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Abstract: Amatched asymptotic expansion analysis is used to determine the dependence of shear stress boundary layer thickness on adhesive
properties in unbalanced single-lap joints. A uniformly accurate expansion of shear stress, in a small and positive dimensionless parameter ɛ, is
shown to contain a pair of adhesive edge boundary layers and an outer zonewhere the stress is slowly varying between the two layers. An overlap
constraint is also found, and if it can be satisfied for ɛ� 1, then there is sufficient overlap and a single boundary layer of width the order of ɛ1=2 at
either adhesive end. The analytic results are presented in a generic format allowing their application and/or extension to similar problems. All
results are numerically verified using a finite difference approximation. DOI: 10.1061/(ASCE)EM.1943-7889.0000574. © 2013 American
Society of Civil Engineers.
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Introduction

Adhesive bonding is increasingly used in applications involving
a mix of metal and composite materials. Increased understanding
of adhesive bonding has led to their use in harsh environments
encountered by high-performance military aircraft and the auto-
motive industry. Understanding adhesive joints is also important
because most failures in structures originate at a joint (Gustafson
et al. 2007).

Computer simulations of two-dimensional and three-dimensional
configurations typically have large sets of parameters because of the
complexity of adherend-adhesive mechanics and their interaction,
and these parameters may be difficult to estimate. As such, the use of
computer simulation models in structural design involving adhe-
sives has been limited to special cases (Gustafson et al. 2007). More
rigorous semianalytic approaches that blend asymptotic methods
(Bender and Orzsag 1978; Kevorkian and Cole 1975; Barenblatt
1996) with numerical methods are in widespread use in composite
and adhesive design. For example, asymptotic homogenization in
composite materials whose properties have a rapid and periodic
variation are constructed from numerical solutions linking local
analytical solutions at the microscale to conditions applied at the
macroscale (Hassan et al. 2009). Semianalytic methods are also used
in adhesive bonding—for example, to derive a numerical method in
an application where two elastic layers are separated by a thin
adhesive layer (Klarbring and Movchan 1998).

Difficulties in numerical modeling and the specific nature of their
analyses has led to a continuing development and study of simplified
mathematical models dedicated to modeling more generic features,
and this approach complements numerical studies. As was pointed
out in Shahin et al. (2008), mathematical models of adhesives may
be classed into those where an entire joint and adhesive are used to
find bending moments and shear forces at the ends of single-lap
joints and a second group where the shear and peel stresses are
examined only within the joint overlap zone. The latter group may
again be subdivided into those where peel and shear stresses are
decoupled and the joint is balanced and fully coupled models where
the joint is unbalanced.

Purely analytical studies normally follow one of two tacks: an
exact solution is found, or a special approximation is made [a full
review is given in Li (2000)]. For example, an ad hoc approximation
to the solution of a seventh-order unbalanced lap joint model
neglecting shear deformation was first considered in Shahin et al.
(2008); a full literature review is also available there). A few studies
have utilized organized asymptotic methods, and these include, for
example, Gilibert and Rigolot (1988), where the asymptotics of
double lap joints was considered, and Banks-Sills and Salganik
(1994), who modeled the asymptotics of adhesive cracks. The
central difficulty with full analytic solutions is their “overwhelming
complexity” (Shahin et al. 2008), which obscures how solutions
functionally depend on their parameter sets, and methods specific to
applications, which tend to be difficult to generalize and/or easily
relate to each other, dominate the literature.

The goal of this study is to build a matched asymptotic expansion
for unbalanced single-lap joints for the model presented in Shahin
et al. (2008). The mathematical model includes coupled peel and
shear stresses in an unbalanced joint where shear deformations are
neglected.An overlap constraint is foundwhose satisfaction requires
that the joint parameters lead to a small, positive parameter ɛ.
Furthermore, the existence of ɛ� 1 guarantees (1) that a uniformly
accurate approximation to shear and peel stresses in root powers of e
to arbitrary accuracy can be found, depending upon on our needs; (2)
the existence of a single boundary layer at either endof the adhesive
whose width is equal to the order of ɛ1=2; and (3) that the shear
deformations can be neglected.
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Adhesive Equations

