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Abstract

Accurate battery state-of-health (SOH) estimation is essential for safe and reliable electric-
vehicle operation. This paper presents a Tempered Fractional Deterministic Learning
(TF-DL) framework that combines deterministic learning with a tempered fractional adap-
tation law to introduce tunable memory and graceful forgetting into SOH estimation.
Two realizations are considered: an exact truncated variant (TF-DL-T) and an embed-
ded low-memory variant (TF-DL-E). The framework is evaluated on a NASA-derived
cycle-level battery aging benchmark with capacity-based SOH labels and a battery-level
train/test split. After filtering, 14 batteries were retained, of which 9 were used for training
and 5 unseen batteries were used for testing. Random Forest achieved the best overall
performance (MAE = 0.0436, RMSE = 0.0496), while LSTM was the strongest sequence
baseline (MAE = 0.0757, RMSE = 0.0920). Among the online RBF-based methods, TF-DL-E
achieved the best performance (MAE = 0.0966, RMSE = 0.1077), outperforming GD-DL and
TF-DL-T. Unlike offline methods, TF-DL-E operates online with constant memory, which
makes it suitable for embedded battery management systems. The results indicate that
TF-DL-E is the more robust and practically relevant tempered variant, whereas TF-DL-T
remains more fragile and parameter-sensitive.

Keywords: battery state of health; tempered fractional calculus; deterministic learning;
electric vehicles; remaining useful life; battery management system

1. Introduction

Li-ion batteries have found their way to be the most common energy-storage tech-
nology in electric vehicles due to their high-energy density, long cycle life, and desirable
power characteristics. Their safe and efficient use, however, depends strongly on accurate
estimation of key internal states, particularly the state of charge (SOC) and the state of health
(SOH). Reliable SOH information is essential not only for range prediction and maintenance
planning, but also for safety supervision, warranty management, energy management, and
fleet-level decision support. Recent surveys show that machine-learning and deep-learning
approaches are increasingly complementing, and in some cases surpassing, classical model-
based estimators when operating conditions become highly nonlinear, noisy, and variable
across temperature, duty cycle, and aging stage [1-3]. In addition, battery-health estimation
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is now closely connected to broader vehicle- and grid-level services, such as fleet analytics,
resilience-oriented scheduling, and intelligent energy management [4-6].

Within data-driven SOH/SOC estimation, a wide spectrum of methods has been inves-
tigated. Feature-based machine-learning models and hybrid electrochemical /data-driven
estimators can provide strong performance when informative health features are avail-
able [7,8]. Recurrent and hybrid deep-learning architectures have also demonstrated strong
nonlinear modeling capability for battery diagnostics, prognostics, and safety-related moni-
toring [9]. Related developments include temporal models with uncertainty representation
for risk-aware estimation [10], deep-reinforcement-learning-guided estimation for adap-
tive operation [11], active cell-equalization strategies [12], interpretable fault diagnosis in
heavy-duty electric vehicles [13], remaining-life prediction [14], and adaptive charging-time
prediction through transfer learning [15]. More generally, the design of data-driven battery
monitoring pipelines is tightly connected to fault diagnosis, energy management, and
decision support in modern electric-vehicle systems [5,6,16].

Despite this progress, three persistent challenges remain. First, battery degradation
evolves over long horizons and exhibits multi-rate behavior; therefore, an effective esti-
mator should exploit informative historical trends while attenuating stale or corrupted
information. Normal first-order online updates possess limited memory and can be made
fragile by nonstationary operation and noisy sensing. Second, health estimators must be
robustly cross-battery and cross-condition with respect to the health estimator, and must
have access to valuable information based on previously observed degradation behavior.
Third, battery-management-system-grade algorithms must remain lightweight, stable, and
compatible with observer-based safety logic and embedded implementation. These issues
are repeatedly emphasized in recent reviews of machine-learning and neural-network-
based SOH estimation, which also note that evaluation practices remain fragmented across
datasets, labels, and operating scenarios [1,2,17,18]. Representative sequence-learning
approaches such as LSTM and CNN-BiLSTM can provide strong predictive performance
on public battery datasets, whereas uncertainty-aware and dynamic-condition methods
further improve robustness and practical relevance [19-22].

A broader qualitative comparison with representative SOH estimation families is
provided in Appendix A; see Table A1, where the proposed TF-DL framework is positioned
relative to tree-based machine learning, recurrent deep learning, hybrid sequence models,
and uncertainty-aware approaches.

Fractional calculus offers a principled way to model memory and hereditary effects
that naturally arise in battery aging processes. In particular, tempered fractional operators
preserve the long-memory benefit of fractional calculus while introducing exponential
attenuation of distant history, thereby improving numerical stability and reducing the in-
fluence of obsolete information [23]. Recent developments in tempered fractional gradient
descent have formalized these advantages and given recursive algorithms with controlled
truncation error and desirable convergence behavior to noisy and nonstationary learning
tasks [24]. Parallel to this, the theory of Deterministic Learning (DL) offers a small, the-
oretically motivated framework to solve problems of unknown nonlinear dynamics by
radial-basis-function (RBF) neural networks using partial persistence of excitation [25,26].
The two directions of study are complementary to each other: deterministic learning pro-
vides a structured local-learning algorithm, and tempered fractional optimization provides
a tunable memory algorithm that is well adapted to slow-varying and noise-corrupted
battery-health dynamics.

Driven by this complementarity, this study offers a Tempered Fractional Deterministic
Learning (TF-DL) system to estimate battery SOH. The key concept is that the traditional
first-order DL weight-adaptation law is substituted by a tempered fractional update to
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allow the learning dynamics to use the informative long-range history and high discounts
to use outdated data. The resulting framework remains compatible with observer-based
and control-oriented BMS architectures. In this broader context, fault-tolerant LPV and
fuzzy control strategies rely on reliable SOH/SOC indicators [27-30], while conformable—
fractional optimization tools offer additional flexibility for memory-aware adaptation
and control design [31]. Recent advances in nonlinear and fractional observers, includ-
ing non-fragile He, observers, unknown-input observers for tempered fractional systems,
finite-time results for fuzzy delayed structures, and fractional state-detection tools, fur-
ther highlight the relevance of hybrid model-data approaches in battery-management
applications [32-36]. Observer and software-sensor design for renewable-energy and
sensorless-drive systems has also reached a mature level of practical deployment, which
reinforces the plausibility of deploying TF-DL-type estimators on embedded hardware [37—-41].

Figure 1 summarizes the revised logic of the proposed TF-DL framework. The up-
per part of the figure corresponds to the offline/training and model development phase, in
which NASA cycle-level battery aging data are preprocessed, the SOH target is constructed
from capacity, local nonlinear dynamics are represented with an RBF-based deterministic-
learning core, and the parameter adaptation is enhanced by tempered fractional memory.
The lower part of the figure corresponds to the evaluation/cycle-level SOH prediction phase,
where the trained models are benchmarked on unseen test batteries and compared against
representative baselines. Importantly, the figure also makes explicit that the battery plant it-
self remains a standard discrete-time nonlinear system, whereas the fractional operator acts
only in the adaptation law. This distinction is central to the formulation of the manuscript
and clarifies the role of tempering and fractional memory in the proposed estimator.

NASA Cycle-Level

Battery Aging Data

* Battery ID, cycle index

Offline / Training and Model Development Phase

RBF-Based
Deterministic Learning

Learned SOH
Estimation Models

* Online RBF-based

Preprocessing &
SOH Label Construction

Tempered Fractional
Adaptation Law

Learning /
Model Update

« Normalization * RBF approximation | |* Fractional memory »GD-DL baseline

Conceptual note: the battery plant remains a standard discrete-time nonlinear system,
kwhile the fractional operator acts only in the adaptation law.

