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a b s t r a c t

An approach similar to Salameh and Jaber (2000) has been used in this paper to produce an optimal

production/order quantity that takes care of imperfect processes. An imperfect inspection process

(Raouf et al., 1983) is utilized to describe the defective proportion of the received lot. That is, the

inspector may commit errors while screening. The probability of misclassification errors is assumed to

be known. The inspection process would consist of three costs: (a) cost of inspection (b) cost of Type I

errors and (c) cost of Type II errors. The defective items, classified by the inspector and the buyer would

be salvaged as a single batch that is sold at a lower price. A mathematical model is developed to depict

this scenario. Numerical examples are provided to illustrate the solution procedure.

& 2010 Elsevier B.V. All rights reserved.
1. Introduction

Traditional inventory models tend to obtain an economic
(optimal) order quantity (EOQ) or economic production quantity
(EPQ) based on the ordering/setup cost and the inventory carrying
cost. They make many assumptions while coming up with a
closed form solution for the most economical batch size in a stock
or a production facility. One assumption is that the items
produced by the facility are all of a perfect quality. Another is
that the screening process that identifies the defective items in a
lot is error-free. That is, the defective items from a lot can be
screened out through 100% inspection. This is an idealistic
approach. In practice the production lot may contain a substantial
number of defective items, possibly because of weak process
control, deficient planned maintenance, inadequate work instruc-
tions and/or damage in transit (Rahim and Ben-Daya, 2001). Also,
the screening process, e.g. at the end of an assembly line, is never
perfect. Hence, there is a need to determine an optimal order
quantity when the inspection process is prone to making errors
while screening a defective lot.

A number of researchers have not used the perfect quality
assumption above. Porteus (1986) studied the effect of defective
items on the basic EOQ model. He assumed that there is a fixed
probability that the process would go out-of-control. Rosenblatt
and Lee (1986) assumed that the time between the in-control and
the out-of-control state of a process follows an exponential
distribution and that the defective items are reworked instanta-
neously. They suggested producing in smaller lots when the
ll rights reserved.

: +1 416 979 5265.
process is not perfect. In a later paper, Lee and Rosenblatt (1987)
studied a joint lot sizing and inspection policy for an EOQ model
with a fixed percentage of defective products.

While most of the literature in this area deals with determi-
nistic problems, many researchers have discussed stochastic
production yield and demand rates. Gerchak et al. (1988)
analyzed a single period production problem and extended it to
an n-period problem where the production process has a variable
yield and the demand is uncertain. Yano and Lee (1995) reviewed
and identified shortcomings in the literature dealing with
determining lot sizes where production or procurement yields
are stochastic. Grosfeld-Nir and Gerchak (2004) also reviewed the
literature on single stage and multistage imperfect production
systems that involve random yield and inspection. Inderfurth
(2004) determined an optimal production policy for a uniformly
distributed demand and yield rate and discussed some managerial
aspects of this policy. Rekik et al. (2007) extended the work of
Inderfurth (2004) for two cases: (a) an additive errors case where
the variability of errors is independent of the order quantity, and
(b) a multiplicative errors case where the variability of errors is
proportional to the order quantity.

Recently, Salameh and Jaber (2000), has been receiving
attention. They studied a joint lot sizing and inspection policy
for an EOQ model when a random proportion of the units in a lot
are defective. They assumed a 100% screening process with no
human error. They suggested that poor-quality items should be
salvaged as a single batch at the end of the 100% screening
process. This model will be referred to as the S & J model in the
rest of the paper. Goyal and Cardenas-Barron (2002) suggested a
simpler approach to the S & J model, which Goyal et al. (2003)
used to determine an integrated vendor–buyer inventory policy
for an item with imperfect quality. They suggested that the order
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dx.doi.org/10.1016/j.ijpe.2010.01.023
mailto:mjaber@ryerson.ca
dx.doi.org/10.1016/j.ijpe.2010.01.023


M. Khan et al. / Int. J. Production Economics 133 (2011) 113–118114
size should be delivered in n sublots. Chiu (2003) considered the
effect of reworking defective items on the EPQ model with
backlogging allowed. He suggested that some of the defective
items should be reworked while the rest should be scrapped.
Chang (2004) studied the S & J model under a fuzzy defective rate
and a fuzzy annual demand. Huang (2004) presented an
integrated vendor–buyer inventory model for an unreliable
process. He derived an analytic solution for the optimal order
quantity and the number of deliveries in each purchase order.
Papachristos and Konstantaras (2006) discussed the non-
shortages in inventory models where the proportion of defective
items is a random variable. They proposed an alternative to the S
& J model by speculating on the timing of withdrawing and selling
the imperfect lot. Liao (2007) studied imperfect production
processes that require maintenance. They considered two states,
namely the in-control and the out-of-control state of the
production process. The maintenance process would either
worsen the production system or bring it to a perfect state. They
showed that there exists a unique optimal number of imperfect
maintenance processes (N) before the production system is
brought to the perfect state. Maddah and Jaber (2008) corrected
a flaw in the S & J model by using renewal theory. They came up
with simpler expressions for the expected profit and the order
quantity.

