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A B S T R A C T   

We investigate the effects of temperature on quantum Fisher information (QFI), fidelity, and entropy squeezing 
in two interacting superconducting qubits (SCQs). We show how the variations in these quantum quantifiers may 
be controlled by carefully selecting the model’s physical parameters (PPM). We obtain a trapping phenomena for 
Fisher information, allowing us to improve the QFI and retain the amount of information while also preserving it 
from information loss due to temperature impacts. We evaluate the fidelity of the SCQ to explain the dynamic 
aspects of the QFI in relation to the PPM. Furthermore, we examine the influence of the PPM on the variation in 
the squeezing entropy for SCQs. The results indicate how, in terms of quantum measurement theory, the system 
under consideration might be valuable in enabling the realization of experiments under optimal conditions.   

Introduction 

Since Feynman first proposed the quantum computer idea in 1982, 
the race to move on from classical computer to quantum computer has 
been ongoing. To realize this type of computer, the classical bit has been 
replaced with the qubit. These quantum systems are attracting research 
attention not only because of their high speed and effectiveness, but also 
because of the diverse nature of the controllable quantum states in these 
systems [1–9]. Physical systems that are used to process and transmit 
quantum information should obey the laws of quantum mechanics, e.g., 
superposition and nonlocal correlation. The simplest composite systems 
that can display behavior that follows these laws consist of two-level 
systems. SCQs are regarded as the most convenient candidate devices 
for performing quantum information processing. Therefore, preparation 
of SCQs and the processing of quantum information using these two- 
level systems are the main tasks that must be addressed. In addition, it 
is also intersting to explore the effects of environmental noise and 
temperatures on the operation of SCQs [10–14]. The quantum coher
ence of SCQs can be enhanced by diminishing their sensitivity to charge 

noise through the addition of a large shunt capacitance to the Josephson 
junction. At present, the major goal of scientific research in this field is 
to protect the quantum states from temperature and decoherence effects 
by considering the advantages of efficient coupling, which can be 
enabled between SCQs through interactions with a common tunable 
coupler [15]. 

Recently, a great deal of work has been performed on analyzing the 
precision of parameter estimation (PE) [16,17] by examining the effects 
of particle loss, state generation, and environmental noise sources 
[18–22]. QFI plays a vital role in detecting the sensitivity of the quantum 
states based on changes in the PE. QFI was first used by Fisher to study 
PE [23]. For each given measurement, the QFI is used to detect the 
maximum information about the PE. The estimation of unknown pa
rameters aids in the development of various fields for different tasks in 
quantum technology by improving the methods used to measure the 
sensitivity of these parameters [17,24–27]. The essential task of esti
mation theory in this case is to determine the unknown parameter rate 
coming from physical effects in a quantum system with high accuracy. In 
this context, the lower bound of the Cramér-Rao inequality can be 
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characterized using the QFI [28]. Therefore, the QFI can ultimately be 
regarded as the primary problem to be solved. Recently, the dynamics of 
the QFI have been studied widely in the literature by considering the 
fluctuation and decoherence phenomena that result from interactions 
between the quantum system and its own environment [29]. 

Over the past two decades, squeezed states have been discussed in 
the context of quantized electromagnetic fields [30] and atomic systems 
[31], with many important and diverse applications being discovered 
[32]. The spin-squeezed model, which is dependent on the Raman 
scattering that occurs in the presence of strong field pulses, was imple
mented to transfer the correlations between atomic systems and light- 
based systems [33]. The squeezing effect in systems of spins with 
optimal and nonlinear features has been investigated in detail [34]. 
Investigation of the correlations between atomic spin squeezing and 
bosonic quadrature has also been considered [35]. In addition, various 
experimental realizations were achieved by considering a set of V-type 
atoms [36]. In the aforementioned studie, the Heisenberg uncertainty 
relation (HUR) has been introduced for analyzing the atomic squeezing. 
However, the HUR can only exhibit limited squeezing information about 
quantum systems, particularly in the case where the atomic inversion 
has a zero value [30], where the HUR limitations have recently been 
overcome by application of the entropic uncertainty relation (EUR) 
[31]. 

Motivated by the considerations described above, the main aim of 
this work is to study the variations in the QFI, the fidelity, and entropy 
squeezing in a system of two SCQs under the influence of an externally 
applied temperature. We demonstrate the influences of the PPM on the 
variations in the quantum quantifiers and extract the various quantum 
phenomena. We find a trapping phenomenon for the Fisher information, 
which makes it possible to enhance the QFI and preserve the amount of 
information, while also protecting it from loss due to the temperature 
effect. We evaluate the fidelity of the SCQs to explain the dynamic 
features of the QFI with respect to the PPM. Furthermore, we study the 
effects of the PPM on the variations in the squeezing entropy for the 
SCQs and present the relationship between the PE precision and the 
squeezing effect in the proposed model. The results obtained show how 
the system studied in the context of quantum measurement theory here 
could be useful in enabling implementation of experiments using 
optimal conditions. 

