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Abstract: In this manuscript, a new form of the generalized q-deformed Sinh-Gordon equation
is investigated which could model physical systems with broken symmetries and to incorporate
phenomena involving amplification or dissipation. The proposed model is explored based on the
Lie symmetry approach. Using similarity reduction, the partial differential equation is transformed
into an ordinary differential equation. By employing the generalized auxiliary equation approach,
precise results for the derived equation are obtained. The solutions are graphically depicted as 3D,
2D, and contour plots. Furthermore, the qualitative analysis of the considered model is investigated
by employing the concepts of bifurcation and chaos. The phase profiles are displayed for different
sets of the parameters. Additionally, by applying an external periodic strength, quasi-periodic
and chaotic behaviors are documented. Various tools for detecting chaos are discussed, including
3D and 2D phase patterns, time series, and Poincaré maps. Additionally, a sensitivity analysis is
conducted for various initial conditions. The obtained findings are unique and indicate the viability
and efficacy of the suggested strategies for evaluating soliton solutions and phase illustrations for
various nonlinear models.

Keywords: the generalized q-deformed Sinh-Gordon equation; Lie symmetry analysis; soliton
solutions; bifurcation analysis; chaotic behavior; sensitivity analysis

1. Introduction

In multiple scientific fields, nonlinear partial differential equations (NLPDEs) assist
in modeling complicated phenomena that illustrate our day-to-day challenges. The usage
of nonlinear models has proliferated in several disciplines, including demography [1],
electromagnetic attraction in plasma [2], quantum science [3], and optics [4]. Identifying
exact solutions of NLPDEs is a vital research discipline, since analytical solutions indicate
the physical features of nonlinear systems [5,6]. Numerous effective approaches have been
adopted to identify the analytical results for NLPDEs; some of them are the direct Ansatz
approach [7], the direct Hirota method [8], the Painlevé approach [9], the modified auxiliary
equation approach [10], and the Lie symmetry approach [11]. Among these methodologies,
the Lie analysis technique is the most powerful and viable strategy for obtaining a precise
solution to NLPDEs.
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In the current work, the Lie symmetry approach [12,13] is employed to examine the
investigated model. This idea was first introduced in the latter half of the nineteenth
century by the mathematician Sophus Lie [14,15]. A Lie point symmetry is a one-parameter
Lie group of transformations induced by a vector field that preserves the solution space
of the equation. Each symmetry can be utilized to transform the partial differential equa-
tion (PDE) into an ordinary differential equation (ODE), thereby reducing the number of
independent variables. Recently, many scholars have employed Lie analysis on different
nonlinear models to obtain analytical solutions. Some notable examples include the works
of Dorodnitsyn et al. [16], Jhangeer et al. [17], and Hussain et al. [18]. Numerous solutions
have been discovered in the literature, including soliton solutions, trigonometric solutions,
lump wave solutions, and more [19–22]. A soliton is a wave that preserves its form while
moving at a fixed pace. The notion of optical solitons is particularly intriguing, as several
nonlinear models possess soliton solutions. Some noteworthy examples are the Noyes
Field model [21], Boussinesq equation [22], and Sine-Gordon equation [23,24].

The q-deformed equations serve a crucial role in the mathematical modeling of a
variety of physical systems when they lose their symmetry [24–26]. Based on the premise of
the q-deformed version of the Schrödinger equations, Q-bosons, black holes, the hydrogen
atom, and the quantum harmonic oscillator were investigated [27–29]. The focus of this
work is to explore the new form of the generalized q-deformed Sinh-Gordon equation in
order to retrieve the analytical soliton solutions. The symmetry of the physical system is
violated when the q-deformed function, as designed by Arai [30], becomes involved in the
system. Symmetry breaking [31] is a basic phenomenon in particle physics. One of the
most alluring and promising aspects of analyzing the discussed model is its potential in
different fields, including quantum theory [32] and elasticity [33]. Eleuch [34] introduced a
generalized form of the q-deformed model as follows:

∂2u
∂r∂s

= α[sinhq(uβ)]p − δ, (1)

where α, β and p are non-zero real constants, δ ∈ R and q ∈ (0, 1].
Many scholars have examined the equation under evaluation in order to attain its ana-

lytical solutions. Raza et al. [35] employed exp(−φ(ξ)) and a generalized Riccati equation
approach on the considered equation, extracting trigonometric and hyperbolic solutions.
Ali and Abdel-Aty [36] solved the q-deformed equation analytically and numerically by
utilizing an extended tanh methodology and a b-spline finite element technique, obtaining
soliton solutions. Furthermore, Raza et al. [37] investigated Equation (1) using an extended
generalized Kudryashov technique and an improved tan( φ

2 ) expansion approach to obtain
new results.