Dimensional Form

The shear stresswithin the adhesive layer shown in Fig. 1 is assumed
to satisfy

d7t
dx7

2a1
d5t
dx5

þ h1
d3t
dx3

2 ðh1a1 þ h2a2Þ dtdx ¼ 0 (1)

subject to the seven conditions

ðc

2c

tðxÞ dx ¼ 2P (2)

dt
dx

���
Hc

¼ A1,2 (3)

d5tðxÞ
dx5

����
Hc

2a1
d3tðxÞ
dx3

����
Hc

¼ HB1,2 (4)

d6tðxÞ
dx6

����
Hc

2a1
d4tðxÞ
dx4

����
Hc

2a2h2tðxÞjHc ¼ HB3,4 (5)

whereHB1,2 means2B1 at x5 21, 1B2 at x5 11 and similarly
forHB3,4, and the sign of a2 used here is minus the same parameter
as in Shahin et al. (2008). The first condition is a so-called load
condition. and the remaining six conditions are split between, and
applied at, the endpoints x5 6 1.

To be clear, the main features of this model are discussed; note
that full details of the analytical model are given in Shahin et al.
(2008). Stresses within the adhesive layer are considered here for
a single-lap joint model, depicted in Fig. 1. The lap joint defor-
mations are assumed to be small enough to allow a reduction to the
consideration of axially varying adhesive stress within the adhesive
layer. This assumption is verified in Shahin et al. (2008), where the
effects of geometric nonlinearity are investigated using a finite el-
ementmodel of the lap joint that includes the adherends and adhesive
layer. The joint parametersa1,a2, h1, and h2 in Eq. (1) depend upon
the physical properties of the upper and lower adherends and ad-
hesive layers (see Fig. 1 and Table 1) and the extensional, coupling,
andflexural stiffnesses of the adherends computed, as in Shahin et al.
2008), from the adherend physical properties.

In the analytical model, the adhesive stresses are found only
within the adhesive layer—that is, the analytical model extends only
over the range2c# x# c in Fig. 1. Seven boundary conditions are
therefore specified for the range2c# x# c, with six applied at the
ends of the adhesive and one distributed over the adhesive. The first
boundary condition ensures equilibrium of forces in the shear stress
plane. The second and third conditions relate the shear stress gradient
at the two boundaries to the two constants A1,2 that represent the
difference in the axial strains between the adherends. In the fourth
and fifth boundary conditions, the terms B1,2 represent the influence
of curvature of the adherends on the adhesive peel stress gradient.
Finally, the sixth and seventh conditions represent the effects of
the end shear forces on the adhesive peel stress represented in the
constants B3,4.

The accuracy of the analytical model hinges on the ability to
specify the edge forces and bendingmoments at the adhesive ends as
represented in the constants A1,2, B1,2, and B3,4, and their compu-
tation is in Shahin et al. (2008). Furthermore, a large literature
devoted to this topic on single-lap joints and developments for other
configurations can be found in Li (2000).

Dimensionless Form

The adhesive length is scaled with respect to the half-length c using
the dimensionless length variable X5 x=c, while the shear stress
tðxÞ is rescaled in terms of the force per unit length P applied to the
adhesive as Y5 t=ðP=cÞ, yielding

d7YðXÞ
dX7 2a1c

2 d
5YðXÞ
dX5 þ h1c

4 d
3YðXÞ
dX3

2 ðh1a1 þ h2a2Þc6 dYðXÞdX
¼ 0 (6)

subject to the seven conditions

ð1

21

YðXÞ dX ¼ 21 (7)

dY
dX

���
H1

¼ c2A1,2

P
(8)

d5YðXÞ
dX5

����
H1

2a1c
2 d

3YðXÞ
dX3

����
H1

¼ Hc6B1,2

P
(9)

Fig. 1. The adhesive layer, upper adherend, and lower adherend are depicted for a single-lap joint
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d6YðXÞ
dX6

����
H1

2a1c
2 d

4YðXÞ
dX4

����
H1

2a2h2c
6YðXÞ��

H1 ¼
Hc7B3,4

P
(10)

Matched Asymptotic Expansion

Thematched asymptotic expansion proceeds by first constructing an
outer solution, valid away from the endpoints, that depends on the
outer variable X. This is followed by two boundary layer or inner
solutions valid near each endpoint. Because six conditions are
applied at the endpoints and the integral load condition requires
a solution that is valid over the entire domain, none of the seven
conditions can be applied to the outer solution. Hence, the outer
solution is constructed from an asymptotic expansion of the dif-
ferential equation and satisfies no conditions. The endpoint con-
ditions are all referred to their respective boundary layer solutions,
and the load condition is finally satisfied after the construction of
a uniformly valid composite solution from the formal union (Van
Dyke 1975) of the set of outer and boundary layer solutions.