The remainder of this manuscript is structured as follows. Section 2 
presents the physical model of the two SCQs as well as the formalism 
that demonstrates the model’s dependency on the physical parameters. 
Section 3 discusses the quantum quantifiers used in this study. 

Section 4 presents and analyzes the acquired results. Finally, in 
Section 5, conclusions are drawn. 

Hamiltonian and dynamics 

Here, we focus on two interacting SCQs connected by a fixed 
capacitor. This capacitor is utilized in experiments to regulate and 
manipulate the interactions between the two SCQs. This physical model 
has attracted a lot of interest since it has a variety of possible applica
tions [37–40]. The Hamiltonian of the two SCQs can be written as [37]: 

H =

[

− 2EC1

(
1
2
− ng1

)

− Em

(
1
2
− ng2

)]

σz1 +

[

− 2EC2

(
1
2
− ng2

)

− Em

(
1
2

− ng1

)]

σz2  

−
1
2
(EJ1σx1 +EJ2σx2 − 2Emσzz), (1)  

where ECi and EJi design the charging and Josephson energies of the ith 

SCQ, respectively. Em describes the mutual coupling between the SCQs. 
σx1 = σx ⊗ I, σx2 = I⊗ σx, and σzz = σz ⊗ σz, where σx,z are the x and z 
Pauli operators, and I represents the identity operator. The parameter 

ngi = VgiCgi/2e denotes the normalized SCQ, where Vgi and Cgi are, 
respectively, the voltage and the control gate capacitance. 

For the sake of simplicity, we take the situation when ng1 = ng2 =

1/2, i.e., the degenerate point, which corresponds to the condition of 
noise insensitivity. In this case, the Hamiltonian in Eq. (1) becomes. 

H = −
1
2
(EJ1σx1 +EJ2σx2 − 2Emσzz), (2)  

which is independent of ECi. 
We highlight how the QFI, entropy squeezing, and fidelity are 

dependent on the external temperature. The thermal density matrix ρ(T)
at equilibrium for the two-SCQ system can be given in terms of eigen
values and eigenvectors as. 

ρ(T) = 1
Z

e− βH =
1
Z
∑

n
e− β∊n |ψn〉〈ψn|, (3)  

where Z designs the partition function, and β = 1/kBT. In order to 
evaluate the measures of quantumness, we consider numerical evalua
tion for obtaining the eigenvectors |ψn〉 and eigenvalues ∊n of the 
Hamiltonian. 

Quantum Fisher information and entropy squeezing 

Here, we provide a brief overview of the system’s physical parame
ters, such as the QFI, fidelity, and squeezing entropy. 

The QFI may be used to determine how precisely a quantum state can 
detect an unknown parameter, indicated by ϕ. The QFI is expressed as: 

QF = Tr
[
ρ(ϕ)L2], (4)  

where ρ(ϕ) represents the density operator of the system, and L defines 
the symmetric logarithmic derivative that satisfies. 

∂ϕρ(ϕ) = 1
2
[ρ(ϕ)L+ Lρ(ϕ)]. (5) 

The Cramér-Rao inequality is using to describe the smallest possible 
uncertainty in the PE. 

Δϕ ≥ 1
̅̅̅̅̅̅̅̅̅
μQF

√
,

where (Δϕ)2 represents the mean square error, and μ is the number of 
repeated trials. 

We investigate the thermal density operator of the state of the two 
SCQs in the representation spanned by the product states |0〉1 ⊗ |0〉2, |2〉
= |0〉1 ⊗ |1〉2, |3〉 = |1〉1 ⊗ |0〉3, and |4〉 = |1〉1⊗|1〉2 to demonstrate the 
reliance of the Fisher information on both the Josephson energies and 
the temperature. We specify the singlet-SCQ phase gate using. 

U(ϕ) := eiϕ|1〉〈1| + |0〉〈0|, (7)  

and the output thermal state is given by ρout = UρintU+. After the phase 
operation is performed, the SCQs will be subject to an external tem
perature effect. 

Another intriguing variable to be investigated in this study is fidelity. 
The fidelity is provided by: 

F(T) =
(

tr
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρ(0)
√

ρ(T)
̅̅̅̅̅̅̅̅̅
ρ(0)

√√ )2

(8)  

which follows the inequality 0 ≤ F ≤ 1. The states become less distinct 
from one another as fidelity grows. Because of these characteristics, the 
function F is seen as an appealing measure of how effectively a ket state 
may be preserved under the PPM effect. 