In the current study, we deal with a new form of the generalized q-deformed Sinh-
Gordon equation [38] as follows:

∂2u
∂r∂s

= eαu[sinhq(uβ)]p − δ, (2)

where sinhq is an Arai q-deformed function given as

sinhq(u) =
eu − qe−u

2
.

For q = 1, we obtain standard sinh functions.
This article aims to derive analytical solutions for the discussed model using the

generalized auxiliary equation technique [39]. To our knowledge, Equation (2) has not been
assessed by employing this technique in the previous literature. The suggested strategy
has several advantages over previously explored methodologies since it offers results
in a more generic and explicit form, including trigonometric, exponential, rational, and
hyperbolic functions. The major goal of utilizing the similarity reduction approach is to
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attain the similarity variables. We transform the NLPDEs into certain nonlinear ODEs
by applying these similarity factors. After that, we reveal some analytical solutions to
these generated nonlinear ODEs. The findings are visually indicated for specific values of
relevant parameters as 3D, contour, and 2D plots.

The analysis of differential equations (DEs) using chaos and bifurcation theory has
become an esteemed field of research in recent years. These domains tend to be beneficial
assets for comprehending any complex system regulated by DEs. A bifurcation is a quali-
tative change in the behavior of a dynamical system resulting from changing parameters.
There are different schemes for bifurcation, such as the pitchfork, the period-doubling
bifurcation, Hopf bifurcations, and saddle-node bifurcation. An intrinsic part of the study
of DEs is the investigation of the complicated behavior of nonlinear waves and the explo-
ration of chaos theory. The study of chaos is crucial in the twenty-first century. There are
different strategies for spotting chaos. This analysis highlights the most useful ones, which
are phase portraits, time analysis, and Poincaré maps.

To our knowledge, the chaotic and bifurcation analysis of the considered model has
not been investigated in prior studies. Recently, Rafiq et al. [40] carried out a study of
bifurcation and chaos for shallow water waves and also obtained multi-solitons. Lie and
Huang [41] investigated the conformable Fokas–Lenells model by utilizing bifurcation
and chaos theory, and Zhang et al. [42] conducted a bifurcation analysis on the modified
FitzHugh–Nagumo neuron model and obtained new results. We also analyze the sensitivity
of the considered model. Sensitivity analysis investigates how several uncertainties impact
the overall uncertainty of the system in a mathematical model. A system is highly sensitive
when minor changes in input result in drastic changes in the output of the system.

The layout of the article is as follows: The mathematical analysis of the model is
discussed in Section 2. Section 3 deals with Lie symmetry analysis. In Section 4, symmetry
reductions are given. Analytical solutions of the model under consideration are derived
in Section 5, along with graphical representations. Bifurcation is addressed in Section 6.
Section 7 deals with chaos theory, a sensitivity analysis of the considered model is presented
in Section 8, and in Section 9, concluding remarks are given.

2. The Mathematical Analysis

By using the standard transformation of the form:

x = cr +
s
c

,

t = cr− s
c

,

where c is an arbitrary parameter, Equation (2) is transformed into the following form:

∂2u
∂x2 −

∂2u
∂t2 = eαu[sinhq(uβ)]p − δ, (3)

here, we will consider the case when α = β = p = 1. Then Equation (3) can be written as

∂2u
∂x2 −

∂2u
∂t2 = eu[sinhq(u)]− δ. (4)

By employing the transformation
ϕ = eu,

and

sinhq(u) =
eu − qe−u

2
, coshq(u) =

eu + qe−u

2
.

Equation (4) is converted into the following form:

2ϕ(ϕxx − ϕtt)− 2(ϕ2
x − ϕ2

t )− ϕ4 + (q + 2δ)ϕ2 = 0. (5)
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In the next section, we will extract the Lie symmetries of Equation (5).