To begin, note that substituting the dimensional parameters in
Table 1 to the model in Eq. (6) indicates that the magnitude of the
coefficients of the third, fifth, and seventh derivatives scale, re-
spectively, asOð102Þ, Oð104Þ, andOð106Þ,whereOmeans “the order
of”. This suggests that these three quantities can be defined in the form

a1c2 ¼ M1

ɛ

h1c
4 ¼ M2

ɛ2

ðh1a1 þ h2a2Þc6 ¼ M3

ɛ3

(11)

where choosingɛ5 0:01 yields the order-one constantsM1 5 0:536,
M2 5 4:00, andM3 5 2:29. It is shown here that the power law

relationship defined in Eq. (11), for the parameter choices in Table 1,
leads to a boundary layer of width Oðɛ1=2Þ5Oð0:1Þ, wherein the
shear and peel stresses are strongly coupled with a balanced sen-
sitivity to all parameters in Eq. (6). Eq. (11) will be referred to as the
overlap constraint.

Substituting to Eq. (6) and dividing by the largest parameter

dYðXÞ
dX

2
ɛM2

M3

d3YðXÞ
dX3 þ ɛ2M1

M3

d5YðXÞ
dX5 2 ɛ3

M3

d7YðXÞ
dX7 ¼ 0 (12)

Outer Solution

The outer solution is a regular perturbation expansion, and the form
of Eq. (12) suggests that the expansion is in integer powers of ɛ.
However, further analysiswill show that in fact the series proceeds in
root powers, and although this could be discovered later upon
satisfaction of the dimensionless load condition, it is convenient to
use this form now

YðXÞ ¼ Y0ðXÞ þ ɛ1=2Y1ðXÞ þ ɛY2ðXÞ þ⋯ (13)

Substitution of the first two terms of Eq. (13) to Eq. (12) with the
assumption that all of the derivative terms are order one yields the
OðɛÞ expansion

YðXÞ ¼ G0 þ ɛ1=2G1 þ OðɛÞ (14)

where G0 and G1 are constants to satisfy dY0ðXÞ=dX5 dY1ðXÞ
=dX5 0.

The dominance of the constant approximation to the outer solu-
tionYðXÞ has occurred because the higher derivatives are increasingly
smaller away from the boundaries X5 61. A consequence is that
the constant approximation cannot satisfy the conditions nearX5 61
and is invalid there. Within the immediate vicinity of X5 61, the
solution is rapidly varying away from the constant approximation
to satisfy the conditions. The solution near the boundaries, X5 61,
is split into two boundary layer or inner solutions valid near each
instance of X5 61.

Inner Solutions

Near each of the boundaries X5 61, respectively, is defined an
order-one, or stretched variable ð1HXÞ=aðɛÞ that is order onewithin
O½aðɛÞ�� 1 of X5 61.

Inner Differential Equations
The right inner solution VRðZRÞ valid near X5 1 has the inner
variable ZR 5 ð12XÞ=aðɛÞ, and the subscript R refers to right. Note
that the outer dependent variable Y in Eq. (6) has been renamed VR

for clarity in delineating the outer and inner solutions.
Rewriting Eq. (12) in terms of ZR, and multiplying by M3=ɛ3,

d7VRðZRÞ
dZ7

R

2M1
a2ðɛÞ
ɛ

d5VRðZRÞ
dZ5

R

þM2
a4ðɛÞ
ɛ2

d3VRðZRÞ
dZ3

R

2M3
a6ðɛÞ
ɛ3

dVRðZRÞ
dZR

¼ 0 (15)

For order-oneM1, M2, andM3, it is possible to choose aðɛÞ in such
a way that all terms in Eq. (15) are of equal order—that is, balanced,
and this occurs when aðɛÞ5 ðɛ1=2Þ5 0:1

Table 1. Physical Parameters and Computed Dimensional Parameter
Values, after Shahin et al. (2008) for Fig. 2

Physical parameter Value

Eu 70,000 MPa
El 130,000 MPa
Ga 385 MPa
hu 5 mm
hl 5 mm
ha 0.3 mm
Lu 100 mm
Ll 100 mm
c 50 mm
P 500 N=mm

