(𝑡)
0 𝛺(𝑡) 0

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝑢(𝑡)
𝑣(𝑡)

𝜌𝑖𝑛𝑣(𝑡)

⎤

⎥

⎥

⎦

(3)

Here 𝜌𝑖𝑛𝑣 = 𝜌22 − 𝜌11 denotes the atomic population inversion between
the upper state |2⟩ and the ground state |1⟩ whereas 𝑢(𝑡) and 𝑣(𝑡)
represent respectively the real and imaginary part of the temporal
atom-field coherence 2𝜌12(𝑡). (It is worth noting that 𝑢 and 𝑣 are also
respectively related to the absorption and dispersion spectra if they are
analysed in terms of the detunings).
2

Table 1
The considered optical fields, the detunings, and the used change of variable x(t).

Case 1 Case 2

𝛺 = (tanh(𝑡) − 1)2 𝛺 = 𝑒−3𝛤 𝑡

(1+𝑒−2𝛤 𝑡 )
3
2

𝛥 = sech2(𝑡) 𝛥 = 𝛤 𝑒−2𝛤 𝑡

(1+𝑒−2𝛤 𝑡 )
3
2

𝑥 = tanh(𝑡) 𝑥 = 1
√

𝑒−2𝛤 𝑡+1

Exact solutions of the atomic population inversion for chirped
pulses

In this work we focus on two different cases of chirped pulses.
The first one is a Tan-hyperbolic modified waveform while the other
one is known as Pulsed modified form of exponential functions [22].
Physical parameters of the pulse such as the pulse rise time, full width
at half maximum and full time are usually expressed as mathematical
parameters related to the dimensionless parameter 𝛤 in this analysis.
Such, exponential waveforms are widely used to describe high power
electromagnetic fields known as (HEMP) and ultra wide band pulses
(UWB) [20]. Some modified exponential forms denoted as double ex-
ponential (DEXP), quotient exponential (QEXP) and power exponential
(PEXP) have been widely used with physical parameters relevant to
experimental situations [22]. Next, we derive exact analytical solutions
for the atomic population inversion as well as the coherence. It is
worth noting that, in a realistic case, one can only observe a tempo-
ral coherence if the pulsed duration of the field is shorter than the
time constant of any decay mechanisms. In other terms, spontaneous
radiative transitions disrupt coherence, hence in order to arrange an ob-
servable coherence, one must ensure that the interaction time between
the field and the atom is shorter than the radiative decay constant.
Here, we limit our study to the analytical analysis of exact solutions
for the two cases detailed in Table 1.

In order to solve the system of differential equations describing
the Bloch equations for the two chirped cases mentioned above, we
introduce three new variables: 𝑣1, 𝑢1 and 𝜌𝑖𝑛𝑣1 related to the previous
𝑢(𝑡), 𝑣(𝑡) and 𝜌𝑖𝑛𝑣(𝑡) as:

𝑣1(𝑡) = 𝜈(𝑡)𝑒𝛤 𝑡 (4)
𝑢1(𝑡) = 𝑢(𝑡)𝑒𝛤 𝑡 (5)

𝜌𝑖𝑛𝑣1(𝑡) = 𝜌𝑖𝑛𝑣(𝑡)𝑒𝛤 𝑡 (6)

By considering new change of variables 𝑥 = ∫ 𝛥(𝑡)𝑑𝑡, and defining
𝑔(𝑥) = 𝛺(𝑥)

𝛥(𝑥) and ℎ(𝑥) = 𝛤
𝛥(𝑥) , Eq. (3) becomes:

𝑑𝑢1
𝑑𝑥

= −𝑣1(𝑥) (7)

𝑑𝑣1
𝑑𝑥

= 𝑢1(𝑥) − 𝑔(𝑥)𝜌𝑖𝑛𝑣1(𝑥) (8)

𝑑𝜌𝑖𝑛𝑣1
𝑑𝑥

= ℎ(𝑥)𝜌𝑖𝑛𝑣1(𝑥) + 𝑔(𝑥)𝑣1(𝑥) (9)

These coupled differential equations will be the basis of our further
endeavour to determine the exact solutions for the two considered
chirped pulses in Table 1.

Case 1: Modified tan-hyperbolic pulse

The input pulse (see Table 1) has the shape of a modified Tan-
hyperbolic wave pulse. The Tan-hyperbolic pulse begins from 𝑡 = 0
with an amplitude increasing towards the long-time asymptotic value
0. Such a behaviour of the input pulse is observed, e.g., after a sudden
switching on–off RF-pulse generator [28]. In contrast, the modified
Tan-hyperbolic form considered here, starts from an initial amplitude
and drops suddenly with a fast fall time. (See Fig. 2.)
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Fig. 2. The pulse shape: Tanh and modified Tan-hyperbolic wave forms.

