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Abstract: Ordered semigroups are understood through their subsets. The aim of this article is
to study ordered semigroups through some new substructures. In this regard, quasi-filters and
(m, n)-quasi-filters of ordered semigroups are introduced as new types of filters. Some properties of
the new concepts are investigated, different examples are constructed, and the relations between quasi-
filters and quasi-ideals as well as between (m, n)-quasi-filters and (m, n)-quasi-ideals are discussed.
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1. Introduction and Preliminaries

Kehayopulu [1] was the first to investigate filters in poe-semigroups. Lee et al. [2]
introduced and described the notion of left (resp. right) filters in po-semigroups in terms
of prime right (resp. left) ideals. The notion of I'-filters in ordered I'-semigroups was
developed by Hila [3], while Tang et al. [4] proposed the concept of filters in ordered
semihypergroups. Khan et al. [5] introduced the notions of left-m-filters, right-n-filters, and
(m, n)-filters in ordered semigroups as a generalization of the concept of left (right) filters
of ordered semigroups. Fuzzy set theory was applied to filters of ordered semigroups by
Kehayopulu and Tsingelis [6], and the notion of fuzzy filters in ordered semigroups was
established. By generalizing the notion of fuzzy filters, Davvaz et al. [7] established the
concept of (€, € Vq)-fuzzy filters in ordered semigroups. Ali [8] developed generalized
rough approximations for fuzzy filters in ordered semigroups; in addition, in [9], Ali et al.
proposed the notion of soft filters in soft ordered semigroups.

As novel forms of filters and in continuation of the work initiated in this regard, quasi-
filters and (m, n)-quasi-filters of ordered semigroups are introduced herein. Some new
concepts and characteristics are studied. Furthermore, relationships between quasi-filters
(resp. (m, n)-quasi-filters) and quasi-ideals (resp. (m, n)-quasi-ideals) are discussed.

An ordered semigroup (£, -, <) is a semigroup with a partial order relation < that is
compatible, ie.,, ¢ < yimplies 9« < yx and k¢ < ky forall &, v, x € Q. ForY # @ C O, we
denote (Y] ={te€ Q : t<aforsomea € Y}and[Y)={t€Q : a<tforsomea € Y}.

Ordered semigroups have been studied through their subsets (see [5,10-13].) A subset
Y # @ of O is called a subsemigroup of Qif YY C Y, and Y is called the left (resp. right) ideal
of QIf QY CY (YO CY)and (Y] C Y. IfasubsetY is both a left ideal and a right ideal of
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), it is called an ideal of (3. A subsemigroup Y of () is called a bi-ideal of (3 if YQOY C Y and
(Y] € Y. A non-empty subset Y of ) is called a quasi-ideal of () if (YQ] N (QY] C Y and
(Y] € Y. Furthermore, a subsemigroup Y of Q) is called a left filter (resp. right filter) of ) if
foralla,b € O, ab € Yimpliesa € Y (resp. b € Y) and [Y) C Y. Itis a filter if it is both a
left filter and a right filter of Q). For positive integers m and 7, a subsemigroup Q of () is an
(m, n)-quasi-ideal of Q) of (Q] € Q and (Q™Q] N (QQ"] C Q.

An ordered semigroup Q) is called (m, n)-regular if for all & € Q, there exists ¥ € Q)
such that ¢ < ¢"y9". For more related details, we refer to [14].

2. Quasi-Filters of Ordered Semigroups: Redefined

In [15], Jirojkul and Chinram introduced quasi-filters of ordered semigroups. In
addition, in [16], Yaqoob and Tang used a similar definition to introduce quasi-hyperfilters.
Their definition was based on a non-general definition of a quasi-ideal. In this section,
we redefine quasi-filters of ordered semigroups in a more general way. Furthermore, we
explore some of their properties and relate them to quasi-ideals.