Evaluation / SOH Prediction Phase

« Voltage, temperature, B»{  Capacity-based « Online local learning B»{ * Tunable forgetting « TF-DL-E update estimators
capaciy SOH recomputation | |« Graient-based * TF-DL-T: exact ~TF-DL-Tupdate | | " Batenlevel
* Processed SOH / « Cycle-level feature adaptation truncated memory « Converged model g !
RUL fields extraction « TF-DL-E: embedded parameters c Peployment-onenled
J low-memory smoother rg‘;’l‘ig;‘iggw

Unseen Test Batteries

* Cycle-level SOH trajectories
« Battery-level train/test split
« Cross-battery evaluation

SOH Prediction and
Benchmarking
AL

Key Findings
* RF best overall

Performance Analysis

r N * MAE, RMSE, R » LSTM strongest sequence
* RF *BILSTM | « Per-battery evaluation baseline _
*LSTM  GD-DL « Early / middle / late-life oL Bibect prcical
*BiLSTM o TF-DL-E analysis $E '[f)'f T‘*”‘Pe’ef "%I"a"
eGD-DL  *TF-DL-T « Sensitivity of TF-DL-T putt IBIEBIAgHE

and oscillatory

Figure 1. Overview of the revised TF-DL workflow for the NASA cycle-level SOH benchmark. In
the training phase, cycle-level battery aging data are preprocessed, the SOH target is constructed
from capacity, and deterministic learning is combined with tempered fractional adaptation through
the TF-DL-T and TF-DL-E variants. In the evaluation phase, the resulting models are benchmarked
on unseen test batteries and compared against representative baselines, with performance analyzed
through battery-level and life-stage-aware metrics.

For convenience, the principal abbreviations and mathematical symbols used through-
out the manuscript are summarized in Appendix B; see Tables A2 and A3. Additional
supporting comparisons and notations are reported in Appendices A and B.
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The main contributions of this paper are as follows:

1. A tempered fractional deterministic learning framework is formulated in which the
fractional operator is introduced explicitly in the adaptation law rather than in the
battery plant model. This resolves the ambiguity that often arises when fractional-
order learning rules are embedded into standard nonlinear estimators.

2. Two practical realizations are developed: an exact truncated tempered fractional
law (TF-DL-T) and an embedded low-memory approximation (TF-DL-E), the latter
providing an O(1)-memory implementation suitable for deployment-oriented battery-
management applications.

3. The practical roles of the two tempered variants are clarified empirically: TF-DL-E
acts as a smoother and more stable online tempered adaptation mechanism, whereas
TEF-DL-T is shown to be more fragile and parameter-sensitive under cross-battery
SOH generalization.

4. The framework is validated on a NASA-derived cycle-level SOH benchmark with
explicit capacity-based SOH label construction and a battery-level train/test split, and
is compared against representative baselines, including Random Forest, LSTM, and
BiLSTM in addition to GD-DL, TF-DL-E, and TF-DL-T [19,20,42,43].

The remainder of the paper is organized as follows. Section 2 reviews the essentials of
deterministic learning and tempered fractional optimization. Section 3 presents the TF-DL
estimator, its finite-memory and embedded realizations, and the associated convergence
statement. Section 4 reports the NASA cycle-level SOH benchmark, including the battery-
level split, the comparison with external baselines, the battery-wise and life-stage analysis,
and the sensitivity study of the truncated fractional variant. Finally, Section 5 summarizes
the main findings and outlines future research directions.

2. Preliminaries

This section briefly reviews the theoretical foundations of the proposed framework,
namely the system-identification principles of Deterministic Learning (DL) and the opti-
mization mechanics of tempered fractional calculus. Their combination provides the basis
of the proposed TF-DL approach.

2.1. Deterministic Learning Theory

Deterministic Learning (DL) is a framework for the fast identification and compact
representation of unknown nonlinear dynamics along operating trajectories. It is com-
monly implemented with Radial Basis Function (RBF) neural networks and relies on a
partial persistence of excitation (PE) condition to guarantee local identifiability of the learned
dynamics [25].

In the present work, the battery degradation process is represented by the discrete-time
nonlinear model

X1 = X + TsF(xg, ug; O) + wy, (1)

where x; € R" collects the measurable variables available to the estimator (e.g., voltage,
current, temperature, or derived features), u; € R™ denotes the applied excitation or input,
Ts > 0 is the sampling period, and wy is a bounded disturbance satisfying ||w| < w*. The
vector ¢ denotes slowly varying latent health-related parameters, and the state of health
(SOH) is regarded as a function of these parameters, i.e.,

hk = ‘Y(ﬁk), hk € (O, 1}. 2)
Equation (1) is a standard discrete-time nonlinear state evolution; the fractional operator

introduced later acts only in the adaptation law and not in the battery state equation itself.
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In the experimental section, this general formulation is specialized to cycle-level SOH
prediction, where the target is constructed from the capacity trajectory of each battery.

On a compact operating domain Q) C R"*", the unknown nonlinear map F can be
approximated by an RBF network as

F(x,u) = W*TS(x,u) +e(x,u), 3)

where W* € RN*" ig the ideal weight matrix, S(x,u) € RN is the regressor vector, and
e(x,u) € R" is the bounded approximation error satisfying

lle(x, u)|| < €, V(x,u) € Q. 4)

The regressor is constructed from Gaussian basis functions

where §; denotes the center of the ith basis function and # > 0 is the common
width parameter.

A cornerstone of DL theory is that, for a recurrent or nearly recurrent operating
trajectory ¢%, only a subset of basis functions located near that trajectory is effectively
excited. Let S (xx, ux) denote the corresponding local subvector of S(x, u). Then the
partial PE condition requires the existence of constants a1, a; > 0 and an integer window
length ¢ € N such that, for all kg > 0,

kg+(5
al > 5 2 Sg(xk,uk)sg(xk,uk) > I > 0. (6)
k=ko

Under (6), standard DL results imply that a gradient-type adaptation law drives the local
weight estimation error to a compact neighborhood of zero exponentially fast, up to the
effects of ¢* and w*. Consequently, the learned local dynamics can be stored in a compact
neural representation, thereby forming a reusable knowledge element associated with the
operating mode { [25].

2.2. Tempered Fractional Calculus and Gradient Descent

Fractional calculus is a generalization of classical integration and differentiation to non-
integer orders, and a principled way of adding memory and hereditary effects to modeling,
estimation, and optimization [23]. This is desirable in online learning due to the fact that
information associated with degradation is spread across long horizons. Tempering further
adds an exponential factor to the fractional memory kernel to focus on informative recent
history, and suppress obsolete information, to enhance numerical stability in nonstationary
and noisy environments [24].

To model this behavior in the adaptation law, the present work employs a tempered
fractional accumulation of past gradients.

Definition 1 (Tempered fractional gradient memory). Let J : RP — R be a continuously
differentiable loss function and let 6, € RP denote the parameter vector at iteration k. For a
fractional order « € (0,1) and a tempering parameter A > 0, define the kernel

() _ @ _ _qyif ) = _FG+a) :
W () -y 2 ?
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which satisfies c](“) > 0 forall j > 0and c](.“) ~ j*~1/T(a) as j — co. The discrete tempered
fractional accumulation of past gradients is then defined as

k .
G = Y Ve N T (8 ). ®)
j=0

The associated Tempered Fractional Gradient Descent (TFGD) update is
A
b1 =6 —nGY, >0 9)

When A = 0, (8) reduces to an untempered discrete fractional memory operator. The
parameter « controls the strength of long-range memory, whereas A controls the forgetting
rate. Hence, («, A) jointly determine how strongly the algorithm exploits remote history
and how fast stale information is discarded.

Lemma 1 (Tempered kernel summability and truncation bound). For a € (0,1) and A > 0,
the kernel in (7) is absolutely summable after tempering, and

e}

Z c}“)e*Aj =(1- e*’\)*“ =:idy . (10)
j=0
Moreover, if
TSX’A) = Z C]('X)efAj, (11)
j=L+1
then
T[E“’A) = (’)(e_/\LL"‘_l), L — oo. (12)

Therefore, the tempered fractional memory admits a controllable finite-memory approximation whose
truncation error decays exponentially in the memory horizon L.

