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A B S T R A C T

The Wigner quasi-probability distribution function is an important tool for estimating the quantumness of
quantum states. The Wigner distribution function (WDF) is related monotonically to the coherent field state
density operator and their probability distributions. In this paper, we analyze the time-dependent resonator
coherent field states produced by a flux qubit’s interaction with a resonator-field through a two-photon
coupling. The WDF dynamics of the coherent field states is investigated under the effects of the qubit-
resonator detuning and the intrinsic decoherence. The WDF non-classicality associated with the mixedness
resonator entropy dynamics can be controlled by varying the qubit-resonator interaction, detuning as well as
the decoherence. The intrinsic decoherence clearly affects the WDF non-classicality, identified by the negative
values of the WDF. Finally, by fixing one or both of the complex phase space components, we are able to
explore the dynamics of the Wigner-distribution functions.
Introduction

It has previously been shown that quasi-probability distribution
functions such as Husimi and Wigner functions [1,2], are crucial tools
for analyzing quantum phase-space information resources, such as non-
classicality, mixedness, and entanglement [3,4]. Here, we quantify the
positivity and negativity of the Wigner quasi-probabilities, which are
related with the classicality and non-classicality of a quantum sys-
tem [5–7]. Nonclassical features (as non-Gaussanity, non-classicality,
and Robustness of Wigner function negativity) have been explored in
different real systems, such as spin-qubit systems [8], nonlinear optical
medium cavity, and quantum well system [9], exciton-exciton interac-
tions inside two coupled semiconductor quantum dots
[10], and photon-added coherent states [11]. Based on the negativity of
the non-Gaussanity of a multimode light field has been reconstructed,
experimentally [12]. The non-classicality of the Wigner function has
been investigated under the effect of intrinsic decoherence [13]. The
Wigner function has been applied to quantify the non-classical prop-
erties of a 𝑓 -deformed system [14], and a resonator-qubit [15]. The
superposed-coherent-states non-classicality has an effective role to
enhance quantum effects [16–18]. The superposed coherent states
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has been realized in superconducting junction [19,20] and optical
systems [21].

Several physical systems have been proposed to implement qubits,
including quantum dots [22], magnons coupled to an open microwave
cavity [23,24], trapped ions [25], nitrogen-vacancy centers located in
crystal cavities [26,27], and superconducting circuits [28–31]. Super-
conducting circuits’ artificial qubits have high flexibility to implement
qubit interacting with resonators through multi-photon transitions [32,
33]. Qubit-resonator interactions have been used to realized various
nonlinear-optics phenomena [34,35]. Qubit-resonator interactions with
single-photon process has been proposed by using junction-flux-qubit
superconducting circuits [15,36,37]. After that, superconducting cir-
cuits have been proposed to implement a two-photon qubi-resonator
interaction quantum Rabi model [38]. The realization of nonlinear
two-photon qubit-photon interactions in [39] pave the way for various
investigations on the quantum effects in superconducting circuits’ arti-
ficial qubits with nonlinear interactions. Recently, it has been shown
that the quantum memory-assisted entropic uncertainty relation and
the non-Markovian dynamics of two-qubit entanglement two two-level
atoms can be enhanced and protected when the two qubits are coupled
to a cavity with two-photon relaxation [40,41].
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The features of a quantum state, especially non-classicality, are very
sensitive to decoherence and dissipation [42–44], the intrinsic deco-
herence will be here considered to explore the and Wigner-distribution
non-classicality dynamics. For closed quantum system, in our case a
qubit interacting with the cavity, Milburn equation [44] is utilized to
study the dynamics of quantum information resources. While for open
quantum systems, the master equations [45,46], are used to inves-
tigate the dissipation and decoherence effects. The Milburn intrinsic
decoherence equation is used to analyze the decoherence effect in
various quantum systems [47–50], such as trapped-ion systems and
superconducting systems [51,52].