Computed parameter Value

a1 2:14 × 1022 1=mm2

a2 1:85 × 1023 1=mm3

h1 6:4 × 1023 1=mm4

h2 5:09 × 1023 1=mm3

A1 4:09 N=mm3

A2 22:36 N=mm3

B1 4:66 × 1023 N=mm7

B2 22:81 × 1022 N=mm7

B3 1:18 × 1025 N=mm8

B4 5:43 × 1025 N=mm8

Note: Eu and El are the elastic moduli of the upper and lower adherends,
respectively, and Ga is the adhesive shear modulus. The computed param-
eters are referred to within the text.
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d7VRðZRÞ
dZ7

R

2M1
d5VRðZRÞ

dZ5
R

þM2
d3VRðZRÞ

dZ3
R

2M3
dVRðZRÞ
dZR

¼ 0 (16)

The order-one uniformity in the magnitude of M1, M2, and M3 is
a generic feature of the strong coupling between the peel and shear
stresses within Oðɛ1=2Þ5Oð0:1Þ of the boundaries X5 61. Note
also that if order-one Mi, i5 1, 2, 3 are not available, then the full
balancing in Eqs. (15) and (16) cannot occur, and nested boundary
layers (Kevorkian and Cole 1975) may result, with undesirable
variation in stress gradients.

Proceeding similarly near X5 21, the left inner vari-
able is ZL 5 ð11XÞ=ðɛ1=2Þ, and the left inner solution VLðZLÞ
satisfies

d7VLðZLÞ
dZ7

L

2M1
d5VLðZLÞ

dZ5
L

þM2
d3VLðZLÞ

dZ3
L

2M3
dVLðZLÞ
dZL

¼ 0 (17)

Inner Conditions
There are seven conditions that must be satisfied by the asymptotic
expansion. The six boundary conditions are split between VRðZRÞ at
X5 1 and VLðZLÞ at X5 21. The seventh condition is a distributed
load condition to be satisfied by a composite solution that is uni-
formly valid over the entire range of X. The composite solution will
be built from a union of the outer and inner solutions after they are
found.

The three conditions in Eqs. (8) to (10) applied at X5 1 are
written in terms of the inner independent variable ZR 5 ð12XÞ
=aðɛÞ, and recall that the outer variable Y in Eq. (6) is renamedVR for
clarity,

dVRðZRÞ
dZR

����
ZR¼0

¼ 2
aðɛÞc2A2

P

d5VRðZRÞ
dZ5

R

�����
ZR¼0

2 a2ðɛÞa1c
2 d

3VRðZRÞ
dZ3

R

����
ZR¼0

¼ 2
a5ðɛÞc6B2

P

d6VRðZRÞ
dZ6

R

����
ZR¼0

2 a2ðɛÞa1c
2 d

4VRðZRÞ
dX4

����
ZR¼0

2 a6ðɛÞa2c
6h2VRðZRÞ

��
ZR¼0 ¼

a6ðɛÞc7B4

P
(18)

The order-one parameters associated with the right-hand side of
Eq. (18) are defined as

~A2 ¼ aðɛÞc2A2

P

~B2 ¼ a5ðɛÞc6B2

P

~B4 ¼ a6ðɛÞc7B4

P

(19)

and then

dVRðZRÞ
dZR

����
ZR¼0

¼ 2~A2

d5VRðZRÞ
dZ5

R

�����
ZR¼0

2M1
d3VRðZRÞ

dZ3
R

����
ZR¼0

¼ 2~B2

d6VRðZRÞ
dZ6

R

����
ZR¼0

2M1
d4VRðZRÞ

dZ4
R

����
ZR¼0

2M4VRðZRÞjZR¼0 ¼ ~B4

(20)

where the left-hand side has M4 5 a6ðɛÞc6a2h2. Substituting from
Table 1 and noting that aðɛÞ5 ɛ1=2 5 0:1, we have ~A2 5 21:118,
~B2 5 20:879, ~B4 5 0:0848, and M4 5 0:147.

