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Abstract

In this paper, we study the fractional non-isothermal reaction–diffusion model equations

in a spherical catalyst. The modified fractional power series method (MFPS) is employed

to compute an approximation to the solution of this problem. The validity of the MFPS is

ascertained by computing the solutions as α approaches to 1 and comparing our results with

other methods in the literature when α = 1. The numerical results show the efficiency of our

method. The existences of the solution is proved. In addition, the convergent of the proposed

method is investigated. The influences of the main parameters in the model on the solution

are discussed.

Keywords Fractional non-isothermal reaction–diffusion model equations in a spherical

catalyst · Nonlinear boundary value problem · Modified fractional power series method
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Introduction

The Lane–Emden equation has the form

u′′ +
k

x
u′(x) + f (u(x)) = 0, k > 0. (1)
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The singular behavior at x = 0 gives the main difficulty for solving this class of problems.

Several numerical techniques used to solve this type of problems, see [1–3]. Many industrial

reactors involve heterogeneous kinetics of packed catalytic pellets. The dimensionless con-

centration of chemical species within a spherical catalyst is modeled mathematically in the

form

u′′(x) +
2

x
u′(x) − φ2u(x) exp

(

γβ(1 − u(x)

1 + β(1 − u(x))

)

= 0 (2)

subject to

u′(0) = 0, u(1) = 1 (3)

where

x =
r

R
, u =

CA

CAs

, γ =
E

RgTs

, (4)

β =
(−�H)DCAs

K Ts

, φ2 =
Kre f R2

D
, η =

3

φ2

du

dx
(1), (5)

where φ, α. and β are constants [4–6]. Several researchers used different numerical tech-

niques to solve this problem such as variational iteration method [7], Adomian decomposition

method [8], and modified decomposition method [9–15]. In this paper, we study the gener-

alized problem in the fractional form [14–22]

D2αu(x) +
2

xα
Dαu(x) − φ2u(x) exp

(

γβ(1 − u(x)

1 + β(1 − u(x))

)

= 0,
1

2
< α ≤ 1, (6)

subject to

Dαu(0) = 0, u(1) = 1. (7)

The derivative in Eqs. (1–2) is in the Caputo derivative sense. We write the definition and

some preliminary results of the Caputo fractional derivatives, as well as, the definition of the

fractional power series and one of its properties.

Definition 1 For ξ > 0, r − 1 < ξ < r , r is an integer, v > 0, the Caputo fractional

derivative is defined by

Dξ q(v) =

{

1
Ŵ(r−ξ)

∫ t

0 (v − w)r−1−ξ q(r)(w)ds, ξ > 0,

q(v), ξ = 0,
(8)

where Ŵ is the well-known Gamma function.

The Caputo fractional derivative satisfies the following properties for α > 0, see [12].

1. Dαc = 0, where c is constant,

2. Dαvγ =

{

0, γ < α, γ ∈ {0, 1, 2, . . .}
Ŵ(γ+1)

Ŵ(γ−α+1)
vγ−α, otherwise

}

.

Next, we write the definition and one of the properties of the fractional power series which

are used in this paper. More details can be found in [13].

Definition 2 A series

∞
∑

s=0

bm(v − v0)
sr = v0 + v1(v − v0)

r + b2(v − v0)
2r + · · · (9)

is called fractional power series FPS about v = v0.
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Suppose that g has a FPS representation at v = v0 of the form

g(v) =

∞
∑

s=0

bs(v − v0)
sr , v0 ≤ v < v0 + β. (10)

If Dsr g(v), s = 0, 1, 2, . . . are continuous on R, then bs =
Dsr g(v0)
Ŵ(1+sr)

.

MFPSMethod for Solving the Fractional Non-isothermal
Reaction–DiffusionModel Equations in a Spherical Catalyst

Consider the following problem

D2αu(x) +
2

xα
Dαu(x) − φ2u(x) exp

(

γβ(1 − u(x)

1 + β(1 − u(x))

)

= 0,
1

2
< α ≤ 1, (11)

subject to

Dαu(0) = 0, u(1) = 1. (12)

Expand g(u) =
(

γβ(1−u(x)
1+β(1−u(x))

)

by

g(u) = c0 + c1u(x) + c2u2(x) + ©(u3) (13)

where c0 = e
βγ

1+β , c1 = −
βγ e

βγ
1+β

(1+β)2 , and c2 = −
β2γ (2+2β−γ )e

βγ
1+β

2(1+β)4 . The MFPS method

proposes the solution of the problem in the form of fractional power series as

u(x) =

∞
∑

n=0

fn

xnα

Ŵ(1 + nα)
. (14)

