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Abstract 

The qualitative study of impulsive differential equations began in 1960 
with the work of Mil’man and Myshkis [9, 10]. In the recent years, 
there have been intensive studies on the qualitative theory and 
behavior of the solutions of impulsive differential equations. Impulsive 
differential equations provide a natural framework for mathematical 
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modeling in many real life problems, such as population dynamics, 
ecology, optimal control, industrial robotics, radio technology, 
pharmacokinetics, microorganism reproduction, economics, 
production theory, and so on. However, many impulsive differential 
equations cannot be solved analytically or the solution process is more 
complicated. Therefore, introducing a suitable numerical method is a 
good attempt. To the best of our knowledge, in the literature, there are 
limited numbers of studies and research on this domain. Because of its 
technical nature, the presence of impulses complicates the stability 
analysis of the system. We study the numerical methods and the 
stability of the solutions of the impulsive differential equations by 
introducing several methods. 

1. Introduction to the Numerical Solutions of Impulsive 
Differential Equations 

Because of the physical nature and functional purposes, the wide 
practical applications of impulsive differential equations explain the growing 
interest in technical problems. Impulsive differential equations have appeared 
in mathematical models of many processes in biology, medicine and 
technology. The study of dynamic systems with impulse effects has assumed 
importance in view of the fact that many evolutionary processes experience 
an abrupt change of state at certain moments of time. 

Let us denote the set of real and integer numbers with ,R  ,Z  respectively, 
and let R∈X  and { } ,RZ ⊂∈|τ= kT k  where 1+τ<τ kk  for all ,Z∈k  

+∞→τk  when +∞→k  and −∞→τk  when −∞→k  and ,0+τ=τ+ kk  

.0−=τ− kk t  

Assume that R⊂Ω  is any real interval and ( ) [ ( ) ( ) ( )]Tn txtxtxt ...,,, 21=x  

is a vector of the state function, ( ) XXt →×Ω:, xf  and 

( ) ,,, kttdt
d τ≠= xfx  

( ) ( ) ( )( ),kkkkt Ik τ=τ−τ=|Δ −+
τ= xxxx  (1) 

where XXIk →:  ( )Z∈k  are continuous operators. 
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Let ( )tx  be a solution of the system (1) which satisfies the initial 

condition ( ) .00 xx =τ+  Then the solution can be represented in the form 

( )

( )( ) ( )( )

( )( ) ( )( )⎪
⎪

⎩

⎪
⎪

⎨

⎧

Ω∈τ−+

Ω∈τ++

=
−

τ
τ≤τ<

+
τ

<τ<τ

∫ ∑

∫ ∑

,,,

,,,

0
0

0
0

0

0

tIdsss

tIdsss

t
t

t
kk

t

t
kk

k

k

xxfx

xxfx

x  (2) 

where +Ω  and −Ω  are the maximal intervals on which the solutions can be 
continued to the right and to the left of the point ,0τ  respectively. Let 

,0τ>qt  i.e., +Ω∈qt  be a fixed value of t. Then an approximate solution 

[ ( ) ( ) ( )]Tqnqq txtxtx ...,,, 21  of the system (2) can be obtained using the 

following steps of the algorithm for solving impulsive differential equations 
[7]: 

1. Use the initial value 0: xx =  at the moment 0τ=t  and initialize .0=k  

2. Use a numerical method (NM) on the half-segment ( ],, 1+ττ kk  i.e., 
[ ] ( [ ])jj NM xx =+ :1  and increase the counter .1: += kk  

More precisely, we divide ( ]1, +ττ kk  into m disjunctive subsegments: 

( ] ( [ ] [ ]]∪
1

0

1
1 ,,,

−

=

+
+ =ττ

m

j

j
k

j
kkk tt  

where [ ] ,0
kkt τ=  [ ] ,1+τ= k

m
kt  and apply a numerical method with knots 

[ ] [ ] [ ]....,,, 121 −m
kkk ttt  

3. At the jump point ,kt τ=  the impulsive operator kI  contributes rapidly 

to the changes on the state function x with the amount 

( ) ( ) ( ) .:
0

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
τ+τ= ∑

τ<τ<τ km
mkkk It JxJ  
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4. Repeat steps 2 and 3 for .1 qk t<τ +  