3. Lie Symmetry Analysis

Let us consider the one-parameter Lie group of infinitesimal transformations in (x, t, ϕ)
given by

x∗ = x + εζ1(x, t, ϕ) +O(ε2),

t∗ = t + εζ2(x, t, ϕ) +O(ε2),

ϕ∗ = ϕ + ετ(x, t, ϕ) +O(ε2),

where group parameter ε� 1 and ζ1, ζ2 and τ are coefficient functions. The vector field
corresponding to the Lie group mentioned above may be represented as

V = ζ1(x, t, ϕ)
∂

∂x
+ ζ2(x, t, ϕ)

∂

∂t
+ τ(x, t, ϕ)

∂

∂ϕ
,

where the coefficient functions ζ1(x, t, ϕ), ζ2(x, t, ϕ) and τ(x, t, ϕ) are to be evaluated later.
The invariance condition for Equation (5) with V becomes

Pr(2)V(2ϕ(ϕxx − ϕtt)− 2(ϕ2
x − ϕ2

t )− ϕ4 + (q + 2δ)ϕ2) |Eq.5=0= 0, (6)

where Pr(2)V is the second prolongation of V defined as

Pr(2)V = V+ τx ∂

∂ϕx
+ τt ∂

∂ϕt
+ τxx ∂

∂ϕxx
+ τtt ∂

∂ϕtt
+ τxt ∂

∂ϕxt
, (7)



τx = Dx(τ)− ϕxDx(ζ1)− ϕtDx(ζ2),
τt = Dt(τ)− ϕxDt(ζ1)− ϕtDt(ζ2),
τxx = Dx(τx)− ϕxxDx(ζ1)− ϕxtDx(ζ2),
τtt = Dt(τt)− ϕxtDt(ζ1)− ϕttDt(ζ2),
τxt = Dx(τt)− ϕxxDx(ζ1)− ϕxtDx(ζ2),

(8)

with Dx and Dt are total derivatives with respect to x and t, it can written as

Di =
∂

∂xi + ϕi
∂

∂ϕ
+ ϕij

∂

∂ϕj
+ ... , i = 1, 2.

Plugging Equation (7) together with Equation (8) into Equation (6) yields the following
system of determining equations:

ζ1
tt = 0, ζ2

x = ζ1
t , ζ1

x = ζ2
t = ζ2

ϕ = ζ1
ϕ = τϕ = 0, (9)

where ζtt =
∂2ζ

∂t2 ,ζx = ∂ζ
∂x , ζt =

∂ζ
∂t , ζϕ = ∂ζ

∂ϕ , τϕ = ∂τ
∂ϕ .

Solving above system (9) yields the symmetries for Equation (5) as follows:

ζ1 = C1t + C2, ζ2 = C1x + C3, τ = 0, (10)

where Ci, i = 1, 2, 3 are constants. So, the infinitesimals of Equation (5) may be expresses as

V1 =
∂

∂x
, V2 =

∂

∂t
, V3 = t

∂

∂x
+ x

∂

∂t
.
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4. Symmetry Reductions

In this portion, we will reduce Equation (5) into corresponding ODEs by utilizing
vector fields. For learning more about the Lie symmetry approach for differential equations,
interested readers are directed to see [43,44].
Reduction using the symmetry • £1 = 〈tV1 + xV2〉
The characteristic equation under this case can be expresses as

dx
t

=
dt
x

=
dϕ

0
.

By integrating above equation, we acquire

ϕ(x, t) = χ(η), where η = x2 − t2. (11)

By inserting Equation (11) into Equation (5), we obtain

8ηχχ′′ − 8η(χ′)2 + 8χχ′ − χ4 + (q + 2δ)χ2 = 0, (12)

where ′ denotes the differentiation with respect to η.
Reduction using the translational symmetry • £2 = 〈c1V1 + c2V2〉
The characteristic equation for this case is of the following form:

dx
c1

=
dt
c2

=
dϕ

0
.

By integrating the above equation, we acquire

ϕ(x, t) = χ(η), where η = c2x− c1t. (13)

By inserting Equation (13) into Equation (5), we obtain

2(c2
2 − c2

1)χχ′′ − 2(c2
2 − c2

1)(χ
′)2 − χ4 + (q + 2δ)χ2 = 0. (14)

The next goal is to extract the traveling wave patterns for Equation (14) by employing the
generalized auxiliary equation approach [39].