The three conditions applied at X5 21 and satisfied by
VLðZL 5 0Þ are treated similarly and so the order-one parameters are
defined as

~A1 ¼ aðɛÞc2A1

P

~B1 ¼ a5ðɛÞc6B1

P

~B3 ¼ a6ðɛÞc7B3

P

(21)

which gives the conditions applied to VLðZL 5 0Þ as
dVLðZLÞ
dZL

����
ZL¼0

¼ 2 ~A1

d5VLðZLÞ
dZ5

L

�����
ZL¼0

2M1
d3VLðZLÞ

dZ3
L

����
ZL¼0

¼ 2 ~B1

d6VLðZLÞ
dZ6

L

����
ZL¼0

2M1
d4VLðZLÞ

dZ4
L

����
ZL¼0

2M4VLðZLÞjZL¼0 ¼ ~B3

(22)

Again, substituting from Table 1 and noting that aðɛÞ5 ɛ1=2 5 0:1
we have ~A1 5 2:05, ~B1 5 1:46, and ~B3 5 0:184, and M4 5 0:147 is
unchanged from before.

Determining Inner Solutions
The inner expansions of VRðZRÞ and VLðZLÞ take the same form as
the outer expansion in Eq. (13)

VRðZRÞ ¼ V0RðZRÞ þ ɛ1=2V1RðZRÞ þ OðeÞ (23)

and similarly for VLðZLÞ.
The differential equation satisfied by the inner solutions is ho-

mogeneous, and because the same form is satisfied by all compo-
nents ViðZRÞ, i5 1, 2, 3, . . . , we have ViðZRÞ5 expðlZRÞ.
Substituting to Eq. (16) and setting L5 l2 and removing the root
l5 0, the inner solution characteristic equation is

L32M1L
2 þM2L2M3 ¼ 0 (24)

This third-order polynomial has a known closed solution, and for the
parametersMi, i5 1, 2, 3 considered here, we find thatL1 5 0:5698,
while the remaining roots are L2,3 5 20:01706 2:005i. Referring
to l5L1=2, and keeping roots with minus real part, we find that
l1 5 20:7549 and l2,3 5 21:006 1:01i, recalling that l0 5 0. The
three remaining roots with positive real part are exponentially large
for large ZR andZL andmust be discarded, as shown later, leaving the
inner solution dependent upon four roots.
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The inner solutions V0RðZRÞ and V0LðZLÞ each have four free
constants that are, respectively, determined by substitution to
Eqs. (20) and (22). These solutions are greatly simplified by noting
that the complex conjugate eigenvalues and the appearance of only
odd or even derivatives within each condition lead to

VRðZRÞ�V0RðZRÞ þ
ffiffiffi
ɛ

p
V1RðZRÞ

¼ C0R þ C1Re
l1ZR þ C2Re

l2ZR þ C�
2Re

l�
2ZR

þ ffiffiffi
e

p �
D0R þ D1Re

l1ZR þ D2Re
l2ZR þ D�

2Re
l�
2ZR

�
(25)

where the superscript starred notation denotes the complex conju-
gate. A similar form is satisfied by VLðZLÞ.

Matching

The outer solution YðXÞ is functionally matched with the inner
solutions VRðZRÞ and VLðZLÞ in a region of overlapping validity
following the approach in Van Dyke (1975). Briefly, the procedure
has two steps: (1) outer and inner solutions are written in com-
plementary variables and the limit ɛ→ 0 is taken; and (2) either the
outer or inner solution is returned to its original variable and the
limiting results are equated.

To be clear, the sequential nature of the matching is shown by
firstmatchingYðXÞ�G0 withVRðZRÞ in (25).Writing YðXÞ in terms
of the inner variable ZR yields YðZRÞ�G0, and proceeding similarly
for the inner solution,

VRðXÞ�V0RðZRÞ ¼ C0R þ C1Re
l1ð12XÞ= ffiffi

ɛ
p

þ C2Re
l2ð12XÞ= ffiffi

ɛ
p

þ C�
2Re

l�
2ð12XÞ= ffiffi

ɛ
p

(26)

In the limit ɛ→ 0, VRðXÞ�C0R, and the exponentially small terms
have been dropped. At this stage, it is clear that if the eigenvalues
with positive real part had been retained earlier, then they would
have been exponentially large outside the boundary layer, and in the
matching process, they would have been removed by zeroing their
coefficients.