For embedded Battery Management System (BMS) implementation, an exact infinite-
history realization of (8) is unnecessary. A practical truncated-memory realization is

(@) min{k,L} &) i
Gl = X%) c;" eIV T (O—j), (13)
=

where L is a prescribed memory length. If ||V 7 (6;)|| < G* for all k, then the truncation
error satisfies
|9 =gV < G Y. (14)

Hence, (13) preserves the fractional-order interpretation while remaining compatible with
finite-memory hardware.

For highly resource-constrained embedded realization, one may additionally employ
the exponentially filtered surrogate

My =BMi1+(1-B)VI(6), O0<p=e’<1,  My=VJI(6) (@15

together with
Ok+1 = Ok — 17 M. (16)

It is important to note that (15) and (16) constitute an implementable low-memory approximation
of the tempered fractional memory, not an exact Griinwald-Letnikov realization. This
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distinction is made explicit here to avoid conflating the exact fractional operator with its
embedded surrogate.

2.3. Synthesis: Rationale for a Novel Fusion

Classical DL offers an elegant mechanism for learning and storing local nonlinear
dynamics along recurrent trajectories, but its standard adaptation law is essentially instan-
taneous and therefore has limited memory of past gradients. This can be limiting in battery
SOH estimation since degradation varies across long horizons, is rate-dependent, and is also
due to the noise in measurements, temperature variation, and changing load conditions.

The tempered fractional memory operator in (8) is just the answer to this problem. It
retains informative historical trends, but dampens stale or noisy information by building
up past gradients with the help of the kernel c](.a)e’/\j . The degree of long-range memory
is parameterized by a, and graceful forgetting and numerical regularization are offered
by A. The resulting learning dynamics are thus more consistent with the slow-changing
phenomena of battery aging rather than the standard first-order gradient adaptation.

The TF-DL framework thus proposed integrates two complementary mechanisms:

1. Deterministic Learning Structure: Local nonlinear dynamics of battery degrada-
tion are learned, identified under partial PE, and represented by an RBF-based
learning structure;

2. Tempered Fractional Adaptation: The online learning law has a tunable memory that
enables the slow health evolution to be tracked in a more robust manner under noisy
and nonstationary operating conditions.

This synthesis also clarifies the role of “fractional” in the manuscript: the battery
plant model (1) remains a standard discrete-time nonlinear system, whereas the fractional
operator is introduced in the parameter adaptation dynamics. In the next section, this operator
is embedded explicitly into the DL estimator. Two realizations are considered: the truncated
tempered fractional law (13), which preserves the explicit fractional-memory interpreta-
tion, and the filtered surrogate formulations (15) and (16), which provide a low-memory
implementation better suited to embedded deployment.

3. Tempered Fractional Deterministic Learning Algorithm

Building on the deterministic learning framework of Section 2 and the tempered
fractional memory operator introduced in (8), this section develops the proposed Tempered
Fractional Deterministic Learning (TF-DL) algorithm for battery SOH estimation. The key
design principle is as follows: the battery plant remains modeled by the standard discrete-
time nonlinear system (1), while the adaptation law used to learn the local degradation
dynamics is endowed with tempered fractional memory. This separation preserves the
physical interpretation of the battery model while introducing tunable long-range memory
into the learning mechanism.

3.1. Problem Formulation and TF-DL Architecture
The objective of TF-DL is twofold:

1.  Toidentify and represent local battery degradation dynamics under recurrent operat-
ing conditions;
2. To exploit the resulting model structure for online SOH estimation.

The battery dynamics are described by

X1 = X + TsF(xg, ug; Ox) + wy, (17)
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where x; € R" is the measurable state or feature vector, 1y € R™ is the input, 9 is a slowly
varying health-related parameter vector, and wy is a bounded disturbance. The nonlinear
map F is approximated locally by an RBF network,

F(xg, ug) = W*TS(xg, ug) + ey, ug), (18)

with bounded approximation error.
The full TF-DL workflow can be interpreted in two phases:

1. Model development/knowledge acquisition: The estimator learns a local dy-
namic representation under a recurrent operating mode and stores the converged
model parameters;

2. Online inference: The learned model structure is used for SOH estimation, and, in the
general bank-based setting, multiple stored local models may be evaluated in parallel.

Accordingly, the knowledge bank stores, for each learned mode 1,
Bm = (Wml QWU hm)/ (19)

where W™ is the converged weight matrix of the local dynamic model, Q) is the validity
region or operating window associated with that mode, and /" is the nominal SOH label
or representative health level attached to the learned trajectory. This definition clarifies
that the knowledge bank stores not only neural weights, but also the operating context
in which these weights are valid. Although the experimental section later focuses on
cycle-level SOH benchmarking, the bank-based formulation is retained here as the general
TF-DL architecture.

3.2. TF-DL State Estimator and Exact Tempered Fractional Weight Update

During the model-development phase, the battery dynamics are learned with the
discrete-time estimator

Ry = 2+ TS<WkTS(xk, ) + Kek), ep = X — %y (20)

where £; € R" is the state estimate, Wk € RNX" ig the adaptive weight matrix, K € R"*"
is the observer gain matrix chosen such that (I — T;K) is Schur, and S(xy, u;) € RY is the
RBF regressor.

Using (17) and (20), the one-step-ahead estimation error satisfies

epr1 = (I — TsK)ep + TsW,| S(xp, up) + Toe(xg, ug) + wy, (21)
where
W, == W* — W, (22)

is the weight estimation error.
To adapt the weights, define the instantaneous identification loss

A 1
T (W) = 5 llex1 1> (23)
Its gradient with respect to W is

Vi Tk = = Ts S(xp, ti)eg - (24)
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For compactness, introduce the instantaneous DL correction matrix
Y := Ts S(xg, ug)epq € RN, (25)
Then the exact tempered fractional TF-DL update is
; A SO
Wit1 =W +T Z(:)Cj e Yy j, (26)
]:

whereT =TT > 0is the adaptation gain matrix, « € (0,1) is the fractional order, A > 0is
the tempering parameter, and

() _ (@) _ ([~ _ T(+a) ,
c =1, ¢ = (—1)]< j ) = W, j>1 (27)

Equation (26) is the core TE-DL learning law. It shows explicitly that the fractional
operator acts on the sequence of past DL correction terms {Y }, rather than on the battery
state equation itself. Hence, the method is fractional in adaptation but non-fractional in plant
dynamics. The parameter a controls how strongly past gradients influence the current
update, while A attenuates remote information and thereby prevents obsolete data from
dominating the learning process.

3.3. Physical Interpretation of the Learned Local Model

One of the typical shortcomings of the data-driven estimators is that the weights
learned are usually viewed as black-box quantities. The adaptive RBF weights are not seen
as actual electrochemical parameters in the current TF-DL structure, but can be converted
to local, physically meaningful sensitivity indicators using the Jacobian of the learned local
dynamics. This gives an effective medium between the nonlinear learner and values that
are immediately applicable to the battery interpretation.

To illustrate this idea, consider a scalar voltage-related local model with state/input vector

Zj = {Uk ik Tk}T, (28)

where vy is the terminal voltage, i is the applied current, and Tj is the temperature or an
available thermal feature. For a stored operating mode m, the learned local dynamic map is

E(z) = @™ S(2), (29)

where @™ € RN denotes the converged weight vector associated with the voltage chan-
nel. A first-order local linearization around the nominal operating point z"” of the stored
mode yields
R A of™ of™ oy OF™ .
F'"(z) = F"(2") + — -0+ | (—i")+ —==| (T-T"). 30
()= B @)+ S| e—om) | =P+ S| (T G0)
This linearization permits the definition of local interpretable sensitivity coefficients.
In particular, a resistance-related quantity can be defined based on the sensitivity of the
learned voltage dynamics to current as
ofm

Regt(z") == —Ts 37 o’ (31)
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which plays the role of an effective incremental resistance-like indicator at the operating point
z™. The minus sign is chosen so that an increase in discharge current, which usually causes
a voltage drop, corresponds to a positive resistance-like quantity.