Fig. 3. Frequency detuning 𝛥(𝑡) = sech2(𝑡).

The frequency of the pump pulse is considered here as a time-
ependent, the shape of the frequency detuning is illustrated in Fig. 3.
t is worth mentioning that the time-dependent frequency detuning is
sed in the adiabatic population transfer for Raman systems [29,30].

We turn our attention now to the exact solution of Bloch Equations
or this considered pulse.

By repeated differentiation and substitution of the last three
qs. (7)–(9) we get a linear third-order ordinary differential equation

𝑑3𝑢1
𝑑𝑥3

+
(

2
1 + 𝑥

)

𝑑𝑢1
𝑑𝑥

= 0 (10)

Solving the last equation leads to expressions of 𝑢1(𝑡), 𝑣1(𝑡) and 𝜌𝑖𝑛𝑣1
in terms of Bessel functions (type 1 and 2). Consequently the exact
dynamical solutions of the coherence and population inversion can
be determined. It is of great interest to derive the solutions in terms
of initial conditions, since they may influence the atomic population
inversion. We consider as initial conditions of the two-level system:

√

𝐴(1 − 𝐴), 𝑣(0) = 0, 𝜌 (0) = 1 − 2𝐴 where A denotes the
3

𝑢(0) = 2 𝑖𝑛𝑣
nitial atomic population in the ground state |1⟩. This gives:

𝑢1(𝑡) = 𝑐1 + 𝑐2(1 + tanh(𝑡))𝐽2(2
√

2 + 2 tanh(𝑡))

+ 𝑐3(1 + tanh(𝑡))𝑌2(2
√

2 + 2 tanh(𝑡)) (11)

1(𝑡) =
(

𝑐2𝐽1(2
√

2 + 2 tanh(𝑡)) + 𝑐3𝑌1(2
√

2 + 2 tanh(𝑡))
)

√

2 + 2 tanh(𝑡)

(12)

where

𝑐1 = −𝐴 +
√

𝐴(1 − 𝐴) + 1
2
,

𝑐2 =
𝑌1

(

2
√

2
)(

2
√

𝐴 (1 − 𝐴) + 2𝐴 − 1
)

−2 𝐽0
(

2
√

2
)

𝑌1
(

2
√

2
)

+ 2 𝐽1
(

2
√

2
)

𝑌0
(

2
√

2
)

nd

3 =
𝐽1

(

2
√

2
)(

2
√

𝐴 (1 − 𝐴) + 2𝐴 − 1
)

2 𝐽0
(

2
√

2
)

𝑌1
(

2
√

2
)

− 2 𝐽1
(

2
√

2
)

𝑌0
(

2
√

2
)

Then the time evolution of the real and imaginary parts of the
coherence have the following expressions:

𝑢(𝑡) =

√

1 − tanh(𝑡)
1 + tanh(𝑡)

(

𝑐1 + 𝑐2(1 + tanh(𝑡))𝐽2(2
√

2 + 2 tanh(𝑡))

+ 𝑐3(1 + tanh(𝑡))𝑌2(2
√

2 + 2 tan(𝑡))
)

(13)

𝑣(𝑡) = −

√

1 − tanh(𝑡)
1 + tanh(𝑡)

((

𝑐2𝐽1(2
√

2 + 2 tanh(𝑡))

+ 𝑐3𝑌1(2
√

2 + 2 tanh(𝑡))
)

√

2 + 2 tanh(𝑡)
)

(14)

The dynamics of the atomic population inversion is governed by:

𝜌𝑖𝑛𝑣(𝑡)

=
(

2(𝐾𝑌1(2
√

2)(1 + tanh(𝑡))𝐽1(2
√

2 + 2 tanh(𝑡)))

−𝐾𝐽1(2
√

(2))(1 + tanh(𝑡))𝑌1(2
√

2 + 2 tanh(𝑡)) +
√

2 + 2 tanh(𝑡)(−𝐾𝑌1(2
√

2)(tanh(𝑡) − 1)𝐽0(2
√

2 + 2 tanh(𝑡)) + (15)

𝐾𝐽1(2
√

2)(tanh(𝑡) − 1)𝑌0(2
√

2 + 2 tanh(𝑡)) −

(−𝑌1(2
√

2)𝐽0(2
√

2) + 𝑌0(2
√

2)𝐽1(2
√

2))(𝐴 −
√

𝐴(1 − 𝐴) − 1
2
))
)