Interactions of qubits with nonclassical coherent field states have
significant roles on the nonclassical effects [53,54]. So, the field-
states non-classicality needs to be investigated further for the quantum
information resources. In the context of the two-photon interaction and
the decoherence effect, we investigate the generated resonator-field-
state Wigner non-classicality produced by interactions of a SC flux qubit
with an even coherent resonator coherent field (that has a high initial
non-classicality).

The second section that follows describes the qubit-resonator dy-
namics affected by the intrinsic decoherence. The third part provides
illustrations of the Wigner phase space non-classicality dynamics. The
fourth section presents our conclusions.

Qubit-resonator dynamics induced by decoherence model

To explore the temporal qubit-resonator density matrix dynamics
under the intrinsic decoherence, we use the Milburn intrinsic equa-
tion [44],

𝑑𝑀̂𝑄𝑅(𝑡)
𝑑𝑡

= 𝐿̂𝑀̂𝑄𝑅, (1)

𝐿̂𝑀̂𝑄𝑅 = −𝑖[𝐻̂𝑄𝑅, 𝑀̂𝑄𝑅] −
𝛾
2
[𝐻̂𝑄𝑅, [𝐻̂𝑄𝑅, 𝑀̂𝑄𝑅]],

here 𝑀̂𝑄𝑅(𝑡) represents the density matrix. 𝛾 is the decoherence rate.
he qubit-resonator Hamiltonian 𝐻̂𝑄𝑅 describes two junctions coupled
o a superconducting(SC)-flux qubit [31,38] to engineering a qubit-
esonator interaction through two-photon transitions. The supercon-
ucting circuit of the two-photon qubit-resonator interactions consist-
ng of two identical junctions inductively coupled to a superconducting-
lux qubit. For the quadratic coupling, the qubit-resonator Hamiltonian
s given by (ℏ = 1) [38]

̂𝑄𝑅 = 𝜔𝑅(𝑎̂
†
𝑅𝑎̂𝑅 + 1

2
) + 1

2
𝜔𝑄𝜎̂

𝑧
𝑄 + 𝜆(𝑎̂𝑅 + 𝑎̂†𝑅)

2𝜎̂𝑥𝑄. (2)

The resonator-mode field has a transition frequency 𝜔𝑅 and the annihi-
lation operator of the resonator field is identified by 𝑎̂𝑅. While the flux
qubit is described by: the frequency 𝜔𝑄, inversion operator 𝜎̂𝑧𝑄, 𝜎̂𝑥𝑄, and
the annihilation Pauli operator |0𝑄⟩⟨1𝑄| with the lower |0𝑄⟩ and upper
|1𝑄⟩ energy levels. The qubit-resonator coupling is given by

𝜆 = −𝜋
4
tan(

𝜋𝛷𝐸
𝛷0

)𝐷𝐼
𝛷0

𝜔𝑅, (3)

where flux qubits described by: the mutual flux qubit inductance 𝐷, the
urrent 𝐼 as well as the quantum 𝛷0 and the external static 𝛷𝐸 fluxes.
ere, we consider the SC regime [31], in which the qubit-resonator
oupling is smaller than the qubit and cavity eigenfrequencies, and
t is greater than the dissipation rates. The counter-rotating terms:
|0𝑄⟩⟨1𝑄|𝑎̂2 + 𝐻.𝑐.) and (𝜎̂𝑥𝑎̂†𝑎̂) can then be neglected. Therefore, the
amiltonian is given by [38]

̂𝑄𝑅 = 𝜔𝑅(𝑎̂
†
𝑅𝑎̂𝑅 + 𝜎̂𝑧𝑄) +

𝛿
2
𝜎̂𝑧𝑄

+𝜆(𝑎̂2𝑅|1𝑄⟩⟨0𝑄| + |0𝑄⟩⟨1𝑄|𝑎̂
2†
𝑅 ). (4)

The difference between frequencies of the qubit and the resonator-field
is represented by the detuning, 𝛿 = 𝜔 − 2𝜔 .
2

