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A B S T R A C T

One of the most powerful and potentially useful methods of time-dependent matrix differential equations is the
Magnus expansion. In this work, we applied the Magnus expansion for Schrödinger and master equations of a
dissipative two-level system interacting with a time-dependent π pulse. Two different models of dissipative two-
level systems are considered, namely (i) the system decays from two considered levels into some other levels
with given decay rates; (ii) the system decays from its excited level to its ground level. The obtained approximate
solutions of a time dynamics by the first-order Magnus expansion are well consistent with the results of nu-
merical calculations obtained by the fourth-order Runge-Kutta method.

Introduction

One of the simplest quantum systems that has ubiquitous applica-
tions in various fields of physics is the two-level system. The best ex-
amples of this system could be a half spin system in nuclear magnetic
resonance, an atomic two-level system in quantum optics and a qubit
(quantum bit) in quantum information theory. One of the potentially
important applications of the two-level system is the qubit control in
quantum computing [1–4]. In quantum computing, one needs to co-
herently control a qubit for fast processing and readout of quantum
information. This can be done by perturbing a qubit (two-level system)
by a time-dependent field or pulse. In that sense, a two-level system
interacting with a time-dependent field is a potentially useful model for
a qubit control design in quantum computing.

The two-level system is centennial problem as it has been ex-
tensively considered starting from 1930s just after the emerging of
quantum mechanics. Only few exactly solvable models of two-level
system have been discovered as yet, for example Landau-Zener model
[5,6] and Rabi model [7]. However, a two-level system driven by a
time-dependent field is not exactly solvable in general and a large
number of approximately analytical solutions has been discovered until
now [8–16]. Recent advances on the two-level system provide an im-
pressive approximate solution that well describes a time dynamics of a
two-level system interacting with far off-resonant time-dependent short
pulse [17–19].

One alternative method for solving the problem of a two-level
system interacting with time-dependent field is the Magnus expansion

[20]. Magnus expansion is a powerful series method for solving an in-
itial value problem given as
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where tX( ) and tM( ) are operator (or matrix) functions of t, and I is the
identity operator (or the unit matrix). In 1954, Wilhelm Magnus pro-
vided a solution of Eq. (1) in the following form [20]
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where Sn is the nth term of Magnus expansion or series1. The solution
(2) looks compact and has wide applications in various areas of physics
and chemistry for instance, nuclear magnetic resonance [21,22],
quantum electrodynamics [23,24], numerical integrator [25–27] and so
forth. Each term Sn of the Magnus series is expressed in terms of mul-
tiple integrals of nested commutators, and the first few of them are
given by [28–30]
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Expression of Sn becomes much complicated as the order increases.
The Magnus expansion has been considered to be a useful tool to obtain
analytic solution of a time dynamics of a two-level system, for details
we refer Refs. [31–33].

The solution (2) has a form of exponential function of series argu-
ment ∑ =

∞ Sn n1 . Therefore, one needs to answer two questions namely
these are “does Magnus series converge?” and “if Magnus series was
convergent, how fast does it converge?”. The first question has drawn
great attention since 1954 [28,34–36]. Commonly accepted i.e. “stan-
dard” condition of convergence of the Magnus series in the interval

T[0, ] is given by [37,38]

∫ <t t πMd ( )
T

0 (4)

where · stands for the Frobenius norm [39]. This is sufficient but not
necessary condition. That means Eq. (4) is not necessary to be satisfied
for convergence of Magnus series but it guarantees convergence of the
Magnus series. The second question about rate of convergence will be
discussed in this paper.

In this work, we apply Magnus expansion method on a dissipative
driven two-level system and compare it to standard perturbation
method.

