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This study investigates two-qubit local quantum Fisher information correlation (LQFI), entanglement of
formation (EoF), and two-qubit Jensen-Shannon coherence as a result of cavity—-qubit coupling via intensity
dependent and qubit-qubit interactions. Initially, the cavity is filled with coherent and even coherent fields,
and the two-qubit state is pure. The cavity—qubit intensity dependent interaction, in the presence of intrinsic
decoherence, can produce two-qubit local quantum Fisher information, entanglement of formation, and Jensen—
Shannon coherence. This ability depends on dipole—qubit interactions, intrinsic decoherence, and initial cavity
sates. The phenomena of sudden changes emerge in the dynamics behavior of the local quantum Fisher
information, whereas the phenomenon of sudden birth-death occurs during the entanglement of formation
dynamics. These phenomena can be enhanced by modifying the initial coherent field parameters, the mean
photon number, and the non-classicality. The dipole qubit-qubit interaction improves the generated two-
qubit correlation and coherence, while intrinsic decoherence decreases and stabilizes the generated two-qubit
correlation and coherence. For a small initial coherent field intensity and dipole qubit—qubit interaction, the
LQFI and EoF non-local correlations grow while the two-qubit Jensen-Shannon coherence diminishes. The
qubit-qubit interaction coupling and the initial coherent field intensity can improve the produced stationary
LQFI and EoF correlations and Jensen-Shannon coherence in the presence of the intrinsic decoherence.

Introduction measurement-induced nonlocality [15], and local quantum Fisher in-
formation [16,17]. Beyond entanglement, local quantum Fisher is a

Non-local correlation and coherence in two-qubit states are rec- suitable quantifier for estimating non-local correlation.

ognized as a fundamental quantum information resources for various
applications in the quantum technology [1-3] Two-qubit entangle-
ment is a type of non-local correlation that is required for certain
types of quantum information processing, such as: quantum telepor-
tation [4], dense coding [5] and quantum cryptography [6]. There
are different quantifiers have been used to estimate entanglement
dynamics, such as von Neumann entropy, entanglement of formation
(EoF), negativity and concurrence [7-12]. Following the introduc-
tion of quantum discord [13] as a new type of non-local correla-
tion beyond entanglement, other quantifiers proposed measuring other
non-local correlations such as measurement-induced disturbance [14],

Quantum coherence, which is derived from the quantum pure state
superposition principle, is often viewed as a more broad information
resource than quantum entanglement [18]. It is crucial in emerging do-
mains like nanoscale thermodynamics [19] and quantum biology [20].
Quantum coherence can exist localized individually in a qubit sys-
tem [21,22] and as non-local correlation between qubits [23]. Quantum
coherence and non-local correlation are all closely related concepts [24,
25]. Knowing their relationship can give a comprehensive insight in
describing the quantum properties of nonclassical systems [26]. Vari-
ous reliable metrics, such as von Neumann entropy, relative entropy,
trace norm of coherence, and the square root of the Jensen—Shannon
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divergence (JSD) [27], have been suggested to quantify two-qubit
quantum coherence. The /J.SD coherence measure has entropic na-
ture and metric properties, which allows for the coherence to be
decomposed into various contributions arisen from local and intrinsic
coherences [28,29]. The superposition of quantum qubit/cavity states
with strong nonclassicality can produce quantum coherence and non-
local correlation, both of which have various potential uses in quantum
information [30,31]. This superposition is required for the formation
of many non-local correlations. Therefore, we will investigate the dy-
namics of two-qubit local quantum Fisher information, entanglement of
formation, and Jensen-Shannon coherence caused by interacting the
qubits with a cavity initially filled with a superposition of coherent
fields while two-qubit state is initially in a pure state. This system is
under the effect of the dipole two-qubit interaction and the intrinsic
decoherence. These dipole two-qubit interactions have a great ability to
enhance quantum coherence and non-local correlation generation [32—
35]. There have been limited investigations on two-qubit quantum
coherence and non-local correlation in the presence of intrinsic de-
coherence [36]. This intrinsic decoherence differs from what occurs
in open cavity—qubit systems but constitutes a major obstacle when a
closed quantum system evolves [36].