The S & J model suggested that the imperfect items are not
reworked but just withdrawn from the received lot. It is also
assumed that there is no human error in the screening process.
Raouf et al. (1983) studied human error in inspection planning.
They came up with one of the first inspection plans with
misclassifications for multi-characteristic critical components.
They suggested repeating the cycle of inspection to ensure the
product quality and determined an optimal number of inspection
cycles based on the cost of inspection and misclassifications.
Duffuaa and Khan (2002) suggested an inspection plan for these
critical components where an inspector can commit a number of
misclassifications. They extended the Raouf et al. (1983) inspec-
tion plan for the case of a number of misclassifications. This was a
realistic approach where an inspector can classify an item to be
nondefective, reworkable or scrap. In a later paper, Duffuaa and
Khan (2005) carried out a sensitivity analysis to study the effect of
different types of misclassifications on the optimal inspection
plan.
y
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Fig. 1. Behavior of the inve
There may be many sources of errors in inspection, one of
which is inaccuracy in records. Kök and Shang (2007) discussed
inaccuracies in inventory records. They proved that an inspection
adjusted base-stock policy is optimal for a single period problem,
where inspection is performed if the inventory recorded is less
than a threshold level. Atali et al. (2009) also modeled the
discrepancies between actual and the recorded inventories in
retail and distribution environments. They quantified the value of
RFID (radio-frequency identification) that reduces the amount of
such discrepancies. We leave this issue here for future research.

This paper extends the work of S & J model by assuming that
the screening process is not error-free. The Raouf et al. (1983)
approach is used to suggest that an inspector could make two
classifications while screening, i.e. an item may be classified as
defective or nondefective. However, because the inspection
process is not error-free, a good item may be classified as
defective, i.e. a Type I error, while a defective item may be
classified as good, i.e. a Type II error (Jacobson, 1952). The rest of
the paper is organized as follows. Section 2 describes the model.
Section 3 produces a mathematical model. Section 4 presents a
numerical example and discusses the results. Section 5 presents a
summary and conclusions.
2. Model description

Consider a lot of size y being delivered to the buyer. It is
assumed that each lot contains a fixed proportion p of defective
items. An inspector screens out the defective items from the lot
with fixed rate of misclassifications. That is, a proportion m1 of
nondefective items are classified to be defective and a proportion
m2 of defective items are classified to be nondefective. It is
assumed that the probability density functions, f (p), f (m1) and
f (m2) are known. It is also assumed that the items that are
returned from the market are stored with those that are classified
as defective by the inspector. They are all sold as a single batch at
the end of each cycle at a discounted price. The behavior of the
inventory level is illustrated in Fig. 1, where T is the cycle length,
B1 is the batch classified as defective by the inspector while B2 is
the batch of returned units from the market accumulated over T.

An optimal inventory policy is determined using the total
revenues and the total costs. The costs considered in the model
B2

Time 

ntory level over time.
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are the procurement cost, screening cost, misclassification cost
and the inventory carrying cost. The following nomenclature is
used throughout the paper.
D
 number of units demanded per year

y
 order size

c
 unit variable cost

K
 fixed ordering cost

A
 a parameter used for simplifying the holding cost

in Eq. (5)

s
 unit selling price of a nondefective item

v
 unit selling price of a defective item

x
 screening rate

d
 unit screening cost

h
 unit holding cost

T
 cycle length

m1
 probability of Type I error (classifying a

nondefective item as defective)

m2
 probability of Type II error (classifying a defective

item as nondefective)

p
 probability that an item is defective

t1
 inspection time in a cycle

t2
 the remaining time in a cycle, after the defective

items are screened out

f (p)
 probability density function of p
f (m1)
 probability density function of m1
f (m2)
 probability density function of m2
B1
 number of items that are classified as defective in
one cycle
B2
 number of defective items that are returned from
the market in one cycle
ca
 cost of accepting a defective item

cr
 cost of rejecting a nondefective item
3. Mathematical model

Fig. 1 shows how the inventory behaves with a buyer or a
retailer. It should be noted here that this behavior was suggested
by S & J (2000). The screening and consumption of the inventory
continues until time t1, after which all the defectives (B1) are
withdrawn from inventory as a single batch and are sold to the
secondary market. The consumption process continues at the
demand rate until the end of cycle time T. Due to inspection error,
some of the items used to fulfill the demand would be defective.
These defective items are later returned to the inventory and are
shown in Fig. 1 as B2. To avoid shortages, it is assumed that the
number of nondefective items is at least equal to the adjusted
Selecting an item