Returning either YðZRÞ or VRðXÞ to their original variables and
equating gives C0R 5G0; note that we are choosing, for clarity, to
work with the outer solution constants. Next, an analogous match of
the inner solution VLðZLÞ with YðXÞ leads to C0L 5G0, and thus the
asymptotic solution to Oðɛ1=2Þ is

VLðZLÞ�V0LðZLÞ ¼ G0 þ C1Le
l1ZL þ C2Le

l2ZL þ C�
2Le

l�
2ZL (27)

YðXÞ�Y0ðXÞ ¼ G0 (28)

VRðZRÞ�V0RðZRÞ ¼ G0 þ C1Re
l1ZR þ C2Re

l2ZR þ C�
2Re

l�
2ZR

(29)

The constant G0 will be determined from the distributed load
condition [Eq. (7)] after a composite solution is constructed.

Composite Solution and Load Condition
The dimensionless load condition in Eq. (7) remains to be satisfied.
A uniformly valid composite solution YðcÞðXÞ —that is, valid over
21#X# 1 to uniform accuracy, is used to satisfy the distributed
load condition in Eq. (7) and thus determine the free constant G0.

Y ðcÞðXÞ is formally defined as the union (Van Dyke 1975) of
VLðZLÞ, YðXÞ, and VRðZRÞ. The outer and inner solutions are as-
sumed to intersect in the two boundary layer regions of overlapping

validity where they were functionally matched. In this case, the
intersection is just G0 in each boundary layer, for a total of 2G0,
giving YðcÞðXÞ5 Y0ðXÞ1V0LðZLÞ1V0RðZRÞ2 2G0 and

YðcÞðXÞ�G0 þ C1Le
l1ZL þ C2Le

l2ZL þ C�
2Le

l�
2ZL þ C1Re

l1ZR

þ C2Re
l2ZR þ C�

2Re
l�
2ZR þ O

� ffiffiffi
ɛ

p �
(30)

where ZL 5 ð11XÞ=ðɛ1=2Þ and ZR 5 ð12XÞ=ðɛ1=2Þ.
Note that the six constants, each determined from the solution of

a linear system of three equations, that multiply the exponentially
small terms are dependent on G0 —that is, G0 sits in the third
condition [Eqs. (20) and (22)] as part ofVRðZR 5 0Þ andVLðZL 5 0Þ.
Each set of three constants in VRðZRÞ and VLðZLÞ may be, re-
spectively, determined fromEqs. (20) and (22) after the discovery of
G0.

To find G0, the composite solution in Eq. (30) is substituted to
Eq. (7), and after integrating, simplifying, and working to algebraic
accuracy,

2G0 ¼ 2 1þ 2
ffiffiffi
ɛ

p
ℜ

�
C1L þ C1R

l1
þ C2L þ C2R

l2
þ C3L þ C3R

l3

�

(31)

Equating order-one coefficients clearly gives G0 5 2 1=2.
Now thatG0 5 2 1=2 is known, we can independently solve for

the three constants in each of the inner solutions VLðZLÞ and VRðZRÞ
by substituting from Eqs. (29) to (20) and Eqs. (27) to (22).

Going to Higher Order
This approach to the construction and matching of the outer and
inner solutions has followed a sequence where G0 of the outer so-
lution is found from the load condition, after which the two sets of
three constants in the inner approximations V0LðZLÞ and V0RðZRÞ are
independently determined.

This procedure is continued to next order—that is, Oðɛ1=2Þ, and
note that the result will be OðɛÞ because that is the size of the
correction term. Recall that V1RðZRÞ and V1LðZLÞ of the inner ex-
pansion in Eq. (23) satisfy the same differential Eq. (17) and
therefore have the same form as V0RðZRÞ and V0LðZLÞ.

Proceeding as before, we find that G1 is the one-half the co-
efficient of ɛ1=2 on the right-hand side of Eq. (31). Furthermore, the
two sets of three unknown constants DiR, DiL in V1RðZRÞ, and
V1LðZLÞ satisfy their respective conditions in Eqs. (20) and (22).
Substitution of the inner expansion [Eq. (23)] to the conditions and
equating coefficients of ɛ1=2 yields the conditions applied to
V1RðZ5 0Þ

dV1RðZRÞ
dZR

����
ZR¼0

¼ 0

d5V1RðZRÞ
dZ5

R

�����
ZR¼0

2M1
d3V1RðZRÞ

dZ3
R

����
ZR¼0

¼ 0

d6V1RðZRÞ
dZ6

R

����
ZR¼0

2M1
d4V1RðZRÞ

dZ4
R

����
ZR¼0

¼ M4G1

(32)

while an identical form is applied to V1LðZL 5 0Þ with R replaced by
L. The symmetry of the boundary conditions beyond the zeroth term
means that higher order corrections to the inner solution are entirely
symmetric and the constants DiR are equal to DiL.
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Discussion

