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ARTICLE INFO ABSTRACT
Keywords: This paper investigates the intrinsic decoherence effect on quantum memory and coherence dynamics of two
Quantum-memory-assisted entropic dipole-coupled qubits in a non-degenerate bimodel cavity. Entropic uncertainty, entropy, and concurrence
uncertainty are utilized to examine the dynamics of quantum-memory-assisted entropic uncertainty relations, mixedness,
Intrinsic decoherence and entanglement. The results indicate that the nonlinear interactions between the two qubits and the cavity
Entanglement generate quantum-memory-assisted entropic uncertainty, mixedness, and entanglement, which are reliant not
only on the qubit-qubit interaction but also on the intrinsic decoherence and coherence intensity of the initial
two-mode cavity states. For specific values of the dipole-dipole interaction, non-classical correlations can be
enhanced By reducing the initial intensity coherence, the stability of the quantum memory-assisted entropic
uncertainty relations, as well as the two-qubit mixedness of the intrinsic decoherence, are accelerated.
Introduction quantitative measures of entanglement in closed systems, and pu-

The uncertainty relations [1] are a fundamental concept in quan-
tum physics. They illustrate how quantum physics differs from clas-
sical physics, as well as impose the lower bound on the precision
for measuring two incompatible observables. The connection between
the uncertainty relation and quantum information theory has been
introduced and updated as the entropic uncertainty relations (EURs) for
two arbitrary observables [2-4]. Teleportation [5], quantum key distri-
bution [6], cryptographic security [7], and quantum metrology [8] are
only a few of the possible uses for EURs. Here, EURs will be utilized
to explore the dynamics of quantum-memory-assisted entropic uncer-
tainty relations. The effects of the intrinsic decoherence, qubit-cavity
and qubit—-qubit interactions will be analyzed.

Quantum coherence [9-11], in particular purity and quantum en-
tanglement [12], have striking features in many quantum information
processing tasks, quantum information [13-15], quantum computa-
tion [16-19], teleportation [20], and quantum cryptography [21].
Tangles and von Newmann entropy have been shown to be reliable

rity/mixedness in open systems [22]. In numerous physical quantum
systems [23], entanglement of formation [24], concurrence [25], and
negativity [26] have been proposed as suitable entanglement quanti-
fiers. It is worth noting that Refs. [27,28] establish a link between
coherence and quantum correlation.

The quantum memory-assisted entropic uncertainty relation (QM-
A EUR) [29,30] is a key example of how the uncertainty relation
and quantum correlation (between the quantum state of the observed
system and the state of another quantum system (memory)) can be
linked. QM-A EUR has been experimentally established [31-34]. Sev-
eral research have confirmed the relationship between the uncertainty
relation in quantum states and their entanglement (memory) using
the uncertainty Alice-Bob procedure between two members (A and B
qubits) [29,30]. Bob designates the two entangled qubits in this tech-
nique, and A-qubit is transferred to Alice as the measurement system,
while B-qubit is rested with Bob as the memory system. Then, after col-
lecting their measurements, Alice informs Bob of her decision. The two-
qubit correlation/mixedness determines Bob’s ability to predict Alice’s
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outcomes. In several significant two-qubit systems, the relationship
between quantum memory assisted entropic uncertainty and quantum
correlations has been investigated, such as: Heisenberg XYZ chain with
Dzyaloshinskii Moriya interactions [35], long-range two-qubit Ising
model with an arbitrary magnetic field [36], three noninteracting
qubits under a noisy environment [37], three Heisenberg-XXZ-chain
qubits in a uniform magnetic field [38], and two dipole-coupled qubits
subjected to a driving coherent radiation field [39].

Decoherence is a major issue in a growing number of quantum-
processing-based technological applications [40]. Exploring its effects
on the dynamics of quantum qubit information resources (especially in-
trinsic decoherence [41]) is therefore becoming a prominent objective
in many practical qubit systems [42-44].

