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A B S T R A C T

In the present study, the conformal time derivative generalized 𝑞-deformed Sinh–Gordon equation is discussed
analytically and numerically. This work is a continuation of a series of works presented recently, but we have
developed the form of the equation in a way that all previous studies are a special case of it. We presented an
extensive analytical and numerical study of the proposed equation using the (𝐺′∕𝐺)-expansion approach and
the exponential cubic B-spline algorithm respectively. Several figures are also provided to show the different
solitons propagation patterns. The proposed model has opened up new options for describing physical systems
that have lost their symmetry.
Introduction

Dynamical models in real life represent the foundation of many
scientific fields such as physics, engineering, medical, and many applied
sciences. These models employ nonlinear ordinary or partial differential
equations to simulate a variety of real-world problems such as ocean
engineering, optics, and the treatment of some diseases through the
field of fluid mechanics, quantum mechanics, and others [1–5]. Non-
linearity has a significant impact on describing dynamics in quantum
physics-governed microscopical systems [6,7]. Several researchers have
investigated many partial differential equations in classical calculus
that have substantial applications in various domains [8–11]. With
the emergence of fractional calculus, the mathematical models were
studied in a new form that contains the fractional derivatives in many
papers as well such as [12–15]. With the presence of 𝑞-calculus, some
researchers started thinking about putting all the relationships and laws
in the classical and fractional calculus in 𝑞-calculus [16–18].

Calculus without bounds, or quantum calculus, is the same as
conventional infinitesimal calculus but does not include the idea of
boundaries. The terms ‘‘𝑞-calculus’’ and ‘‘ℎ-calculus’’ are differentiated,
with ℎ standing for Planck’s constant and 𝑞 for quantum [19].

The 𝑞-calculus has been created and used in many areas, including
mathematical physics, the theory of relativity, and special functions
(see for example [20–22]). The researchers began to expand the study
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of partial differential equations in 𝑞-calculus and they developed forms
for the partial differential equations in 𝑞-calculus they were called
𝑞-deformed equations [23–25]. Working on such equations is a new
direction taken by a few researchers. As we know that the Sin-Gordon
equation has been studied by many researchers and also used under
name of the Sin-Gordon method to find solutions to other differential
equations [26–28].

The Sinh–Gordon equation [29]

𝜕2
𝜕𝜒2

− 𝜕2
𝜕𝜏2

= [𝑠𝑖𝑛ℎ()], (1)

is widely used in physics and sciences. The sinh–Gordon Eq. (1) appears
in integrable quantum field theory, kink dynamics, fluid dynamics, and
in many other scientific applications. There is a growing interest in the
study of the Sinh–Gordon equation, the double sinh–Gordon equation,
and the triple sinh–Gordon equation. The sinh–Gordon equation also
in (2 + 1) dimensions and (3 + 1)-dimensions have been studied from
wazwaz [30]. The Eq. (1) can be generalized in the form:

𝜕2
𝜕𝜒2

− 𝜕2
𝜕𝜏2

= [𝑠𝑖𝑛ℎ𝑞(𝜃)]𝑙 − 𝜔, (2)

this equation was introduced and studied in this form for the first time
in 2018 by Eleuch [23], then in 2022, Nauman et al. presented new
optical soliton solutions for the same equation [24]. In the same year,
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Ali and Abdel-Aty explored the analytical and numerical solutions of
the same equation [25].

In this work, we presented a new form of the 𝑞-deformed Sinh–
ordon equation called The conformal time derivative generalized
-deformed Sinh-Gordon equation and studied it analytically and nu-
erically.

The conformal time derivative generalized 𝑞-deformed Sinh–Gordon
quation (Eleuch equation) is given by.

𝜕2
𝜕𝜒2

− 𝜕2𝛽
𝜕𝜏2𝛽

= [𝑠𝑖𝑛ℎ𝑞(𝜃)]𝑙 − 𝜔, (3)

here 𝜃, 𝑙 are constants, 𝛽 ∈ (0, 1] and 𝑞 ∈ (0, 1). We get on the
eneralized 𝑞-deformed Sinh-Gordon equation from (3) at 𝛽 = 1.
dditionally, the Sinh-Gordon equation is given when 𝛽 = 𝑞 = 𝜃 =
= 1, 𝜔 = 0.

We investigate the soliton solutions of (3) using the (𝐺′∕𝐺)- ex-
ansion approach. Furthermore, we use the exponential cubic B-spline
lgorithm to solve this equation numerically [31,32]. For this equation,
e look at two cases.

The following is a breakdown of the structure of this paper: The sec-
nd section introduces several 𝑞-calculus concepts and characteristics.
he methodology of the analytical procedure is presented in the third
ection. The solutions are presented in the fourth part. The fifth section
f the paper includes the numerical solutions. In the sixth section, we
ffer a few different variations of several solutions. In the last section,
e present a conclusion to our work.

-Calculus

The following are some fundamental definitions of the 𝑞-calculus:
16–18]

• Let a real parameter 0 < 𝑞 < 1, we define a 𝑞-real number [𝑠]𝑞 by

[𝑠]𝑞 =
1 − 𝑞𝑠

1 − 𝑞
, 𝑠 ∈ R.