𝑄 𝑅
By using the qubit-resonator basis: {|𝑆1⟩ = |1, 𝑛⟩, |𝑆2⟩ = |0, 𝑛 +
2⟩}(𝑛 = 0, 1, 2,…), the qubit-resonator Hamiltonian eigenstates have the
following expression:

|𝑉 𝑛
1 ⟩ = 𝐹𝑛|𝑆1⟩ + 𝐺𝑛|𝑆2⟩,

𝑉 𝑛
2 ⟩ = 𝐺𝑛|𝑆1⟩ − 𝐹𝑛|𝑆2⟩, (5)

here

𝐹𝑛 =
√

(𝑅𝑛 + 𝛿)∕2𝑅𝑛, 𝐺𝑛 =
√

(𝑅𝑛 − 𝛿)∕2𝑅𝑛,

𝑅𝑛 =
√

𝛿2 + 𝜆2(𝑛 + 1)(𝑛 + 2). (6)

The qubit-resonator Hamiltonian eigenvalues are:

𝑉 𝑛
1 = 𝜔𝑅(𝑛 + 2) + 𝜆

√

[(𝜔𝑄 − 2𝜔𝑅)∕𝜆]2 + 𝑛2 + 3𝑛 + 2,

𝑉 𝑛
2 = 𝜔𝑅(𝑛 + 2) − 𝜆

√

[(𝜔𝑄 − 2𝜔𝑅)∕𝜆]2 + 𝑛2 + 3𝑛 + 2.

To find an analytical description for the Milburn intrinsic deco-
herence equation (1), we consider the initial qubit-resonator density
matrix 𝑀(0) described by a flux qubit upper state |1𝑄⟩⟨1𝑄| coupled
o an even resonator coherent-field state (|𝛽⟩ + |−𝛽⟩)∕2 that has the
ollowing photon distribution,

𝑛 =
[1 + (−1)𝑛]𝛽𝑛𝑒−

1
2 |𝛽|

2

2(1 + ⟨𝛽| − 𝛽⟩)
√

𝑛!
. (7)

We focus on the case where the initial state is an even coherent state.
The non-classicality of the coherent-field state can be identified by the
negative values of the phase space Wigner distribution function.

By using Eq. (1) with the initial qubit-resonator state 𝑀̂(0), the
enerated time-dependent qubit-resonator state is given by [55]

̂ 𝑄𝑅(𝑡) =
∑

𝑚,𝑛=0

∑

𝑖,𝑗=1,2
𝑋𝑚𝑛

𝑖𝑗 𝐻𝑚𝑛
𝑖𝑗 |𝑉 𝑚

𝑖 ⟩⟨𝑉 𝑛
𝑗 |, (8)

with

𝑋𝑚𝑛
𝑖𝑗 = 𝑒−𝑖(𝑉

𝑚
𝑖 −𝑉 𝑛

𝑗 )𝑡𝐼𝐷,𝐻
𝑚𝑛
𝑖𝑗 = ⟨𝑉 𝑚

𝑖 |𝑀̂(0)|𝑉 𝑛
𝑗 ⟩.

he decoherence term is: 𝐼𝐷 =
− 𝛾

2 (𝑉
𝑚
𝑘 −𝑉 𝑛

𝑙 )
2𝑡.

Now, based on the initial state, the qubit-resonator state dynamics
has the following expression:

𝑀̂𝑄𝑅(𝑡) =
∑

𝑚,𝑛=0
𝐷𝑚𝐷

∗
𝑛[𝐹𝑚𝐹𝑛𝐸11|𝑉

𝑚
1 ⟩⟨𝑉 𝑛

1 | + 𝐹𝑚𝐺𝑛

×𝐸12|𝑉
𝑚
1 ⟩⟨𝑉 𝑛

2 | + 𝐺𝑚𝐹𝑛𝐸21|𝑉
𝑚
2 ⟩⟨𝑉 𝑛

1 | (9)