Since R
oF™ T 95
o B =0 5@ (32)

and the Gaussian basis functions satisfy

ds; 2 . .
a—l](z) = —?(z —&i) si(z), i=1,...,N, (33)

where ¢;; denotes the current coordinate of the jth RBF center, the effective resistance-like
indicator can be written explicitly as

N
iz = 28 Y @) (" = &) s(2"). (34)

In the same way, additional local sensitivity indicators can be defined, for example

fm
am(zmy .1, 2"

3o |on’ (35)

Z—m

which quantifies the local sensitivity of the learned dynamics to voltage, and

oF™

(36)

4
ZWI

which quantifies the local sensitivity to temperature. These quantities do not constitute ex-
act electrochemical parameter identification; rather, they are mode-dependent local surrogates
extracted from the learned nonlinear model. Their main role is to provide interpretable
summaries of how the stored model reacts to current, voltage, and temperature variations
around each operating point.

If physical interpretability is desired in the knowledge bank itself, the stored item
associated with mode m may be augmented as

Bm = (er le hm/ Z}f/ AZ’/ G’]ﬂ"l)/ (37)

so that each local model is accompanied not only by its neural representation and health
label, but also by a compact set of interpretable local sensitivity descriptors. In this way,
the TF-DL framework preserves the flexibility of data-driven learning while providing a
principled path toward physically meaningful interpretation of the learned local dynamics.

3.4. Finite-Memory Realization and Embedded Low-Memory Surrogate

Although (26) is exact, its direct use requires access to the entire gradient history. For
embedded battery-management implementation, a finite-memory realization is preferable.
Let L € N denote the prescribed memory horizon. The truncated TE-DL memory term is

defined as
min{k,L}

EI((L = 2 C](‘“)Ei)\jyk,]‘, (38)
j=0

and the corresponding implementable TF-DL update becomes

A A ~(L
Wi 1 = Wi +TE. (39)
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This formulation preserves the explicit fractional order « and therefore retains the intended
tempered fractional interpretation. In view of Lemma 1, if || Yy || < Y* for all k, then

<y Y, (40)

k

() ,—Aj =(L)
ZC]» e ]ka]'_‘—‘k
j=0

where Té“’A) is the tempered tail defined in Section 2. Thus, the finite-memory TF-DL law

remains a controlled approximation of the exact operator.
For highly resource-constrained platforms, an even lighter implementation is obtained
through the exponentially filtered surrogate

My =BMy_1+(1—-B)Yy, B=erc(0,1), My=Y,, (41)
together with the weight update
Wiy = Wi + T M. (42)

The surrogate (41) and (42) preserve the desired tempered forgetting mechanism and are
attractive for real-time BMS deployment because it requires constant memory and fixed
per-step complexity. However, unlike (39), it is not an exact Griinwald-Letnikov realization;
it should therefore be described as a low-memory approximation of the tempered fractional
law rather than as the exact fractional operator itself.

Accordingly, the proposed framework has two practical implementations:

¢  TF-DL-T: The truncated tempered fractional update (39), used when preservation of
the explicit fractional order is required;

¢  TF-DL-E: The embedded low-memory surrogate (42), used when constant-memory
implementation is prioritized.

3.5. Convergence Statement and Design Implications

Since the battery plant (17) is a standard discrete-time nonlinear system and the
fractional memory appears only in the adaptation law, stability can be analyzed through a
classical discrete-time Lyapunov framework applied to an augmented estimator state. This
avoids incorrectly treating the plant itself as a fractional-order dynamical system.

Assumption 1. Let
A:=1—-TsK. (43)

Assume that there exists a constant q, € (0,1) such that
4]z <1 - 4. (44)

Assumption 2. The local regressor subvector associated with the recurrent operating mode, denoted
by S (xx, uk), is uniformly bounded and satisfies the partial persistence of excitation condition (6).
In particular, there exists a constant S; > 0 such that

||S§(xk/uk)||2 < S_g, (45)

and there exist oy > 0 and a window length § € N such that

1 k+0-1 T
3 Z Sé(Xj,u]‘)Sg (x]‘, u]) = 0611 (46)
j=k
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for all k in the recurrent operating region of interest.
Assumption 3. The truncated TF-DL memory term can be decomposed as
BN =Y+ A, Y= TS (e wo)en (47)
where the finite-memory perturbation Ay is uniformly bounded:
[AkllF < Ar. (48)

If the exact infinite-memory tempered operator is taken as the reference law, then one may
further write

AL < CA Téa')\) (49)

for some constant cp > 0.
Proposition 1 (J-step UUB property of TF-DL with finite memory). Consider the estima-

tor (20) with the truncated TF-DL update (39), and restrict attention to the locally excited weight
submatrix Wg/k associated with S (xy, uy). Define the Lyapunov function

Vie = llexl3 + (W, r W) (50)
Let
7 = Amax(T)
For any scalar ny > 0, define
Cp 1= % —67T282(1—qc), ¢y :=1-69T252, (51)
and 9
o= +6yT28%,  cp:=n"l 427 (52)
e

Assume that T is sufficiently small and that 7 > 0 is chosen so that ¢, > 0, ¢, > 0, and the final
coefficients below are positive. Then there exist positive constants pe, Pw, 01, 02, 03 such that

ka1 kto-1 i
Virs — Vie < —pe E HEJH%_pw Z ||W§’] %+01(5£*2+025w*2+035A%. (53)
i—k i—k

Consequently, the pair (e, W i) is uniformly ultimately bounded. If (49) holds, then the last term

in (53) can be written as 036 (TL('J")‘))2 for a suitable constant &3 > 0.

Proof. Let
dy = Tse(xg, ug) + wy, (54)

so that the local error dynamics become
€rtr1 = Aep + Tngksg,k + dy, A :=1-TK, S@,k = Sg(xk, uk). (55)
Also, from (39) and (47),

Wz ki1 = W — T(Yi + Ag), Yi = TsSg e 1- (56)

https://doi.org/10.3390/fractalfract10050331


https://doi.org/10.3390/fractalfract10050331

Fractal Fract. 2026, 10, 331

13 of 31

Define
bk = TSWg,kS(,,k'

Then (55) can be written as
exiq1 = Aeg + by + dy.

Using the identity
lp+ql3 = lIpl3 +2(p+49)"q — llql3
with p = Aey + d and g = by, we obtain

lews1113 = [l Aex + dill3 +2e 1bx — 1Bel3.

By Young's inequality, for any v > 0,
1
A+ del} < (1 vyl + (14 )1l

Using (44) and choosing
qe

V= —,
2(1—ge)

it follows that ] 9
2 ~(1_ 19 2, £ 2
e+l < (1= ) el + - B

Substituting (58) into (57) yields

,@|

lexs113 — llexlZ < lexllZ + = [ldkl13 + 2,1 e — [[biell3-
2

2
e
Now consider the weight-energy increment:

tr(WngT*lW@,kH) - tr(wgkrilw‘:'k)

_ _2tr(wgkyk) - 2tr(ngAk) n tr((Yk LA TT(Y + Ak)).