• Differential of function is defined in the 𝑞-calculus as:

𝑑𝑞(𝛬(𝜏)) = 𝛬(𝑞𝜏) − 𝛬(𝜏).

• The 𝑞-gamma function is described as follows:

𝛤𝑞(𝜏) =
𝑆(𝑞𝜏 )

(1 − 𝑞)𝜏−1𝑆(𝑞)
, 𝜏 ∈ R − {0,−1,−2,…},

where 𝑆(𝑞𝜏 ) = 1
(𝑞𝜏 ;𝑞)∞

.
Or, in other words,

𝛤𝑞(𝜏) =
1 − 𝑞(𝜏−1)

1 − 𝑞𝜏−1
,

as well as satisfies 𝛤𝑞(𝜏 + 1) = [𝜏]𝑞𝛤𝑞(𝜏).
• The formula for a function’s 𝑞-derivative for 𝑓 is

(𝐷𝑞𝛬)(𝜏) =
𝑑𝑞(𝛬(𝜏))
𝑑𝑞(𝜏)

=
𝛬(𝜏) − 𝛬(𝜏𝑞)

𝜏 − 𝑞𝜏
, (𝐷𝑞𝛬)(0) = lim

𝜏→∞
(𝐷𝑞𝛬)(𝜏).

• The 𝑠𝑖𝑛ℎ𝑞 is defined by:

𝑠𝑖𝑛ℎ𝑞(𝜏) =
𝑒𝜏 − 𝑞𝑒−𝜏

2
. (4)

• The 𝑐𝑜𝑠ℎ𝑞 is defined by:

𝑐𝑜𝑠ℎ𝑞(𝜏) =
𝑒𝜏 + 𝑞𝑒−𝜏

2
. (5)

The model’s mathematical analysis

The traveling wave solution of (3) is determined using the transfor-
mation below

(𝜒, 𝜏) = 𝑣(𝜍), (6)
2

where

𝜍 = 𝜚𝜒 − 𝜅 𝜏
𝛽

𝛽
. (7)

and 𝜅 denotes the speed of traveling wave.
The conformable derivative of order 𝛼 is defined as

𝛽
𝜏𝛬(𝜏) = lim

𝜀→0

𝛬(𝜏 + 𝜀𝜏1−𝛽 ) − 𝛬(𝜏)
𝜀

,

for all 𝜏 > 0, 𝛽 ∈ (0, 1].
Using (6) and (7), then (3) becomes,

(

𝜚2 − 𝜅2) 𝑣′′(𝜍) + 𝜍 − [sinh𝑞(𝑣(𝜍)𝜃)]𝑙 = 0. (8)

Now consider two instances for (8).

• Case one: Suppose 𝑙 = 𝜃 = 1, 𝜔 = 0.

hen, (8) can be written as:
(

𝜚2 − 𝜅2) 𝑣′′(𝜍) − sinh𝑞 (𝑣(𝜍)) = 0. (9)

e can multiply both sides of (9) by 𝑣′(𝜍) and then integrate to obtain
he equation shown below.
1
2
(

𝜚2 − 𝜅2) (𝑣′(𝜍))2 − cosh𝑞 (𝑣(𝜍)) −𝑀1 = 0, (10)

here 𝑀1 is the integration constant.
Let

(𝜍) = 𝑙𝑛(𝑢(𝜍)). (11)

y substituting from (11) into (10) with (5), thus, (10) becomes,
(

𝜅2 − 𝜚2
)

𝑢′2(𝜍) + 2𝑀1𝑢
2(𝜍) + 𝑞𝑢(𝜍) + 𝑢3(𝜍) = 0. (12)

Thus, we can resolve (12) and for the first case, we can determine the
solution of (3) from (6) and (11).

• Case two: Suppose 𝜃 = 1, 𝑙 = 2, 𝜔 = − 𝑞
2 .

In this case, (8) can be expressed as:
(

𝜚2 − 𝜅2) 𝑣′′(𝜍) −
(

sinh𝑞(𝑣(𝜍))
)2 −

𝑞
2
= 0. (13)

fter simplify (13) we get
(

𝜚2 − 𝜅2) 𝑣′′(𝜍) − 1
2

cosh𝑞2 (2𝑣(𝜍)) = 0. (14)

et

(𝜍) = 1
2
𝑙𝑛(𝑢(𝜍)). (15)

Thus, (15) becomes,

2
(

𝜚2 − 𝜅2) 𝑢′2(𝜍) − 2
(

𝜚2 − 𝜅2) 𝑢(𝜍)𝑢′′(𝜍) + 𝑞2𝑢(𝜍) + 𝑢3(𝜍) = 0. (16)

As a result, we can solve (16) using a method described in the next
section, so we can get the solution of (3) by using (15) and (6).