×

1
√

2 + 2 tanh(𝑡)
(

−2𝑌1(2
√

2)𝐽0(2
√

2) + 2𝑌0(2
√

2)𝐽1(2
√

2)
)

where 𝐾 = 𝐴 +
√

𝐴(1 − 𝐴) − 1
2 . The stationary solution reads:

𝜌𝑖𝑛𝑣(∞) =
(

((2𝑌1(4) − 2𝑌0(2
√

2))𝐽1(2
√

2)

− 2𝑌1(2
√

2)(𝐽1(4) − 𝐽0(2
√

2)))
√

𝐴(1 − 𝐴) −

2((−𝑌1(4) − 𝑌0(2
√

2))𝐽1(2
√

2)

+ 𝑌1(2
√

2)(𝐽1(4) + 𝐽0(2
√

2)))(𝐴 − 1
2
)
)

(16)

1
(

2𝑌1(2
√

2)𝐽0(2
√

2) − 2𝑌0(2
√

2)𝐽1(2
√

2)
)

The figures of 𝑢(𝑡) and 𝑣(𝑡) are displayed as 3D-plots representing
the variation of the atomic coherence as function of the initial state
and time. We observe that the coherence (more precisely both its real
and imaginary parts which are linked respectively to the absorption
and dispersion 𝑢 and 𝑣) is almost independent of the initial state while
the population inversion is sensitive to initial conditions (see Figs. 4
and 5). As the time evolves, the dispersion and absorption decrease.
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Fig. 4. 3D-plot of the absorption as a function of normalized time and initial population
for pulse 𝛺 = (tanh(𝑡) − 1)2 and detuning 𝛥 = sech2(𝑡).

Fig. 5. 3D-plot of the dispersion as a function of normalized time and initial population
for pulse and detuning same as Fig. 4.

The population inversion left is illustrated in Fig. 6. The stationary
population inversion, 𝜌𝑖𝑛𝑣(∞), is almost linear on the parameter A
(representing the initial population at the ground state). The population
inversion left is controlled by this initial condition and can be enhanced
by stimulating the population in the excited state of the two-level
system. We notice in this simulation that the dephasing rate is taken as
a normalization factor ( 1

𝛤 = 1). By using this type of pulse shape and
considering the initial population totally in the excited state, we find
that 89.4% of the population is excited at infinity. Another significant
case of possible importance in quantum metrology is that the system
is initially in a coherent superposition of the two states (𝐴 = 1

2 ). For
this case we get a population inversion. The population distribution in
the ground and the excited states are respectively 57.5% and 42.5%.
4

Fig. 6. Atomic population inversion Left 𝜌𝑖𝑛𝑣(∞) for pulse and detuning same as Fig. 4.

Fig. 7. Shapes of modified QEXP pulses.

Even though for A=1 the initial population is in the ground state, the
left population distribution in the excited state represents 16%.

Case 2: modified quotient exponential pulse

For the second case where the two-level system is derived by a
modified quotient exponential pulse (QEXP) in the form 𝛺 = 𝑒−3𝛤 𝑡

(1+𝑒−2𝛤 𝑡)
3
2

(Fig. 7 represents the time dependence of the pulse for different values
of 𝛤 ) and with a time-variable detuning 𝛥 = 𝛤 𝑒−2𝛤 𝑡

(1+𝑒−2𝛤 𝑡)
3
2

, the Bloch

equations can be reduced after multiple differentiations and algebraic
manipulations of the dynamical Eqs. (7)–(9) to the following differen-
tial equations describing the evolution of the modified real part of the
coherence:
𝑑3𝑢1
𝑑𝑥3

+ 1
𝑥2

𝑑𝑢1
𝑑𝑥

= 0 (17)

The solution of this equation with initial conditions 𝑢(0) = 2
√

𝐴(1 − 𝐴),
𝑣(0) = 0, 𝜌𝑖𝑛𝑣(0) = 1 − 2𝐴 allows us to determine the time evolution of
the population inversion as well as the dynamical expressions of the
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Fig. 8. 3D-plot of the real part of the coherence as a function of normalized time and
initial population for pulse 𝛺 = 𝑒−3𝛤 𝑡

(1+𝑒−2𝛤 𝑡 )
3
2

, detuning 𝛥 = 𝛤 𝑒−2𝛤 𝑡

(1+𝑒−2𝛤 𝑡 )
3
2

and 𝛤 = 1.

coherence:

𝜌𝑖𝑛𝑣(𝑥) = 𝑐1 + 𝑐2𝑥
3
2 sin

(

√

3
2

ln 𝑥
)