Finally, we evaluate the squeezing information entropy using the 
HUR. It has been demonstrated in some circumstances that the HUR 
cannot offer appropriate information concerning atomic squeezing [59]. 
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For a two-level system, which is described by the spin operators Ŝx, Ŝy, 
and Ŝz, and verified by the relation [Ŝx, Ŝy] = iŜz, the uncertainty 
relation caused by the commutation relation mentioned above is. 

ΔŜxΔŜy ≥
1
2
|〈Ŝz〉|. (9)  

where 

ΔŜα =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
〈

Ŝ
2
α
〉
− 〈Ŝα〉

2
√

. (10) 

The optimal entropic uncertainty relation for sets of observables 
operating in even N-dimensional Hilbert space has been established 
using quantum entropy [60]. This uncertainty relationship is denoted 
by: 

∑N+1

α=1
H(Ŝα) ≥

N
2

ln
(

N
2

)

+

(

1+
N
2

)

ln
(

1+
N
2

)

, (11) 

H(Ŝα) denotes the information entropy that corrsponds to the vari
able Ŝα. The Shannon entropy is then given by: 

H(Ŝα) = −
∑N

i=1
Pi(Ŝα)lnPi(Ŝα), α = x, y, z. (12) 

Here, Pi(Ŝα)= 〈Ψαi|ρ|Ψαi〉. |Ψαi〉 is the eigenvector of Ŝα (Ŝα|Ψαi〉 =

λ αi |Ψαi〉) for i = 1,2, ...,N. For a two-level atom system (where N = 2), 
we obtain. 

H(Ŝα) = −
1
2
(ρα(t) + 1)ln

(
1
2
[ρα(t) + 1]

)

−
1
2
(1 − ρα(t))ln

(
1
2
[1 − ρα(t)]

)

, ∀α = x, y, z.

where ≤ H(Ŝα) is composed of values between 0 and ln2 with Shannon 
entropies corresponding to the spin operators Ŝx, Ŝy, Ŝz that verify the 
following relation: 

H(Ŝx)+H
(

Ŝy
)
+H(Ŝz) ≥ 2ln2. (13) 

By defining δH(Ŝα) = e[H(̂Sα)], the inequality above becomes. 

δH(Ŝx)δH
(

Ŝy
)
δH(Ŝz) ≥ 4. (14) 

The EUR defined in Eq. (14) illustrates the impossibility of extracting 
the entirety of the information simultaneously for Ŝx(t), Ŝy(t), and Ŝz(t),
where δH(Ŝx), δH(Ŝy), and δH(Ŝz) correspond to the uncertainty mea
sures of the polarization components Ŝx, Ŝy and Ŝz, respectively. The 
relation given in Eq. (14) determines the squeezing entropy [60], and 
Ŝα(α = x or y) is “squeezed in entropy” if. 

E(Ŝα) = δH(Ŝα) −
2

(δH(Ŝz))
12 < 0,α = x, y. (15)  

Results and discussion 

Based on the equation for the QFI, we can examine the precision of 
the PE for the SCQ while considering the effects of the Josephson en
ergies and the temperature. In Fig. 1, we show the variations in the 
function QF of the SCQ as a function of the Josephson energy EJ for 
numerous values of temperature T. In general, Fig. 1 displays some 
interesting features of the QFI relative to different values of EJ, where 
the PE precision is broadly depends on the Josephson energies of the 
SCQs, thus exhibiting the trapping phenomenon of the QFI. Indeed, for 
each value of T, the QFI increases from a minimal initial value at EJ, and 
then tends to reach a steady value as the value of the parameter EJ in
creases significantly. Furthermore, the function QF reaches a steady 

value rapidly over small temperature intervals. The increase in the 
amount of QFI is accompanied by an improvement in the estimation 
precision for the different temperature ranges. This phenomenon is 
regarded as an outcome of the increase in coherence within these tem
perature limits. In Fig. 2, we show the variations in the function QF of the 
SCQ as a function of temperature T for numerous values of Josephson 
energy EJ. We find that the QF of the SCQ decays exponentially and then 
the PE precision will be suppressed with increasing temperature. 
Furthermore, we can see that retardation of the QFI loss may be ach
ieved by regularizing the parameter EJ. With increasing energy EJ for the 
SCQs, the QFI will decrease slowly with increases in T. In summary, the 
results obtained here show that control and enhancement of the PE 
precision can be achieved by considered choice of the PPM. 

In Figs. 3 and 4, we have plotted the variations in the fidelity versus 
the Josephson energy EJ and the temperature T, respectively. From these 
figures, we see that the fidelity is affected in a similar manner to the QFI. 
We can see that the functions FQ and QF both exhibit comparable 
behavior in relation to different parameter values of EJ and T. These 

Fig. 1. Thermal quantum Fisher information parameter QF of the qubit system 
as a function of Josephson energy EJ for different values of temperature T with 
Em = 1. The solid blue line exhibits the case where T = 0.02, the red dashed 
line exhibits the case where T = 0.6, the black dotted line exhibits the case 
where T = 1.2, and the green dot-dashed line exhibits the case where T = 2. 
(For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.) 