Currently, one of the main challenging goals in solid quantum mate-
rials is to realize qubits, which represent the most basic building blocks
of quantum computation. Therefore, several entangled qubit systems
have been realized experimentally as: superconducting qubits [37,37],
trapped-ion qubits [38], quantum-dot qubits [39], and optomechan-
ical qubit systems [40]. This paper investigates the two-qubit local
quantum Fisher information, entanglement of formation, and two-qubit
Jensen-Shannon coherence owing to cavity—qubit interactions through
intensity dependent and qubit—qubit interactions under intrinsic deco-
herence. We investigate the possibilities to produce two-qubit non-local
correlations by varying the key parameters of the physical system.

This paper is organized as follows: Section “The physical model”
presents the proposed cavity—qubit intrinsic-decoherence model. In Sec-
tion “Two-qubit correlation and coherence quantifiers”, we provide a
quick overview of the two-qubit correlation and coherence quantifiers.
Section “Dynamics of two-qubit correlation and coherence” shows the
numerical results and discussions of the dynamics of two-qubit correla-
tion and coherence. Finally, in Section “Conclusions”, our conclusions
will be listed.

The physical model

In this paper, we consider the effect of the intrinsic decoher-
ence [36] on the dynamics of a pure qubit—qubit state under nonlinear
two-qubit interaction with a coherent cavity field through intensity
dependent [41] and dipole qubit—qubit interactions. The intensity-
dependent [42,43] and dipole qubit—qubit [44] interactions have been
realized in qubit superconducting circuits. The dynamics of the sys-
tem in the presence of the intrinsic decoherence is governed by the
following Milburn equation [36],
dp(t)

t

1) Yigr 1o a
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where y is the intrinsic decoherence rate. The system loses its quantum
coherence and entanglement as it develops, which is described by the
Milburn intrinsic decoherence equation. Intrinsic decoherence causes a
quantum coherence loss without the typical energy loss associated with
decay. The system-reservoir interactions described by other approaches’
Master equations in the Lindblad form [45,46] inevitably result in
decoherence since the information is lost as soon as the system evolves.
For the resonance case where the qubits and the cavity frequencies have
the same value f,, the Hamiltonian H is given by
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where Ui_, and &; are the i-qubit (i = A, B) creation, annihilation,
and atomic inversion operators. ¢f(¢) denotes the creation (annihi-
lation) cavity-field operator. The second term describes the dipole
two-qubit interaction with the coupling J. Furthermore, the last terms
represent the cavity—qubit interactions with the coupling J and the
intensity-dependent coupling 1(¢7¢).

To find a particular solution for the intrinsic decoherence Milburn
equation (1), we assume that the cavity is initially filled with coherent
and even coherent fields while the two-qubit state is initially in a
pure excited state, |[1,15)(1,15] = [11)(11]. Therefore, the initial
cavity—qubit density matrix can be written as:

0
pO) = [11)(11] ® 4" (0) = Z H,, [11m)(11n|. 3
m,n=0
The two cavities are initially in two different cases. Case-1: the two
cavities are in a coherent state ST (0) = |a)(a|. Case-2: the two cavities
are in an even coherent state, 57 (0) = (|a)+|—a))({a|+(—al|)/ A, with the
normalization factor A. Where |a) = Y, T, |n)T, = e_%Nza—nl, N = ol
is the initial coherent field intensity (mean photon numberrj'.

The Milburn equation (1) can be solved by using the eigenstates
|'I’,’n Y(m = 1,2,3,4), the eigenstates operator ¥ = |‘I’,.'")(‘I’;’| and the ener-
gies E! of the matrix (2). In the field-qubit basis: {|B,) = |11,n),|B,) =
[10,n+1),|B3) = [01,n+1),|B,) = |00,n+2) }, the eigenstates ¥/ ) are
given by:

4
[PL) =D Al B,). (m=1,2,3,4), )
I=1
the coefficients A;; satisfy the condition of eigenvalue-problem:
H\¥!)y=E! |P!), where E! are:

El = f,(+1), El=o(l+1)-1J,
Ej = fm(l+1)+%J—%\/12+8ﬂ,
E| = fm(1+1)+%J+%\/J2+8M.