5. Soliton Solutions for Equation (5)

After turning PDE into ODEs in the preceding section, we will now obtain some analyt-
ical solutions to the resulting equation. Under present section, we will extract the traveling
wave profiles of Equation (14) with the assistance of the generalized auxiliary equation
approach. According to this methodology, the initial solution takes the following form:

χ(η) =
M

∑
i=0

wiΥi(η),

where the positive integer M can be evaluated by utilizing the homogeneous balance
principle between the highest order derivative and the nonlinear term in the corresponding
ODE. Balancing the terms χχ′′ and χ4 in Equation (14) as 4M = M + M + 2 results in
M = 1. According to given technique for M = 1, we make the following assumption about
initial solution:

χ(η) = w0 + w1Υ(η), (15)

where w0 and w1 are arbitrary parameters to be evaluated later. Moreover, Υ = Υ(η),
satisfying the following ODE:

Υ′ =
√

h1Υ2 + h2Υ3 + h3Υ4. (16)
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Here, h1, h2, and h3 are real constants. Plugging Equations (15) and (16) into Equation (14)
and reducing the coefficients of Υi to zero yields

Υ0 : −w0
4 + (q + 2 δ)w0

2 = 0,
Υ1 : 2

(
−c1

2 + c2
2)w0w1h1 − 4 w0

3w1 + 2 (q + 2 δ)w0w1 = 0,
Υ2 : 3

(
−c1

2 + c2
2)w0w1h2 − 6 w0

2w1
2 + (q + 2 δ)w1

2 = 0,
Υ3 : 4

(
−c1

2 + c2
2)w0w1h3 +

(
−c1

2 + c2
2)w1

2h2 − 4 w0w1
3 = 0,

Υ4 : 2
(
−c1

2 + c2
2)w1

2h3 − w1
4 = 0,

after which, this system is solved for w0, w1, q, δ, h1, h2, h3, c1, and c2. With the aid of
a mathematical tool such as Maple, the following solutions from above system can be
determined.

w0 = 0, w1 = 1.5, , h2 = 0, h3 = − w1
2

2(c1 − c2)(c1 + c2)
.

By plugging above values in Equation (15) and using the transformation given in Equation (13),
the solutions of Equation (5) are obtained as follows,
• Type 1: For h1 > 0 and Θ = h2

2 − 4h1h3 > 0, we have

ϕ1(x, t) = 1.5

(
2h1 sech2(

√
h1η)

±
√

Θ− h2 sech(
√

h1η)

)
. (17)

ϕ2(x, t) = 1.5
(

2h1 csch2(
√

h1η)

±
√
−Θ− h2 csch(

√
h1η)

)
. (18)

• Type 2: For h1 > 0 and h3 > 0, we have

ϕ3(x, t) = 1.5
( −h1 sech2(

√
h1
2 η)

h2 ± 2
√

h1h3 tanh(
√

h1
2 η)

)
. (19)

ϕ4(x, t) = 1.5
(

h1 csch2(
√

h1
2 η)

h2 ± 2
√

h1h3 coth(
√

h1
2 η)

)
. (20)

• Type 3: For h1 < 0 and Θ = h2
2 − 4h1h3 > 0, we have

ϕ5(x, t) = 1.5
(

2h1 sec2(
√
−h1η)

±
√

Θ− h2 sec(
√
−h1η)

)
. (21)

ϕ6(x, t) = 1.5
(

2h1 csc2(
√
−h1η)

±
√

Θ− h2 csc(
√
−h1η)

)
. (22)

• Type 4: For h1 < 0 and h3 > 0, we have

ϕ7(x, t) = 1.5
( −h1 sec2(

√
−h1
2 η)

h2 ± 2
√
−h1h3 tan(

√
−h1
2 η)

)
. (23)

ϕ8(x, t) = 1.5
( −h1 csc2(

√
−h1
2 η)

h2 ± 2
√
−h1h3 cot(

√
−h1
2 η)

)
. (24)
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• Type 5: For h1 > 0, we have

ϕ9(x, t) = 1.5
(

4h1e±
√

h1η

(e±
√

h1η − h2)2 − 4h1h3

)
. (25)

• Type 6: For h1 > 0 and h2 = 0, we have

ϕ10(x, t) = 1.5
(
±4h1e±

√
h1η

1− 4h1h3e±2
√

h1η

)
. (26)

• Type 7: For h1 = 0 and h2 = 0, we have

ϕ11(x, t) = 1.5
(
± 1√

h3η

)
. (27)

with η = c2x− c1t and Θ = h2
2 − 4h1h3.