Definition 1. Let (Q), -, <) be an ordered semigroup and Q # @ C Q. Then, Q is a quasi-filter of

Q) if the following conditions hold for all a, B,y,6 € QL.

M Q-QcQ

2 [QcQ

(3) Ifx € Qand for somea,B,v,6 € O, x < a-Bandx <-4, then, {a,6} N Q # @ and
{B1}NQ#Q.

If we drop the subsemigroup condition in Definition 1, we obtain Q as a generalized
quasi-filter of ).

Remark 1. A quasi-filter Q in a semigroup Q) is a subsemigroup of Q) satisfying the following
condition for all o, B, v, € QL.

a-B=7-0¢cQimplies{a,6} NQ # Dand {B,v}NQ # D.

Example 1. Let (Z* U {0}, -, <) be the semigroup of non-negative integers under standard multi-
plication and the usual order of numbers. Then, " is a proper quasi-filter of Z+ U {0}.

Example 2. Consider the ordered semigroup O = {9, x, @}, with operation “-1” and order * <y ”
described as follows:

ST S
ISERSIESSESY
9 B =
ISEESIICN RS

<= {(19/ 19)/ (K, K)r ('7/ 'Y)r (19/ K)r (19,(0)}.

One can easily see that {x, @} is a quasi-filter of O;.

Example 3. Let (M(Z), -, <¢) be the ordered semigroup of two by two matrices with integer

d
(b,c,d) # (0,0,0)} is a generalized quasi-filter of My (Z), and it is not a quasi-filter of My(Z) as
. . 1 1\/1 O 20
2 —
O~ is not a subset of O. This is clear as (O 0) (1 0) = (O 0) ¢ 0.
Now, to show that U is a generalized quasi-filter of My (Z), it suffices to show that for all
a,B,706 € My(Z), ifap = v6 € U, thus, {a,6} NV # @ and {B,v} NV # D. Without

coefficients under the standard multiplication of matrices and trivial order. Then, U = { (i b) :
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loss of generality, suppose that {w,6} N = Q. Then, there exist a,b € Z with a = (a 0>

0 0
b 0
and 5-(0 0).

_fc d (g h ; _ fac ad\ (gb 0O\ .. .
Let B = (e f) and v = (i j>.Havmg ap = (0 0) = (ib 0) = 0 implies
that ad = ib = Q. The latter implies that ap = yé ¢ O.

Lemma 1. Let (Q,-, <) be an ordered semigroup and Q # @ C Q. If Q is a (generalized)
quasi-filter of Q), then, Q is prime.

Proof. Letwa, f € Qwitha - B € Q. By setting x = « - B, we see that x € Q satisfiesx < a - B.
Having Q a (generalized) quasi-filter of Q) implies that {a, B} N Q # @ and, hence, x € Q
orfeQ. O

Lemma 2. Let (Q),-, <) be an ordered semigroup, p1,p2,...,px € Qand Q # @ C Q bea
(generalized) quasi-filter of Q0. If p1pa ... px € Q, then, {p1,p2,..., pr} N Q # @.

Proof. Let p1(p2...px) € Q. Having Q be a quasi-filter of Q) implies that Q is prime
(by Lemma 1) and, hence, p; € Qor p>...px € Q. If p; € Q, we are finished. Otherwise,
p2(ps...px) € Q implies that pp € Qor p3...pr € Q. If pp € Q, we are finished.
Otherwise, p3 ... px € Q. Repeating the same procedure, we see that {p1, p2,..., px} N Q #
©. O

Proposition 1. Let (Q), -, <) be a commutative ordered semigroup and Q # @ C Q). Then, Q isa
quasi-filter of Q) if and only if Q is a filter of ().

Proof. Let Q be a filter of Q and «,8,7,6 € (). Letx < a-Pand x < -4, withx € Q.
Then, « - € Qand yv-J € Q as [Q) € Q. Having Q be a filter of Q) implies that
«,B,7v,6 € Qand, hence, Q is a quasi-filter of ).

