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We propose to explore analytically one of the most promising effects (soliton) for future applications in optical
communication processing and memory devices, due to the nonlinearity inside low dimensional semiconductor
systems. We focus on soliton propagation in microcavity wires. We derive analytical exact solutions that describe
the stationary states of the soliton’s profile in the cavity. We present a scheme that gives such profiles for a given
external confining potential. The obtained profiles compare favorably with existing experimental and numerical

results.

Introduction

Semiconductor microcavities, metamaterials and microcavity wires
are recently extensively studied [1-13]. They represent a promising
prototype for all optical components in information processing. A pa-
norama of physical effects inside such system has been discovered.
Bose-Einstein condensation of polaritons [1,2], polariton superfluidity
[3,4], vortices formation [14,15], optical bistability [16,17], polariton
multistability [18], wave mixing [19,20], polariton lasers [21],
squeezing [22-25], chaos [26,27] and Solitons [28-32]. Solitons are
very appealing type of localized excitations for their unique features. In
particular, their shape including profile, peak height, and width remain
constants throughout the evolution of the soliton’s dynamics. This leads
to a particle-like behaviour with well-defined conserved momentum,
intensity, and energy [33]. Solitons have been explored in several
systems such as fluid mechanics [34], atomic physics [35], propagation
of laser beams in nonlocal nonlinear media [36], neuronal signals [37].
Solitons can be created in semiconductor microcavity by a pulsed pump
beam [38]. Solitons are the results of nonlinear effect inside the semi-
conductor microcavity. The nonlinearity is generated inside the mi-
crocavity by the polariton-polariton interaction. Several numerical
studies have explored the proprieties of such solitons [28-31,39]. In
general the study is based on solving coupled Nonlinear Schrodinger
equations describing the spatiotemporal evolution in 2 + 1 dimensions
for the amplitudes of the electromagnetic field and the excitonic mode
(see for example Egs. (1) and (2) in Ref. [28] or Ref. [29]). Our goal
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here is to derive analytical expressions for soliton profiles. As already
mentioned the previous studies were only numerical, finding analytical
or approximate solutions will open the door not only for profound
understanding of the physics but also to control and to optimize the
soliton propagation. Here we propose to study analytically the soliton
formation in microcavity wires. In this system the polaritons are con-
fined vertically in a semiconductor cavity. It will be shown here that the
system under consideration supports a variety of such solitonic solu-
tions. In addition to accounting for the particular solitonic profiles re-
ported by previous works [4-6], our theoretical model predicts the
existence of other solitonic profiles. In the next section we present the
theoretical model and the evolution equations for the considered
system.

Description of the system and the governing equations

In a simplified scheme, the system described in Fig. 1a of the paper
[6] is made of a planar cavity formed by brag mirrors, inside a quantum
wire. The system is pumped by a laser in CW mode. In this quantum
system interacting excitons and photons can be described by the fol-
lowing two coupled differential equations
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where E and ¥ are the averages of the photon and exciton annihilation
operators. E = (a) and ¥ = (b) where a and b are the photonic and the
excitonic annihilation operators. They are normalized such that
(wr/g)IEP? and (wg/g)¥P? are the photon and exciton numbers per unit
area. wyg represents the Rabi frequency and g designs the exciton-exciton
interaction. Time t is measured in units of 1/wg. ¥, and y, are the dis-
sipation rates of the cavity and the exciton respectively, normalized to
1/wg. The coordinates x and y are in unit of xo = /c/2knwg, where n
represents the index of refraction, c is the speed of light in the vacuum
and k is the wave number defined by k = nw/c. wy is the external pump
frequency. E, is the normalized amplitude of the external pump defined
by IE,| = \/gy.Io/(hwo(wr)?) [40]. I is the intensity of the incident light.
6, = (w. — wp)/wg and 6, = (w, — wp)/wg are the normalized frequency
detunings between the pump frequency w, and the cavity frequency .
(respectively the excitonic frequency w,).

Note that A is not a nabla operator but a parameter which is the
detuning between the exitonic and cavity frequencies normalized by the
Rabi frequency wg.

The effective potential U(y) and the normalized coupling have the
following expressions [41]
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where W represents the dimensionless wire width.
This model has been solved numerically for the parameters given in
Fig. 4 of [6] for the photonic soliton.

4

Methodology and analytical results

In this section, we present our method of obtaining analytic solu-
tions to the system of Egs. (1) and (2) with the objective of finding
localised solitonic-like solutions as those observed in the experiment.
The method is summarised by an inverse procedure where we first find
the functional forms of the potentials U (y) and Qz(y) that render the
system (1) and (2) to a set of nonlinear Schrd inger equations (NLSEs)
with cubic nonlinearity. Then we exploit our knowledge of the exact
solitonic solutions of the NLSE. Using these solutions, the potentials
U (y) and Qz(y) are then determined. The procedure is performed in two
steps, at first we determine the y-dependence of the solutions and the
potentials. Then we use the potentials back in the original system, Egs.
(1) and (2), to find the x-profiles.