Nondefective 
(1− p)

Defective ( p)

Fig. 2. Four possibilities in
demand, that is the sum of the actual demand and items that are
replaced for the ones returned (pm2y) from the market over T.
Thus

y�yð1�pÞm1�ypð1�m2ÞZDTþpm2y

yð1�pÞ�ym1ð1�pÞZDT

yð1�pÞð1�m1ÞZDT

So, for the limiting case, the cycle length can be written as

T ¼
yð1�pÞð1�m1Þ

D
ð1Þ

It should be noted that the above expression is unaffected by
the Type II error and reduces to the cycle length in S & J if the Type
I error becomes zero.

Consider now the different cases of misclassifications that an
inspection process can have. There are four possibilities in such
an inspection process. Those are: Case (1) A nondefective item
is classified as nondefective; Case (2) A nondefective item is
classified as defective; Case (3) A defective item is classified
as nondefective; and Case (4) A defective item is classified as
defective. This scenario is depicted in Fig. 2. The number of items
going into different categories following these cases is given by:
Case (1):
Inspec

Classify

Classify

Classify

Classify

the inspectio
y(1�p)(1�m1)

Case (2):
 y(1�p)m1
Case (3):
 ypm2
Case (4):
 yp(1�m2)
Now B1 and B2 are given by

B1 ¼ yð1�pÞm1þypð1�m2Þ

B2 ¼ ypm2

The items in batch B2 are returned from the market at the rate
ypm2/T and are taken from the inventory with batch B1. Therefore
the revenue from salvaging B=B1+B2 items is given by

R1 ¼ vB¼ vðB1þB2Þ ¼ vyð1�pÞm1þvypð1�m2Þþvypm2

or

R1 ¼ vyð1�pÞm1þvyp

The revenue from selling the good items is computed as

R2 ¼ syð1�pÞð1�m1Þþsypm2

So, the total revenue is given as

R¼ R1þR2

R¼ vyð1�pÞm1þvypþsyð1�pÞð1�m1Þþsypm2 ð2Þ
tion/Decision

 an item as Nondefective (1− m1)

 a good item as defective 

 a bad item as Nondefective 

 an item as defective (1− m2)

n process.
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Consider now the different costs of the inventory system. The
procurement cost per cycle is

PC ¼ Kþcy ð3Þ

where c is the variable cost. The screening cost per cycle is the
sum of the cost of inspection and misclassifications which is
given by

IC ¼ dyþcrð1�pÞym1þcapym2 ð4Þ

The holding cost per cycle is the cost of carrying the (i)
nondefective lot, (ii) defective lot and (iii) returned lot. So, from
Fig. 1 the holding cost for a cycle can be written as

HC ¼ h
ðy�Z1Þt1

2
þZ1t1þ

Z2t2

2

� �
þh

B2T

2

� �

where Z, t represent the stock level and the time spent
respectively (before and after separating the defective items).
Replacing B2 with ypm2, Z2 with Z1 – B1, Z1 with y – Dt1 and t1 with
D/x, it can be written as

HC ¼
hy2

2

2

x
�

D

x2
þ

A2

D

� �
þ

h

2
ðypm2TÞ ð5Þ

where A=1�D/x�(m1+p)+p(m1+m2)
Therefore the total cost per cycle is given by summing up Eq.

(3–5), i.e. C=PC+ IC+HC or

C ¼ Kþcyþdyþcrð1�pÞym1þcapym2þ
h

2

2

x
�

D

x2
þ

A2

D

� �
y2þypm2T

� �

Fig. 1 depicts the behavior of different types of inventory in the
order cycle. The (red) triangle at the bottom represents the
defective lot that is returned by the market and is accumulated
into the salvaged lot.