Conversely, let Q be a quasi-filter of Q and & - § € Q. By settingx = a - fand x € Q,
we see that x < w - fand x < B - a. aving Q be a quasi-filter of () implies that {a} N Q # @
and {B} N Q # @. The latter implies that {«, B} C Q and, hence, Q is a filter of Q. [

Proposition 2. Let (Q), -, <) be an ordered semigroup and Q # @ C Q). If Q is a left filter (right
filter) of Q3, then, Q is a quasi-filter of ().

Proof. Let Q be a left filter of Qand o, §,7,0 € Q. Letx € Qwithx <a-Band x < - 4.
Having Q be a left filter of Q) implies that &,y € Q and, hence, {#,d} N Q # @, and
{B, 7} NQ # @. Therefore, Q is a quasi-filter of ). The case Q is a right filter of () can be
handled similarly. O

Proposition 3. Let (Q), -, <) be an ordered semigroup and Q,F # @ C Q. If Q is a (generalized)
quasi-filter of Q), and F is a filter of Q), then, Q N F is either empty or a (generalized) quasi-filter
of Q.

Proof. Let x € QN F # @. One can easily see that Q N F is a subsemigroup of () and
that [Q N F) € QN F. Suppose that there exist w, 8,7,0 € Qwithx < a-Band x < 4.
Having x € F and [F) C F implies thata -8 € F,y -6 € F and, hence, {«,8,7,6} C F. In
addition, having Q be a quasi-filter of Q) implies that {a,6} N Q # @ and {B, 7} N Q # @.
We see now that {«,6} N (QNF) # @and {B,7} N (QNF) # @. Therefore, QN F is a
quasi-filter of 3. O

Lemma 3. Let (Q), -, <) be an ordered semigroup and Q1, Qz # @ C Q) be (generalized) quasi-
filters of Q). Then, Q1 U Qo is a generalized quasi-filter of ().
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Proof. One can easily see that [Q1 U Q2) € Q1 U Q. Letx € Q1 UQy, withx < a - and
x < -6 for some w, B,7v,6 € Q). We have two cases: x € Q1 and x € Q. We deal with the
case x € Q1, and the case x € Q; is handled similarly. Since Q; is a (generalized) quasi-
filter of ), it follows that {«,0} N Q1 # @ and {B, v} N Q1 # @. The latter implies that

{0,6} N (Q1UQ2) # D and {B,7} N (Q1UQ7) # @ and, hence, Q1 U Q; is a generalized
quasi-filter of 3. O

Lemma 4. Let (Q), -, <) be an ordered semigroup and Q1,Qy # @ C Q be quasi-filters of Q.
Then, Q1 U Q2 is a quasi-filter of Q) if and only if Q1 U Qy is a subsemigroup of ).

Proof. The proof can be easily executed using Lemma 3. [

Lemma 5. Let (Q), -, <) be an ordered monoid with identity 1 and Q # @ C Q) be a (generalized)
quasi-filter of Q). Then, 1 € Q.

Proof. Letx € Q # @; then, x < x-1land x < 1-x. Since Q is a (generalized) quasi-filter
of O), it follows that1 € Q. O

Corollary 1. Let (Q), -, <) be an ordered group. Then, Q # @ C Q) is a (generalized) quasi-filter
of Qif and only if Q = Q).

Proof. Let Q # © be a (generalized) quasi-filter of (). Lemma 5 asserts that 1 € Q.
Having 1 = x - xlforallx € Q implies that 1 < x - xTand1 < x7!.x. Since Qisa
(generalized) quasi-filter of (), it follows that x € Q and, hence, Q = Q). O

Proposition 4. Let (), -, <) be an ordered semigroup with 0 € Q) satisfying 0-6 =6 -0 = 0 for
all 6 € O and Q be a (generalized) quasi-filter of Q). If 0 € Q, then, Q = Q).