Because
tr(wgkyk) = Teef oy WkSe = efs1 bk,

the mixed term in (59) is canceled exactly by the first term in (60).
For the remaining terms, Young's inequality yields

—Ztr(ngAk) < Wil E + 77 1AeE-

Moreover,
tr (Ve + 8) TT (Vi + A) ) < 27]%l2 + 271 A

Since
IYellE = T21Sgcll3llexsa I3 < T2SF ek 13

and
lexsall5 = [l Aex + by + dicll3 < 3[| Aexl5 + 3|bil13 + 3ldl[3,

we obtain, using (44),

IYillF < BTZSE(1 — ge)llexll3 + 3T2 5 [1by I3 + 3T2S k13-

(57)

(58)

(59)

(60)

(61)

(62)

(63)
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Substituting (63) into (62) and combining the result with (59) and (61) yields
2 2 A2 2 2
Vierr = Vie < —cellellz = cpllbellz + 7 [We kllF + calldillz 4 c2l| AxllE, (64)
with ¢, ¢, c1, ¢2 defined in (51) and (52).
Summing (64) from j = ktoj = k+ 6 — 1 yields
k+6—1 —1 k+o0-1
Vigs = Vi < —¢ce Y, lejll —co Z 1613 + 7 Z 1W,;13
j=k =k
k+o—-1
+o1 Z 14113 + c2 Z 1117 (65)
Now
14113 = | Tse; + wjll3 < 2T2e* + 202
and, by Assumption 3,

A2
18117 < Af.

Hence, the last two sums in (65) contribute only bounded perturbation terms of order de*?
sw*?, and (SA%.
Because b; = TSW&Sg,j,

k+o—1 5 2k+&71 - 5
Z ||bj||2 =T Z ||Wg,j5§,j||2~
j=k j=k

To exploit the partial PE condition, introduce the frozen weight matrix Wg,k and write

Wy j = Wi+ (Wgj — Wek)-

Using the inequality
1
la+bl3 > Zllal3 - |Iol13,
we obtain
ktd—1 . 5 1 k-1 . k+6—1 B 5 T 2
Y, WSl =5 Y W, Y (Wi — Wer) 'Sl
J 2
j=k =k =k
aq k+o-1
> 7||W§k||F Sz Z Wz, — We k|7 (66)
i—k
where the first term follows from (46).
From (56),
. . i
Wg,]'—WC,k:—ZF(Yi—FAi), jE{k,...,k+5—1}.
i=k

Using [|Yi|[r < TsS¢lei1ll2, |AillF < Ar, and the boundedness of T, there exists a constant

3 = 63((5, TS,S_g,’?) >0
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such that
ko1 . k401 .
Z HW(,,]' — Wé,k % <c3 Z H€]||% + c36 2 4+ c30 w*? + c30 A%. (67)
j=k j=k
Substituting (67) into (66) yields
k+6-1 - ) 50(1 B ) k+6—1 ) ) ) )
Z ||W§,]S§J 2 Z THngk F —C4 H€]||2 —C45£* _C45w* —C4§AL, (68)
j=k j=k
for a constant ¢y = c4(6, Ts, S¢,7) > 0.
Foreachje {k,...,k+6—1},
o2 s i 2 1 12
IWekllF = S 1We,illF = [We,j — WekllF.
Summing this inequality over the window yields
O = BN 2 C S N
SIWe e > 5 ) Wz ills — ) Wzj — Wil (69)
j=k j=k
Combining (69) with (67) and (68), one obtains
T T 1 <= IV 2 . ) ) .
Yo IWgSila = 7 3 IWglle—cs ) llejlla —csde™ —eséw™ —cs6 A7, (70)
j=k j=k j=k

for a constant ¢5 = ¢5(6, Ts, Sg, ¥) > 0.
Substituting (70) into (65) gives

k+6—1 k+6—-1

Virs — Vi < —(ce — cpTics) Zk lejl3 - (25 — ) Z;,( IWe 117
= =
+ 5162 + 020 w*? + 030 AZ, (71)
where
01 := 201 T? + ¢ T2cs, 0y := 2c1 + ¢ T2cs, 03 := ¢ + ¢ T2cs.
Therefore, if T is sufficiently small and 7 is chosen such that
Qe 1= Ce — CbTSZC5 >0, Pw = Cﬂflxl -1 >0,

then (71) becomes exactly (53). The latter is a standard discrete-time J-step Lyapunov decay
with bounded perturbation, which implies that (e, Wg,k) is uniformly ultimately bounded.
Finally, if (49) holds, then the perturbation term is of order (’Z.'IE“'A)>2

the proof. O

, which completes

If the surrogate update (42) is used instead of (39), the same window-based argument
applies with an additional mismatch term
(L
al(c ) — Mk

Asurr,k = ’ (72)

which enters the J-step bound additively through an extra term of the form
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A2 A ._
040 Niyprs Agurr 1= sup Agyrr k-
k

Hence, the embedded version remains stable in the practical UUB sense provided the
surrogate mismatch is uniformly bounded and sufficiently small.

3.6. Knowledge Bank Construction and Online SOH Estimation

After convergence of the learning phase under operating mode m, the learned local
dynamics are stored as the bank item B" defined in (19). Collecting all learned modes
yields the knowledge bank

¥ = {81,82,...,BM} = {(Wl,()l,hl), (W2, (0, 1%), ..., (WM,QM,hM)}. (73)

During online operation, each stored model is used in a parallel bank of mode-
conditioned estimators,

I =5+ Ts((W’”)TS(xk,uk) + K (x5 — xk’”)), m=1,...,M, (74)

where X" is the state estimate produced by the mth stored model. The corresponding
residual is
e = [l — - (75)

The active degradation mode is then selected according to the minimum-residual principle,

S = ar min . 76
kTAs ik (76)

Two SOH estimation strategies are then possible:

1. Hard mode selection:
flk = hsk,’ (77)

2. Residual-weighted fusion:

M ]
=Y mp'n™, = exp(=77k) ¥ >0. (78)
m=1

XM exp(—yrf)

The hard strategy is simple and interpretable, while the soft strategy is smoother and
can better handle transitions between neighboring operating modes. In both cases, the role
of the knowledge bank is explicit: it stores reusable local dynamic representations together
with their operating context and associated health labels, thereby enabling mode-aware
SOH estimation in real time. The experimental section later focuses on cycle-level SOH
benchmarking, but the present formulation summarizes the more general bank-based
TE-DL architecture.

For clarity, the overall TF-DL procedure is summarized in Algorithm 1. The algorithm
highlights the two operational phases of the framework, namely model development and
online inference, while the detailed update equations are given in the preceding subsections.

https://doi.org/10.3390/fractalfract10050331


https://doi.org/10.3390/fractalfract10050331

Fractal Fract. 2026, 10, 331 17 of 31

Algorithm 1 Compact TF-DL Procedure

Require: Training set Diy,in, online/test data Diest, TF-DL parameters, RBF dictionary
Ensure: Knowledge bank ¥, online hard-selected estimate, optional soft estimate
1: Offline phase: model development
2: Initialize the knowledge bank ¥ < @
3: for each training sequence/recurrent operating mode do
4 Build the local feature vector and RBF regressor
5: Run the TF-DL learning law (TF-DL-T or TF-DL-E)
6 Learn a local model and store it as a bank item B" = (W™, Q,,,, ")
7 Update the knowledge bank: ¥ < ¥ U {B"}
8: end for

9: Online phase: inference
10: for each incoming sample do
11: for each stored model B” € ¥ do

12 Propagate the corresponding local estimator

13: Compute the residual r}’

14: end for

15: Select the active model by the hard minimum-residual rule

16: Compute the hard-selected estimate

17: Optionally compute the soft residual-weighted fused estimate
18: end for

19: return ¥ and the online estimates

4. Experimental Results and Discussion

This section evaluates the proposed TF-DL framework on an explicit cycle-level bat-
tery SOH benchmark derived from the NASA Prognostics Center of Excellence (PCoE)
Li-ion battery aging dataset. The official NASA source provides charge, discharge, and
impedance cycles, explicitly reports discharge—cycle capacity, and defines end of life
through a 30% capacity-fade criterion, which makes capacity-based SOH labeling sci-
entifically well grounded [42]. In the present revision, a processed cycle-level tabular
derivative of the NASA dataset was used in order to facilitate direct machine-learning
benchmarking with battery-level train/test splitting [43].