5. Use the numerical method (NM) on the half-segment ( ],, qk tτ  i.e., 

[ ] ( [ ]).:1 jj NM xx =+  

6. Add the sum of all jumps to the state function x: 

( )∑
<τ<τ

τ+=
qk t

k
0

.: Jxx  

A similar procedure can be applied for the case ,0τ<qt  i.e., .−Ω∈qt  

The only condition is that the impulsive operators kI  for 0≤k  are invertible 

operators, because when the value of t decreases at the moment ,kt τ=  the 

impulsive operator acts as its inverse mapping .1−
kI  

2. The θ Method 

Consider an impulsive differential equation of the form [6]: 

( ) ,,0, kttxtx ≠>α=�  

( ) ,0,, 0xxktxx ==β=Δ +  (3) 

where ,,,0 0 R∈β≠α x  ,01 ≠β+  .N∈k  System (3) has a unique solution 

on the interval :0 ∞<< t  

 ( ) ( )[ ],10
ttextx β+= α  (4) 

where [ ]t  denotes the greatest integer function of t. The trivial solution 0≡x  

of (3) is asymptotically stable if and only if .11 <β+ αe  

The algorithm of the method: 

( ( ) ) ,...,,2,1,1 ,1,1,, mlxxhxx lkmlkmlkmlkm =αθ+θ−α+= −−  

( ) ( ) ,1 ,10, mmkkm xx −β+=  

,00,0 xx =  (5) 
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where ( )mlx lkm ≤≤1,  and 0,kmx  are approximations to the values of the 

solutions ( )lkmtx ,  and ( ),0+kx  respectively, ,, lhkt lkm +=  ,0 ml ≤≤  

,, N∈mk  .1 mh =  System (5) can be rearranged as 

,...,,2,1,11 1,, mlxh
hx lkmlkm =⎟

⎠
⎞⎜

⎝
⎛

θα−
α+= −  

( ) ( ) .,1 00,0,10, xxxx mmkkm =β+= −  (6) 

The numerical scheme is asymptotically stable at ( )βα,  if and only if 

( ) 1111 <⎟
⎠
⎞⎜

⎝
⎛

θα−
α+β+

m

h
h  for all ,Mm >  

where .α=M  

3. Runge-Kutta Method 

For the approximate (numerical) solution of the system (3) applying the 
classical Runge-Kutta method [6], we get 

∑
=

− =α+=
s

i
iilkmlkm mlYbhxx

1
1,, ,...,,2,1,  

∑
=

− =α+=
s

j
jijlkmi siYahxY

1
1, ,...,,2,1,  

( ) ( ) .,1 00,0,10, xxxx mmkkm =β+= −  (7) 

The algorithm scheme can be rearranged in a simple form 

( ( ) ) ,...,,2,1,1 1,
1

, mlxAhIbhx lkm
T

lkm =−+= −
− e  

( ) ( ) ,1 ,10, mmkkm xx −β+=  

,00,0 xx =  (8) 
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where ( ) ,1,
s

jiijaA ==  ( ) ,...,,, 21
T

sbbbb =  ( ) ,1...,,1,1 T=e  h is a small 

step size such that the matrix hAI α−  is invertible, and .hh α=  For the pth 

order Runge-Kutta method, we denote ( ) ( ) eAhIbhhR T 11 −−+=  called 

the stability function of the Runge-Kutta method. Then there exists some 

constant 0>C  such that ( ) .1+≤− ph ChhRe  The scheme (7) is said to 

be asymptotically stable at ( )βα,  if and only if 

( ) ( ) 11 <β+ hRm  for all .Mm >  

The introduced Runge-Kutta scheme (7) for system (3) is said to be 
asymptotically stable at ( )βα,  if and only if 0>∃M  such that for all 

,Mm >  ,1 mh =  the matrix hAI α−  is invertible, and for any lkmx ,  

( )ml ≤≤0  given by (8), we have ,0lim =∞→ kk X  where ( ,0,kmk xX =  

)....,, ,1, mkmkm xx  

The well-known classical fourth order Runge-Kutta method is also 
applicable for the numerical solutions of the system (3): 

[ ] [ ] ( ),226 4321
1 KKKKhjj +++=−+ xx  

( [ ] [ ]),,1
jjtK xf=  

[ ] [ ] ,2,2 12 ⎟
⎠
⎞⎜

⎝
⎛ ++= KhhtK jj xf  

[ ] [ ] ,2,2 23 ⎟
⎠
⎞⎜

⎝
⎛ ++= KhhtK jj xf  

( [ ] [ ] )., 34 hKhtK jj ++= xf  (9) 

4. Linear Multistep Methods 

For the numerical solutions of the impulsive differential equations, one 
of the applicable and interesting methods is the linear multistep method [8]. 
Consider an impulsive equation in the form: 
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( ) ( ) ,,,, 0 kttttft τ≠>=′ xx  