The composite asymptotic expansion found here is presented in
Figs. 2 and 3 for parameters, respectively, from Tables 1 and 2. In
both figures, a comparison is made between a standard finite dif-
ference solution of the dimensionless shear stress equations for two
cases: (1) the one-termOðɛ1=2Þ approximation; and (2) the two-term
OðɛÞ approximation. The lower accuracy Oðɛ1=2Þ seen in the one-
term approximations is as expected from the expansion, and the
two-term expansions are of uniformly higher accuracy.

The shear stress boundary layer width is qualitatively equal to
Oðɛ1=2Þ 5 O½ð0:01Þ1=2� 5 Oð0:1Þ in Fig. 2 and Oðɛ1=2Þ 5 O
½ð0:001Þ1=2�5Oð0:03Þ in Fig. 3 as predicted from the asymptotics.
Note also that in Fig. 3, the two-term matched asymptotic expan-
sion is able to represent the rapid variation of the dimensionless shear
stess just inside the x5 2 1 end and to capture both its peak and
location.

Satisfaction of the overlap constraint [Eq. (11)] for ɛ� 1 is
consistent with order-oneM1,M2 andM3 and a full balancing of all
terms within the boundary layer. For the two parameter sets, ɛ� 1
does exist, and therefore there is sufficient overlap within the joint
for a single boundary layer to exist at either end. If ɛ� 1 does not
exist, then the full balancing in Eqs. (15) and (16) cannot occur, and
a single boundary layer would possibly give way to multiple, nested
boundary layers (Kevorkian and Cole 1975) depending upon the
choice of parameters. Stated another way, nested boundary layers
may occur for parameter sets that lead to different orders of mag-
nitude forM1,M2 andM3 in the overlap constraint [Eq. (11)]. Such

nested layers are likely to show undesirable variations in stress
gradients in the adhesive joint. Satisfaction of this constraint and the
resulting full balancing justifies neglecting shear deformations—
that is, finite element numerical approximations including shear
deformations were found in Shahin et al. (2008) to provide quali-
tative agreement with the mathematical model neglecting shear
when full balancing occurred. The overlap constraint is also useful
for design because it predicts parameter sets that lead to the existence
of boundary layers that are not nested at either adhesive edge along
with the width of the boundary layers, all without access to the
solutions.

Conclusions

A matched asymptotic expansion analysis was used to express the
dependence of the dimensionless shear stress boundary layer
thickness on adhesive properties in unbalanced single-lap joints.
Comparison with numerical solutions demonstrated that the two-
term asymptotic expansions give uniformly and highly accurate
results while the boundary layer width qualitatively is Oðɛ1=2Þ, as
predicted. Adhesive edge boundary layers bounding an outer zone
wherein the stresses are slowly varying were shown to exist if
a small parameter ɛ� 1 could be found that satisfies an overlap
constraint consisting of three equations. Satisfaction of the overlap
constraint implies there is sufficient joint overlap and justifies
neglecting shear deformations. The analytic results were presented
in a generic format to allow the application of this method to similar

Fig. 2 . A standard finite difference numerical approximation to the dimensionless shear stress is shown as a solid line; the one-term asymptotic
expansion YðcÞ from Eq. (30) is shown as a dashed line and is uniformly accurate to Oðɛ1=2Þ5Oð0:1Þ, as predicted.; the two-term OðɛÞ5Oð0:01Þ
approximation, developed in the text and that includes the Oðɛ1=2Þ term in Eq. (30) (dashed-dotted line), is nearly superimposed by the numerical
solution (solid line); the boundary layer width Oðɛ1=2Þ5Oð0:1Þ, predicted by the asymptotic solution, is the region of steep shear stress gradient; the
existence of a single boundary layer is guaranteed by the existence of order-one constants M1 5 0:536, M2 5 4:00, and M3 5 2:29 that satisfy the
overlap constraint [Eq. (11)]
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problems such as the model in Yuceoglu and Updike (1980), which
includes the effects of shear deformations but was limited to a nu-
merical study because of its complexity. Application of the method
presented could be used to directly examine how shear deformations
contribute to the boundary layer zone features.
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