Proof. For all x € (), we have 0 < 0-x and 0 < x-0. Having Q be a (generalized)
quasi-filter of () implies that x € Q and, hence, Q = Q. O

Lemma 6. Let (Q), -, <) be an ordered semigroup and Q # @ be a proper subset of Q). Then,
[Q) C Qifandonlyif (A— Q] C QO —Q.

Lemma 7. Let (Q), -, <) be an ordered semigroup and Q # @ be a proper subset of Q). Then, Q is
a subsemigroup of Q) if and only if O — Q is a prime subset of ().

In [2], Lee SK and Lee SS proved that a non-empty proper subset F of (2 was a left
(right) filter of () if and only if () — F was a right (left) ideal of (). The following theorem
presents a similar result regarding quasi-filters.

Theorem 1. Let (Q), -, <) be an ordered semigroup and Q # @ be a proper subset of Q). Then, Q
is a quasi-filter of Q) if and only if O — Q is a prime quasi-ideal of Q).

Proof. Let Q be a quasi-filter of Q and x € ((Q— Q)Q] N (Q(Q— Q)). If x ¢ QO — Q, then,
x € Q and, hence, there exist v,6 € O —Q,B,7 € Qsuchthatx < a-Bfand x < v-4.
Having Q be a quasi-filter of Q) implies that {a, 6} N Q # @ and {B, v} N Q # @. The latter
contradicts the fact that {a,6} C Q) — Q. Lemmas 6 and 7 complete the proof.

Conversely, suppose that () — Q is a quasi-ideal of (2, and let a,8,7,6 € Q. Let
x <afand x < -4, withx € Q. Then, {«,0} NQ = D or {B,7} N Q # . Otherwise,
x e (Q—Q)QIN(Q(Q—Q]) € O — Q contradicts the fact that x € Q. Thus, Q is a
quasi-filter of (). Lemmas 6 and 7 complete the proof. [

Corollary 2. Let (Q), -, <) be an ordered semigroup. Then, Q) has no proper quasi-filters if and
only if () has no proper prime quasi-ideals.
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Proof. The proof is an immediate consequence of Theorem 1. [J

Remark 2. An ordered semigroup may have proper quasi-ideals but still has no proper quasi-filters.
See Example 4.

Example 4. Let Q, = {0,d}, with operation “-,” and order “ <, " described as follows:

2 10 a
010 O
0 0

<2:={(0,0),(0,4), (,4)}.

It is clear that Q) is an ordered semigroup, and that {0} is a proper quasi-ideal of Q)y. Moreover,
)y has no proper quasi-filters.

Theorem 2. Let (Q), -, <) be an ordered semigroup and Q # @ be a proper subset of Q). Then, Q
is a generalized quasi-filter of Q) if and only if O — Q is a quasi-ideal of ().

Proof. The proof is similar to that of Theorem 1. [

3. (m, n)-Quasi-Filters of Ordered Semigroups

In this section, we generalize the concept of (generalized) quasi-filters of ordered
semigroups to (generalized) (m, n)-quasi-filters of ordered semigroups. Moreover, we
present some non-trivial examples of the new concept and relate them to (generalized)
(m, n)-quasi-ideals of ordered semigroups.

Throughout this section, m and n are positive integers.

Definition 2. Let m,n > 0 be integers, (Q), -, <) be an ordered semigroup, and Q # @ C Q). Then,

Q is an (m, n)-quasi-filter of C) if the following conditions hold for all p1,. .., Pm+1,q1,- - -, Gu+1 € Q.

M Q-QcQ

2) [QcQ

3) Ifx e Qx < pi...pmPm+1 and x < q1...qnqn+1, then, {p1,..., Pm, 92, -, Gns+1} N
Q#D,and {pa, ..., Pm+1,91,---,qn} N Q # .

If we drop the subsemigroup condition in Definition 2, we obtain Q as a generalized
(m, n)-quasi-filter.