Probability amplitude method

The first model of interest is a two-level system whose levels ∣1 and
∣2 decay to third levels with decay rates Γ1 and Γ2, respectively (see
Fig. 1a). When the system is interacting with a time-dependent field,
Hamiltonian H t( ) of the system is given by
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where ̂ ̂σ σ{ , }x z are the Pauli matrices, ω is transition frequency and tΩ( )
is a time dependent driving term. This is the non-Hermitian Hamilto-
nian used to describe quantum open systems where the loss and dis-
sipations are considered [40–42]. It is an alternative formalism to the

master equation description of the system dynamics. The non-Hermi-
tian Hamiltonian formalism has been applied to several fields, for ex-
ample, to study the manifestation of resonance trapping in quantum
dots [43,44], to explore the spectroscopic properties of highly excited
states [45], to investigate the photosynthesis [46], to explain the uni-
directional reflectionless light propagation [47], etc.

Now we aim to solve Schrödinger equation with the Hamiltonian (5)
and seek a solution in the following form
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where C t( )1 and C t( )2 are probability amplitudes of levels ∣1 and ∣2 ,
respectively. Then equation for the probability amplitudes

=t C t C tC( ) ( ( ) ( ))T
1 2 is given by

=t t tC M Ċ ( ) ( ) ( ). (7)

Here, the matrix tM( ) has the following form
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where = −γ (Γ Γ )/22 1 . Solution of Eq. (7) with the use of Magnus ex-
pansion is obtained as

=t tC O C( ) ( ) (0), (9)

where = ∑ =
∞tO S( ) exp( )n n1 . As an approximation, infinite Magnus

series in the exponent ∑ =
∞ Sexp( )n n1 is truncated at particular order and

subsequently exponential function is analytically calculated without
any approximations. Due to the simple form of the matrix tM( ), the
Magnus series is easily obtained as
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The superscripts in above equation indicate the order of the Magnus
terms. Therefore, only even (odd) Magnus terms contribute to function
(s) ϕ t( ) (θ t( )1 and θ t( )2 ). After exact calculation of exponential function
we obtain the matrix tO( ) in the following form
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Here, the function η t( ) is expressed in terms of functions θ t( )1 and
θ t( )2 in the following manner

= +η t ϕ t θ t θ t( ) ( ) ( ) ( ) .2
1 2 (13)

Furthermore, the functions in Eq. (11) can be expressed in terms of
multiple integrals as follow
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Fig. 1. Two considered models of driven two-level systems with dissipation are
illustrated; (a) each level ∣1 or ∣2 decays to some levels other than ∣1 and ∣2 ,
(b) excited level ∣1 decays to ground level ∣2 . Driving field is depicted by the
black vertical line with label tΩ( ).
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Eq. (12) along with Eqs. (13), (1114) is an approximate analytical
solution obtained by the Magnus expansion, and it can be applied for
any time-dependent driving field. Restriction of the solution is only due
to divergence of the Magnus expansion. Note that the solution reduces
to the solution in Ref. [32] in the limit of →γ 0.

In consideration of convergence, the integral in Eq. (4) is evaluated
with Eq. (8) under the rotating wave approximation (RWA), and result
is if

∫ ′ <
∞

t t γt πd Ω ( ) 2cosh(2 )
0 (15)

then Magnus series Eq. (10) converges. Here, ′ tΩ ( ) is an envelope
function of a pulse. Eq. (15) is the condition that must hold in order
Magnus series to be convergent. However, in qubit control, it is
common to use π pulse that is able to completely invert a qubit [48].
Therefore, we use π pulse in our calculations throughout this paper.
Area of a pulse is defined as ∫= ′∞A t td Ω ( )0 . As long as hyperbolic
cosine function in Eq. (15) is always larger than 1 it is easy to see that

<A π to the Magnus series be convergent. Thus, for the π pulse Eq.
(15) does not hold and as a consequence the Magnus series is not ne-
cessary to be convergent for π pulse. Nonetheless, results of the nu-
merical calculation below demonstrate that for our specific model,
Magnus expansion is convergent for π pulse.

Next, a time dynamics of a two-level system driven by Gaussian and
hyperbolic secant π pulses is calculated.