• Bright solitons, singular solitons, and singular periodic solitons have been recorded
for ϕ1(x, t), ϕ4(x, t), ϕ5(x, t), and ϕ10(x, t). The obtained results have been displayed in
Figures 1–4.

Figure 1. The 3D, Contour, and 2D plots for ϕ1(x, t) by taking h1 = 0.1, h2 = 0, h3 = −0.1, c1 = 3
and c2 = 1.
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Figure 2. The 3D, Contour, and 2D plots for ϕ4(x, t) by taking h1 = 1, h2 = 0, h3 = 0.2, c1 = 0.5 and
c2 = 3.

Figure 3. The 3D, Contour, and 2D plots for ϕ5(x, t) by taking h1 = −2.1, h2 = 0, h3 = 0.75, c1 = 1
and c2 = 2.
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Figure 4. 3D, Contour and 2D plot for ϕ10(x, t) by taking h1 = 0.1, h2 = 0, h3 = −0.2, c1 = 3 and
c2 = 2.

6. Bifurcation Analysis of Equation (5)

In this section, we examine Equation (2) using a bifurcation analysis. Using a Galilean
transformation, Equation (14) can be transformed into a system of ordinary differential
equations as 

dχ
dη = Γ
dΓ
dη =

2(c2
2−c2

1)Γ
2+χ4−(q+2δ)χ2

2(c2
2−c2

1)χ
,

(28)

which is not a Hamiltonian system, as it does not satisfy the Hamiltonian condition, that is,

dχ

dη
=

∂H
∂Γ

,
dΓ
dη

= −∂H
∂χ

.

Here H represents the Hamiltonian. Using Equation (28), we obtain

dΓ2

dχ
=

2(c2
2 − c2

1)Γ
2 + χ4 − (q + 2δ)χ2

(c2
2 − c2

1)χ
, (29)

where χ = 0 is a singular point of Equation (29). The solution for Equation (29) has the
following form:

Γ2 = χ2c +
1

2(c2
1 − c2

2)

[
4δ ln(χ)χ2 + 2qχ2 ln(χ)− χ4], (30)

where c is the constant of integration, we obtain

(χ
′
)2 − [χ2c +

1
2(c2

1 − c2
2)

[
4δ ln(χ)χ2 + 2qχ2 ln(χ)− χ4]] = 0. (31)
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Equation (31) can be expressed as

L(χ, Γ) = Γ2 − [χ2c +
1

2(c2
1 − c2

2)

[
4δ ln(χ)χ2 + 2qχ2 ln(χ)− χ4]] = 0, (32)

which is a required conserved quantity. Furthermore, we perform a qualitative analysis of
the above equation through utilizing the entire discrimination system. For this, consider
the Equation (32) with its potential energy as

W(χ) = −[χ2c +
1

2(c2
1 − c2

2)

[
4δ ln(χ)χ2 + 2qχ2 ln(χ)− χ4]] = 0,

further taking the derivative of the above equation; after some simplification, we have

W ′(χ) = (−2c− 2δ

(c2
1 − c2

2)
− q

(c2
1 − c2

2)
)χ +

2
(c2

1 − c2
2)

χ3 − 4δ + 2q
(c2

1 − c2
2)

χ ln χ. (33)

Employing the Taylor expansion of ln(χ) around χ = 0, neglecting higher terms, yields

W ′(χ) = $1χ3 − $2χ2 + $3χ, (34)

where $1 = 2
(c2

1−c2
2)

, $2 = 4δ+2q
(c2

1−c2
2)

, and $3 = (−2c + 2δ
(c2

1−c2
2)
+ q

(c2
1−c2

2)
). By denoting

J(χ, Γ) =
∣∣∣∣ 0 1
$3 − 2$2χ + 3$1χ2 0

∣∣∣∣
= −($3 − 2$2χ + 3$1χ2),

the eigenvalues on the singular point are

λ±(χ, Γ) = ±
√
($3 − 2$2χ + 3$1χ2), (35)

thus, (χ, Γ) is a saddle point for J(χ, Γ) < 0, a center for J(χ, Γ) > 0, and a cusp for
J(χ, Γ) = 0.