The strategy of the (𝑮′∕𝑮)-expansion approach

Form the governing equation as follows:

𝐹 (,𝜒𝜒 ,𝜏𝜏 ,…) = 0, (17)

where 𝐹 is a polynomial in the set of all of  = (𝜒, 𝜏) and its
derivatives. To convert (17) to an ordinary differential equation, use
a traveling wave transformation (6):

𝐻(𝑣, 𝑣′′,…) = 0. (18)

The (𝐺′∕𝐺)-expansion method’s key steps are:

tep 1: Assume that the exact solutions to (18) can be represented as:

𝑣(𝜍) =
𝑁
∑

𝐵𝑖

(

𝐺′)𝑖
, (19)
𝑖=0 𝐺
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where 𝐺 = 𝐺(𝜍) satisfies the second order linear ODE as follows:

𝐺′′(𝜍) + 𝜎𝐺′(𝜍) + 𝜈𝐺(𝜍) = 0, (20)

where 𝐵𝑖(𝑖 = 0, 1, 2,… , 𝑁), 𝐵𝑁 ≠ 0, 𝜎 and 𝜈, are constants to be
calculated.

tep 2: The highest order derivative term in (8) is balanced with the
highest power nonlinear term in (8) to produce the positive integer
𝑁 in (19).

tep 3: We find three different families of (20) traveling wave solutions:
Family 1: Hyperbolic function solutions, when 𝜎2 − 4𝜈 > 0,

𝐺′

𝐺
= −𝜎

2
+ 1

2

√

𝜎2 − 4𝜈
𝑔1 sinh

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cosh
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cosh
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sinh
1
2

√

𝜎2 − 4𝜈𝜍
.

(21)

Family 2: Trigonometric function solutions, when 𝜎2 − 4𝜈 < 0,

𝐺′

𝐺
= −𝜎

2
+ 1

2

√

4𝜈 − 𝜎2
−𝑔1 sin

1
2

√

4𝜈 − 𝜎2𝜍 + 𝑔2 cos
1
2

√

4𝜈 − 𝜎2𝜍

𝑔1 cos
1
2

√

4𝜈 − 𝜎2𝜍 + 𝑔2 sin
1
2

√

4𝜈 − 𝜎2𝜍
.

(22)

Family 3: Rational function solutions, when 𝜎2 − 4𝜈 = 0,
𝐺′

𝐺
= −𝜎

2
+

𝑔2
𝑔1 + 𝑔2𝜍

. (23)

tep 4: By substituting (19) for (18) and using (20) to collect all terms
with the same power of (𝐺

′

𝐺 ) and then equating each coefficient to
zero, a system of algebraic equations in 𝐵𝑖, 𝜎, 𝜈, 𝜚, 𝜅,𝑀1 is obtained,
which may be solved using the Mathematica program.

he model’s mathematical solutions

The (𝐺′∕𝐺)-expansion strategy is used in this section to determine
he analytic solution to the two cases imposed for the problem (3)

• The analytical solution of case one at 𝑙 = 𝜃 = 1, 𝜔 = 0:

pplying the balance principle in (12) between 𝑢′2 and 𝑢3 we get
𝑁+2 = 3𝑁 ⇒ 𝑁 = 2. From (19), the solution of (12) can be presented
s:

(𝜍) =
2
∑

𝑖=0
𝐵𝑖

(

𝐺′

𝐺

)𝑖
. (24)

We get the following system by substituting (24) for (12) and setting
the coefficient of like power of

(

𝐺′

𝐺

)

to zero:

−𝜚2𝐵2
1𝜈

2 + 𝐵2
1𝜅

2𝜈2 + 2𝐵2
0𝑀1 + 𝐵0𝑞 + 𝐵3

0 = 0,

−2𝜚2𝐵2
1𝜎𝜈 − 4𝜚2𝐵1𝐵2𝜈

2 + 2𝐵2
1𝜅

2𝜎𝜈 + 4𝐵1𝐵2𝜅
2𝜈2

+4𝐵0𝐵1𝑀1 + 𝐵1 + 𝑞 + 3𝐵2
0𝐵1 = 0,

−𝜚2𝐵2
1𝜎

2 − 8𝜚2𝐵1𝐵2𝜎𝜈 − 4𝜚2𝐵2
2𝜈

2 − 2𝜚2𝐵2
1𝜈 + 𝐵2

1𝜅
2𝜎2

+8𝐵1𝐵2𝜅
2𝜎𝜈 + 4𝐵2

2𝜅
2𝜈2 + 2𝐵2

1𝜅
2𝜈 + 2𝐵2

1𝑀1 + 4𝐵0𝐵2𝑀1 + 𝐵2𝑞

+3𝐵0𝐵
2
1 + 3𝐵2

0𝐵2 = 0,

−4𝜚2𝐵2𝐵1𝜎
2 − 8𝜚2𝐵2

2𝜎𝜈 − 2𝜚2𝐵2
1𝜎 − 8𝑣2𝐵2𝐵1𝜈 + 4𝐵2𝐵1𝜅

2𝜎2

+8𝐵2
2𝜅

2𝜎𝜈 + 2𝐵2
1𝜅

2𝜎 + 8𝐵2𝐵1𝜅
2𝜈 + 4𝐵2𝐵1𝑀1 + 𝐵3

1 + 6𝐵0𝐵2𝐵1 = 0,

−4𝜚2𝐵2
2𝜎

2 − 8𝜚2𝐵1𝐵2𝜎 − 8𝜚2𝐵2
2𝜈 − 𝜚2𝐵2

1 + 4𝐵2
2𝜅

2𝜎2

+8𝐵1𝐵2𝜅
2𝜎 + 8𝐵2

2𝜅
2𝜈 + 𝐵2

1𝜅
2 + 2𝐵2

2𝑀1

2 2
3

+3𝐵0𝐵2 + 3𝐵1𝐵2 = 0,
−8𝜚2𝐵2
2𝜎 − 4𝜚2𝐵1𝐵2 + 8𝐵2

2𝜅
2𝜎 + 4𝐵1𝐵2𝜅

2 + 3𝐵1𝐵
2
2 = 0,

−4𝜚2𝐵2
2 + 4𝐵2

2𝜅
2 + 𝐵3

2 = 0.

We get the following set of solutions by using the Mathematica
programme to solve the previous set of equations.

• Class 1:

𝐵0 = −
𝜎2

√

𝑞
√

(

𝜎2 − 4𝜈
)2

, 𝐵1 = −
4𝜎

√

𝑞
√

(

𝜎2 − 4𝜈
)2

, 𝐵2 = −
4
√

𝑞
√

(

𝜎2 − 4𝜈
)2

,

𝜚 = ∓

√

√

√

√

√
𝜅2 −

√

𝑞
√

(

𝜎2 − 4𝜈
)2

, 𝑀1 =

√

𝑞
(

𝜎2 − 4𝜈
)

√

(

𝜎2 − 4𝜈
)2

.

(25)

Substituting from (25) to (24) with (11), (6) and into (21) and (22)
respectively, we get the solutions of (3) at 𝑙 = 𝜃 = 1, 𝜔 = 0:

Family 1: Hyperbolic function solutions, when 𝜎2 − 4𝜈 > 0,

1,2(𝜒, 𝜏) = 𝑙𝑛
(

𝐵0

+ 𝐵1

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
𝑔1 sinh

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cosh
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cosh
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sinh
1
2

√

𝜎2 − 4𝜈𝜍

)

+ 𝐵2

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
𝑔1 sinh

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cosh
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cosh
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sinh
1
2

√

𝜎2 − 4𝜈𝜍

)2 )

.

(26)

Family 2: Trigonometric function solutions, when 𝜎2 − 4𝜈 < 0,

3,4(𝜒, 𝜏) = 𝑙𝑛
(

𝐵0

+ 𝐵1

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
−𝑔1 sin

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cos
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cos
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sin
1
2

√

𝜎2 − 4𝜈𝜍

)

+ 𝐵2

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
−𝑔1 sin

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cos
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cos
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sin
1
2

√

𝜎2 − 4𝜈𝜍

)2 )

.

(27)

• Class 2:

𝐵0 =
𝜎2

√

𝑞
√

(

𝜎2 − 4𝜈
)2

, 𝐵1 =
4𝜎

√

𝑞
√

(

𝜎2 − 4𝜈
)2

, 𝐵2 =
4
√

𝑞
√

(

𝜎2 − 4𝜈
)2

,

𝜚 = ∓

√

√

√

√

√
𝜅2 +

√

𝑞
√

(

𝜎2 − 4𝜈
)2

, 𝑀1 = −

√

𝑞
(

𝜎2 − 4𝜈
)

√

(

𝜎2 − 4𝜈
)2

.

(28)

Substituting from (28) to (24) with (11), (6) and into (21) and (22)
respectively, we get the solutions of (3) at 𝑙 = 𝜃 = 1, 𝜔 = 0:

Family 1: Hyperbolic function solutions, when 𝜎2 − 4𝜈 > 0,

5,6(𝜒, 𝜏) = 𝑙𝑛
(

𝐵0

+ 𝐵1

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
𝑔1 sinh

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cosh
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cosh
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sinh
1
2

√

𝜎2 − 4𝜈𝜍

)

+ 𝐵2

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
𝑔1 sinh

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cosh
1
2

√

𝜎2 − 4𝜈𝜍
1
√

2 1
√

2

)2 )

.

(29)
𝑔1 cosh 2
𝜎 − 4𝜈𝜍 + 𝑔2 sinh 2

𝜎 − 4𝜈𝜍
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Fig. 1. Graph of (26) at 𝜈 = 0.01, 𝜅 = 0.3, 𝜎 = 0.5, 𝛽 = 1, 𝑞 = 0.5, 𝑔1 = 1.1, 𝑔2 = 1.5.
Family 2: Trigonometric function solutions, when 𝜎2 − 4𝜈 < 0,

7,8(𝜒, 𝜏) = 𝑙𝑛
(

𝐵0

+ 𝐵1

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
−𝑔1 sin

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cos
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cos
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sin
1
2

√

𝜎2 − 4𝜈𝜍

)

+ 𝐵2

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
−𝑔1 sin

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cos
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cos
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sin
1
2

√

𝜎2 − 4𝜈𝜍

)2 )

.