Gaussian π pulse

Before we perform numerical analysis of the solution (13) we can
obtain analytical solution in the case of Gaussian pulse of area π given
by

= −− −t ν t tΩ( ) Ω e cos( ( )),t t s
0
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where ν is frequency of the pulse. Here, pulse parameters are tΩ ,0 0 and
s. The functions θ t( )1

(1) and θ t( )2
(1) are calculated under RWA as follow
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where = −ω νΔ is detuning and erf() is the error function. With the
help of the functions Eq. (17), and Eqs. (12) and (13), we analytically
calculate excited- and ground-state probabilities as a function of time
and compare it with numerically calculated results of fourth-order
Runge-Kutta method. Not only the resonant interaction but also the
non-resonant interaction which satisfies the adiabatic condition2 is
considered. Results of both cases are illustrated in Figs. 2(a-d). The
graphs demonstrate that when =ν ω the analytic solution based on
first-order Magnus expansion well describes a time dynamics of a

driven two-level system with dissipation. However, when ≠Δ 0 and
the adiabatic condition is satisfied, the first-order Magnus expansion is
not sufficient to describe the dynamics of the system. Therefore, it is
interesting to calculate higher order Magnus terms for the off-resonant
adiabatic interaction.

One interesting point here to briefly discuss is about what would be
happen if the pulse duration is longer than the period considered in the
simulation (1 ns)? Clearly the dynamics of the system would change
much if we have longer pulse keeping the same intensity i.e. the peak
value of the Rabi frequency Ω0. Nevertheless, the Magnus expansion
limits pulse area A to the values less than or equal to π , and it requires
to keep the pulse area rather than the intensity. Therefore, if we have
longer pulse with the same area as =A π then the dynamics would be
the same, and Figs. 2 would not change except scaling of the horizontal
time axis. This is also true for all graphs in this paper.

Hyperbolic secant π pulse

Another pulse shape function that we consider here is
=x xsech( ) 1/cosh( ) function. In this case, Rabi frequency of a pulse has

a following shape

= − −t t t s ν t tΩ( ) Ω sech(( )/ )cos( ( )),0 0 0 (18)

where s and t0 are real-valued parameters. We calculate the functions
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(1) under RWA as follow
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where 2F1() is the hypergeometric function. Time evolutions of the
excited-state probability C t( )1

2 and the ground-state probability
C t( )2

2 are shown in Figs. 2(e-h) for the resonant and non-resonant
interactions as well. For the resonant driving field =ν ω, the Figs. 2(e-f)
show that first-order Magnus expansion governed by Eq. (19) provides
a solution well consistent with the result of numerical simulation im-
plemented by a standard fourth-order Runge-Kutta method. None-
theless, Figs. 2(g-h) exhibits inconsistencies between the first-order
Magnus expansion and the fourth-order Runge-Kutta method. This is
the reason why we compute higher order Magnus terms in the fol-
lowing.

Numerical analysis

In addition to the analytical solutions in the case of Gaussian and
hyperbolic secant pulses presented in previous subsection, we perform
numerical calculation based on Eqs. (12), (1314) up to fourth-order
Magnus expansion. Here, the numerical calculation means that the
multiple integrals (14), which are analytically not solvable in general,
are numerically integrated by 5-point Gaussian quadrature method.
Results of the calculation are plotted in Fig. 3 for resonant driving and
in Fig. 4 for non-resonant driving, and compared with the results of
standard perturbation method of the same order. As shown in Fig. 3, the

2 Adiabatic condition means that the inverse of the detuning is much smaller
than the full width at half maximum values of duration i.e. ≪ FWHM1/Δ
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Magnus series converges faster than the standard perturbation method
for the Gaussian π pulse. Hence, even first-order Magnus expansion
method well describes the time evolution of a two-level system in the
case of resonant driving. However, if the system is perturbed by off-
resonant driving or adiabatic driving where detuning Δ is much greater
than pulse bandwidth (see Fig. 4), then the Magnus series is still con-
vergent but the rate of convergence is not fast enough as the resonant
driving. As a result, the fourth-order Magnus expansion is required to
describe time evolution of a two-level system. Nevertheless, the Magnus
expansion is still better describing the system than the standard per-
turbation method.