Proposition 5. Let m > 0 be an integer, (Q, -, <) be an ordered semigroup, and Q # @ C Q be
an (m, m)-quasi filter (generalized (m, m)-quasi filter) of Q). Then, for all p1, ..., Pm, Pm+1 € Q,
P1---PmPms1 € Q implies that p; € Q for somei € {1,...,m+1}.

Proof. Letx = p1...pmpPms+1 € Q. Then, x < p1... pupm+1 € Q implies that {p1,..., pm,
pm-i—l} nQ 7é ©. O

Proposition 6. Let m,n > 0 be integers, (QQ, -, <) be an ordered semigroup, and Q # @ C ) be
a (generalized) quasi-filter of Q). Then, Q is a (generalized) (m, n)-quasi-filter of Q).

Proof. Let x € Q, x < p1...PpmPm+1, and x < q1...9nq,41- Having Q be a (gener-
alized) quasi-filter of Q, x < p1(p2... PmPm+1), and x < q1(q2 ... qngn+1) implies that
{P1.92-- Gugn1} N Q # @ and {q1,p2... pmPm+1} N Q # @. We have the following
four cases.

Case p1,q1 € Q. Having

% € {q1r~--rQanZ/-qurpm—&-l}mQand Pl € {Plr---rpm;qz/-u/Qn/Qn-&-l}mQ
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implies that

{Plz--~/Pm/q2/-'-/¢7n/‘7n+l}mQ #®and {5]1/'--/1111/}72/-upm/pm-&-l}mQ #@

Case p1,p2...PmPm+1 € Q. Having p2...pupm+1 € Q and Q be a (generalized)
quasi-filter of (), we see that {py, ..., Pm, pm+1} N Q # @ (by Lemma 2). We see now that

p1€{pr- o Pmq2 - qua} N Qand {p2, ..., pu, P} N Q.
The latter implies that
{p1/-~ '/pn’HqZ/- ~-/¢7n/‘7n+1} N Q # @ and {q1/~-~/Qn/P2/- . ~Pm/pm+1} N Q # @.

Case 41,92 ... Gnqn+1 € Q. Having g2...9n9,4+1 € Q and Q a (generalized) quasi-
filter of OO, we see that {q2,...,qn, gn+1} N Q # @. We see now that

{92, 9, u1 }NQ CH{p1, -, P92, - - qui1y NQand g1 € {q1,- -, Gn, P2, - -, Pm+1}-
The latter implies that
P, P92, Gn, G} NQ # D and {q1, .-, Gn, P2, - - Pms P11y N Q # D.
Case p2 ... PmPm+1,92 - - - Gngn+1 € Q. Having pa ... pmPm+1,92 - - - Gugn+1 € Q and Q

a (generalized) quasi-filter of (), we see that {pz,..., pu+1} NQ # D and {q2,..., g1} N
Q # @. We see now that

{q2/---/Qn/Qn+1}mQ g {pll"-/pH’HqZ/"'lanrl} ﬂQ

and
{PZ/---/pm+1} mQ g {q1/---/anp2/---/Pm+l} mQ
The latter implies that

{p11~ -rpIﬂIqu- -~1Qn/Qn+1} N Q # @ and {Q1/~ -/qHIPZr‘ . 'pmzpm-&-l} N Q # ©. O
Remark 3. An (m,n)-quasi-filter of an ordered semigroup may fail to be a quasi-filter. See Example 5.

Example 5. Let Q3 = {4, b,¢, d}, with operation “ -3 ” and order relation “ <3 ” described
as follows:

‘3 ‘ a b ¢ d
a a a a a
b |b b b b
¢ |¢ ¢ ¢ ¢
d|la b b a

<3:= {(a,4), (a,b), (b,b),(b,¢),(¢,¢),(d,d)}. One can easily see that (Q3, -3, <3) is an ordered
semigroup, and that {b, ¢} is a (2,2)-quasi-filter of QO that is not a quasi-filter of Q. This is clear
because b < b-3d =d-3b € {b,c}andd ¢ {b,c}.