+𝐺𝑚𝐺𝑛𝐸22|𝑉
𝑚
2 ⟩⟨𝑉 𝑛

2 |],

The coefficients 𝐸𝑖𝑗 are given by

𝐸11 = 𝑋𝑚𝑛
11 +𝑋12

𝑚𝑛 +𝑋𝑚𝑛
21 +𝑋𝑚𝑛

22 ,

𝐸12 = 𝑋𝑚𝑛
11 −𝑋12

𝑚𝑛 +𝑋𝑚𝑛
21 −𝑋𝑚𝑛

22 ,

𝐸21 = 𝑋𝑚𝑛
11 +𝑋12

𝑚𝑛 −𝑋𝑚𝑛
21 −𝑋𝑚𝑛

22 , (10)

𝐸22 = 𝑋𝑚𝑛
11 −𝑋12

𝑚𝑛 −𝑋𝑚𝑛
21 +𝑋𝑚𝑛

22 .

The reduced resonator-field density matrix needed for the analysis of
the Wigner distribution function can be expressed as following:
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𝑀̂𝑅(𝑡) =
∑

𝑚,𝑛=0
𝐷𝑚𝐷

∗
𝑛(𝐴

𝑅
𝑚𝑛(𝑡)|𝑚⟩⟨𝑛|

+𝐵𝑅
𝑚𝑛(𝑡)|𝑚 + 2⟩⟨𝑛 + 2|), (11)

with

𝐴𝑅
𝑚𝑛(𝑡) = 𝐹 2

𝑚𝐹
2
𝑛𝑋

𝑚𝑛
11 + 𝐹 2

𝑚𝐺
2
𝑛𝑋

𝑚𝑛
12

+𝐺2
𝑚𝐹

2
𝑛𝑋

𝑚𝑛
2𝑙 + 𝐺2

𝑚𝐺
2
𝑛𝑋

𝑚𝑛
22 ,

𝐵𝑅
𝑚𝑛(𝑡) = 𝐹𝑚𝐹𝑛𝐺𝑚𝐺𝑛(𝑋𝑚𝑛

11 −𝑋𝑚𝑛
12 −𝑋𝑚𝑛

21 +𝑋𝑚𝑛
22 ).

Wigner distribution function (WDF)

For the considered subsystem resonator field with the reduced den-
sity matrix 𝑀̂𝑅(𝑡), the symmetric Wigner characteristic function [56] is
given by

𝐶𝑊
𝜇 = 𝑇 𝑟[𝑀̂𝑅(𝑡)𝐷̂𝜇], (12)

where 𝐷̂𝜇 = exp(𝜇𝑎̂+ − 𝜇∗𝑎̂) is the displacement coherent-state field
operator. The Wigner quasi-probability distribution is defined as

𝑊𝐷 = 1
𝜋2 ∫ 𝐶𝑊

𝜇 exp(𝛼𝜇∗ − 𝛼∗𝜇)𝑑2𝜇. (13)

This Wigner distribution function in the integral form is not always easy
to calculate. To avoid the different calculation of the phase space inte-
gration, the WD integral form is expressed by using displaced number-
state representation [57,58]. After writing the reduced resonator-field
density 𝑀̂𝑅(𝑡) of Eq. (11) in number-state representation as:

̂ 𝑅(𝑡) =
∞
∑

𝑚,𝑛=0
𝐴𝑅
𝑚𝑛(𝑡)|𝑚⟩⟨𝑛| + 𝐵𝑅

𝑚𝑛(𝑡)|𝑚 + 2⟩⟨𝑛 + 2|,

the expression of the time-dependent Wigner quasi-probability function
is given by

𝑊 (𝛼, 𝑡) = 2
𝜋

∞
∑

𝑘=0

∞
∑

𝑚,𝑛=0
(−1)𝑘[𝐴𝑅

𝑚𝑛(𝑡)𝛤𝑘,𝑛(𝛼)𝛤𝑚,𝑘(𝛼)