(30)

• The analytical solution of case two at 𝑙 = 2, 𝜃 = 1, 𝜔 = − 𝑞 :
4

2

We get 2𝑁 + 2 = 3𝑁 ⇒ 𝑁 = 2 by using the balance principle in (16)
between 𝑣𝑣′′ and 𝑣3. From (19), the solution of (12) can be presented
as:

𝑣(𝜍) =
2
∑

𝑖=0
𝐵𝑖

(

𝐺′

𝐺

)𝑖
. (31)

We get the following system by substituting (31) into (16) and setting
the coefficient of like power of

(

𝐺′

𝐺

)

to zero:

−2𝜚2𝐵1𝐵0𝜎𝜈 − 4𝜚2𝐵2𝐵0𝜈
2 + 2𝜚2𝐵2

1𝜈
2 + 2𝐵1𝐵0𝜅

2𝜎𝜈

+4𝐵2𝐵0𝜅
2𝜈2 − 2𝐵2

1𝜅
2𝜈2 + 𝐵0𝑞

2 + 𝐵3
0 = 0,

−2𝜚2𝐵 𝐵 𝜎2 + 2𝜚2𝐵2𝜎𝜈 − 12𝜚2𝐵 𝐵 𝜎𝜈 + 4𝜚2𝐵 𝐵 𝜈2 − 4𝜚2𝐵 𝐵 𝜈
0 1 1 0 2 1 2 0 1
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Fig. 2. Graph of (27) at 𝜈 = 0.3, 𝜅 = 0.7, 𝜎 = 0.1, 𝛽 = 1, 𝑞 = 0.5, 𝑔1 = 0.1, 𝑔2 = 0.2.
+2𝐵0𝐵1𝜅
2𝜎2 − 2𝐵2

1𝜅
2𝜎𝜈 + 12𝐵0𝐵2𝜅

2𝜎𝜈 − 4𝐵1𝐵2𝜅
2𝜈2

+4𝐵0𝐵1𝜅
2𝜈 + 𝐵1 + 𝑞2 + 3𝐵2

0𝐵1 = 0,

−8𝜚2𝐵0𝐵2𝜎
2 + 2𝜚2𝐵1𝐵2𝜎𝜈 − 6𝜚2𝐵0𝐵1𝜎 + 4𝜚2𝐵2

2𝜈
2 − 16𝑎2𝐵0𝐵2𝜈

+8𝐵0𝐵2𝜅
2𝜎2 − 2𝐵1𝐵2𝜅

2𝜎𝜈 + 6𝐵0𝐵1𝜅
2𝜎 − 4𝐵2

2𝜅
2𝜈2

+16𝐵0𝐵2𝜅
2𝜈 + 𝐵2𝑞

2 + 3𝐵0𝐵
2
1 + 3𝐵2

0𝐵2 = 0,

−2𝜚2𝐵2𝐵1𝜎
2 + 4𝜚2𝐵2

2𝜎𝜈 − 2𝜚2𝐵2
1𝜎 − 20𝜚2𝐵0𝐵2𝜎 − 4𝜚2𝐵2𝐵1𝜈

−4𝜚2𝐵 𝐵 + 2𝐵 𝐵 𝜅2𝜎2 − 4𝐵2𝜅2𝜎𝜈 + 2𝐵2𝜅2𝜎
5

0 1 2 1 2 1
+20𝐵0𝐵2𝜅
2𝜎 + 4𝐵2𝐵1𝜅

2𝜈 + 4𝐵0𝐵1𝜅
2 + 𝐵3

1 + 6𝐵0𝐵2𝐵1 = 0,

−10𝜚2𝐵1𝐵2𝜎 − 2𝜚2𝐵2
1 − 12𝜚2𝐵0𝐵2 + 10𝐵1𝐵2𝜅

2𝜎 + 2𝐵2
1𝜅

2

+12𝐵0𝐵2𝜅
2 + 3𝐵0𝐵

2
2 + 3𝐵2

1𝐵2 = 0,

−4𝜚2𝐵2
2𝜎 − 8𝜚2𝐵1𝐵2 + 4𝐵2

2𝜅
2𝜎 + 8𝐵1𝐵2𝜅

2 + 3𝐵1𝐵
2
2 = 0,

−4𝜚2𝐵2
2 + 4𝐵2

2𝜅
2 + 𝐵3

2 = 0.

We get the following set of solutions by using the Mathematica
programme to solve the previous set of equations.
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Fig. 3. Graph of (33) at 𝜈 = 0.01, 𝜅 = 0.5, 𝜎 = 0.3, 𝛽 = 1, 𝑞 = 0.5, 𝑔1 = 1.2, 𝑔2 = 1.5.
• Class 1:

𝐵0 =
𝜎2𝑞2

√

−𝑞2
(

𝜎2 − 4𝜈
)2

, 𝐵1 =
4𝜎𝑞2

√

−𝑞2
(

𝜎2 − 4𝜈
)2

,

𝐵2 =
4𝑞2

√

−𝑞2
(

𝜎2 − 4𝜈
)2

, 𝜚 = ∓

√

√

√

√

√

𝜅2 +
𝑞2

√

−𝑞2
(

𝜎2 − 4𝜈
)2

.
(32)