Master equation method

In order to apply Magnus expansion on the system with dephasing
we consider another model of the two-level system that decays from the
excited level ∣1 to the ground level ∣2 with rate Γ (see Fig. 1b). For the
current model, time dynamics can be described by the standard master
equation that is written in the following form [49,50]

̂ ̂ ̂ ̂ ̂ ̂ ̂ ̂ ̂ ̂ ̂⎜ ⎟= − ⎡
⎣⎢

⎤
⎦⎥

− ⎛
⎝

− + ⎞
⎠

+ − − + + −ρ t i H t ρ t σ σ ρ t σ ρ t σ ρ t σ σ̇ ( )
ℏ

( ), ( ) Γ
2

( ) 2 ( ) ( )

(20)

Fig. 2. Analytical results of the first-order Magnus approximation (red dashed line with rectangular nodes) are compared with the results of numerical calculations
(black solid line with triangular nodes) obtained by the fourth-order Runge-Kutta method. Excited- and ground-state probabilities C t( )1

2 and C t( )2
2 of two-level

systems driven by resonant Gaussian pulse are plotted in (a-b), and by resonant hyperbolic secant pulse are plotted in (e-f). For the non-resonant adiabatic inter-
action, the same quantities without decay factors −e tΓ1 and −e tΓ2 are plotted in (c-d) for the Gaussian pulse and in (g-h) for the hyperbolic secant pulse. Frequency of
the driving field is =ν ω0.999997 for plots (c-d) and (g-h). Eq. (17) is used in the case of the Gaussian pulse whereas Eq. (19) is used for the case of the hyperbolic
secant pulse. Initial state of the system is ground state. Numerical values of parameters used in the calculations are following =ω 1015 1/s, = ×Ω 1.77 100

9 1/s for
Gaussian pulse, =Ω 100

9 1/s for hyperbolic secant pulse, = ×Γ 2 101
8 1/s, =Γ 102

8 1/s, =s 1 ns and =A π . The corresponding full width at half maximum is
=FWHM 1.18 ns for the Gaussian pulse and =FWHM 1.76 ns for the hyperbolic secant pulse.

Fig. 3. Numerical results obtained by the Magnus expansion (red dashed line with rectangular nodes), standard perturbation (blue solid line with circular nodes) and
fourth-order Runge-Kutta (black solid line with triangular nodes) methods. Orders of the Magnus expansion and perturbation methods are 1 for plots (a) and (d), 2 for
plots (b) and (e), and 4 for plots (c) and (f). Initial state of the system is ground state. Driving field is on resonance with the two-level system and the considered pulse
shape is Gaussian. Other parameters used in the calculations are the same as in Fig. 2.
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where +̂σ and −̂σ are raising and lowering operators of the two-level
system. Here, Hamiltonian H t( ) is given by

 ̂ ̂= −H t ω σ t σ( ) ℏ
2

ℏΩ( ) .z x (21)
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Here, ̃ −z t( )e tΓ is population inversion. Eq. (23) can be written in
compact form as follows

= +t t t tR M R Ȧ ( ) ( ) ( ) ( ), (24)
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Eq. (24) is a first-order inhomogeneous linear matrix differential
equation. Hence, we can treat the homogeneous part of Eq. (24) with
the use of Magnus expansion to find homogeneous solution tR ( )hom . A
way to obtain a complete solution of Eq. (24) is to sum the homo-
geneous solution and the particular solution of the inhomogeneous
equation.