+𝐵𝑅
𝑚𝑛(𝑡)𝛤𝑘,𝑛+2(𝛼)𝛤𝑚+2,𝑘(𝛼)], (14)

where

𝛤𝑘,𝑛(𝛼) = exp(
− ∣ 𝛼 ∣2

2
)
𝑚𝑖𝑛(𝑘,𝑛)
∑

𝑗=0

(−𝛼)(𝑘−𝑗)(𝛼∗)𝑛−𝑗
√

𝑘!𝑛!
(𝑛 − 𝑗)!(𝑘 − 𝑗)!𝑗!

, (15)

In the following section, we will examine the temporal Wigner quasi-
probability function evolution in the presence of intrinsic decoherence.

Wigner distribution dynamics

Wigner phase space distribution non-classicality

Figs. 1(a-d) illustrate the dynamics of the Wigner distribution func-
tion (WDF) of the generated even-coherent-resonator state without the
decoherence for the initial even-coherent-resonator intensity 𝛽 = 4 at
he resonance, 𝛿 = 0. The even-coherent-resonator Wigner distribution
s plotted for different times. The purpose of selecting the different
pecific times to investigate the even-coherent-resonator Wigner distri-
ution dynamics for different generated coherent-resonator field states:
he initial even-coherent-resonator pure state at 𝜆𝑡 = 0 in (a), in a
aximally coherent-resonator state at 𝜆𝑡 = 0.4425𝜋 in (b), and in a

enerated partial coherent-resonator mixed state at 𝜆𝑡 = 3𝜋
4 in (c).

If the coherent-resonator states are pure states as the initial even-
coherent-resonator approximately, the WDF is plotted at 𝜆𝑡 = 𝜋 in
d). The generated coherent-resonator field states due to the unitary
nteraction are shown in Fig. 1(e). The resonator entropy dynamics
etermines the selection of the various specific times. Without the
ntrinsic decoherence, the unitary qubit-resonator evolution has no
ffect on the coherence of the qubit-resonator, hence the entropy of
he qubit-resonator vanishes. As a result, the Araki-Lieb inequality [59]
3

states that the entropies of the qubit and resonator are equal. In
this case, one of them is used to measure the qubit/resonator mixed-
ness [60–62] that is the same as the qubit-resonator entanglement.
By using the eigenvalues 𝜆𝑅𝑛 of the matrix of 𝑀̂𝑅(𝑡), the resonator
ntropy dynamics is given by: 𝐸𝑅(𝑡) = −

∑

𝑛=1 𝜆
𝑅
𝑛 ln 𝜆𝑅𝑛 . For the pure

state, 𝐸𝑅(𝑡) = 0. Otherwise for partially and maximally mixed states,
0 < 𝐸𝑅(𝑡) ≤ ln 2. At the resonance (𝛿 = 0), The resonator entropy
𝐸𝑅(𝑡) exhibits regular 2𝜋-period oscillatory dynamics. The generated
oherent-resonator field periodically exhibits a pure state (at 𝜆𝑡 =
𝜋(𝑛 = 0, 1, 2,…)). The green dashed curve in Fig. 1(e) demonstrates
hat the periodicity of the resonator entropy vanishes for the off-
esonance case (𝛿 = 20𝜆). Nonetheless the amplitudes of the entropy
s enhanced, i.e., the qubit/resonator mixedness increases. The dash-
ot curve shows the growth of the mixedness resonator entropy due
o the increase of the intrinsic decoherence. The growth of entropy
s linked to the influence of the intrinsic qubit-resonator decoherence
erm represented by: 𝐼𝐷 = 𝑒−

𝛾
2 (𝑉

𝑚
𝑘 −𝑉 𝑛

𝑙 )
2𝑡. This term contributes to

the suppression of the off-diagonal elements of the density matrix,
indicating the decay of quantum coherence. Consequently, this decay
leads to an increase in entropy, reflecting the enhanced disorder or
unpredictability within the quantum system. Understanding how such
decoherence affects the dependability and predictability of quantum
systems is critical in domains such as quantum computing and quantum
information theory.