Substituting from (32) to (31) with (15), (6) and into (21) and (22)
respectively, we get the solutions of (3) at 𝑙 = 2, 𝜃 = 1, 𝜔 = − 𝑞 :
6

2

Family 1: Hyperbolic function solutions, when 𝜎2 − 4𝜈 > 0,

1,2(𝜒, 𝜏) = 𝑙𝑛
(

𝐵0

+ 𝐵1

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
𝑔1 sinh

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cosh
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cosh
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sinh
1
2

√

𝜎2 − 4𝜈𝜍

)

+ 𝐵2

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
𝑔1 sinh

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cosh
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cosh
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sinh
1
2

√

𝜎2 − 4𝜈𝜍

)2 )

.

(33)
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Fig. 4. Graph of (34) at 𝜈 = 0.2, 𝜅 = 0.3, 𝜎 = 0.1, 𝛽 = 1, 𝑞 = 0.5, 𝑔1 = 0.3, 𝑔2 = 0.2.
Family 2: Trigonometric function solutions, when 𝜎2 − 4𝜈 < 0,

3,4(𝜒, 𝜏) = 𝑙𝑛
(

𝐵0+

𝐵1

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
−𝑔1 sin

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cos
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cos
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sin
1
2

√

𝜎2 − 4𝜈𝜍

)

+

𝐵2

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
−𝑔1 sin

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cos
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cos
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sin
1
2

√

𝜎2 − 4𝜈𝜍

)2 )

.

(34)
7

• Class 2:

𝐵0 = −
𝜎2𝑞2

√

−𝑞2
(

𝜎2 − 4𝜈
)2

, 𝐵1 = −
4𝜎𝑞2

√

−𝑞2
(

𝜎2 − 4𝜈
)2

,

𝐵2 = −
4𝑞2

√

−𝑞2
(

𝜎2 − 4𝜈
)2

, 𝜚 = ∓

√

√

√

√

√

𝜅2 −
𝑞2

√

−𝑞2
(

𝜎2 − 4𝜈
)2

.
(35)

Substituting from (35) to (31) with (15), (6) and into (21) and (22)
respectively, we get the solutions of (3) at 𝑙 = 2, 𝜃 = 1, 𝜔 = − 𝑞 :
2
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Fig. 5. Comparison between the numerical results of (3) with the analytical solution
(26) at 𝛥𝜒 = 0.2, 𝛥𝜏 = 0.01, 𝜈 = 0.01, 𝜅 = 0.1, 𝜎 = 0.5, 𝜌 = 0.0001, 𝛽 = 1, 𝑞 = 0.5, 𝑔1 =
1.1, 𝑔2 = 1.5.

Fig. 6. Comparison between the numerical results of (3) with the analytical solution
(33) at 𝛥𝜒 = 0.2, 𝛥𝜏 = 0.01, 𝜈 = 0.01, 𝜅 = 0.1, 𝜎 = 0.5, 𝜌 = 0.0001, 𝛽 = 1, 𝑞 = 0.5, 𝑔1 =
1.1, 𝑔2 = 1.5.

Family 1: Hyperbolic function solutions, when 𝜎2 − 4𝜈 > 0,

5,6(𝜒, 𝜏) = 𝑙𝑛
(

𝐵0+

𝐵1

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
𝑔1 sinh

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cosh
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cosh
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sinh
1
2

√

𝜎2 − 4𝜈𝜍

)

+

𝐵2

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
𝑔1 sinh

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cosh
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cosh
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sinh
1
2

√

𝜎2 − 4𝜈𝜍

)2 )

.

(36)

Family 2: Trigonometric function solutions, when 𝜎2 − 4𝜈 < 0,

7,8(𝜒, 𝜏) = 𝑙𝑛
(

𝐵0+

𝐵1

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
−𝑔1 sin

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cos
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cos
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sin
1
2

√

𝜎2 − 4𝜈𝜍

)

+

𝐵2

(

−𝜎
2

+ 1
2

√

𝜎2 − 4𝜈
−𝑔1 sin

1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 cos
1
2

√

𝜎2 − 4𝜈𝜍

𝑔1 cos
1
2

√

𝜎2 − 4𝜈𝜍 + 𝑔2 sin
1
2

√

𝜎2 − 4𝜈𝜍

)2 )

.

(37)
8

Table 1
Comparison between the numerical results with the analytical solution.
𝜒 Numerical solution Analytical solution Absolute error

−10.0 2.69599 2.69604 6.96209 E-5
−8.0 2.88586 2.88586 4.19215 E-6
−6.0 2.56559 2.56558 3.82655 E-6
−4.0 3.15309 3.15309 4.22552 E-6
4.0 3.15309 3.15309 4.22552 E-6
6.0 2.56559 2.56558 3.82655 E-6
8.0 2.88586 2.88586 4.19215 E-6
10.0 2.69599 2.69604 6.96209 E-5

The numerical solution for the model

In this section, we use approximations for space 𝜒 and time 𝜏
derivatives as [31,32].