The third order discriminant for the polynomial is

∆ = $2
2$2

3 − 4$1$3
3, (36)

and we obtain the following results that are shown below.
Case 1: Let ∆ = 0 and $1 > 0, $2 > 0 and $3 = 0, then

W ′(χ) = $1(χ− )2(χ− κ). (37)

In this case, we obtain two points, (, 0), and (κ, 0), as critical points. Considering such a
case, (, 0) is the cusp and (κ, 0) is the saddle point. By choosing c1 = 2, c2 = 1.4, $1 = 1,
$2 = 4, $3 = 0, δ = 2, q = 0, and c = 1, we obtain  = 0 and κ = 4. These points are
displayed in Figure 5.
Case 2: Let ∆ = 0 and $1 > 0, $2 < 0 and $3 = 0, then

W ′(χ) = $1(χ− )2(χ− κ). (38)
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Figure 5. Phase pattern of bifurcation analysis for system (28) when ∆ = 0 with $1 > 0, $2 > 0, and
$3 = 0.

In the present case, we have two points, (, 0) and (κ, 0), as equilibrium points. Considering
such a case (, 0) is the cusp and (κ, 0) is the saddle point. By selecting c1 = 2, c2 = 1.4,
$1 = 1, $2 = −4, $3 = 0, δ = 2, q = −8, and c = −1, we obtain  = 0 and κ = −4. These
points are shown in Figure 6.

Figure 6. Phase pattern of bifurcation analysis for system (28) when ∆ = 0 with $1 > 0, $2 < 0 and
$3 = 0.

Case 3: Let ∆ = 0 and $1 < 0, $2 < 0 and $3 = 0, then

W ′(χ) = $1(χ− )2(χ− κ). (39)

In the present case, two points, (, 0) and (κ, 0), are critical points. Taking such a case, (, 0)
is the cusp and (κ, 0) is the central point. By fixing c2 = 2, c1 = 1.4, $1 = −1, $2 = −4,
$3 = 0, δ = 2, q = 0, and c = −1, we obtain  = 0 and κ = 4. These points are displayed in
Figure 7.
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Figure 7. Phase pattern of bifurcation analysis for system (28) when ∆ = 0 with $1 < 0, $2 < 0 and
$3 = 0.

Case 4: Let ∆ = 0 and $1 < 0, $2 > 0 and $3 = 0, then

W ′(χ) = $1(χ− )2(χ− κ). (40)

In this case, we acquire (, 0) and (κ, 0) as critical points. Considering this case, (, 0) is the
cuspidal point and (κ, 0) is the central point. By choosing c2 = 2, c1 = 1.4, $1 = −1, $2 = 4,
$3 = 0, δ = −2, q = 0 and c = 1, we obtain  = 0, and κ = −4. These points are presented
in Figure 8.

Figure 8. Phase pattern of bifurcation analysis for system (28) when ∆ = 0 with $1 < 0, $2 > 0 and
$3 = 0.

Case 5: Let ∆ > 0 and $1 > 0, $2 > 0, $3 > 0 then

W ′(χ) = $1(χ− )(χ− κ)(χ− `). (41)

In this case, we acquire three points, (, 0), (κ, 0), and (`, 0), as equilibrium points. Consid-
ering such a case, (, 0) and (κ, 0) are the saddle points, while (`, 0) is the central point. By
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choosing c2 = 1.4, c1 = 2, $1 = 1, $2 = 3, $3 = 1, δ = 0, q = 3, and c = 1, we obtain  = 0,
κ = 2.6 and ` = 0.4. These points are depicted in Figure 9.

Figure 9. Phase portrait of bifurcation for system (28) when ∆ > 0 with $1 > 0, $2 > 0 and $3 > 0.