Fig. 1a illustrates the initial even-coherent-resonator Wigner distri-
bution 𝑊 (𝛼, 0) (where 𝛼 = 𝑥 + 𝑖𝑦 where 𝑥, 𝑦 are real) in the phase
space for 𝑥 ∈ [−1.6𝜋, 1.6𝜋] and 𝑦 ∈ [0, 1.5𝜋]. The maxima and minima
f the initial even-coherent-resonator Wigner function has symmetrical
istribution with respect to 𝑥− and 𝑦− axes, which are clearly de-

tectable in the phase space. The maxima and minima of the Wigner
function are near the origin. The even-coherent-resonator states |𝛽⟩
and |−𝛽⟩ contribute to that the WDF shape which has two Poissonian
photon number distributions (two separate peaks). While the quantum
interference between the even-coherent-resonator states contributes to
form interfered bottoms and peaks along the phase space 𝑦-axis. The
maxima and minima of the interference bottoms and peaks are reduced
and revive in the direction of increasing 𝑦-axis. The WDF negative
values represent the non-classicality signature of the coherent-resonator
field state.

Fig. 1b shows the WDF non-classicality 𝑊 (𝛼, 0.4425𝜋) of the corre-
sponding maximally mixed coherent-resonator state (when the corre-
sponding resonator entropy is at maximum), which is generated due
to unitary qubit-resonator interaction. The negativity and positivity of
the symmetric interference fringes, compared to their initial values, are
reduced and centered around the origin. While the WDF shapes of the
initial two positive Gaussian peaks, induced by the coherent-resonator
states |𝛽⟩ and |−𝛽⟩, are rotated by ‘‘90 degrees’’ to form a positive
suppressed Gaussian peak at the end of the 𝑦-axis phase space.

When Fig. 1a results of the Wigner distribution 𝑊 (𝛼, 0) are com-
pared with Fig. 1b results of the Wigner distribution 𝑊 (𝛼, 0.75𝜋),

e observe that the amplitudes of the negativity and positivity of
he Wigner distribution of the initial pure coherent state (at 𝜆𝑡 =
.4425𝜋) 𝑊 (𝛼, 0.4425𝜋) increase, i.e. the non-classicality is enhanced
o be very closed to that of a Wigner distribution for a superposition
f the coherent-resonator states |𝛽⟩ and |−𝛽⟩. Figs. 1(d) show the
DFs 𝑊 (𝛼, 𝜋) of the corresponding pure coherent-resonator states (the

esonator entropy 𝐸𝑅(𝜋) ≃ 𝐸𝑅(2𝜋) ≃ 0.0). If 𝑊 (𝛼, 2𝜋) is plotted,
e find that in this case the Wigner distribution closely resembles to
(𝛼, 0). The non-classicalities of the two generated pure states are very

imilar to that of the initial pure state of Fig. 1a. This demonstrates
hat information on the non-classicality can be obtained from both the

igner distribution and the resonator entropy.
From Figs. 2(a,b), we find that the non-classicalities of 𝑊 (𝛼, 0.75𝜋)

nd 𝑊 (𝛼, 2𝜋), are more affected by the detuning. The negativity and
ositivity of the generated symmetric interference fringes, compared
o Figs. 2(b,f), are enhanced. While the regularity of the WDF shape
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Fig. 1. WDF is depicted for 𝛽 = 4, 𝛿 = 0, and 𝛾 = 0 at different normalized times: 𝜆𝑡 = 0 in (a), 𝜆𝑡 = 0.4425𝜋 in (b), 𝜆𝑡 = 3𝜋
4

in (c), and 𝜆𝑡 = 𝜋 in (d). In (e), the dynamic resonator
entropy is plotted for different detuning and decoherence rates.