Now, we assume that  the exact solution at the grid point (𝜒𝑖, 𝜏𝑛)
and 𝑁 is the numerical solution at the same point. Then the approxi-
mations for time 𝜒 derivative is

𝑁 = 𝑎1𝑐𝑖+1,𝑛 + 𝑐𝑖,𝑛 + 𝑎1𝑐𝑖−1,𝑛,

𝑁
𝜒𝜒 = 𝑎3𝑐𝑖+1,𝑛 − 2𝑎3𝑐𝑖,𝑛 + 𝑎3𝑐𝑖−1,𝑛.

(38)

where

𝑎1 =
𝜉 − 𝛥𝜒𝜌

2(𝛼𝛥𝜒𝜌 − 𝜉)
, 𝑎2 =

(𝛼 − 1)𝜌
2(𝛼𝛥𝜒𝜌 − 𝜉)

, 𝑎3 =
𝜉𝜌2

2(𝛼𝛥𝜒𝜌 − 𝜉)
.

From properties of the conformal derivative if 0 < 𝛽 ≤ 1 and  be 𝛽
differentiable at a point 𝜏 > 0, then
𝜕𝛽
𝜕𝜏𝛽

= 𝜏1−𝛽 𝜕
𝜕𝜏

. (39)

The approximations for time 𝜏 derivative is

𝜏 ≃
𝑐𝑖,𝑛+1 − 𝑐𝑖,𝑛

𝛥𝜏
. (40)

From (39) and (40) we get
𝜕𝛽
𝜕𝜏𝛽

≃ 𝜏1−𝛽
𝑐𝑖,𝑛+1 − 𝑐𝑖,𝑛

𝛥𝜏
. (41)

Substituting (38) and (41) into (3) we obtain the system of differ-
ence equations at 𝑐𝑖,𝑛 as follows:

𝑎3𝑐𝑖+1,𝑛 − 2𝑎3𝑐𝑖,𝑛 + 𝑎3𝑐𝑖−1,𝑛 − 𝜏2−2𝛽
( (𝑎1𝑐𝑖+1,𝑛−1 + 𝑐𝑖,𝑛−1 + 𝑎1𝑐𝑖−1,𝑛−1)

(𝛥𝜏)2

+
(𝑎1𝑐𝑖+1,𝑛+1 + 𝑐𝑖,𝑛+1 + 𝑎1𝑐𝑖−1,𝑛+1) − 2(𝑎1𝑐𝑖+1,𝑛 + 𝑐𝑖,𝑛 + 𝑎1𝑐𝑖−1,𝑛)

(𝛥𝜏)2

)

− (1 − 𝛽)𝜏1−2𝛽
( −(𝑎1𝑐𝑖+1,𝑛−1 + 𝑐𝑖,𝑛−1 + 𝑎1𝑐𝑖−1,𝑛−1)

(2𝛥𝜏)

+
(𝑎1𝑐𝑖+1,𝑛+1 + 𝑐𝑖,𝑛+1 + 𝑎1𝑐𝑖−1,𝑛+1)

2(𝛥𝜏)

)

= [𝑠𝑖𝑛ℎ𝑞((𝑎1𝑐𝑖+1,𝑛 + 𝑐𝑖,𝑛 + 𝑎1𝑐𝑖−1,𝑛)𝜃)]𝑙 − 𝜔.

(42)

(42) can be solved by mathematica program to obtain the numerical
results.

The numerical results

Now we will look at some numerical results for the 𝑞-deformed Sinh-
Gordon equation in general. We also offer the numerical solution for
two particular situations of the conformal time derivative generalized 𝑞-
deformed Sinh-Gordon equation, as we examined the analytic solution
for these two cases:

• The numerical results for case one: 𝑙 = 𝜃 = 1, 𝜔 = 0

We compare the numerical results with the analytical solution (26) for
(3) at 𝛥𝜒 = 0.2, 𝛥𝜏 = 0.01, 𝜈 = 0.01, 𝜅 = 0.1, 𝜎 = 0.5, 𝜌 = 0.0001, 𝛽 = 1, 𝑞 =
0.5, 𝑔 = 1.1, 𝑔 = 1.5 in Table 1 and Fig. 5.
1 2
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Table 2
Comparison between the numerical results with the analytical solution.
𝜒 Numerical solution Analytical solution Absolute error

−10.0 1.72009 1.72009 1.37396 E-5
−8.0 1.72759 1.72760 1.39625 E-5
−6.0 1.72523 1.72524 1.47372 E-7
−4.0 1.66273 1.66273 1.65684 E-5
4.0 2.01908 2.01912 6.56488 E-5
6.0 2.42442 2.42454 1.55014 E-5
8.0 2.17196 2.17198 2.18673 E-5
10.0 1.85355 1.85354 1.36552 E-5

Table 3
Comparison between the numerical results with the analytical solution.
𝛽 Numerical solution Analytical solution Absolute error

0.7 2.88479 2.88536 1.55415 E-3
0.8 2.88545 2.88563 4.99299 E-4
0.9 2.88573 2.88578 1.20010 E-4

Table 4
Comparison between the numerical results with the analytical solution.
𝛽 Numerical solution Analytical solution Absolute error