The total profit per cycle can now be written as the difference
between the total revenue and total cost per cycle, that is

TPðyÞ ¼ syð1�pÞð1�m1Þþsypm2þvyð1�pÞm1þvyp

�½Kþcyþdyþcrð1�pÞym1þcapym2

þ
h

2

2

x
�

D

x2
þ

A2

D

� �
y2þypm2T

� ��
ð6Þ

Since p, m1 and m2 are random variables with probability
density functions f (p), f (m1) and f (m2), the expected total profit
can be written as

E½TPðyÞ� ¼ syð1�E½p�Þð1�E½m1�ÞþsyE½p�E½m2�þvyð1�E½p�ÞE½m1�þvyE½p�

�K�cy�dy�cryð1�E½p�ÞE½m1��cayE½p�E½m2�

�
h

2

2

x
�

D

x2
þ

E½A2�

D

� �
y2þyE½p�E½m2�E½T�

� �
ð7Þ

Now from Eq. (1), the expected cycle length would be

E½T� ¼
yð1�E½p�Þð1�E½m1�Þ

D
ð8Þ

Maddah and Jaber (2008) corrected the approach in the S & J
model to determine the annual profit. They suggested using
renewal reward theorem. Using this new approach, the expected
annual profit for our model, is written as

E½TPUðyÞ� ¼
E½TPðyÞ�

E½T�

or

E½TPUðyÞ� ¼ sDþ
sDE½p�E½m2�

ð1�E½p�Þð1�E½m1�Þ
þ

vDE½m1�

ð1�E½m1�Þ
þ

vDE½p�

ð1�E½p�Þð1�E½m1�Þ

�
D K

y þcþdþcrð1�E½p�ÞE½m1�þcaE½p�E½m2�þ
h
2

2
x�

D
x2 þ

E½A2 �

D

� �
y

n oh i
ð1�E½p�Þð1�E½m1�Þ

�h
yE½p�E½m2�

2
ð9Þ
It should be noted that Eq. (9) converges to the expected
annual profit equation in Maddah and Jaber (2008) once the value

of errors goes to zero. It can be demonstrated that this expected
annual profit follows a concave function. The first derivative of Eq.
(9) is given by

E½TPU0ðyÞ� ¼�
D � K

y2 þ
h
2

2
x�

D
x2 þ

E½A2 �

D

� �h i
ð1�E½p�Þð1�E½m1�Þ

�h
E½p�E½m2�

2

The second derivative of Eq. (9) is

ETPU
00

ðyÞ ¼ �
2KD

y3ð1�E½p�Þð1�E½m1�Þ

Since K40, D40, 0oE[p]o1 and 0oE[m1]o1, then ET-

PU00(y)o0 for every y40, suggesting that the annual profit in Eq.
(9) is concave. This fact is also demonstrated graphically in the
next section. Thus, the optimal order size that represents the
maximum annual profit, is determined by setting the first
derivative equal to zero and solving for y to get

y� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2KD

hE½p�E½m2�ð1�E½p�Þð1�E½m1�ÞþhD 2
x�

D
x2 þ

E½A2 �

D

� �
vuut ð10Þ

Note that when p=m1=m2=0, Eq. (10) reduces to the tradi-
tional EOQ formula.
4. Numerical analysis

Consider a production system that replenishes the buyer’s
orders instantly. This system is not perfect, i.e. it produces some
defective items. The inspection process that screens out the
defective items is also imperfect. The probability density func-
tions for the fraction of defective items and the inspection errors
are mostly taken from the history of a supplier/machine and
workers. In the case when these values are not known, the
fraction of defectives in a lot can be determined by using the lot
size (Porteus, 1986; Urban, 1998) or the time at which a process
goes out-of-control in a cycle (Rosenblatt and Lee, 1986).
Similarly, the parameters for inspection errors can be determined
by the methods suggested by Cary et al. (1994) or Jaraiedi (1983).
In the following analysis, most of the data is taken from the S & J
model.
D
 50 000 units/year

c
 $25/unit

K
 $100/cycle

s
 $50/unit

v
 $20/unit

x
 1 unit/min

d
 $0.5/unit

h
 $5/unit

ca
 $500/unit

cr
 $100/unit(

f (p)
 25; 0rpr0:05

0; otherwise(

)
 E(p)=0.02
f (m1)
 25; 0rm1r0:05

0; otherwise
)
 E(m1)=0.02
f (m2)
 25; 0rm1r0:05

0; otherwise

(

)
 E(m2)=0.02
Assuming that the buyer operates for 8 hours per day for 365
days per year, the annual screening rate would be,
x=1(60)(8)(365)=175 200 units. Substituting above values in
Eqs. (10) and (9), respectively, we obtain the optimal values of
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the order size and the annual profit as
y*
 1455 units

ETPU
 $10 95 090/year
Fig. 3 demonstrates the concavity of the annual profit with
respect to the order size. That is, there is an optimal order size for
the input parameters taken here, with respect to the annual profit.
One should notice that although Fig. 3 does not show much
variation in annual profit with the order size, there is a noticeable
deviation in the costs and profits per cycle as the order size moves
away from the optimal one. For example, the cycle profit changes
by 31% and 24%, respectively, if the order size per cycle is moved
from the optimal value to 1000 and 1800.