Fig. 2. WDFs of the corresponding the coherent-resonator states: 𝑊 (𝛼, 0.4425𝜋) of Fig. 1b and 𝑊 (𝛼, 2𝜋) of Fig. 1e, are depicted respectively under the qubit-resonator detuning
effect (𝛿 = 20𝜆) in (a) and (b) and under the decoherence effect in (c) and (d), 𝛾 = 0.05𝜆.
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Fig. 3. The partial Wigner distributions 𝑊 (𝑥, 2𝜋) at 𝑦 = 0.063𝜋 and 𝑊 (𝑦, 2𝜋) at 𝑥 = 0
are shown in (a) and (b) respectively for different detuning in the decoherence cases
of (𝛾, 𝛿).

of the two positive Gaussian peaks, corresponding to the two opposite
the coherent-resonator states |𝛽⟩ and |−𝛽⟩, is disappeared. This means
that the increased qubit-resonator detuning leads to generating another
superposition of the coherent-resonator state that differs from the con-
sidered initial even coherent-resonator state. According to Fig. 2b, the
non-classicality of the Wigner distribution function 𝑊 (𝛼, 0.75𝜋) is more
resistant to an increase in qubit-resonator detuning than the one linked
to 𝑊 (𝛼, 2𝜋) with the corresponding pure coherent-resonator state at
𝜆𝑡 = 2𝜋.

Figs. 2(c,d) illustrate the Wigner distribution non-classicality dy-
namics, for 𝑊 (𝛼, 0.4425𝜋) and 𝑊 (𝛼, 2𝜋), of the corresponding maxi-
mally mixed and pure coherent states with the decoherence, 𝛾 = 0.5𝜆.
Because the associated maximally mixed coherent-resonator state is in-
dependent of the decoherence, the Wigner distribution non-classicality
𝑊 (𝛼, 0.4425𝜋) of this state (whose resonator entropy is maximum) is
very weak. The intrinsic decoherence totally erases the non-classicality
information of the Wigner distribution 𝑊 (𝛼, 2𝜋) with the exception
of minor positive and negative peaks around the origin. According to
Fig. 2b, the function 𝑊 (𝛼, 0.75𝜋)’s non-classicality is more resistant to
qubit resonator decoherence than 𝑊 (𝛼, 2𝜋) of the comparable 2𝜋-pure
coherent resonator state.
5

c

Fig. 4. The dynamics of the highest negativity and positivity’s Wigner distribution are
shown in (a) and (b) respectively under the effects of the qubit-resonator detuning in
the decoherence for different cases of (𝛾, 𝛿).

artial WDF non-classicality dynamics

Here, we explore the dependence of the WDF non-classicality dy-
amics, on the real and imaginer component of the complex phase
pace. We analyze the qubit-resonator interaction, detuning, and de-
oherence effects. In Figs. 3(a,b), we study the impacts of the detuning
nd the decoherence on the dynamics of the partial Wigner distribution
unctions 𝑊 (𝑥, 2𝜋) at 𝑦 = 0.063𝜋 (see Fig. 3a), and 𝑊 (𝑦, 2𝜋) at 𝑥 = 0
see 3a). This is to analyze the maxima and minima WDF behaviors of
(0 + 𝑖0.063𝜋, 2𝜋) of the corresponding generated pure coherent state

t 𝜆𝑡 = 2𝜋. The dashed-dot curve in Fig. 3a shows that the vertical part
f the Wigner distribution shape of Fig. 1e has two symmetric peaks
nd a minimum at 𝑥 = 0. The WDF presents pronounced symmetric
ositivity (classicality) and negativity (non-classicality) behaviors as in
ig. 1e. By increasing the detuning or the decoherence, dashed and
olid curves illustrate the amplitude reductions of the Wigner distribu-
ion 𝑊 (𝑥, 2𝜋). Therefore, the WDF non-classicality feature is weakened.
he collapse and revival phenomena are noted. The qubit-resonator
etuning leads to asymmetric WDF non-classicality behavior. Fig. 3b
hows the dependence of the symmetric WDF positivity and negativity
ehavior on the phase space imaginer 𝑦-component. The appearance of
he WDF oscillatory behavior around the origin, with large amplitudes
nd a high frequency, confirms the high sensitivity of the WDF non-
lassicality to the phase space imaginer 𝑦-component. The detuning
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and the intrinsic decoherence reduce the WD 𝑦-component oscillatory
amplitudes. The maxima and minima interferences are enhanced and
decreased by increasing the detuning and decoherence, respectively.

