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Abstract We analyse the symmetry, invariance properties and conservation laws of the par-
tial differential equations (pdes) and minimization problems (variational functionals) that
arise in the analyses of some noise removal algorithms.

Keywords Noise removal algorithms - Invariance - Conservation laws

Mathematics Subject Classification 58D19 - 58J70 - 70H33

1 Introduction

Amongst others, Rudin et al [1] and Esedoglu & Osher [2] have discussed and modelled,
in considerable detail, the notion of denoising that arises in images wherein the goal is
‘to remove noise from a corrupted digital image without blurring object boundaries’. Other
detailed works in this regard by Osher are [3-5]. Essentially, they propose to denoise images
by minimizing the total variation norm of the estimated solution. To this end, they ‘derive
a constrained minimization algorithm in which the constraints are determined by the noise
statistics’. In this paper, we study a number of models that are developed and discussed
in [1]. We study the symmetry, invariance properties and conservation laws of the differential
equations and/or minimization problems (variational functionals) that are presented therein.

A number of other works and alternative approaches in the area of ‘denoising’ are avail-
able in [6-9], inter alia.
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We present some preliminaries that will be used in the analyses that follow.
Consider an rth-order system of partial differential equations of n independent variables

s = (s1, 82, ...,5,) and m dependent variables u = (uy, us, ..., u,,) viz.,
E*(s,u uqy, . oug) =0, p=1, ..., M

where a locally analytic function f(s, u, u, ..., u;) of a finite number of dependent vari-

ables u, uy, ..., u; denote the collections of all first , second ,. .., kth-order partial deriva-

tives and s is a multivariable, that is
uf‘:D,»(u“), u?‘j:DjD[(u"‘),... ?2)
respectively, with the total differentiation operator with respect to s’ given by,

d « 0 a 9 =1 (3)
l)—__l’_u +M +-~', t1=1,...,n.
" Bsi " Ou Y ous

In order to determine conserved densities and fluxes, we resort to the invariance and
multiplier approach based on the well known result that the Euler-Lagrange operator anni-
hilates a total divergence. Firstly, if (7°!, T*',...) is a conserved vector corresponding to a
conservation law, then

D.Y1T51+DslTSI+"':O (4)

along the solutions of the differential equation E (s, u, uy, ..., u¢)) =0.
Moreover, if there exists nontrivial differential functions Q*, called a ‘multiplier’, such
that

Q" (s, u,uqry, .. VE* (s, u,uy, - uy) = DT + Dy T + -+ Q)
for some (conserved) vector (7°!, 71, ...), then
)
EQ(LM,M(U,-~~)E(£,M,u(1),.-.,u(r))20, (6)

where % is the Euler operator. Hence, one may determine the multipliers, using (6) and then

construct the corresponding conserved vectors; several approaches for this exists of which
the better known one is the ‘homotopy’ approach.

If the system of differential equations is derived from a variational principle, then the
conserved vector components are obtainable from Noether’s Theorem [10] which requires,
firstly, the construction of variational symmetries (vector fields) X = &* % + ﬁ that
leave the action integral invariant. The conservation laws may be expressed as conserved
forms [11]. It is well known that the vector fields that leave the system of differential equa-
tions invariant (generators of Lie point symmetries) contain the algebra of variational sym-
metries, if the latter exists [12—14].

2 The Pdes of the ‘Denoising Algorithm’

The cases studied below are the various nonlinear pdes that, in the first two cases, are varia-
tional and are pdes in space variables only. The first of these variational pdes is a parabolic
type one that is independent of a ‘source term’ whilst the second contains a linear source
term in the dependent variable. When the latter of these two contains a time variable as an
evolution parameter, the resulting pde mimics a Klein-Gordon equation.