Case 6: Let ∆ > 0 and $1 < 0, $2 = 0, $3 > 0, then

W ′(χ) = $1(χ− )(χ− κ)(χ− `). (42)

In this case, we obtain (, 0), (κ, 0), and (`, 0) as critical points. Taking such a case, (`, 0)
and (κ, 0) are the central points, while (, 0) is the saddle point. By putting c2 = 2, c1 = 1.4,
$1 = −1, $2 = 0, $3 = 1, δ = 0, q = 0, and c = −0.5, we obtain  = 0, κ = 1 and ` = −1.
These points are displayed in Figure 10.

Figure 10. Phase profile of bifurcation analysis for system (28) when ∆ > 0 and $1 < 0, $2 = 0,
$3 > 0.

Case 7: Let ∆ < 0 and $1 > 0, $2 > 0 and $3 > 0, then

W ′(χ) = $1(χ− )[(χ− κ)2 + `2]. (43)
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In present case, we acquire only one point, (, 0), as a critical point. It can be the center for
$3 < 0 and the saddle for $3 > 0.

7. Phase Patterns for Quasi-Periodic Behavior

In this section, we analyze the quasi-periodic patterns of the perturbed system as
follows: { dχ

dη = Γ
dΓ
dη = $1χ3 − $2χ2 + $3χ + ρ0 cos(κη),

(44)

where $1 = 2
(c2

1−c2
2)

, $2 = 4δ+2q
(c2

1−c2
2)

and $3 = (−2c + 2δ
(c2

1−c2
2)
+ q

(c2
1−c2

2)
).

Here, in the above system (44), ρ0 represents the strength of the disruption and κ rep-
resents the frequency. System (44) has an external periodic force of ρ0 cos(κη), which is
missing in system (28), to inspect the chaotic and periodic patterns of Equation (2). To
tackle this issue, we employ a variety of tools, including the phase portrait approach, time
series profiling, and Poincaré maps. To analyze the problem from different perspectives,
we will assess the impact of the parameters $1, $2, $3, ρ0, and κ by assuming two alternate
scenarios. In the first scenario, we will keep $1, $2, $3, and κ constant and examine the
impact of ρ0. In the second case, we will investigate the effect of modifying the other factors
while considering ρ0 and ϕ as constants.

In Figure 11, 3D and 2D phase plots, time analysis graphs, and Poincaré maps are
depicted for $1 = −3, $2 = 1.5, $3 = −0.5, ρ0 = 1.5, and κ = 2π. It is observed that
system (44) exhibits quasi-periodic behavior for ρ0 = 1.5. Figure 12 presents 3D and 2D
plots along with time analysis graphs and Poincaré maps for ρ0 = 2.5, while keeping
the other factors the same as in Figure 11. System (44) appears to display quasi-periodic
characteristics for ρ0 = 2.5. In Figure 13, 3D and 2D plots, time series profiles, and Poincaré
maps are shown for $1 = −3.5, $2 = 4, $3 = −1.5, ρ0 = 3.5, and κ = 2π. It is observed that
system (44) exhibits quasi-periodic characteristics, while the Poincaré section has several
disordered points indicating chaotic motion for the given parameters. In Figure 14, 3D and
2D plots, time series profiles, and Poincaré maps are displayed for $1 = −5.5, $2 = 2.5,
$3 = −2, ρ0 = 3.5, and κ = 2π. It is noted that system (44) demonstrates a quasi-periodic
pattern, while the Poincaré map shows many irregular points and depicts chaotic behavior.

(a) 2D-Phase profile (b) 3D-Phase profile

(c) Time series (d) Poincaré map

Figure 11. For $1 = −3, $2 = 1.5, $3 = −0.5, ρ0 = 1.5, and κ = 2π, nonlinear dynamical system (44)
is displayed by using various chaos-detecting tools for initial condition (0.08,0.08).
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(a) 2D-Phase profile (b) 3D-Phase profile

(c) Time series (d) Poincaré map

Figure 12. For $1 = −3, $2 = 1.5, $3 = −0.5, ρ0 = 2.5, and κ = 2π, nonlinear dynamical system (44)
is displayed by using various chaos-detecting tools for initial condition (0.08,0.08).

(a) 2D-Phase profile (b) 3D-Phase profile

(c) Time series (d) Poincaré map

Figure 13. For $1 = −3.5, $2 = 4, $3 = −1.5, ρ0 = 3.5, and κ = 2π, nonlinear dynamical system (44)
is displayed by using various chaos-detecting tools for initial condition (0.08,0.08).