Fig. 4a illustrates the dynamics of the largest negative value of
the Wigner distribution function 𝑊 (𝑡) = 𝑊 (𝑖0.063𝜋, 𝑡) (the time-partial

igner distribution). From the dash-dot curve of Fig. 4a, we observe
hat the unitary qubit-resonator interaction leads to regular oscillatory
ehavior with 𝜋-period of the Wigner distribution, which fluctuates
eriodically between it extreme values ±0.6, approximately. While the
ashed curve of Fig. 4a shows that the time-partial Wigner distribution
ositivity is reduced by increasing the qubit-resonator detuning, 𝛿 =

20𝜆, as time evolves The damped oscillatory dynamics are caused
by increasing qubit-resonator detuning, which enhances the excitation
of the cavity-field states. This leads to significant entanglement and
nonclassical behavior. As a result, it confirms the strong ability of
qubit-resonator detuning to magnify the non-classical properties of the
Wigner distribution function (WDF), as highlighted in Refs. [63,64]
and displayed in Fig. 1e. As time evolves, we find that the increase
of the decoherence decreases the amplitude and frequency of the WD
negativity dynamics, see Fig. 4a. For high decoherence and after a
short time, the time-partial Wigner distribution reaches its stationary
negativity this is time-independent, 𝑊 (𝑡 = ∞) ≃ −2. The appearance
of stationary WDF non-classicality behavior depends on the detuning
and decoherence. Fig. 4b aims to explore the amount of the WDF non-
classicality dynamics of a partial positive value of the corresponding
𝑊 (𝑡) = 𝑊 (−1.234𝜋; +𝑖0.03183𝜋, 𝑡). Due to the unitary qubit-resonator
interaction, the Wigner distribution non-classicality presents regular
oscillatory behavior with 𝜋-period and also illustrates the collapse and
revival phenomena. The dashed curve prove that the qubit-resonator
detuning enhances the non-classicality of the WDF. While the dot and
solid curves in Fig. 4a confirm that the stationary WDF classicality
behavior emerges when the decoherence rises.

Conclusions

This study examines the WDF non-classicality dynamics of a system
with a resonator coherent field interacting with a qubit. The considered
system is under intrinsic decoherence. The coupling between the qubit
and the cavity is a two-photon interaction. For an initial even coherent
resonator state, the non-classical dynamics of the phase space WDF and
its partial distributions have been explored for an initial even coherent
resonator state. Based on the resonator entropy dynamics, the times
of the maximally and partially mixed coherent-resonator states have
been chosen. By raising the detuning and the intrinsic decoherence,
the produced mixedness resonator entropy can be increased as well.
Detuning, decoherence, and the qubit-resonator interaction all affect
the phase space WDF non-classicality dynamics. Detuning and intrinsic
decoherence can entirely diminish or eradicate the non-classicality. For
the initial largest negative and positive values of the WDF, the ability
of the qubit-resonator interaction to generate WDF non-classicality is
examined. The partial Wigner distributions wit respect to the phase
space real and imaginer components, the collapse and revival phenom-
ena are reported. The qubit-resonator detuning leads to asymmetric
WDF non-classicality behavior. While the appearance of stationary
Wigner-distribution non-classicality is observed during the time-partial
Wigner distribution dynamics. The WDF non-classicality can be further
enhanced by the detuning.
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