Theorem 3. Let m,n > 0 be integers, (Q), -, <) be an ordered semigroup, and Q # @ be a proper
subset of Q). Then, Q is an (m,n)-quasi-filter of Q) if and only if O — Q is a prime generalized
(m, n)-quasi-ideal of Q).

Proof. Let Q be an (m, n)-quasi-filter of Q and x € ((Q — Q)"Q N (QA(Q2 — Q)"]. Then,
there exist p1,...,pu,q1,---.9n € Q—Q, a,f € Q such that x < p;...ppa and x <
Bgi-..qn. If x ¢ QO —Q, then, x € Q. Having Q an (m, n)-quasi-filter of ) implies
that {p1,..., P, q1,-- -, Gn} NQ # D and {pa, ..., pm, %, B, q1,-- ., gn—1} N Q # @. Having
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{p1,- - Pm, g1, -, qn} N Q # @ contradicts the fact that {p1,..., pm,q1,---, 90} C Q— Q.
Lemmas 6 and 7 complete the proof.

Conversely, let O — Q be a prime generalized (1, n)-quasi-filter of Q and x € Q, with
X < p1...pmPmi1 and x < q1...quGu+1 for some py, ..., Pm, Pmt1, 91, - - -0 Gns Gui1 € O
Suppose that {p1,...,Pm, G2, -, Gu+1} NQ = D or {p2, ..., Pm+1,92,---,4n} N Q = @.
Then, p1 ... pmpm+1 € (Q—Q)"QY,and 41 . .. gngn+1 € (Q(Q — Q)"]. Having Q) — Qbe a
prime generalized (m, n)-quasi-ideal of ) implies that x € ((QQ — Q)" Q)N (Q(Q - Q)"] C
Q) — Q, which contradicts the fact that x € Q. Lemmas 6 and 7 complete the proof. O

Theorem 4. Let m,n > 0 be integers, (C), -, <) be an ordered semigroup, and Q # @ be a proper
subset of Q). Then, Q is a generalized (m, n)-quasi-filter of Q) if and only if QO — Q is a generalized
(m, n)-quasi-ideal of Q).

Proof. The proof is similar to that of Theorem 3. [

Theorem 5. Let m,n > 0 be integers, (Q, -, <) be an (m, n)-regular semigroup, and Q # @ C Q.
Then, Q is a (generalized) (m, n)-quasi-filter of Q) if and only if Q is a (generalized) quasi-filter of Q).

Proof. Let Q be a (generalized) (m, n)-quasi-filter of Q) and &, B,,d € Q. Since Q) is an
(m, n)-regular semigroup, it follows that there exist z1, 25, z3,z4 € Q) such that < a”z7a",
B < Bz, vy < yMzay", and 6 < 0Mzy40". Letx € Q, withx < a-Band x < - 4. Then,
x < a™(z1a"B"zy)B", and x < Y™ (z39"0™z4)0". Having Q be a (generalized) (m, n)-quasi-
filter of Q) implies that {«, 5} N Q # @ and {B, 7} N Q # @ and, hence, Q is a (generalized)
quasi-filter of 3. O

4. Conclusions and Future Directions

This paper introduced new types of filters in ordered semigroups. More precisely, it
discussed quasi-filters and (m, n)-quasi-filters of ordered semigroups by exploring their
properties and finding their relationships with quasi-ideals and (m, n)-quasi-ideals. The
main results were formulated in five theorems, i.e., Theorems 1-5.

For future work, we raise the following ideas:

1. Study quasi-filters in certain special ordered semigroups, such as regular semigroups
and intra-regular semigroups.

2. Define quasi-filters and (m, n)-quasi-filters in other ordered algebraic structures, such
as ordered semirings.
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