Here, we use consider the intensity-dependent coupling I1(¢7¢) = V/é'¢,
therefore, u = (n*> + 6n + 5)I(n). From the initial cavity—qubit density
matrix of Eq. (3), the cavity—qubit density matrix can be expressed as

4
py="Y D HypAp Ay Dye " EEp, (5)
m,n=01,k=1

where D(t) = e~ 5E'-ED’ is intrinsic decoherence term.

To investigate the generated two-qubit correlation and the coher-
ence of the two qubits, we need to define the reduced two-qubit density
matrix, 4B (), by tracing the cavity field states as:

0
P = Y (klplk). (6)
k=0
Now, based on the reduced two-qubit density matrix of Eq. (6), we
can quantify the amount of the produced two-qubit correlation and
coherence by different measures, local quantum Fisher information
and entanglement of formation as well as two-qubit Jensen—Shannon
coherence.

Two-qubit correlation and coherence quantifiers

The aim of this manuscript is to study the generated two-qubit
correlations of the local quantum Fisher information and entanglement
of formation as well as two-qubit Jensen—-Shannon coherence due to
cavity—qubit, intensity dependent, and qubit-qubit interactions.
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Local quantum Fisher information (LQFD):

Beyond entanglement, the LQFI (local quantum Fisher information)
quantifier is shown to be a good measure of novel two-qubit quantum
information resources such as two-qubit coherence and two-qubit quan-
tum correlation [16,17]. For the two-qubit state, the density matrix
S4B(1) can be written as: pAB(t) = Y, & 1A, )(A,| with & > 0 and
>« & = 1, the two-qubit LQFI function is given by [16,17]

L(t) =1 —max{4, 45, A3}, (@]

where 4; is the eigenvalues of the generated symmetric matrix G =
[g;;1G, j = 1,2,3), with the elements
28 mén

o ot ®)
§m+§n#0 ém + 5"
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The expressions of the coefficients Q,, = (A,,|H,|A,) where the matri-
ces H; = I ® o' and ¢’ (i = 1,2,3) represent the Pauli matrices. For a
maximally mixed/correlated two-qubit state, the LQFI reaches the unit,
while for maximal two-qubit coherence (separable state), vanishes.

Two-qubit Jensen-Shannon coherence

To measure the generated two-qubit coherence, the square root
of the Jensen-Shannon divergence (1/J.SD) [28,29,47] is used as the
distance measure of two states and two-qubit coherence. The Jensen—
Shannon information is defined as [28],

J@) = \/S[S;‘B] - 3SLS47) - 2S[SA) ©

where S(.) is the von Neumann entropy, Sj? = [S45 + .54458]/2, and
S48 is the diagonal two-qubit matrix.

Entanglement of formation (EOF)

To explore the amount of the generated two-qubit entanglement,
we can consider the entanglement of formation [10] that is based on
the concurrence [12]. The EOF is the only measure of entanglement
for which an analytical expression is available for arbitrary systems of
particular dimensions. It was found that the case of two-qubit systems.
The EOF is a monotonically increasing function of the concurrence. The
EOF function can be expressed as:

F(t) = Y (n=K)log(n — (-1y"*'K), (10
n=0,1
K = %[14-\/1-czon, an

concurrence function is defined as,

C) = max{0, /A = Vi = Vi = Viy ), a2)

4@ = 1 - 4) design the eigenvalues of the matrix: R = §*5(c, ®
6,)p**8(c, ® 0,), they listed in decreasing order.