4.1. NASA Cycle-Level SOH Benchmark: Dataset, Label Construction, and Split

The processed cycle-level CSV contains 1415 rows from 34 batteries and includes the
variables battery_id, cycle, voltage, temperature, capacity, soh, and rul. However,
the provided SOH field in the processed file exhibits values slightly greater than one for
several batteries in the early cycles. To ensure a consistent target definition, SOH was
recomputed from the capacity trajectory of each battery as

(79)

where Qy is the cycle-level capacity and Q¢ is the maximum capacity over the first five
available cycles of the corresponding battery. The SOH values obtained were capped at 1.0
to prevent the unrealistic values above unity in the benchmark target. The option maintains
the degradation trend at the cycle level and minimizes artifacts of normalization passed on
by the processed source.

Figure 2 shows that the degradation trajectories are heterogeneous across batteries:
some cells degrade gradually and remain near 0.8 SOH over many cycles, whereas others
decline much faster toward the 0.6-0.7 range. This heterogeneity is precisely why a battery-
level train/test split is more informative than a random row-level split.
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Cycle-Level SOH Trajectories (Main Benchmark Batteries)
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Cycle

Figure 2. Cycle-level SOH trajectories for the main benchmark batteries after preprocessing and
SOH recomputation. Each colored line represents the SOH trajectory of an individual benchmark
battery. Differences in slope indicate different degradation rates across batteries, while small local
fluctuations reflect cycle-to-cycle variability and local non-monotone aging behavior.

Figure 3 confirms that the recomputed SOH remains largely consistent with the
processed label, but removes the slight values above 1.0 observed in the raw tabular
derivative. This preprocessing step is therefore retained in all subsequent experiments.

Provided vs Recomputed SOH

1.0 1

154
©
|

Recomputed SOH
o
)

0.7 A

0.6

0.6 0.7 0.8 0.9 1.0
Provided SOH

Figure 3. Provided versus recomputed SOH values. Most points remain close to the diagonal, but the
processed source contains several values above 1.0, whereas the recomputed target is clipped to 1.0
by construction.
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To form the main benchmark, only batteries with at least 30 cycles were retained,
yielding 14 eligible batteries. A battery-level split was then used: nine batteries for training
and five unseen batteries for testing. The train/test split is summarized in Table 1. This
split is deliberately stricter than random row partitioning because it evaluates cross-battery
generalization rather than interpolation within the same degradation trajectory.

Table 1. NASA cycle-level SOH benchmark setup.

Item

Value

Data source

Processed cycle-level tabular derivative of the NASA PCoE Li-ion battery
aging dataset

Official provenance

NASA PCoE aging dataset with charge, discharge, and impedance cycles;
discharge records include capacity

Total rows/total batteries

1415 rows/ 34 batteries

Target variable

Recomputed SOH, SOHy = Qy/ Qret, clipped to 1.0

Reference capacity Qxes

Maximum capacity over the first 5 available cycles of each battery

Eligibility criterion Batteries with at least 30 cycles

Eligible batteries 14

Train batteries B0006, B0007, B0018, B0029, B0042, B0043, B0O044, B0046, B0053
Test batteries B0005, B0030, B0045, B0047, B0048

Temporal context window

8 cycles

Feature families

Cycle index, logarithmic cycle index, voltage, temperature, first differences,
and short-window moving statistics

Compared methods

RF, LSTM, BiLSTM, GD-DL, TF-DL-E, TF-DL-T

Table 1 highlights two key aspects of the benchmark: first, the target is a recomputed
capacity-based SOH rather than a directly reused processed label; second, the test batteries
are fully unseen during training. This makes the reported results a genuine measure of
battery-to-battery generalization rather than of within-cell interpolation.

4.2. Compared Methods and Training Configuration

Six methods were evaluated on the same benchmark:

—_

RF: Random Forest using hand-crafted cycle-level features;

N

LSTM: Unidirectional Long Short-Term Memory network with an eight-cycle tempo-
ral window;

BiLSTM: Bidirectional LSTM with the same sequence window;

GD-DL: Online RBF-based deterministic learning with instantaneous gradient adaptation;
TF-DL-E: The proposed embedded low-memory tempered deterministic learning variant;

SANRS LN

TF-DL-T: The proposed exact truncated tempered fractional deterministic learning variant.

The RF and sequence models were trained directly on the cycle-level benchmark,
whereas GD-DL, TF-DL-E, and TE-DL-T were implemented as online RBF regressors with
25 centers. For the sequence models, the temporal context window was fixed to eight cycles,
and for TF-DL-T, the default fractional parameters were («,A, L) = (0.7,0.4,20) unless
otherwise stated in the sensitivity study below.

Figure 4 shows that the SOH benchmark is dominated by degradation-time and slow
trend information rather than by very local differential features. The most important vari-
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ables are cycle number, voltage, logarithmic cycle count, and moving-average summaries,
whereas dV, dT, and the short-window standard deviations play a secondary role.

Random Forest Feature Importance

cycle
voltage
cycle_log
v_ma3
t_ma3
temperature
v_std3
t_std3

dv

dT

0.(;00 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
Importance

Figure 4. Random Forest feature importance on the NASA cycle-level SOH benchmark. The
dominant predictors are cycle, voltage, logarithmic cycle index, and short-window voltage and

temperature averages.

Figure 5 already hints that the higher-capacity bidirectional sequence model is not
necessarily advantageous in this setting: although BiLSTM achieves a fast initial reduc-
tion in validation loss, its final test performance is substantially worse than that of the
simpler LSTM.

Validation Curves for LSTM/BILSTM

051 —— LSTM val_loss
——— BiLSTM val_loss
0.4 A
2
8 0.3 A
c
i
=
2
S
0.2
0.1 1
T T T

T
0 5 10 15 20 25 30
Epoch

Figure 5. Validation curves ofthe LSTM and BiLSTM baselines. BILSTM descends rapidly in validation
loss during the first epochs but generalizes poorly on unseen batteries, whereas LSTM converges

more gradually and remains more stable.
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4.3. Main Quantitative Results

The main benchmark results are summarized in Table 2 and visualized in Figures 6 and 7.
The ranking is clear. RF is the strongest model overall, achieving the lowest mean MAE
and RMSE. LSTM is the second-best method and the strongest neural baseline. Among the
online RBF-based estimators, TF-DL-E performs best and improves over both GD-DL and
TE-DL-T. By contrast, BILSTM fails badly on this benchmark and should be regarded as
over-parameterized for the present cross-battery SOH task.

Table 2. Overall performance on the NASA cycle-level SOH benchmark (5 unseen test batteries).

Method MAE RMSE MAPE (%) Mean R?
RF 0.0436 0.0496 6.09 —0.5269
LSTM 0.0757 0.0920 10.12 —4.5386
TE-DL-E 0.0966 0.1077 13.60 —7.0355
GD-DL 0.1022 0.1131 14.39 —7.6574
TE-DL-T 0.1123 0.1221 15.58 —7.7074
BiLSTM 0.4004 0.4108 52.84 —117.1091

Table 2 shows that the new benchmark is substantially harder than the earlier dynamic-
profile tracking task, because even the strongest method has a slightly negative mean R?
across unseen batteries. This does not invalidate the benchmark; rather, it indicates that the
train/test split genuinely measures cross-battery SOH generalization. In that setting, RF
remains the strongest predictor, LSTM is the strongest sequence model, and TF-DL-E is the
best practical tempered online variant.

Figure 6 conveys the same ranking visually: RF is clearly the strongest baseline, LSTM
is second, TF-DL-E is the strongest online tempered variant, and BiLSTM collapses badly.

MAE_mean RMSE_mean R2_mean
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0.35 —201
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0.25

—60 1

—80 1

—100

-1201

2 Q> <
6&/ & éb\’ ~g5°(\

&

& $ &

& [ %3 &
N 5 6& ) _\\'}@ \’}@

\‘1&\ &

N
&

&
S 58
S A

Figure 6. Overall mean MAE, RMSE, and R? for the compared methods on the NASA cycle-level
SOH benchmark.