@ Springer



Image Processing and ‘Noise Removal Algorithms’ 165

2.1 Parabolic ‘Denoising Pde’

Let u(x, y) denote the ‘clean image’ for (x, y) € R. Then, a constrained minimization prob-
lem is given by minimizing [1] [ L;dxdy, where the Lagrangian, L1, is given by

L1:‘/u§+u§ 7

subject to some constraints. The corresponding Euler or Euler-Lagrange operator on L;
8Ly __ _uX-Xuy272uxu’\~uxy+uyyux
Su (ux2+uy2)3/2

functional [ L;dxdy invariant with the corresponding conserved forms @ = T*dx + 7”dy
(where (T*, —T") is the conserved flow/vector)).

2
is . The variational symmetries (vector fields) that leave the

(1) —x0, — yoy + 0y:

—yu)c2 +uy +uxu, M uy2 — Uy — Uy YUy
(uxz + uyz)l/z (uxz + uyz)l/z )
(i) 0,:
2
—U Uy —uy
- dx + - dy;
(uxz + uy2)1/2 (MXZ + uy2)1/2 y
(iii) a,:

2
u: Uylly

d dy;
T LN PR I

(iv) —y0, + x0y:

(U x +uyy) uy (U x +uyy)
(ux? +uy?)'V? (e +uy)2

Here, (ii) and (iii) represent the conservation of linear momentum in x and y, respec-
tively, and (iv) is the angular momentum.
If we consider the Euler-Lagrange equation corresponding to L

2 2
| Ugclly” — 2ty sy + Uyl
(% + 1,2)3?

=0, (8)

it turns out that its algebra of point symmetry generators include generalisations of the vec-
tors fields above. That is,

1
[5 xfa)y + fr)y 4+ x° fr(u) + fyw)x + ﬁ(u)}ar

1
+ [xfz(u)y +xf3(u) + 3 fa)y® + fs@)y + fé(u)]ay + fi()dy,
or
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166 B. Al Qurashi et al.

f10u, fa (xza,, +xy8y), f3x0y,
f4(xy8x+y28_v)a fSyayv féay»
f7yax’ fgxax, f9ax

(where the f;’s are arbitrary functions of u).
2.2 The ‘Denoising Pde’ with a Linear Source Term

With a linear and nonlinear constraint, we have the Euler-Lagrange equation

2 2
UxxUy™ — 2UxUyUycy + UyyUy

=0 9
(1,2 + u,2)3?

A+ Au —

with Lagrangian given by

Ly=2 Ly a? 2 4 y2 10
2=hut Ao+ Juy + uy (10)

which lead to the following variational symmetries and corresponding conserved forms.

(i) 9, (linear momentum in x):

—Uylty _12\/14X2+uy2)ulu +\/u12+uy2k2u2+2uy2d )
(ux2 + uy2)1/2 2 (uxz + My2)1/2 v

(ii) 9y (linear momentum in y):

l2,/uxz+uy2)\1u +,/u12+uyzkgu2+2ux2d . Uty dy:

2 (2 +u,2)1? X (2 +u,2)?

(iii) —ydy + xd, (angular momentum):

12x/u 2 +uy2hqu + x/ur® + uy2hou® + 2 xu,’ +2u}yuxd

2 (? + 1,2) 12
12y,/uxz+uy Au 4y ug? +uy 20,u? +2yu} +2er14vd
2 (ux? +uy?)'? Y

The Euler equation (9) generates the symmetries

XX
[ f(f; +fz(u)y+fz(u)]
Siwryy
+ |:—xf2(u) - m + f4(u)]3y + f1(u)d,,

or

Ao Ao
— d 0 0 |, 0y — y9d,), Oy, d
fl()»|+)»2uxx+)»|+lzuy y + ) f2(yoy —y9y) f30x Jf40,

(where the f;’s are arbitrary functions of u).
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Fig. 1 u(x,y):—10<x,y <10

167

00095
—04009671E
~0.0097 £

The rotation symmetry —yd, + xd, lead to the reduced equation

Mot —V2/Ja =0, a=x2+y>
so that

17 V2
u(x,y):—[i—)q] (11)
A LJ/x2+ y2
A profile of the solution for some choices of the parameters of (11) is given in Fig. 1, i.e.,
The translation symmetries do not produce nontrivial solutions.