Dynamics of two-qubit correlation and coherence

To investigate the amount, the speed, and the regularity of the
generated two-qubit correlations of the local Fisher information and
entanglement of formation as well as two-qubit Jensen—Shannon co-
herence due to cavity—qubit, intensity dependent, and qubit—-qubit in-
teractions, we have assumed that the two-qubit state is initially in
the pure state pA8(0) = |1,15)(1,15|. Therefore, the initial values
of the correlations and coherence functions L(¢), J(¢), and F(¢) are
equal to zero-value, which are in concordance with the numerical
results. The behavior of the local Fisher information, Jensen-Shannon
coherence, and entanglement of formation are shown when the cavity
is initially filled with a coherent field with |«|*> = 25 in the absence

Results in Physics 41 (2022) 105916

L(t)

- - - Jo
F(t)

-
_—=

W
W
I
Y L
i
1
L}
0
:
At/m
1 (b)
L(t)
0.9+ - == Jm
F(t)
0.8
|
0.7

At/

Fig. 1. Time evolutions of the local Fisher information L(¢), Jensen-Shannon informa-
tion J(r), and entanglement of formation F(r) are shown when the cavity is initially
filled with a coherent field with |«|? = 25 in the absence of the decoherence for different
values of the qubit-qubit coupling: J =0 in (a) and J =604 in (b).

of the decoherence for different values of the qubit—qubit interaction
coupling: J =0 in (a) and J = 604 in (b).

Fig. 1a illustrates the ability of the cavity—qubit interactions, through
intensity-dependent coupling, to generate two-qubit correlation and
coherence, in the absence of the qubit-qubit coupling, as well as
the intrinsic decoherence. From Fig. la, we find that the non-local
correlations and coherence functions J(¢), and F(r) grow and oscil-
late periodically, v/JSD and EoF with period = whereas LQFI with
period %n. Their partial values correspond to the generated partially
correlated and coherent two-qubit states. In each period we note that:

+ The local Fisher information measure demonstrates that, beyond
the produced EoF, the uncorrelated two-qubit state evolves to
exhibit regular partial LQFI non-local correlation. The generated
LQFI non-local correlation, within interval period, is quasi-stable.
The phenomenon of sudden changes appears in the dynamical
behavior of the LQFI. The phenomenon of the sudden changes was
coined in [48] and experimentally observed in [49]. During each
period of the LQFI, two sudden changes (SCs) are observed. In the
time intervals between the SCs, the dynamics of the 1/J.SD and
EoF show maximal coherence and entanglement, respectively.
The Jensen-Shannon information J(r) reveals quicker and
stronger two-qubit coherence compared to the other correlations
quantifiers. The 1/JSD amplitudes and oscillations are larger
than these of the LQFI and EoF correlations. The two qubits
reach their maxima and minima’s Jensen—Shannon coherence and
entanglement of formation at the same times At = @n—Dz (at the
center of the LQFI period) and At = "7”(n =1,2,...), respectively.
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Fig. 2. As Fig. 1 but when the cavity is initially filled with an even coherent field
with |a|? = 25.

» The EoF shows that, the generation of two-qubit entanglement
delays for a short time. After that, the EoF is generated and
oscillates periodically. At the end of the period, the sudden birth
and death phenomena [50,51] appear.

Fig. 1b examines the impact of dipole-dipole interaction coupling the
amount, speed, and regularity of the created two-qubit correlations
of local Fisher information and entanglement of formation, as well
as two-qubit Jensen—-Shannon coherence. In general, the behaviors of
the two-qubit coherence and the two-qubit correlation quantifiers have
notable changes due to the increase of the dipole-dipole interaction’s
coupling. The coupling of the dipole-dipole interaction results in: (1)
increasing the local Fisher information, Jensen—Shannon coherence,
and entanglement created between the two qubits owing to the cavity—
qubit intensity dependent interactions. The amplitudes and oscillations
of non-local correlations and coherence get stronger. (2) When com-
pared to Fig. 1a, the partially correlated and coherent two-qubit states
are formed quickly (3) Disappearance of the regularity of the generated
oscillatory behaviors’ LQFI and EoF correlations and Jensen—-Shannon
coherence (due to cavity—qubit intensity dependent interactions), as
well as the sudden birth and death phenomena windows of the entan-
glement of formation, as soon as the two-qubit interaction is switched
on.