Figure 7 emphasizes that the variability in battery-to-battery performance in this
benchmark is large. RF is the most constrained and least error distribution, and TF-dI-E,
GD-dl, and TF-dI-T are far more test-battery sensitive. This observation is consistent with
the negative mean R? values in Table 2: some test batteries are substantially more difficult
than others.
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Figure 7. Per-battery distributions of MAE, RMSE, and R? on the 5 test batteries. RF shows the
tightest low-error distribution, whereas TF-DL-E, GD-DL, and TF-DL-T exhibit larger variability
across batteries.

4.4. Battery-Level Behavior and Cross-Battery Generalization

The battery-level metrics show a consistent pattern. Two test batteries, BO005 and
B0030, are comparatively easier: RF and LSTM achieve positive R? values, and the on-
line RBF-based methods also remain reasonable. In contrast, B0045, B0047, and B0048
are much harder and induce strongly negative R? values for most methods. This indi-
cates that the main challenge of the benchmark is not noise alone, but battery-to-battery
distribution shift.

Table 3 shows that TF-DL-E improves over GD-DL on four of the five test batteries
(B0O005, B0O045, B0047, and B0048) and also outperforms TE-DL-T on all five test batteries.
The only battery where GD-DL slightly surpasses TF-DL-E is B0030. This battery-level
evidence is important because it confirms that the embedded tempered-memory realization
yields practical gains beyond what is visible in the overall mean alone.

Table 3. Per-battery RMSE on the five unseen test batteries. Lower is better.

Method B0005 B0030 B0045 B0047 B0048
RF 0.0200 0.0128 0.0772 0.0745 0.0635
LSTM 0.0335 0.0113 0.1318 0.1402 0.1433
TE-DL-E 0.0384 0.0190 0.2142 0.1520 0.1151
GD-DL 0.0482 0.0160 0.2214 0.1589 0.1210
TE-DL-T 0.0888 0.0249 0.2184 0.1575 0.1210
BiLSTM 0.1414 0.3770 0.5218 0.5007 0.5133

Figure 8 provides qualitative insight into the battery-level behavior. For B0005, several
models follow the decreasing SOH trajectory reasonably well, with RF and LSTM visually
closest to the target and TF-DL-E remaining competitive. For the harder batteries B0045,
B0047, and B0048, however, several methods tend to overestimate SOH late in life, which
explains the strongly negative R? values in Table 2. In these difficult cases, TF-DL-E remains
consistently better than GD-DL and TF-DL-T, although it does not match the accuracy
of RE.
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Figure 8. Representative predicted SOH trajectories for the four longest test batteries. RF and LSTM
generally follow the trend most closely, whereas TF-DL-E remains the best online RBF-based variant,
and TF-DL-T tends to be biased high or unstable.

4.5. Why TF-DL-T Fails and TF-DL-E Succeeds

The most important conceptual finding of this new benchmark concerns the practical
behavior of the two tempered variants. TF-DL-E, the embedded low-memory realization, is
not the best overall predictor, but it is clearly the best online tempered /RBF-based variant.
TE-DL-T, the exact truncated fractional realization, remains the weakest practical online
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method. This difference is not only visible in the aggregate metrics; it also appears directly
in the adaptation dynamics.

Figure 9 strongly supports the following interpretation. TF-DL-E behaves like a
regularized exponentially smoothed memory: its update norms are systematically smaller
and less oscillatory than those of GD-DL and especially TE-DL-T. This helps explain why
TE-DL-E remains the strongest practical online tempered variant on the benchmark. By
contrast, TF-DL-T accumulates a more explicit history of past correction terms and therefore
becomes more sensitive to cross-battery variability and to mismatch between the intended
fractional memory and its finite truncation.

Smoothed Update-Norm Traces of Online RBF Methods

061 —— GD-DL
—— TF-DL-E
—— TF-DLT

0.5

0.41 '

E |
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o l\ ‘

% | | ! ) ‘ ’ r
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Figure 9. Smoothed update-norm traces of GD-DL, TE-DL-E, and TE-DL-T during online RBF training.
TF-DL-E has the smallest and smoothest updates, GD-DL is noisier, and TF-DL-T exhibits the largest
and most oscillatory updates.

4.6. Stage-Wise Performance over Early, Middle, and Late Life

To understand how the compared methods behave over different parts of the degrada-
tion trajectory, the test sequences were partitioned into early, middle, and late-life segments
of equal relative length. Figure 10 reports the corresponding mean MAE values.

Figure 10 confirms three trends. First, RF remains the strongest method across all
three life stages. Second, the online RBF-based methods become substantially weaker in
the middle and late stages, which is consistent with the increasing cross-battery divergence
observed in Figure 2. Third, within that online family, TF-DL-E remains consistently better
than GD-DL and TF-DL-T in the middle and late-life regions, which are precisely the
regimes where stale-memory accumulation is most likely to be harmful.
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Figure 10. Mean MAE over early, middle, and late-life segments. RF remains the most accurate model
across all stages. TF-DL-E remains below GD-DL and TF-DL-T in the middle and late stages, whereas
BiLSTM is consistently the worst.

4.7. Sensitivity of the Truncated Fractional Variant

To determine whether the poor behavior of TF-DL-T is merely caused by a bad default
setting, a dedicated sensitivity analysis was conducted over

a € {0.4,0.6,0.8}, A €{0.1,03,05}, L € {5,10,20,30}.
The results are summarized in Figure 11 and Table 4.

Table 4. Best and worst explored TF-DL-T sensitivity configurations on the validation split used

for tuning.
Case o A L MAE RMSE MAPE (%) R?
Best explored 08 01 30 02320 0.3199 25.09 —23.4069
Worstexplored 08 01 5 02859  0.3311 31.49 —25.1342

Table 4 and Figure 11 show that TE-DL-T remains weak throughout the scanned
parameter region: the best explored RMSE is approximately 0.3199 and the worst is ap-
proximately 0.3311, while the validation R? remains strongly negative for all tested settings.
Two conclusions follow. First, TE-DL-T does not fail merely because of one poor default
hyperparameter choice. Second, the most fragile region occurs when the memory order is
high, tempering is weak, and the truncation horizon is short, i.e., when the method attempts
to preserve strong long-range memory without a sufficient finite horizon to represent it
faithfully. This observation is fully consistent with the oscillatory update behavior already
shown in Figure 9.

https://doi.org/10.3390/fractalfract10050331


https://doi.org/10.3390/fractalfract10050331

Fractal Fract. 2026, 10, 331

26 of 31

TF-DL-T Sensitivity Heatmap (Best RMSE over L)
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Figure 11. TE-DL-T sensitivity heatmap showing the best RMSE over the explored truncation horizons
L for each («, A) pair. The surface is relatively flat and uniformly poor, indicating that tuning alone
does not rescue TF-DL-T on this benchmark.

4.8. Discussion and Limitations

The level of SOH benchmark on the NASA cycle significantly enhances the experi-
mental section since it implies a clear degradation label and a battery-level generalization
test. Meanwhile, the findings indicate that this environment is much more difficult than the
previous dynamic tracking task. Specifically, some unknown (B0045, B0047, and B0048) test
batteries yield large negative values of R?> on most models, such as RF and LSTM, meaning
that there is significant cross-battery variance and variance shift.

On methodological grounds, it is not that TF-DL-E is the best predictor on the whole,
but that it is the best functional online tempered one. TF-DL-E has better performance
in four of the five test batteries and is better than TF-DL-T on all five. This battery-level
benefit, along with the less jagged update-norm behavior in Figure 9, is consistent with the
intuition that a tempered-memory realization embedded within is a regularizer, soothing
in behavior. In comparison, TE-DL-T seems to be excessively fragile with the current
cross-battery SOH configuration, and the sensitivity analysis shows that this limitation is
structural, other than just a tuning artifact.