To obtain the approximate values of the above series (14), we consider its n-th truncated

series un(x) which has the form

un(x) =

n
∑

k=0

fk

xkα

Ŵ(1 + kα)
. (15)

Since u(0) = f0 = A and Dαu(0) = f1 = 0, we rewrite Eq. (15) as

un(x) = A +

n
∑

k=2

fk

xkα

Ŵ(1 + kα)
, n = 2, 3, . . . (16)

where u1(x) = f0 + f1
xα

Ŵ(1+α)
= A is considered to be the 1st RPS approximate solution of

u(x). To find the values of the RPS-coefficients fn, n = 2, 3, 4, . . ., we solve the fractional

differential equation

D(n−2)α Resn(0) = 0, n = 2, 3, 4, . . . (17)

where Resn(x) is the n-th residual function and it is defined by

Resn(x) = D2αun(x) +
2

xα
Dαun(x) − φ2un(x)

(

c0 + c1un(x) + c2u2
n(x)

)

. (18)
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To find fn, for n ≥ 2, we consider its n-th truncated series un(x) of the form

un(x) =

n
∑

k=0

fk

xkα

Ŵ(1 + kα)
. (19)

Substitute un(x) into Resn(x) to get

Resn(x) = D2α

(

n
∑

k=0

fk

xkα

Ŵ(1 + kα)

)

+
2

xα
Dα

(

n
∑

k=0

fk

xkα

Ŵ(1 + kα)

)

−φ2

(

n
∑

k=0

fk

xkα

Ŵ(1 + kα)

)

⎛

⎝c0 + c1

(

n
∑

k=0

fk

xkα

Ŵ(1 + kα)

)

+ c2

(

n
∑

k=0

fk

xkα

Ŵ(1 + kα)

)2
⎞

⎠

or

Resn(x) =

(

n
∑

k=2

fk

x (k−2)α

Ŵ(1 + (k − 2)α)

)

+ 2

(

n
∑

k=2

fk

x (k−2)α

Ŵ(1 + (k − 1)α)

)

−φ2

(

n
∑

k=0

fk

xkα

Ŵ(1 + kα)

)

⎛

⎝c0 + c1

(

n
∑

k=0

fk

xkα

Ŵ(1 + kα)

)

+ c2

(

n
∑

k=0

fk

xkα

Ŵ(1 + kα)

)2
⎞

⎠ .

Then, set D(n−2)α Resn(0) = 0 to get

0 = fn + 2 fn

Ŵ(1 + (n − 2)α)

Ŵ(1 + (n − 1)α)
− φ2 c0 fn−2

−φ2 c1Ŵ(1 + (n − 2)α)

n−2
∑

k=0

fk fn−2−k

Ŵ(1 + kα)Ŵ(1 + (n − 2 − k)α)

−φ2 c2 D(n−2)α

(

n
∑

k=0

fk

xkα

Ŵ(1 + kα)

)3

�x=0

.

It is worth mention that D(n−2)α
(

∑n
k=0 fk

xkα

Ŵ(1+kα)

)3

�x=0

is a function of f0, f1, . . . , fn−2.

For simplicity, we assume that

D(n−2)α

(

n
∑

k=0

fk

xkα

Ŵ(1 + kα)

)3

�x=0

= h( f0, f1, . . . , fn−2). (20)
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Thus,

fn =

Ŵ(1 + (n − 1)α)

(

φ2 c0 fn−2 + φ2 c1Ŵ(1 + (n − 2)α)
∑n−2

k=0
fk fn−2−k

Ŵ(1+kα)Ŵ(1+(n−2−k)α)

+φ2 c2h( f0, f1, . . . , fn−2)

)

Ŵ(1 + (n − 1)α) + 2Ŵ(1 + (n − 2)α)

(21)

for n ≥ 2.

In the next theorem, we study the convergence of the series (7) to the solution of problem

(4)–(5).

Theorem 2.1 Let u(x) =
∑∞

n=0 fn
xnα

Ŵ(1+nα)
and 1

2
< α ≤ 1. Then, the sequence {uk(x)}

converges to the solution of problem (4)–(5).