(a) 2D-Phase profile (b) 3D-Phase profile

Figure 14. Cont.



Symmetry 2023, 15, 1324 16 of 19

(c) Time series (d) Poincaré map

Figure 14. For $1 = −5.5, $2 = 2.5, $3 = −2, ρ0 = 3.5, and κ = 2π, nonlinear dynamical system (44)
is displayed by using various chaos-detecting tools for initial condition (0.08,0.08).

8. Sensitivity Analysis

Here, we have the sensitivity of the disturbed system (44). For this objective, we have
taken into consideration three distinct initial conditions: (χ, Γ) = (0.15, 0), identified by the
red solid line, (χ, Γ) = (0.16, 0), plotted with the blue dotted curve, and (χ, Γ) = (0.17, 0),
shown by the green dotted curve. In Figures 15 and 16, three solutions are addressed by
considering the same values of parameters as those considered in Figures 11 and 14. In
Figures 17 and 18, we make a tiny adjustment in the initial values, and the solutions are
attained by choosing the same values for the parameters as in Figures 11 and 14. It is
indicated that a slight modification in initial conditions has no major impact on the solution.
As a consequence, we conclude that the proposed model is not very sensitive.

Figure 15. Sensitivity profile of system (44) with the same parameters as considered in Figure 11,
with initial values (0.15,0) in red (solid), (0.16,0) in blue (dotted), and (0.17,0) in green (dotted).

Figure 16. Sensitivity profile of system (44) with the same parameters as considered in Figure 14,
with initial values (0.15,0) in red (solid), (0.16,0) in blue (dotted), and (0.17,0) in green (dotted).



Symmetry 2023, 15, 1324 17 of 19

Figure 17. Sensitivity profile of system (44) with the same parameters as considered in Figure 11,
with initial values (0.15,0) in red (solid), (0.20,0) in blue (dotted), and (0.25,0) in green (dotted).

Figure 18. Sensitivity profile of system (44) with the same parameters as considered in Figure 14,
with initial values (0.15,0) in red (solid), (0.20,0) in blue (dotted), and (0.25,0) in green (dotted).

9. Concluding Remarks

In this paper, we have investigated a new form of the generalized q-deformed Sinh-
Gordon equation. The proposed model has been explored through a Lie symmetry analysis,
where we have calculated the Lie point symmetries using the Lie group’s invariance cri-
terion. By employing similarity reduction, we have transformed the partial differential
equation (PDE) into an ordinary differential equation (ODE). Using the generalized auxil-
iary equation approach, we have generated a range of soliton profiles for the derived ODEs,
considering various values of the parameters. The collected data are presented in the form
of 2D, 3D, and contour graphical patterns. Based on our analysis, we have obtained the
following results for the proposed model.

In Figure 1, we extracted bright solitons for ϕ1 by setting h1 = 1, h2 = 0, h3 = 0.2,
c1 = 0.5, and c2 = 3. Singular solitons for ϕ4(x, t) were indicated in Figure 2, using the
same parameter values. In Figure 3, we detected singular periodic solitons for ϕ5(x, t) with
h1 = −2.1, h2 = 0, h3 = 0.75, c1 = 1, and c2 = 2. Figure 4 shows the detection of bright
solitons for ϕ10(x, t) with h1 = 0.1, h2 = 0, h3 = −0.2, c1 = 3, and c2 = 2.

Furthermore, we have conducted a qualitative analysis of the model by investigating
bifurcation and chaos. We have transformed the model into a dynamical system using the
Galilean transformation and performed a bifurcation analysis. Phase profiles for different
parameter scenarios are displayed in Figures 5–10. Additionally, by introducing an external
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periodic strength, we have observed quasi-periodic and chaotic behaviors. Various tools
were employed to detect chaos, including 3D and 2D phase patterns, time analysis, and
Poincaré maps, as shown in Figures 11–14. Moreover, we have performed a sensitivity
analysis with different initial conditions and found that the proposed model is not highly
sensitive. Slight modifications in the initial conditions did not have a significant impact
on the solutions. These unique findings indicate the effectiveness and viability of the
suggested strategies for evaluating soliton solutions and illustrating phases in various
nonlinear models.
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