( ) ,,, N∈τ==Δ ktI kk xx  

( ) ,00 xx =+t  (10) 

where nnf RRR →×+:  and .lim +∞→τ+∞→ kk  

In particular, consider the following initial value problem: 

( ) ,,0, kttaxtx ≠>=′  

,, ktbxx ==Δ  

( ) ,0 0xx =+  (11) 

where R∈0,, xba  and ,1−≠b  .N∈k  The state function ( )tx  is said to 

be a solution of the system (11) if: 

1. ( ) .lim 00
xtx

t
=+→

 

2. ( )tx  is differentiable and ( ) ( )taxtx =′  for ( ) .,,,0 N∈≠∞+∈ kktt  

3. ( )tx  is left continuous in ( )∞+,0  and ( ) ( ) ( ),1 kxbkx +=+  .N∈k  

System (11) has a unique solution on the interval ( ) :,0 ∞+  

( )
( )[ ]

( )⎪⎩

⎪
⎨
⎧

∈=+

≠>+
=

− .,1

,,0,1
1

0

0

Nktbex

kttbex
tx

kak

tat
 

The standard form of the linear multistep method is 

 ∑ ∑
= =

++ β=α
k

i

k

i
iniini fhx

0 0
,  (12) 

where iα  and iβ  are constants subject to the conditions: 

0,1 00 ≠β+α=αk  

and ( ),,: ininin xtff +++ =  ....,,2,1,0 ki =  
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The algorithm for the linear multistep method for the impulsive 
differential equations is the following: 

,00,0 xx =  

∑
−

=
−+ =

β−α
β−α

−=
1

0
,, ...,2,1,0,

k

i
kilsm

kk
ii

lsm sxha
hax    and   ,...,, mkl =  

( ) ( ) ,1 ,0,1 msmms xbx +=+  

( ) ∑
−−

=
−+++ β−α

β−α
−=

1

0
,,1

lk

i
kilmsm

kk
ii

lms xha
hax  

( )∑
−

−=
−++β−α

β−α
−

1

,1 ,
k

lki
kilms

kk
ii xha

ha  (13) 

where ,1...,,2,1 −= kl  and mh 1=  is the step size. lsmx ,  and 0,smx  

denote the approximations to ( )lsmtx +  and ( ),+sx  respectively. 

5. Using Spline Functions 

One of the important trends in the investigation of impulsive differential 
equations is related to the periodic solutions of these equations. We will use 
the ideas of the numerical-analytical method to study the periodic impulsive 
equation [1]: 

( ) ,,, ktxtfdt
dx τ≠=  

( ) ,, kk txIx τ==Δ  (14) 

where ,R∈t  ,Z∈k  nx R⊂Ω∈  and ( ) ( ) ( ),00 −−+=Δ iii txtxtx  where 

{ } N∈τ ii  is a strictly increasing sequence of impulsive moments such that 

"" <τ<<τ<τ< k210  and ∞→τk  as ,∞→k  and let us denote =J  

[ ]T,0  and { } .\ N∈τ=′ iiJJ  
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As usual, in the theory of impulsive differential equations [3, 5], at the 
points of discontinuity iτ  of the solution ( ),tx  we assume that ( ) ≡τix  

( ).0−τix  It is clear that, in general, the derivatives ( )ix τ′  do not exist. On 

the other hand, the limits ( )0∓ix τ′  do exist. According to this convention, 

we assume ( ) ( ).0−τ′≡τ′ ii xx  

We assume that the system (14) is T-periodic in t, that is, there exists a 
N∈p  such that 

( ) ( ) ( ) ( )xIxIxtfxTtfT kpkkpk ==++τ=τ ++ ,,,,  

for ,R∈t  Z∈k  and .Ω∈x  The function ( )xtf ,  is continuous (piecewise 

continuous with first kind discontinuities at ,)it τ=  this means: Ω×R:f  
nR→  is continuous in the sets ( ] ( )Z∈Ω×ττ − kkk ,1  and for each Ω∈x  

and ,Z∈k  there exists the finite limit of ( )ytf ,  as ( ) ( ),,, xyt kτ→  .kt τ>  

The functions ( )ZR ∈→Ω kI n
k :  are continuous in Ω. 