The motivation behind this publication is that (1) quantum systems
cannot be completely shielded from decoherence since quantum mem-
ory and coherence are susceptible to decoherence effects. (2) There
have been relatively few studies on the quantum memory and coher-
ence dynamics of the two-qubit state that is created by qubit-cavity
and qubit-qubit interactions [38]. Therefore, studying the dynam-
ics of quantum-memory-assisted entropic uncertainty relations in the
presence of generated qubit-qubit quantum coherence owing to qubit—
cavity and qubit-qubit interactions under intrinsic decoherence is an
exciting topic.

This manuscript is arranged as follows: In Section “The Model”, an
analytical description of the Milburn intrinsi ¢ decoherence model for
two qubits interacting with two-mode generalized coherent cavity fields
is presented. Section “Two-qubit Information Resource Quantifiers”
and Section “Dynamics of Two-qubit Effects” discuss the entropic un-
certainty, two-qubit mixedness, and two-qubit concurrence dynamics.
The conclusion is presented in Section “Conclusion”.

The model

The considered physical system consists of two dipole-coupled
qubits, that are coupled via the dipole-dipole interaction. Each j-
qubit (j = A, B) includes the |0;) lower and |1;) upper energy states
interact with bimodal cavity fields through a non-degenerate two-
photon transitions. The Hamiltonian of the qubit-cavity interactions
is given by

2
=3 Mo+ )
i=1 j
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M} + Mg, @

where the first term, M 'c = a),-(xizf W + %), represents the free Hamil-

tonians of the bimodal cavity fields. 1/7;"(1/7,-) and w; (i = 1,2) are
the creation (annihilation) operators v, ({%;) and the frequencies of the
bimodal cavity fields, respectively. While the second and third terms,
M é c and M 0s» describe the interactions of the j-qubit with the bimodal
cavity fields and the interactions between the two qubits, respectively.
Méc and M, are given by

M. = 26+ 2098, + i 6),
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Here, the two dipole-coupled qubits have the same frequency w with

the Pauli operators &, = [1,)(0;], 6/ = [0;)(1;], and &} = |1,)(1;| —
|0;)0;]. The strength of the qubit-field interactions is controlled by
the same coupling constant 4 and the qubit—qubit coupling J.

We derive the Hamiltonian of Eq. (1) by transforming the operators
of the two-mode cavity fields to Su(l, 1) operators, which provides an
analytical description for the dynamics of the qubit-cavity. Due to the
frequencies of the two-mode cavity fields are physically considerably
less than the frequency between the qubit’s two electronic levels and
to generate Su(l, 1) operators, we take the case where the frequencies

of the two-mode cavity fields are equal to half of the qubit-frequency,
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@

o Thus, the qubit-cavity Hamiltonian of Eq. (1) by
using the Su(l, 1) operators, K + and K, can be expressed as

ie, w =w, =

Ay =K, + Y %&;’ + AK_o] + K, 6")+ My, @
j=A.B

where, R_ =i, = KTy, Ky = 2@+ 9o +1), (Ko, K] = K, and

[K_,K,] =2K,. These Su(l, 1) operators K, and K, (with the Bargmann

number k) verify [45]:

Rolm,ky = (m+k)|m, k), K_|m,ky = X ,,Im— 1,k)
K |m kY = Xppprlm+ 1,k), Xy = V2 + 2km — m.

In the space qubit-cavity states { |@;) = [1 415, 1, k), |@y) = |1,0p5, n+
L k), |@3) = 10415, n+ 1, k), |@s) = [0,0p,n+2,k) }, the eigenstates |]")
of the qubit-cavity Hamiltonian of Eq. (2) are given by
4
|EZ) = Y Epiloe), (m=1,2,3,4). 3)
k=1
The coefficients E,, satisfy the eigenvalue-condition: H|E") = E,,|E").
The corresponding eigenvalues E! are:

El = on+k+1) E;’=a)(n+k+1)—J, (€))
1, 1
Ej = on+k+1)+ 7 - 5\/12 +8AX2, XD ).
- Ly oL [ ey 2
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The decoherence can be described in a variety of approaches. One
of these, intrinsic decoherence, which is regulated by the Milburn
equation [41] and explains why the system loses its quantum coherence
and entanglement as it progresses. For intrinsic decoherence, which
results in a quantum coherence loss without the usual decay-related
energy loss, Milburn established a governing dynamical equation. Oth-
ers approaches are governed by Master equations, describing system—
reservoir interactions [46,47], which lead naturally to decoherence
as the information is immediately lost after evolution. The Milburn
equation that governs the time evolution of the qubit-cavity density
matrix M (r) under the effect of decoherence (identified by the intrinsic
decoherence rate y) can be written as:

d PRSI (NP
EM(I)_ i[H, M] Z[H’[H’M]]’ %)

Multiple quantum effects in various real systems, including supercon-
ducting circuits [43], polar-molecule states [44], single Cg, solid state
transistors [48], and trapped-ion systems [49], have been investigated
using the Milburn approach.

To determine a particular solution for the qubit-cavity density
matrix M(t) of Eq. (5), we consider that the initial reduced two-
qubit density matrix describes the upper two-qubit state as: M4B8(0) =
[1415)(1415|. While the initial two-mode fields are described by the
generalized coherent state [50] as

la.k) =Y F,|mk), (6
=0

with

2k—1 m
=1/ lal - :
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The functions I'(x) and I,(x) represent the gamma and the modified
Bessel functions. It is highly appropriate to consider the nonlinear
generalized coherent state |a, k) as the initial state for the cavity fields.
This type of coherent state can be formulated in the SU(I, I)-system
basis {|n, k)}(n = 0,1,...). It is the generalized entangled pair coherent
state [50]. The generalized coherent state can be implemented by
magnetized homogeneous anisotropic 2D-Dirac materials [51]. It has
certain crucial special states; the even and odd coherent states can be

obtained from |a, k) by taking k = le and k = %, respectively. The
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nonlinear coherent state |a, %), which describes a nonlinear coherent
state that can be realized as a stationary state of the trapped ions’
center-of-mass motion [52] is another special state for |a,k). The
analytical solution of the Milburn Eq. (5) is given by [53]

_ - (Yt)k k Tk
M@ = Z o D*(tyM(0)D ™ (1), @
k=0 )

PSER e
where DF() = Hke 172" and M(0) is the initial qubit—cavity
density matrix, which is expressed by

M) = [1415)1415] ® |a, k){a, k|, (I =1,2) 8

By utilizing the eigenvalues E! (k = 1 —4) and the eigenstates |E])
of the qubit-cavity Hamiltonian of Eq. (2), the solution of the Milburn
equation is then:

M@ = Y Y FFSulEPXE]| + Sl Ef)ES
m,n=0 k=1,3,4

+ Sl EZEL 9)

Sn o= EﬂEﬁDns
Sy = Ef\Ej Dy,
Sy = EV\E} Dy,

831 = E3\ EJ\ D3y, Sy = EJ\ EY\ Dy,
Sy3 = E5\ B3 D33, S3q = E5 Ej | Dy,
Sy = Ef;"] E;H Dy3, Sy = Eﬁ EZI Dy,
_ Y pm_pny2 .
where the function D, ; = e 3 (Ep =B depends on the eigenvalues E!,
of the Hamiltonian of Eq. (2). To explore quantum memory assisted
entropic uncertainty and coherence dynamics for two qubits, we seek
the temporal evolution of the reduced two-qubit density matrix M 48(r)
by taking the trace over the states {|k)}(k =0, 1,2, ..., o) for the system
density matrix M () of Eq. (9).