2.3 The Time Evolution ‘Denoising Pde’

equation

In the parabolic equation with ‘time’ as an evolution parameter, we obtain the evolution

2
| Uxlly” — 2U UyUyy + UyyUy B
Uy —}—)\,1 +)»2M (ux2+uy2)3/2 =0 (12)
whose algebra of Lie symmetries is generated by
ats ax, ays
yOy — xdy, ey,

A+ Au
—xax—y3y+¥

0
A2 ’
e 219, — houe 219,

Here, the rotation symmetry lead to, again, o = x2 4+ y2 and u = v(z, a) so that

U A+ v =2/
which is a first order linear pde. By the method of invariants, it can be shown that

1 V2 .
- I —Apl
ulx,y,t)= ” |:A1 x2+y2]e .

13)
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168 B. Al Qurashi et al.

Fig.2 u(x,1):—-3<x<3,
0<r<10

0.0002 E
0.0000 K
~0.0002 t&
~0.0004

A projection of the solution in (u, x,¢) (y = 0) system for (12) given by (13) has the
profile in Fig. 2.

The multiplier approach on (12) leads to a single multiplier Q = e
sponding conserved 2-form

! [Zu uy? — AUyt 42U tn® — 2004 u2 4 uy2u,?
3 yylx xUyllyy xx  Ux yoUy
tzkz (uxz + My2)3/2
— 2y U2 4wy 2uy — 26wt — e A Ut 20 Agtuu,?
— 4 Matuuyu gy + 26" A2 Uy 5 + 4 Uy + 267 Ay Ju,? + uy2u,?
+2e" 0y Ju? +uytuyt — e A P u,? — 22 Uy uy — 26 Mitho v, ? + unu,?
—2e™M hythg Ju,? + uyuy 4 28 dotu oyt 4 e AP AR Ju 4 w2,
+ e P 0t Ju? + uytuy + ue a0 Jun? +uy
Aot 24 3 2 2, 2
Fue Ny Jut +uytuy ]dxdy
— =53 2y 5 2[214”,14,(2—4uxuyuxy+2u”u22—Z)LI,/uxz—i—uyzuxz
B’ (uy? +uy?)3/
— 20y U2 4wy 2uy = 260wt — e A, 20 Agtuu 2

— de* Matuuyu,y, + 2ekzt)\22t2uxuyu142 + 4 uu gy, + 2" 0 V2 + uy2u,’

+2e" 0y Jun? +uytuyt — e A P uy? — 22 Uy uy — 26 Aitaovu,? + unu,?
—2eM hythg Ju,? + uyuy? 4 28 dotuuy,t 4 e AP A% Ju 4 w2,
+ e a2 Ju + uyzuyz]dxdt
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+ a [2u w2 — Auttygy + 2pcttn® — 2004/ ux? 4 1y 20,2
[3}\23(MX2+My2)3/2 yyUx xUyUyy xxU2 1 x y Ux

— 2y U2 4wy 2uy — 26wyt — e AUt + 20 Aotuyyu,?

— 4eM hatu iy, + 26" Do U uy o + 4 u o u,, + 267 0y u 2 4 un?u,

+2e" 0y Jun? +uy2uy — e A P uyt — 26" Uy — 26 hithavu,? + unu,?
— 28" Aithay /U + u_vzuyz + 2e12’)»2tuxxuy2 +eM a7 0% Ju + uyzux2
+ e 202 Ju? + uyzuyz]dydt

2

in which the term T'dxdy leads to the ‘conserved density’.

3 Conclusions

We have shown that the pdes that arise in the various models of noise removal algorithms are
abundant in symmetries that leave the systems invariant. These have applications in, inter
alia, the reduction of the systems.
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