0.7 2.16946 2.17101 1.54971 E-3
0.8 2.17101 2.17153 5.27333 E-4
0.9 2.17167 2.17182 1.50894 E-4

• The numerical results for case two: 𝑙 = 2, 𝜃 = 1, 𝜔 = − 𝑞
2

n Table 2 and Fig. 6 we introduce comparison between the numerical
esults with the analytical solution (33) for (3) at 𝛥𝜒 = 0.2, 𝛥𝜏 =
.01, 𝜈 = 0.01, 𝜅 = 0.1, 𝜎 = 0.5, 𝜌 = 0.0001, 𝛽 = 1, 𝑞 = 0.5, 𝑔1 = 1.1, 𝑔2 =
.5.

We compare the numerical findings with the analytical solution (26)
t 𝛥𝜒 = 0.2, 𝛥𝜏 = 0.01, 𝜈 = 0.01, 𝜅 = 0.1, 𝜎 = 0.5, 𝜌 = 0.0001, 𝑞 = 0.5, 𝑔1 =
.1, 𝑔2 = 1.5, 𝜒 = 8, 𝜏 = 0.1 with different values of 𝛽 in Table 3.

In Table 4 we introduce comparison between the numerical results
ith the analytical solution (33) at 𝛥𝜒 = 0.2, 𝛥𝜏 = 0.01, 𝜈 = 0.01, 𝜅 =
.1, 𝜎 = 0.5, 𝜌 = 0.0001, 𝑞 = 0.5, 𝑔1 = 1.1, 𝑔2 = 1.5, 𝜒 = 8, 𝜏 = 0.1 with
ifferent values of 𝛽.

raphical illustrations

Here, we show some two-dimensional and three-dimensional figures
o clarify the solutions we presented. Figs. 1–6 depict some of the
nalytical and numerical solutions. In Fig. 1, we use our method to
ntroduce the graph of (26) at 𝜈 = 0.01, 𝜅 = 0.3, 𝜎 = 0.5, 𝛽 = 1, 𝑞 =
.5, 𝑔1 = 1.1, 𝑔2 = 1.5, We notice in this figure that, the wave moves,
etaining its shape and properties. It shifts down as time evolves. As
ime is fixed and 𝛽 values change, the wave shifts up. In addition, Fig. 2
hows the graph of (27) 𝜈 = 0.3, 𝜅 = 0.7, 𝜎 = 0.1, 𝛽 = 1, 𝑞 = 0.5, 𝑔1 =
.1, 𝑔2 = 0.2, we notice in this figure that the wave moves, retaining its
hape and properties. It shifts down as time evolves. As time is fixed
nd 𝛽 values change, the wave shifts down. In addition, Fig. 3 shows the
raph of (33) at 𝜈 = 0.01, 𝜅 = 0.5, 𝜎 = 0.3, 𝛽 = 1, 𝑞 = 0.5, 𝑔1 = 1.2, 𝑔2 =
.5, we notice in this figure that the wave moves, retaining its shape
nd properties shifts to left, as the time evolves. As time is fixed and 𝛽
alues change, the wave moves to the right. Fig. 4 shows the graph of
34) 𝜈 = 0.2, 𝜅 = 0.3, 𝜎 = 0.1, 𝛽 = 1, 𝑞 = 0.5, 𝑔1 = 0.3, 𝑔2 = 0.2, we notice
n this figure that the wave moves, retaining its shape and properties.
t shifts left as time evolves. As time is fixed and 𝛽 values change, the
ave moves to the right. In addition, we compare the numerical results
f (3) with the analytical solution (26) at 𝛥𝜒 = 0.2, 𝛥𝜏 = 0.01, 𝜈 =
.01, 𝜅 = 0.1, 𝜎 = 0.5, 𝜌 = 0.0001, 𝛽 = 1, 𝑞 = 0.5, 𝑔1 = 1.1, 𝑔2 = 1.5 in
ig. 5. Finally, Fig. 6 shows a comparison of the numerical findings
f (3) with the analytical solution of (33) at 𝛥𝜒 = 0.2, 𝛥𝜏 = 0.01, 𝜈 =

0.01, 𝜅 = 0.1, 𝜎 = 0.5, 𝜌 = 0.0001, 𝛽 = 1, 𝑞 = 0.5, 𝑔 = 1.1, 𝑔 = 1.5.
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1 2
Figs. 5, 6, which illustrate that the methodologies utilized are valid,
show how well the numerical and analytical solutions they produced
matched each other.

Conclusion

In this paper, we have derived the soliton solutions of the (1+1)
conformal time derivative generalized 𝑞-deformed Sinh-Gordon equa-
ion using the (𝐺′∕𝐺)-expansion approach. We have the model and gave
igures demonstrating the validity of the results we planned to achieve
sing the proposed approach. We also presented a comprehensive
umerical analysis of this model using the extended cubic B-spline
lgorithm. Furthermore, the analytical and numerical solutions are
ompared. The proposed equation has opened up new ways for defining
hysical systems that have lost their symmetry.
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