The current benchmark still has limitations. First, the processed cycle-level CSV is a
derivative of the official NASA PCoE dataset rather than the original raw MAT structure,
so the preprocessing choices of the derivative may affect the exact benchmark difficulty.
Second, only 14 batteries satisfied the main 30-cycle filtering criterion, and only 5 unseen
batteries were used for testing, so the current cross-battery results should be interpreted
as a strong but still limited proof of concept. Third, the feature set remains intentionally
lightweight and was chosen to keep the comparison aligned with the online/embedded
motivation of the paper rather than to maximize absolute offline predictive accuracy.
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These limitations notwithstanding, the present benchmark materially improves the empiri-
cal support of the manuscript by providing a true cycle-level SOH test and by clarifying
the distinct practical roles of TF-DL-E and TF-DL-T.

5. Conclusions

This paper presented a Tempered Fractional Deterministic Learning (TF-DL) frame-
work for battery state-of-health estimation, in which the fractional operator is introduced
in the adaptation dynamics rather than in the battery plant model itself. The proposed
formulation combines deterministic learning with tempered memory and graceful forget-
ting, and it distinguishes between two practical realizations: the exact truncated fractional
variant TF-DL-T and the embedded low-memory variant TF-DL-E.

The experimental validation was conducted on a NASA-derived cycle-level SOH
benchmark with explicit capacity-based SOH labeling and a battery-level train/test split.
After filtering, 14 batteries were retained, of which 9 were used for training and 5 unseen
batteries were used for testing. On this benchmark, Random Forest achieved the best overall
performance (MAE = 0.0436, RMSE = 0.0496), while LSTM was the strongest sequence
baseline (MAE = 0.0757, RMSE = 0.0920). Among the online RBF-based methods, TF-DL-E
achieved the best performance (MAE = 0.0966, RMSE = 0.1077), outperforming both GD-DL
and TF-DL-T, whereas BiLSTM failed to generalize effectively on the unseen batteries.

One of the significant findings of the research is that the most practically useful
tempered variant is TF-DL-E. It did not outperform RF or LSTM at raw predictive accuracy,
but was able to improve upon GD-DL on a majority of test batteries and TF-DL-T on all
test batteries. The update-norm analysis indicated that TF-DL-E generates much smoother
and smaller updates compared to both GD-DL and TF-DL-T, which is consistent with the
interpretation that the embedded tempered-memory realization is a stabilizing regularizer.
In contrast, TF-DL-T was more oscillatory and weaker, and the poor performance of the
method could not be improved by a special sensitivity analysis across the fractional order,
tempering parameter, and truncation horizon.

Overall, the proposed framework should therefore be viewed not as the strongest
offline predictor, but as a practically motivated online learning approach whose main contri-
bution lies in the integration of tempered memory into deterministic learning. In particular,
the results support TF-DL-E as the more robust and deployment-relevant realization of
tempered fractional adaptation for battery SOH estimation. Future work will focus on
cross-chemistry validation, hardware-oriented implementation, and tighter integration
with observer-based and uncertainty-aware battery-management architectures.
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Appendix A. Qualitative Comparison of SOH Estimation Families

This appendix provides a compact qualitative positioning of representative battery

SOH estimation families relative to the proposed TF-DL framework. It complements the

NASA cycle-level SOH benchmark reported in Section 4 by highlighting the main strengths

and limitations of each family from the perspectives of accuracy, interpretability, temporal

modeling, online adaptability, and deployment suitability.

Table Al. Qualitative positioning of representative battery SOH estimation families.

Family Typical Methods = Main Advantages Main Drawbacks Example Refs
Broad taxonomy; identify Do not Prov1d.e a deploy-
Review open challenges in data, ro- able estimator; cross-paper
studies Surveys anq o bustness, inter retabﬂit, numerical comparisons are - [1,2]
parative reviews ’ P Y often not directly compara-
and deployment
ble
RE boostin Fast inference; strong with en- Depend on feature qual-
. ¢ & gineered features; lightweight; ity; weaker explicit tem-
Classical ML feature-based . 0. . . [7,8]
reoTession often highly competitive on poral modeling; limited
& cycle-level SOH benchmarks online adaptation
Sequence Captare temporal degradation . 8150 % (oM 0 S
g LSTM, BiLSTM trends effectively; suitable for p OLILy; [9,19,20]
bL sequential cycle-level learnin, or generalize poorly under
1 Y & cross-battery shift
. L Added calibration and
Provides uncertainty informa- . .
. Temporal DL . . .. modeling complexity; may
Uncertainty- . . tion for risk-aware decisions; )
with confidence . . require larger datasets for ~ [10,21]
aware DL . useful for diagnostics and : . .
estimation . . reliable uncertainty esti-
maintenance planning
mates
Natural link to closed-loop More tuning effort;
Control- DRL, observers, ) stronger modeling as-
X . . BMS operation; strong connec- .
oriented hybrid estima- . . .. sumptions; often harder to ~ [11,44]
. tion with safety supervision . .
methods tion/control benchmark directly against
and health-aware control . -
offline predictive models
On the NASA cycle-level
SOH benchmark, TF-DL-E
Online bank-based learning; remam.ed below RF and
explicit tempered forgetting; LSTM in raw accuracy,
Proposed TF-DL-E/TE- cogstant-memor im lemenlta- while TF-DL-T was weaker This work
method DL-T y imp and more fragile; the main

tion for TE-DL-E; interpretable
local-model structure

contribution is therefore
practical online tempered
adaptation rather than best
absolute offline prediction

Appendix B. Abbreviations and Notation

used throughout the manuscript for ease of reference.

This appendix summarizes the principal abbreviations and mathematical symbols
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Table A2. Principal abbreviations used in the manuscript.

Abbreviation =~ Meaning

SOH State of Health

SOC State of Charge

BMS Battery Management System

DL Deterministic Learning

TF-DL Tempered Fractional Deterministic Learning
TE-DL-E Embedded low-memory TF-DL variant
TF-DL-T Truncated exact tempered TF-DL variant
RBF Radial Basis Function

PE Persistence of Excitation

TFGD Tempered Fractional Gradient Descent
RF Random Forest

LSTM Long Short-Term Memory

BiLSTM Bidirectional Long Short-Term Memory
MAE Mean Absolute Error

RMSE Root Mean Square Error

MAPE Mean Absolute Percentage Error

RUL Remaining Useful Life

Table A3. Principal mathematical symbols used in the manuscript.

Symbol

Meaning

Xp
U
Ts
F(xy, uy; O)

State or measurable feature vector at time step k
Input/excitation vector at time step k

Sampling period

Unknown nonlinear battery-related dynamics

Slowly varying latent health-related parameter vector
Bounded disturbance/measurement noise
Health-related quantity associated with the battery state
Mapping from latent health parameters to health indicator
RBF regressor vector

Ideal RBF weight matrix

Estimated RBF weight matrix at time step k

Weight estimation error, W, = W* — W

RBF approximation error

Center of the ith RBF basis function

RBF width parameter

Local regressor subvector associated with operating mode {

Window length in the partial PE condition
Fractional order parameter

Tempering parameter

Tempered fractional kernel coefficient

Tempered fractional accumulation of past gradients
Truncated tempered fractional memory term

Tail of the tempered kernel beyond horizon L
Embedded low-memory surrogate accumulator
Observer gain matrix

Adaptation gain matrix

State estimation error, e, = x; — X

Instantaneous DL correction term

Truncated TF-DL memory term

Bank item associated with mode m

Validity region/operating context of stored mode m
Residual produced by the mth stored estimator
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Table A3. Cont.

Symbol Meaning

Sk Selected mode index under hard minimum-residual selection
T Residual-based soft weighting coefficient for mode m

0% Residual-weighting sharpness parameter
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