MAB(1) = £3 0 (M(D} = Y (KIM@D)IK). (10)
k=0

Two-qubit information resource quantifiers

*  Quantum-memory-assisted entropic uncertainty relations
(QMA-EURs):
Here, we consider the QMA-EURs derived by Berta et al. [54].
In the presence of quantum memory, the entropic uncertainty
relations (for a pair of initially entangled state AB with the
density matrix M ,p) are restricted by:

S(P|B) + S(Q|B) = S(A|B) +log, % 1D

where S(A|B) = S(M,p) — S(M}p) represents the density opera-
tor’s conditional von Neumann entropy with the density matrix
Myp. S(M) = —tr(M log, M) designs the von Neumann entropy
for a density matrix with M € {M 5, Mp}. S(X|B) = S(Myp) —
S(Mp) with X € {P,Q} is the conditional Von Neumann entropy
of the post measurement state My p:

Myp = Z (v ) (w | @ DM 4 p(lw, ){(w, | ® D). 12)

Here Mg = tr,(M4p), |y,) is the eigenvectors of X. I represents
the identity operator. The parameter ¢ on the right side of the
inequality (11) is the maximal overlap of the observables P and
Q. It is defined as: ¢ = max;; [(¢; | qoj)|2 with |¢;) and |@;) are the
observable’s eigenstates P and Q.

In other words, the inequality (11) illustrates how the memory’s
effect reduce the lower bound of the memory-assisted entropic
uncertainty relation.

In the case of the two spins operators o, and o, the left-hand and
right-hand sides of the inequality (11) can be expressed as:

L(t) = S(M,_g)+ S(M,_g) —2S(Mp), (13)
R(t) = S(M4p)— S(Mg) + 1, a4

L(t) denotes the entropic uncertainty and R(z) its lower bound.
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» Two-qubit concurrence entanglement (CE) :
One of the most popular quantifiers of entanglement between
two particles A and B is the concurrence. It [55] can be used
to explore the time-dependent two-qubit entanglement induced
by qubit—cavity interactions. For the density matrix of the two
particles MAB(z). the expression of the concurrence is

€)= max{0,\/A; = Vi = Vs = Vg ), 1s)

Ay > A, > A3 > A4 represent the eigenvalues of the matrix:
R= MAB(ay ® Gy)l\;l*AB(ay ®o0)).

Entropy mixednes (EM) :

Entropy is employed in this case to measure the amount of two-
qubit mixedness [56,57]. The expression for qubit-qubit entropy
is as follows:

S ==Y 4 In(A), (16)
i=1

which depends on the eigenvalues A’ of the qubit-qubit state

MAB(r) of Eq. (10).

Dynamics of two-qubit effects

Here, we explore the dynamics of the entropic uncertainty, two-
qubit mixedness, and two-qubit concurrence for an initial generalized
coherent cavity state. The Bargmann index is taken here as k = %

In Fig. 1, L(r), R(t), S(t), and C(t) are plotted for different intrinsic
decoherence rates with a large value (¢ = 6). In the absence of the
intrinsic decoherence and the dipole—dipole interaction, Fig. 1a depicts;
(1) the dynamics of the quantum-memory-assisted entropic uncertainty
procedure, in which Bob sends Alice an A-qubit that is initially dis-
entangled (pure state) with another of his quantum memory B-qubits,
i.e., the dynamics of Bob’s ability to minimize his uncertainty about
Alice’s measurement outcomes in the absence of intrinsic decoherence
and dipole-dipole interaction. Because Bob has access to the quantum
memory B-qubit, the entropic uncertainty function L(¢) measures Bob’s
entire amount of ignorance about the outcome of Alice’s measurement.
(2) The dynamics of the two-qubit entropy mixedness, and concurrence,
which are good indicator to the amount of the quantum memory B-
qubit and the prediction accuracy of outcomes of Alice’s measurement.
(3) Nonlinear qubit—cavity interactions’ capacity to produce two-qubit
QMA-EURs, two-qubit entropy mixedness, and concurrence. We note
that the inequality of the quantum-memory-assisted entropic uncer-
tainty relations is indeed fulfilled, as shown in Fig. la. After the
qubit-cavity interactions are started, the two-qubit quantifiers of the
QMA-EURs, EM, and CE arise with periodic oscillatory behavior with z-
period. This means that, due to the nonlinear cavity—qubit interactions,
the initial pure excited two-qubit states (with no quantum-memory)
can be evolved to correlated states. The dynamical behavior of the
QMA-EURs relates to generating an irregular prediction accuracy of
Alice’s measurement results with these generated mixedness and entan-
glement. The oscillating behaviors of QMA-EURs and entropy mixednes
dynamics are reverse to that of two-qubit entanglement. The increase in
two-qubit mixedness enhances entropic uncertainty. The concurrence
exhibits sudden birth and sudden death entanglement [58,59]. During
the intervals where the entanglement is vanished (in which, the quan-
tum memory B-qubit is completely erased), the generated QMA-EURs,
two-qubit entropy mixedness reach their maxima. The gap between
the entropic uncertainty and its lower bound vanishes periodically at
certain specific times (i.e., L(f) ~ R(?)). As a result, the effects of
quantum memory regulate not just the lower bound but also the actual
uncertainty, allowing Bob to precisely estimate Alice’s measurement
predictions.