The results in our numerical example indicate that the optimal
cycle inventory is almost the same as it was in the S & J model but
the cost of misclassifications, i.e. false rejection and false
acceptance cause a huge drop in the annual profit as compared
to that in the S & J model. This identifies the significance of the
human errors in inspection. One should observe that this loss in
profit has a direct relation to the fraction of defectives in the
supplier’s lot. Fig. 4 shows this behavior of the annual profit, for
the suggested model. This curve is obtained by varying the upper
limit of the pdf of the fraction of defectives at a fixed (0.04) level
of both inspection errors (Type I and Type II). The order size per
cycle is kept at 1439 (Salameh and Jaber, 2000). It is clear that the
annual profit tends to decrease with the fraction of defectives as
more and more items would have to be sold at a discounted price.
5. Managerial implications

The model of S & J has recently been extended for a number of
practical circumstances such as reworks, shortages and supply chain
etc. The model in this paper is an addition to this line of research.
The approach adopted here provides the practitioners with a more
functional alternative to the S & J model because it incorporates the
screening costs more accurately in the economic order sizing
decision.

It should be emphasized that the inspection part in the S & J
model is suitable for buyers that have an automated screening
system where one can expect no errors. On the other hand, if the
characteristic of interest cannot be screened through a machine and
is inspected by human beings, the screening process is bound to
have misclassifications. For example, a superstore would screen the
incoming products and sell the nondefective ones to its customers.
It would usually sell the items of low quality at a discount price.
The returned defective items, that were misclassified, would also be
sold at the discount price. The misclassified nondefective items
would incur the store a loss. The same course of action applies to a
manufacturing firm that utilizes supplier items in its assembly lines
and sells the defective items to a secondary market after inspection.
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These misclassifications are critical if the parts under inspection are
of an aircraft, a space shuttle or a complex gas ignition system
(Raouf et al., 1983). The reason is that the results of misclassification
in such systems could be fatal. That is why the quality requirements
for such components are very tight (Zunzanyika and Drury, 1975). A
common practice in the industry is to institute multiple inspections
to reduce the effect of errors, for these components (Chandra and
Schall, 1988). So, it is vital for a buyer to be aware of not only the
accurate parameters of error about his inspectors but also the ways
to mitigate these errors.
6. Conclusions

This paper makes use of Salameh and Jaber (2000) and Raouf
et al. (1983) models to determine an inventory policy for
imperfect items received by a buyer. A realistic approach of
screening is adopted. That is, an inspector may classify a
nondefective item to be defective (Type I error) and he may also
classify a defective item to be nondefective (Type II error). The
defective items classified by the inspector and those returned
from the market are accumulated and sold at a discounted price at
the end of each procurement cycle.

The paper suggests that the annual profit with inspection errors
remains concave with respect to the order size. Comparing the
results with those in Salameh and Jaber (2000), the optimal order
size is almost the same but the annual profit is much smaller. This
signifies the effect of inspection errors. The increasing fraction of
defectives keeps on reducing the annual profit.

The paper could be extended for the case where demand is
uncertain. Furthermore, learning in the inspection rate would also
enhance the usefulness of the model presented here.
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Letter to the Editor

In a previously published paper by Khan, M., Jaber, M.Y., and Bonney M., ‘‘An economic order quantity (EOQ) for items with imperfect
quality and inspection errors’’, Int. J. Prod. Econ. 133 (2011) 113–118, I found the following errors:
1)
 On page 116, to obtain Eq. (5), one should replace t1 with y/x, not D/x.

2)
 For the numerical analysis, they assumed the following probability density functions

f ðpÞ ¼
25, 0rpr0:05

0, otherwise
) EðpÞ ¼ 0:02

(

f ðm1Þ ¼
25, 0rm1r0:05

0, otherwise
) Eðm1Þ ¼ 0:02

(

f ðm2Þ ¼
25, 0rm2r0:05

0, otherwise
) Eðm2Þ ¼ 0:02

(

Note that if the defective rate is uniformly distributed between 0 and 0.05, then its p.d.f. should be 1=ð0:05�0Þ ¼ 20 with an expected
value of 0.025. For the p.d.f. to be 25 and an expected value of 0.02, the defective rate should be between 0 and 0.04.
73/$ - see front matter & 2011 Elsevier B.V. All rights reserved.
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