As we mention above, the homogeneous equation
=t t tR M Ṙ ( ) ( ) ( )hom hom can be solved using the first-order Magnus ex-

pansion as follows

=t tR O R( ) ( ) (0),hom hom (27)

where

=

⎛

⎝

⎜
⎜
⎜
⎜

−

−

⎞

⎠

⎟
⎟
⎟
⎟

+ −

− +

t

η

O( )

cosh

.

θ η
η

θ η
η

θ η
η

θ θ θ θ η
η

η θ θ
η

θ η
η

η θ θ
η

θ θ θ θ η
η

sinh sinh

sinh ( cosh ) (1 cosh )

sinh (1 cosh ) ( cosh )

1 2

3 2 4 1 3
2

2 3
2

4 1 4
2

1 3 2 4
2

(28)

In the above equation, time dependence of functions
θ t θ t θ t θ t( ), ( ), ( ), ( )1 2 3 4 and η t( ) is not presented for the sake of sim-
plicity and explicit forms of the functions are determined as

∫
∫

∫
∫

=

=

=

=

= +

− −

+

−

− +

θ t i t t

θ t i t t

θ t i t t

θ t i t t

η t θ t θ t θ t θ t

( ) 2 d Ω( )e ,

( ) 2 d Ω( )e ,

( ) d Ω( )e ,

( ) d Ω( )e ,

( ) ( ) ( ) ( ) ( ) .

t iω t

t iω t

t iω t

t iω t

1 0 1 1
( Γ/2)

2 0 1 1
( Γ/2)

3 0 1 1
( Γ/2)

4 0 1 1
( Γ/2)

1 3 2 4

1

1

1

1

(29)

In order to solve inhomogeneous Eq. (24) we need a particular so-
lution of it. It is obtained as

∫
∫
∫

∫
= =

⎛

⎝

⎜
⎜
⎜
⎜

−

−

⎞

⎠

⎟
⎟
⎟
⎟

−t t t t t t

t η t

t

t

R O O A O( ) ( ) d ( ) ( ) ( )

Γ d cosh ( )e

Γ d e

Γ d e

.
t

t t

t θ t η t
η t

t

t θ t η t
η t

t

inhom 0 1
1

1 1

0 1 1
Γ

0 1
( )sinh ( )

( )
Γ

0 1
( )sinh ( )

( )
Γ

1

3 1 1
1

1

4 1 1
1

1

(30)

Finally, general solution is the sum of the solutions of the homo-
geneous and inhomogeneous equations

= +t t tR O R R( ) ( ) (0) ( ).inhom (31)

When two-level system is initially in the ground state ∣2 , namely
̃ = −z (0) 1 and ̃ ̃= =ρ ρ(0) (0) 012 21 , the solution for ̃z t( ) is

̃ ∫
∫

∫

=− −

+

+

z t η t η t t η t

t

t

( ) cosh ( ) Γcosh ( ) d cosh ( )e

Γ d e

Γ d e .

t t

θ t η t
η t

t θ t η t
η t

t

θ t η t
η t

t θ t η t
η t

t

0 1 1
Γ

( )sinh ( )
( ) 0 1

( )sinh ( )
( )

Γ

( )sinh ( )
( ) 0 1

( )sinh ( )
( )

Γ

1

1 3 1 1
1

1

2 4 1 1
1

1
(32)

Excited-state and ground-state probabilities are easily deduced from
̃z t( ) using equation ̃= + −ρ t z t( ) (1 ( )e )/2t

11
Γ . Solution for ̃ρ t( )12 is ob-

tained as

Fig. 4. The same plots as in Fig. 3 for off-resonant driving. Frequency of driving field is =ν ω0.999997 which obeys the adiabatic condition ≪ FWHM1/Δ . Orders of
the Magnus expansion and perturbation methods are 1 for plots (a) and (d), 2 for plots (b) and (e), and 4 for plots (c) and (f). Initial state of the system is ground state
and the considered pulse shape is Gaussian. For the purpose of clarity of graphs, the exponential decay factors are omitted (see the label of vertical axis).
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̃ ∫

∫

∫

= +

−

+

+

−

ρ t t η t

t

t
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Γ d e
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θ t η t
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θ t η t
η t

t t
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η t
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η t
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t

12
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( )
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Γ

( ) ( ) ( ) ( )cosh ( )
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( )sinh ( )
( )

Γ
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( ) 0 1
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3 3 1

2 4 1 3
2
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1

1

2 3
2

4 1 1
1

1
(33)

Next, we examine Eqs. (32) and (33) by numerical simulations.