Fig. 1b, illustrates the dynamics of the measuring uncertainty and
the entropy mixednes as well as the concurrence under the effect of
the intrinsic decoherence y = 0.014. By comparing Fig. 1b and a, we
observe that in the presence of intrinsic decoherence, the qubit-cavity
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Fig. 1. Dynamics of the entropic uncertainty L(r), its lower bound R(r), entropy
mixednes S(r), and concurrence C(¢) are plotted when « = 6 and J = 0 for different
intrinsic decoherence rates: y = 0.0 in (a) and y = 0.014 in (b).

interactions are able to generate a stable quantum-memory-assisted
entropic uncertainty, mixedness, and entanglement. The phenomena of
two-qubit entanglement’s sudden birth and death disappear. The stabil-
ity of the generated partial two-qubit entanglement/quantum memory
improves the stability of the Entropic uncertainty-relations. The lower
bound of Alice’s entropic uncertainty contains the same information as
the two-qubit mixedness.

Fig. 2 illustrates the relation between the generated QMA-EURs,
two-qubit mixedness, concurrence and the qubit-qubit interaction. The
two-qubit measures are shown with the same values as in Fig. 1, but
for different values of J/A: J =54 in (a), J =304 in (b), and J = 2004
in (c¢). From Fig. 2a and b, in the absence of the decoherence effect, we
record following observations: (1) The oscillations and amplitudes of
the QMA-EURs, two-qubit mixedness, and concurrence present notable
changes. (2) QMA-EURs and two-qubit mixedness are reduced, while
entanglement is enhanced. Furthermore, increasing the qubit—qubit
interaction destroys the sudden birth-death two-qubit entanglement.
Fig. 2c shows that increasing the strength of the qubit-qubit interaction
leads to a reduction in quantum uncertainty with L(r) ~ R(f), and an
increase of the generated two-qubit entanglement/ quantum memory.

Results in Physics 41 (2022) 105924
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Fig. 2. Entropic uncertainty-relations, the entropy mixednes and the concurrence
entanglement dynamics of Fig. la (y = 0.0 and a = 6) are plotted in the presence
of the qubit-qubit interaction: J =54 in (a), J =304 in (b), and J = 2004 in (c).

In this case of L(f) ~ R(t), the quantum memory controls the lower
limit and the uncertainty, allowing Bob to precisely estimate Alice’s
measurement predictions. We can deduce that the quantum memory
increases as a result of the qubit—qubit interaction, and therefore the
lower bound of the memory-assisted entropic uncertainty relations
diminishes.