In Fig. 2, the LQFI and EoF correlations and Jensen-Shannon coher-
ence are identified by L(¢), J(r), and F(¢) are depicted when the cavity is
initially filled with an even coherent field with |«|> = 25. The difference
in results between the initial coherent and even-coherent fields is due
to the non-classicality of the even coherent field state at large field
intensities [52]. Therefore, our results show that:
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Fig. 3. The dynamics of the functions L(r), J(¢), and F(r) of Fig. 1 is shown under the
intrinsic decoherence y = 0.034 for different values of the qubit-qubit coupling: J =0
in (a) and J =604 in (b).

The LQFI correlation, EoF, and Jensen—-Shannon coherence is
strongly generated with different periodical oscillatory behaviors. The
oscillation period of both the 1/J.SD and the EoF reduce to be %71',
while of the LQFI is still %n. The increase of the amplitudes and
the oscillations of the non-local correlations and coherence functions
L), J(1), and F(r) refers to the ability of the initial coherent and
even-coherent fields to enhance the LQFI and EoF correlations and
Jensen-Shannon coherence (due to the cavity-qubit intensity depen-
dent interactions). The non-classicality of the even coherent field state
maintains the regularity of the produced oscillatory behaviors’ LQFI
and EoF correlations and Jensen—-Shannon coherence, while increases
the LQFI sudden birth-death entanglement windows.

The effect of increasing the intrinsic decoherence in the absence of
the two-qubit interaction on the dynamics of the produced LQFI and
EoF correlations and Jensen-Shannon coherence owing to cavity—qubit
intensity dependent interactions is shown in Fig. 3a. The oscillating
characteristics of the LQFI and EoF non-local correlations, as well as the
Jensen-Shannon coherence, disappear. As time evolves, the maxima of
the LQFI and EoF correlations and Jensen-Shannon coherence diminish
while their minima grow, indicating that the maxima and minima of
L(t), J(t), and F(t) converge to a stable value. The two-qubit state
in this case exhibits stationary LQFI and EoF correlations, as well as
Jensen-Shannon coherence. Moreover, the oscillatory behaviors of the
LQFI, v/J.SD, and EoF quantifiers are especially vulnerable to intrinsic
decoherence, which leads to the disappearance of the LQFI sudden



A.-B.A. Mohamed and H. Eleuch

1(a)

L(t)

0.9 == =J@
F(t)

0.8

0.6

L(t)
0.9f - == Jt)
F(t)
0.8}

0 0.5

p
At/

Fig. 4. The dynamics of the functions L(r), J(¢), and F(r) under the small initial
coherent field intensity |«|> = 2 when the cavity is initially filled with a coherent
field in (a) and when the cavity is initially filled with an even coherent field in (b).

change as well as the sudden birth-death entanglement. When the
cavity is initially filled with an even coherent field (see Fig. 3b), the
dynamics of the local Fisher information, Jensen—Shannon information,
and entanglement of formation are illustrated in the presence of the
dipole two-qubit interaction. The maxima of all quantifiers are greater
than those shown in Fig. 3a. However, the intrinsic decoherence leads
to delays. As a result, we can conclude that the generated two-qubit
state has stationary LQFI and EoF correlations, and Jensen—Shannon co-
herence which depend on the qubit—qubit coupling as well as intrinsic
decoherence.

Fig. 4 displays the ability of the cavity—qubit intensity dependent in-
teractions to generate two-qubit correlations as well as Jensen—Shannon
coherence when the cavity is initially filled with a coherent and an
even coherent fields with a small initial coherent field intensity la|? =
2. By comparing Fig. 1a and Fig. 4a, we find that the effect of the
mean photon number is clearly visible. For small values of the mean
photon number |a|?, the minima of LQFI correlation and Jensen—
Shannon coherence, except EoF, increases as the non-classicality of the
initial coherent field grows. Fig. 4a shows that the LQFI and EoF non-
local correlations and Jensen-Shannon coherence grow with irregular
oscillations. The upper and the lower bounds of the LQFI, v/J.SD, and
EoF rise. The sudden birth-death entanglement phenomena are more
abundant when the cavity is initially filled with an even coherent field,
as shown in Fig. 4b. In addition, for the case of the initial even coherent
state, Fig. 4a shows that the initial even coherent state leads to: (1) the
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Fig. 5. The dynamics of the functions L(t), J(), and F(r) of Fig. 3a is shown for
different values of the intrinsic decoherence and the qubit-qubit couplings: (y,J) =
(0,30)4 in (a) and (y,J) = (0.03,0)4 in (b).