Numerical analysis

As the probability amplitude method, we also perform numerical
calculation in the case of Gaussian π pulse. In Fig. 5, the excited-state
probability ρ t( )11 , as well as the real and imaginary parts of the co-
herence term ρ t( )12 are plotted as a function of time for the resonant
and off-resonant cases, and also for different initial conditions. Notice
that Eqs. (32) and (33) are expressed in terms of double integrals even it
is a result of the first-order Magnus expansion. Therefore, we compare
the numerical results of the first-order Magnus expansion with the re-
sults of the second-order perturbation method. In the case of resonant
driving, the Magnus expansion describes adequately the dynamics of
the two-level system if the initial state is the ground state or the co-
herent state = = =ρ ρ ρ(0) (0) (0) 1/211 12 21 (see the first and second
columns of Fig. 5) whereas the second-order perturbation method does
not well describe the time evolution since it results in the values of ρ11
and ρ12 that goes out of the acceptable physical range, for instance

> < −ρ ρ1, Re( ) 0.511 12 and >ρIm( ) 0.512 at some time between 7 ns
and 9 ns. On the other hand, the third column of Fig. 5 exhibits a dy-
namics of a two-level system interacting with the off-resonant driving
which satisfies the adiabatic condition ≪ FWHM1/Δ . We observe that
the Magnus expansion does not exhibit any advantage over the second-
order perturbation method, and both first-order Magnus and second-
order perturbation methods do not well describe the time evolution of a

two-level system in the adiabatic regime.

Conclusions

In summary, analytical solution obtained by the first-order Magnus
expansion method is examined with Gaussian and hyperbolic secant π
pulses. In both cases, the approximate analytical solution is well con-
sistent with the results of numerical calculations. This analytical solu-
tions could be potentially useful for design of the qubit control when
the dissipation is considered.

Furthermore, numerical simulation of a dissipative two-level system
interacting with a time-dependent π pulse is carried out using the first-,
second-, and the fourth-order Magnus expansion. Despite the π pulse
does not obey the well-known convergence condition given by Refs.
[37,38], convergence of the Magnus expansion of our model is fast
enough and that permits to use only the first-order Magnus expansion
when the frequency of the field is on resonance with the two-level
system. Additionally, when the dissipative two-level system is off-re-
sonant with the driving pulse i.e. in adiabatic regime, Magnus expan-
sion is convergent, however the rate of convergence is not as fast as the
case of the resonant driving. In that situation, we found that the fourth-
order and higher-order Magnus expansions are required to obtain a
reasonable solution of the dynamics.

We also show that the Magnus expansion is applicable for the
master equation. Unlike the second-order standard perturbation
method, the approximate solution obtained by the first-order Magnus
expansion well matches the “exact” numerical solution obtained by the
fourth-order Runge-Kutta method.
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Fig. 5. Numerical results obtained by the first-order Magnus expansion (red dashed line with rectangular nodes), second-order standard perturbation (blue solid line
with circular nodes) and fourth-order Runge-Kutta (black solid line with triangular nodes) methods. Driving field is on resonance with the two-level system for the
first and second columns and off resonance for the third column ( =ν ω0.999997 ). Initial state of the system is ground state for the first and third columns and coherent
superposition state ( = = =ρ ρ ρ(0) (0) (0) 1/211 12 21 ) for the second column. Pulse shape is Gaussian for all cases. Decay rate is = ×Γ 2 108 1/s and other parameters
used in the calculations are the same as in Fig. 2.
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