In Figs. 3 and 4, we examine how the dynamics of QMA-EURs,
two-qubit mixedness, and two-qubit entanglement are affected by the
dipole—dipole interaction. In Fig. 3, the QMA-EURs, EM, CE quantifiers
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Fig. 3. Dynamics of the entropic uncertainty L(t), its lower bound R(r), entropy
mixednes S(r), and concurrence C(r) are plotted for J = 0 and small value of the
initial cavity coherence intensity « = 1 for different intrinsic decoherence rates: y = 0.0
in (a) and y = 0.014 in (b).

are depicted for a small value of the coherence intensity of the initial
cavity state « = 1 and different values’ intrinsic-decoherence y /1 = 0.0
in (a) and y/4 = 0.015 in (b). To realize, the effects of the initial
coherence intensity of the initial cavity state, we compare Fig. 1a with
Fig. 3a. We find that, with a small value a, the nonlinear qubit-cavity
interactions have a high ability to generate a strong two-qubit quantum
uncertainty and entropy mixedness, and weaken entanglement. The
sudden birth-death entanglement phenomena appear during several
time intervals. Fig. 3b shows that, for a small initial value of the
intensity coherence a« = 1 and for J/4 = 0, the intrinsic-decoherence
has a plausible destructive effect on the generated qubit-qubit entan-
glement. The enhancement and stability of the QMA-EURs as well as
the two-qubit mixedness of the intrinsic decoherence are accelerated
by reducing the initial intensity coherence.

In Fig. 4, the QMA-EURs, EM, and CE quantifiers are depicted for a
small value of the coherence intensity of the initial cavity state a = 1
and qubit-qubit interaction J/A: J/A = 5 in (a) and J/A = 50 in
(b). In general the oscillatory behaviors of the QMA-EURs, EM, and
CE quantifiers have notable changes in this case. The Fig. 4 results
confirm the qubit-qubit interaction effects obtained with the condition
with a large coherent field intensity « = 6. The memory-assisted
entropic uncertainty relations are more sensitive to dipole qubit—qubit
interactions.
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Fig. 4. The L(1), R(t) and S(t) dynamics are depicted as Fig. 3a (y = 0.0 and « = 1)
but for different values of J/A: J/A=5 in (a) and J/A =50 in (b).

Conclusion

The interaction of two dipole-coupled qubits with a non-degenerate
bimodal cavity is explored in this paper. The effects of initial intensity
coherence, intrinsic decoherence, and dipole-dipole interaction on the
dynamics of the quantum-memory-assisted entropic uncertainty rela-
tion, two-qubit mixedness, and two-qubit entanglement in the presence
of intrinsic decoherence have been investigated. The results show
that two-qubit mixedness is strongly related to the lower bound of
entropic uncertainty, and they exhibit the same oscillatory behavior
with different amplitudes, which is the reverse of two-qubit entan-
glement. The increase of the two-qubit mixedness improves entropic
uncertainty, i.e., two-qubit entropy-mixedness has a significant impact
on Alice-Bob measurement accuracy. We show that the initial inten-
sity coherence, intrinsic decoherence, and dipole-dipole interaction all
control the dynamics and generation of quantum memory-assisted en-
tropic uncertainty, two-qubit mixedness, and two-qubit entanglement.
The sudden birth and death entanglement phenomena is observed.
In the presence of intrinsic decoherence, the qubit—cavity interactions
provide stable behavior for quantum-memory-assisted entropic uncer-
tainty, mixedness, and entanglement, with the entropic uncertainty
being more stable and having the same information as the two-qubit
mixedness. The sudden birth-death two-qubit entanglement vanishes.
The increase of the dipole-dipole interaction can partially enhance the
two-qubit entanglement/quantum memory, which leads to improved
estimation of Bob’predictions of Alice’s measurement. Our results in-
dicate that the qubit-cavity and qubit—qubit interactions, as well as
the intrinsic decoherence, have a significant impact on the precision
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of predicted measurements in quantum information processing. En-
tropic uncertainty is improved by the two-qubit entanglement and
mixedness. The qubit—cavity interactions can provide stable quantum
memory-aided entropic uncertainty, mixedness, and entanglement in
the presence of intrinsic decoherence. Numerous quantum processing
tasks, such as quantum key distribution [60], quantum cryptogra-
phy [61], and entanglement witness [62], may benefit from the use of
quantum-memory-assisted entropic uncertainty. In order to implement
quantum computing [63,64] and qubit-channel metrology [65], stable
mixedness and entanglement are needed.
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