If the function ( )tx ϕ=  is a T-periodic solution of (14) for which ( ) =ϕ 0  

( ) 0xT =ϕ  and ( ) ,Ω∈ϕ t  [ ],,0 Tt ∈  then ( ) ( )0, xtxt ≡ϕ  [ ]( )Tt ,0∈  satisfies 

the relations 

( ) ( ) ( )( ) ( )( ) [ ]( )∫ ∑
<τ≤

∈τϕ+ϕ+==ϕ
t

t
kk

k

TtIdsssfxxtxt
0 0

00 ,0,,  

and 

( )( ) ( )( )∫ ∑
<τ≤

=τϕ+ϕ
T

T
kk

k

Idsssf
0 0

.0,  

Lemma 1. The following relations are valid for [ ]:,0 Tt ∈  

( ) ∫ ∫ ⎟
⎠
⎞⎜

⎝
⎛ −=+⎟

⎠
⎞⎜

⎝
⎛ −=α

t T

t T
ttdsT

tdsT
tt

0
,121:  

( ) ( ) ( ) ( ) ( )∫ ∫ α≤α+α=α+α⎟
⎠
⎞⎜

⎝
⎛ −

t T

t
tTtTtdssT

tdssT
t

0
2 .3

1
6
1

3
11  
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Lemma 2. If Dx ∈0  is fixed for t in the interval [ ],,0 T  then we may 

recurrently define the sequence of functions ( ){ }:, 0xtxm  

( )

( ) ( )( )

( )( )

( )( )

( )( )
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪

⎨

⎧

=τ−

τ⎟
⎠
⎞⎜

⎝
⎛ −+

−

⎟
⎠
⎞⎜

⎝
⎛ ++=

≡

∑

∑
∫

∫

<τ≤

<τ≤

+

Tt
kmk

t
kmk

T

t m

t
mm

k

k

mxxIT
t

xxIT
t

dsxsxsfT
t

dsxsxsfT
txxtx

xxtx

...,,2,1,0,,

,1

,,

,,1,

,,

0

0
0

0

0 0001

000

 

where sequence tends uniformly to the T-periodic solution ( )tϕ  of (14) for 

which ( ) .0 0x=ϕ  

Lemma 3. The functions ( )0, xtxm  satisfy the relations ( ) =0,0 xxm  

( ) 000 , xxTx =  and ( ) Ω∈0, xtxm  [ ]( )....,2,1,0,,0 =∈ mTt  The sequence 

( )0, xtxm  is uniformly convergent in the interval [ ]T,0  and its limit ( )0, xtx  

satisfies the relations ( ) ( ) .,,0 000 xxTxxx ==  If ( )tϕ  is a T-periodic 

solution of (14), then it follows that ( )tϕ  and ( )0, xtx  satisfy the equation 

( ) ( )( ) ( )( )∫ ∫−⎟
⎠
⎞⎜

⎝
⎛ −+=

t T

t
dssxsfT

tdssxsfT
txtx

00 ,,1  

( )( ) ( )( )∑ ∑
<τ≤ <τ≤

τ−τ⎟
⎠
⎞⎜

⎝
⎛ −+

t Tt
kkkk

k k

xIT
txIT

t

0
1  

for which ( ) ( ) 00 xT =ϕ=ϕ  and ( ) ,Ω∈ϕ t  ( ) ( ),, 0xtxt ≡ϕ  [ ].,0 Tt ∈  

Spline functions approximations for solving the periodic impulsive 
differential equation (14) 

Let Λ be the subpartition on each of the consecutive intervals of 
continuity ( ]( ):...,2,1,0, 1 =ττ + kkk  
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12100: +τ=<<<<<<=τ<Λ k
k
Nj

kkk
k k

ttttt ""  

( ),...,,2,1,0 kNj =  

where kN  is a sufficiently large positive integer and the set { }kτ  is a strictly 

increasing sequence of impulsive moments. Let us denote 11 <=−+ htt jj  

( ).1...,,2,1,0 −= kNj  Then we define the spline functions approximating 

the solution ( )tx  of (14) by ΛS  on the interval [ ) ( ):...,2,1,0, 1 =ττ + kkk  

( ) ( ) { ( )[ ( )]} ( )∑
=

−−Λ
−

+=≡
r

j

j
k

kkk
j

kkk j
tttStftStSS

1
11 !,  

( ) ( ) ( ) ( )∑
=

−−
τ−

τ+τ+
r

j

j
k

k
j

kkk j
txUU

1
011 ,!,  (15) 

where ( ) 001 xtS =ϕ=−  and ( ) ( )., 101 kkk IxU τ=τ −−  

There exists a non-empty compact set Ω⊂D  together with its 

⎟
⎠
⎞⎜

⎝
⎛ + MQML2

1 -neighborhood, where 

{ },...,2,1,0,sup 1 =τ−τ= + kL kk  

[ ) [ ) ( ) .,:,,1sup 11 ⎭
⎬
⎫

⎩
⎨
⎧ ττ∈τ+τ⎟

⎠
⎞

⎜
⎝
⎛ −= ++ kkkkk

k
kk

k ttiL
ttiL

tQ  

Also, on each of the intervals [ ),, 1+ττ kk  the following inequality holds: 