+ 𝑐3𝑥
3
2 cos

(

√

3
2

ln 𝑥
)

+ (18)

+
𝑐2
√

3 cos
(

√

3
2 ln 𝑥

)

√

𝑥
−

𝑐3
√

3 sin
(

√

3
2 ln 𝑥

)

√

𝑥

𝑢(𝑥) =

√

1 − 𝑥2
𝑥

(

𝑐1 + 𝑐2𝑥
3
2 sin

(

√

3
2

ln 𝑥
)

+ 𝑐3𝑥
3
2 cos

(

√

3
2

ln 𝑥
))

(19)

𝑣(𝑥) =

√

1 − 𝑥2
𝑥

(

−3
2
𝑐2
√

𝑥 sin
(

√

3
2

ln 𝑥
)

−

√

3
2

𝑐2 cos
(

√

3
2

ln 𝑥
)

− (20)

− 3
2
𝑐3
√

𝑥 cos
(

√

3
2

ln 𝑥
)

+

√

3
2

𝑐3
√

𝑥 sin
(

√

3
2

ln 𝑥
))

where 𝑥 = 1
√

𝑒−2𝛤 𝑡+1
, 𝑐1, 𝑐2 and 𝑐3 are constants given by the expressions

in Box I.
Figs. 8 and 9 are illustrated as 3D-plot of the real and imaginary

parts of the atomic coherence in terms of the initial state and nor-
malized time. As the time evolves, the real part of the coherence
𝑢(𝑡) increases while the imaginary part linked to the dispersion 𝑣(𝑡)
decreases. 𝑢 and 𝑣 are pseudo-independent of the initial population
distribution. Now, we are interested to analyse the behaviour of the
population inversion as a function of the initial population. From
Eq. (18) we deduce the expression of the atomic population inversion
at infinity:

𝜌𝑖𝑛𝑣(∞) = 1
3

(

√

𝐴(1 − 𝐴) + 𝐴 − 1
2

)

2
3
4

(

−2 cos
(

√

3
4

ln 2
)

−2
√

3 sin
(

√

3
4

ln 2
) )

+

1
6
− 𝐴

3
+ 5

3
√

𝐴(1 − 𝐴) (21)

Fig. 10 represents the atomic population inversion left as function of
the initial state. This plot shows us that 𝜌𝑖𝑛𝑣(∞) is pseudo-linear on the
population of the ground state.

This initial condition governs the remaining population inversion
and can be improved by stimulating the population in the excited state
5

Fig. 9. 3D-plot of the imaginary part of the coherence as a function of normalized
time and initial population for pulse, detuning and 𝛤 same as Fig. 8.

Fig. 10. Stationary atomic population inversion 𝜌𝑖𝑛𝑣(∞) for Pulse, Detuning and 𝛤 same
as Fig. 8.

of the two-level system. In this simulation, we note that the dephasing
rate is taken as a normalization factor ( 1

𝛤 = 1).
We found that 98.93% of the population is excited at infinity by

using this form of pulse shape and considering the initial population
entirely in the excited state. When the system is initially in a coherent
superposition of the two states (A = 1

2 ), the population inversion is
almost vanishing. The population distribution in the ground and the ex-
cited states are respectively 50.75% and 49.25%. For A=1, we observe
that the initial population is in the ground state and the left population
distribution in the excited state represents 1.61%. Compared with the
first case where the pulse has a modified Tan-hyperbolic form, we de-
duce that the current pulse generates more population inversion for an
initial population totally distributed in the excited state. However, for
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Box I.
ther initial states the modified Tan-hyperbolic pulse is more adapted
or producing stationary population in the excited state.

onclusion

In this paper, we have investigated the effect of the light pulse
hape on the control of the stationary atomic population inversion.
y exploring the Bloch equations for two different chirped pulses
ith time-dependent frequency detuning, we have shown that we can

ontrol the atomic population dynamics by manipulating the light
ulse and the initial population in the ground state. We have derived
xact solutions for Modified Tan-hyperbolic and Modified Quotient
xponential pulses, considering the dephasing. We have shown that
y using these pulses the population inversion can be conserved for
long time. Furthermore, for an initial population in the ground state,

he stationary population distribution has a non-negligible part in the
xcited state, in particular for the modified quotient exponential pulse.
e conclude that this pulse induces more population inversion for

n initial population entirely in the excited state than the modified
an-hyperbolic pulse, while Tan-hyperbolic pulse induces the reverse
ituation for other initial conditions. Thus, for other initial states,
he modified Tan-hyperbolic pulse is more suitable for generating
tationary populations in the excited state.
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