LQFI sudden changes (which does not appear in the case of the initial
coherent state) appear clear. (2) the amplitudes and the frequency
of the generated non-local correlations and coherence oscillations are
enhanced.

In Fig. 5a, the effect of a small initial coherent field intensity
is clearly displayed in the absence of the decoherence and in the
presence of the qubit-qubit interaction coupling J. Due to coupling
the qubit-qubit and cavity—qubit interactions with a low initial co-
herent field intensity, the generated LQFI and EoF non-local corre-
lations are enhanced while the generated two-qubit Jensen—Shannon
coherence degrades. The effect of the intrinsic decoherence is consid-
erable for a small initial coherent field intensity; in the absence of the
qubit—qubit interaction, the stationary LQFI and EoF correlations and
Jensen-Shannon coherence are quickly attained. Finally, our results
indicate that the stationary LQFI and EoF correlations, as well as
Jensen-Shannon coherence, are affected by the qubit-qubit interaction
coupling, initial coherent field intensity, and intrinsic decoherence.

Conclusions

In this paper, we have investigated the generated two-qubit cor-
relations namely; the local quantum Fisher information, entanglement
of formation, and two-qubit Jensen-Shannon coherence. The cavity is
initially filled with coherent and an even coherent fields while the
two-qubit state is initially in a pure state. The cavity—qubit intensity
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dependent interactions produce two-qubit Jensen-Shannon coherence
more rapidly and strongly than the generated local quantum Fisher
information and entanglement of formation. The phenomena of sudden
birth and death for Fisher information and entanglement of formation
emerge in this system. These effects may be amplified by the mean pho-
ton number and the non-classicality of the initial coherent field state.
The intrinsic decoherence eliminates the sudden birth-death entan-
glement. The dipole qubit—qubit interaction increases the local Fisher
information, Jensen—Shannon coherence, and entanglement while de-
creasing the sudden birth-death entanglement. Due to combining the
qubit-qubit and cavity-qubit interactions with a low initial coher-
ent field intensity, the LQFI and EoF non-local correlations improve
while the generated two-qubit Jensen-Shannon coherence degrades.
The two-qubit LQFI and EoF correlations, as well as Jensen—-Shannon
coherence, increase as the non-classicality of the initial coherent field
grows. The non-classicality of the even coherent field state enhances
the amplitudes and frequency of non-local correlations and coherence,
as well as the sudden birth-death entanglement. Our results further
reveal that the qubit-qubit interaction, initial coherent field intensity,
and intrinsic decoherence affect the stationary LQFI and EoF, as well
as the Jensen-Shannon coherence. According to our LQFI, EoF, and
Jensen-Shannon coherence results, (i) the cavity—qubit intensity de-
pendent interaction and qubit—qubit interactions have a large ability
to produce two-qubit correlation and coherence. The stationary LQFI,
EoF, and Jensen-Shannon coherence are all impacted by the intrinsic
decoherence. (ii) The generated two-qubit correlation and coherence
are improved by the even coherent cavity field state. (iii) The intrinsic
decoherence affect has high ability to generate stationary LQFI and EoF,
as well as the Jensen—-Shannon coherence. The generated two-qubit
correlation and coherence have a significant impact on the precision
of predicted measurements in quantum information processing. The
two-qubit correlation and coherence were used to realize quantum com-
putations [53,54], quantum tomography [55] as well as to implement
large cat states in finite-temperature reservoir [56].
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