Fig. 2. Thermal quantum Fisher information parameter QF of the qubit system 
as a function of temperature T for various values of Josephson energy EJ with 
Em = 1. The solid blue curve exhibits the case where EJ = 0.5, the red dashed 
curve exhibits the case where EJ = 1.5, the black dotted curve exhibits the case 
where EJ = 3.5, and the green dot-dashed curve exhibits the case where T =

5.5. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.) 

Z.M.H. El-Qahtani et al.                                                                                                                                                                                                                       



Results in Physics 39 (2022) 105639

4

features show that fidelity is a suitable measure for describing this sort of 
information in the current model. 

To illustrate the effect of the PPM on the squeezing of the SCQs, Fig. 5 
shows the variation in the entropy squeezing E(σx) as a function of en
ergy EJ for various temperature values. From the figure, we can see that 
the squeezing only occurs in the variables σx in larger energy ranges. 
Interestingly, the value at which the function E(x) reaches a negative 
value is dependent on the value of the temperature T. When T is 
reduced, E(x) reaches a negative value rapidly, and then enhances the 
squeezing effect with variations in the energy EJ. In Fig. 6, we show the 
variations in E(x) versus the temperature T for different values of EJ. We 
can see that E(x) increases with increasing temperature, and then sup
presses the squeezing effect. In this context, the squeezing behavior 
occurs within the limits of small values of T and large values of EJ. 
Additionally, we find that the function E(x) is affected in a similar 
manner to the QFI. We can see that the functions E(x) and QF show an 
inverse monotonic relation according to the values of the parameters EJ 
and T. These features also mean that the function E(x) is suitable as an 

indicator to describe the variations in the QFI in the present model. 

Conclusion 

We have explored the relationships among the QFI, the fidelity, and 
entropy squeezing in a system of two interacting SCQs. We have 
considered the effects of both the Josephson energy and the external 
temperature. We have explained how the variations in the quantum 
quantifiers can be controlled by making a considered selection of the 
physical parameters of the model (PPM). We have also discussed the PE 
precision for the SCQs with respect to the PPM. We have shown that the 
variations in the QFI for the SCQs are broadly dependent on the PPM. We 
have obtained a trapping phenomenon for the Fisher information, which 
makes it possible to enhance the QFI and preserve the amount of in
formation, while also protecting it from information loss as a result of 
the temperature effect. We have evaluated the fidelity of the SCQs to 
explain the dynamic features of the QFI with respect to the PPM. 
Additionally, we have studied the effect of the PPM on the variations in 

Fig. 3. Fidelity F of the qubit system as a function of Josephson energy EJ for 
different values of temperature T with Em = 1. The solid blue line exhibits the 
case where T = 0.02, the red dashed line exhibits the case where T = 0.6, the 
black dotted line exhibits the case where T = 1.2, and the green dot-dashed line 
exhibits the case where T = 2. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.) 

Fig. 4. Fidelity F of the qubit system as a function of temperature T for various 
values of Josephson energy EJ with Em = 1. The solid blue curve exhibits the 
case where EJ = 0.5, the red dashed curve exhibits the case where EJ = 1.5, 
the black dotted curve exhibits the case where EJ = 3.5, and the green dot- 
dashed curve exhibits the case where T = 5.5. (For interpretation of the ref
erences to colour in this figure legend, the reader is referred to the web version 
of this article.) 

Fig. 5. Entropy squeezing E(x) of the SC-qubit system as a function of 
Josephson energy EJ for different values of temperature T with Em = 1. The 
solid blue line exhibits the case where T = 0.02, the red dashed line exhibits the 
case where T = 0.6, the black dotted line exhibits the case where T = 1.2, and 
the green dot-dashed line exhibits the case where T = 2. (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 6. Entropy squeezing E(x) of the qubit system as a function of temperature 
T for various values of Josephson energy EJ with Em = 1. The solid blue curve 
exhibits the case where EJ = 0.5, the red dashed curve exhibits the case where 
EJ = 1.5, the black dotted curve exhibits the case where EJ = 3.5, and the 
green dot-dashed curve exhibits the case where T = 5.5. (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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the squeezing entropy for the SCQs. Furthermore, we have shown that 
the QFI and the entropy squeezing behavior exhibit an inverse mono
tonic relationship according to the values of the PPM. The results ob
tained here show how the system studied in terms of quantum 
measurement theory could be useful in enabling implementation of 
experiments under optimal conditions. 
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