We start by specifying to solutions where x appears only in the
phase

E(x,y, ) =fQ©, t)e*, 5)
P(x, ¥, 1) =g, ek, (6)

The x-dependence was assumed in this traveling-wave manner to be
able to find the y-profiles. Once these are determined, Egs. (1) and (2)
will be resolved with a more general form of the stationary solution
where the x-dependence appears also in the f and g functions. With this
form of the stationary solutions, Egs. (1) and (2) take the form
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The crucial step is now to transform the last two equations into two
NLSEs. This is performed with the observation that Eq. (7) is a NLSE for
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f (@, t) but with missing nonlinear term, If (y, t)I>f (y, t), and Eq. (8) is a

NLSE for g(y, t) but with missing dispersion term, gzg (y, t). These two

missing terms can be compensated for by the external potentials U (y)

and Qg(y) if we require that
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where c; and c; are arbitrary constants. Solving Eq. (9) for Qz(y) and Eq.
(10) for U (y), we obtain
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With these potential profiles, the system (1) and (2) reduce to the fol-
lowing standard NLSEs
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The last two equations are known to be integrable with many known
exact solutions.
As a first example, we consider the fundamental bright soliton so-
lutions of Egs. (7) and (8)

f@, t) = sech(y)e, (15)
g, t) = V2 sech(y)e ™. (16)
The external potential profiles then take the form

U(®y) = =2 (A + 6, — sech®(y) + tanh2(y)), 17)
and

Qr(y) = —k? + A — &, + 25, — 4sech?(y) + 2tanh?(y), (18)

with the values ¢; = —2 and ¢, = 2, and % =% = E, = 0. The poten-
tials in this case are shown in Fig.1 for some specific values of the
parameters. They are clearly localized as expected for confining po-
tentials.

As another example, we consider the solutions to Egs. (7) and (8)

f@, t) = —sech(y)e ™,

g, 1) = tanh(y)e™,

—2 and ¢, = —i. For these solutions, the potentials become

19

(20)

with ¢;
Q) = —k? — A — 8. — 2sech(y)? + (A + &,)sinh(y)? + tanh(y)?,

21
U(®) = (A + &,)sinh(y) + sech(y)tanh(y). (22)

We turn now to find the x-profile of the fields E and ¥. To that end,
we start with the following form for the fields

E(x) = f(x)e, (23)
and
P(x) = g(x)e'vi. 24
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Fig. 1. Potential profiles U (y) with solid blue curve and Qg(y) with dashed red
curve given by Egs. (28). and (29) with parameters:
k=-1,A=-25 =3, 6 = 04. (For interpretation of the references to colour

in this figure legend, the reader is referred to the web version of this article.)
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Fig. 2. Solution of Eq. (28), given by Eq. (29) with the parameters:
k=013, ¢;=001, ¢;=0, E,=1, t=0, and U(0) = 0.000125.

where v is a real constant. Substituting back in Egs. (1) and (2), we get

62 i ol(kx—vt
f(x)U(y)+g(x)QR(y)—@f(x)me("" ), (25)

FORO) - g(x)* = 0.

Substituting for g(x) from the second equation into the first, it reduces
to

(26)
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The potentials U (y) and Qr(y) may be calculated at y = 0 to give rise to
the x-profile along that specific line. Furthermore, and to facilitate
obtaining analytic solutions, we take the parameters values such that
the coefficient of the nonlinear term f (x)'/3 Qg(y)*? is small such that it
can be neglected. With this assumption, the last equation simplifies to
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This equation is integrable and admits the following analytic solution

E,
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where c; and ¢, are arbitrary constants. For some specific choices of the
parameters, this solution is plotted in Fig. 2. The main feature of this
figure shows that the oscillatory amplitude is superimposed on an ex-
ponentially increasing function. This feature agrees with the experi-
mental and numerical findings of Refs. [4-6].

Results in Physics 12 (2019) 471-474

Conclusion

We have explored analytically the soliton formation inside a mi-
crocavity wire. We have considered a theoretical model of a nonlinear
Schrodinger equation with an external effective potential arising from
the photons field, as described by Egs. (1) and (2). We have developed a
scheme where for a given confining potential, the exact analytical so-
liton profile can be obtained. Two specific cases were considered with
results shown in Fig. 1. The soliton profiles in the x- and y-directions
agree qualitatively with the previously-obtained results, as for instance
in Refs. [4-6]. Soliton propagation in microcavity wires opens the door
for future advanced applications in optical communication processing
and memory devices. It is hoped that our scheme will be useful for
further future investigations leading to exact analytic account of the
associated nonlinear dynamics of the solitons. This will be pivotal for
any technological development that exploits the nonlinear aspect of
solitons.
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