,1331 212
1 <⎟

⎠
⎞⎜

⎝
⎛ −<++− NLQKKQKLK  

where 

 ( ) ( ) ( ) ,,:1sup
0

1
1 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ττ∈τα⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+τα⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−= ∑ ∑

<τ≤ τ<τ≤
+

+jk kkjt t
kkjk

j
k

j tL
t

L
t

N  
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  ( ) ( )....,2,1,012 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=α jL

t
tt j

jj  

The numbers Q and N defined above depend on the points kτ  of the interval 

[ )1, +ττ kk  and satisfy the estimates 

( ) ( )∑
+τ<τ≤

≤α≤τα≤≤
10

.2
1,2

1,
kk

LtqLNqQ jk  

6. Description of the Spline Approximation Scheme 

We assume that the functions ( )( )xtf q ,  and ( )( )xI q
k  satisfy the Lipschitz 

condition in Ω∈x  uniformly with respect to ,R∈t  Z∈k  with Lipschitz 

constants 1K  and :02 >K  

( )( ) ( )( ) ,,, 1 yxKytfxtf qq −≤−  

( )( ) ( )( ) yxKyIxI q
k

q
k −≤− 2  and 

( ) ( ) MxIMxtf k ≤≤ ,,  (16) 

for ,, Ω∈yx  ,R∈t  Z∈k  and 0>M  and for all ( ),, xt  ( )yt,  in the 

domain of definition of the function ( ),qf  where ....,2,1,0=q  

Let the exact solution of (14) be written in the following form: 

( )
( )

( ) ( )( ) ( )
( )∑

=

+
+

+
−

ξ+−=
r

j

r
k

k
rj

k

j
k

r
ttxttj

x
tx

0

1
1

!1!  

( )( ) ( ) ( ) ( )( ) ( )
( )∑

=

+
+

+
τ−

η+τ−+
r

j

r
k

kk
rj

k
k

j

r
txItj

xI

0

1
1 ,!1!  (17) 

where ( )1,, +τ∈ηξ kkkk t  and ....,2,1,0=k  

Before going to discuss the convergence of the spline approximations, let 
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us introduce the following notations: 

( ) ( ) ( ) ( ) ,, kkk xSxetStxte ΛΛ −=−=  

( ) ( ) ( )[ ] ( ) ( )( ) ...,,2,1,0,,~,, 1 === − jxtfftStff kk
jj

kkkk
jj

k  

( ) ( ) ( )( ) ( ) ( ) ( )( ) ....,2,1,0,, =τ=τ= jxUUxII k
jj

kk
jj

k  

The estimate of ( ) ( )tStx k−  can be obtained by using (15), (17) and 

the Lipschitz condition (16): 

( ) ( ) ( ) ( ) ( )∑
−

=
−−

−
−+−=

1

1
11 !

r

j

j
kjj

kkkk j
ttfxtSxte  

( ) ( ) ( )∑
−

=
−−

τ−
−+−+

1

1
11 .!

r

j

j
kjj

kk j
tUIUI  

If we let ( ) ( ) ,jj
k fxB −=  ( ) ( ) ,~ jj UIB −=  ( ) ( ){ }kk ttth τ−−= ,max  

and noting that 

{ }∑
−

=
=<−<

1

1
,~,max,1!

r

j

h BBPeej
h  

then we get 

( ) ( ) ( ),!
221111 hhk

PePUItSxte k
kk

kkkkk ω≤+−+−≤ −−−−  

where 

( ) { ( ) } ( ).,supmax 1111 hOUItSxh kkkkk =−−=ω −−−−  

Theorem 1. The implicit nonlinear system (14) is uniquely solvable, 
provided that h is sufficiently small. 

Integrating system (14) and using the solution (17) on the interval 
( ),, 1+ττ kk  then the system becomes 
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+
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Defining the mapping RR →:A  by 
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+
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then the system becomes .uu A=  

Consider ., R∈vu  Then 
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( )( ) ( ) ( )( ) ( )
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Denote the Lipschitz constant of the mapping A  by 

1!1
0

<
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+= ∑

=

r

j

j

j
hLLhLA  

for h sufficiently small. This proves that A  is a contraction and following 
the Picard-Banach fixed point theorem, the equation is uniquely solvable. 
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