Proof First, we want to prove that
∑∞

n=2 fn
x (n−2)α

Ŵ(1+(n−2)α)
converges to D2αu(x) when 0 <

x < 1. For any 1 > x > 0,

D2αu(x) =
1

Ŵ(2 − 2α)

∫ x

0

(x − s)1−2αu′′(s)ds

=
1

Ŵ(2 − 2α)

∫ x

0

(x − s)1−2α

(

∞
∑

n=0

fn

snα

Ŵ(1 + nα)

)′′

ds

=

∞
∑

n=0

fn

Ŵ(1 + nα)

1

Ŵ(2 − 2α)

∫ x

0

(x − s)1−2α
(

snα
)′′

ds

=

∞
∑

n=0

fn

Ŵ(1 + nα)
D2α(xnα) =

∞
∑

n=2

fn

Ŵ(1 + (n − 2)α)
x (n−2)α.

Thus,
∑∞

n=2 fn
x (n−2)α

Ŵ(1+(n−2)α)
converges to D2αu(x) when 1 > x > 0. Similarly, one can show

that
∑∞

n=1 fn
x (n−1)α

Ŵ(1+(n−1)α)
converges to Dαu(x) when 0 < x < 1. Next, we want to prove

the sequence {uk(x)} converges to the solution of problem (4)–(5). Let

∞
∑

n=0

ξn xnα =

(

∞
∑

k=2

fk

x (k−2)α

Ŵ(1 + (k − 2)α)

)

+ 2

(

∞
∑

k=2

fk

x (k−2)α

Ŵ(1 + (k − 1)α)

)

−φ2

(

∞
∑

k=0

fk

xkα

Ŵ(1 + kα)

)

⎛

⎝c0 + c1

(

∞
∑

k=0

fk

xkα

Ŵ(1 + kα)

)

+ c2

(

∞
∑

k=0

fk

xkα

Ŵ(1 + kα)

)2
⎞

⎠ .

Since D2αu(x) =
∑∞

n=2 fn
x (n−2)α

Ŵ(1+(n−2)α)
, Dαu(x) =

∑∞
n=1 fn

x (n−1)α

Ŵ(1+(n−1)α)
, and u(x) =

∑∞
n=0 fn

xnα

Ŵ(1+nα)
, then

∞
∑

n=2

ξn xnα = 0. (22)
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Let

Sk =

∞
∑

n=k

ξn xnα. (23)

Then, the sequence {Sk} converges to zero. We see that

Resk(x) = Sk . (24)

Thus,

lim
k→∞

Resk(x) = lim
k→∞

Sk = 0. (25)

Hence, the sequence {uk(t)} converges to the solution. ⊓⊔

Numerical Results

The exact solution of the fractional non-isothermal reaction–diffusion model equations in a

spherical catalyst of the form

D2αu(x) +
2

xα
Dαu(x) − φ2u(x) exp

(

γβ(1 − u(x)

1 + β(1 − u(x))

)

= 0,
1

2
< α ≤ 1, (26)

subject to

Dαu(0) = 0, u(1) = 1 (27)

is not known. Therefore, the numerical solution has been determined by the proposed

method in the previous section. We compare our results with other results obtained by other

researchers for the case α = 1. In order to be able to compare our results with others, we first

take α = 1. Let φ = 1 and β = 1. We study the influence of the parameter γ on the solution.

For γ = 1
2

and following the same procedure that is described in the previous section, the

first few approximations of the solution are given by

u0(x) = u1(x) = a0,

u2(x) = u3(x) = a0 +
e1/4

768
(128a0 − 16a2

0 − 7a3
0)x2,

u4(x) = u5(x) = a0 +
e1/4

768
(128a0 − 16a2

0 − 7a3
0)x2

+
e1/2

1966080

(

16384a0 − 6144a2
0 − 3072a3

0 + 560a4
0 + 147a5

0

)

,

...

To find a0, we solve the equation uk(1) = 1. For k = 6, the solution of u6(1) = 1 implies

that a0 = 0.8395084016966201 and

u6(x) = 0.839508 + 0.153881x2 + 0.00666358x4 − 0.0000527903x6. (28)

In Table 1, we report the values of a0 and u6(x) for different values of γ.

Figure 1 shows the influence of the parameter γ on the solution of the fractional non-

isothermal reaction–diffusion model equations in a spherical catalyst.
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Table 1 The values of a0 and u6(x) for different values of γ

γ a0 u6(x)

0.5 0.8395084016966201 0.839508 + 0.153881x2 + 0.00666358x4 − 0.0000527903x6

1 0.8291503112149827 0.82915 + 0.165927x2 + 0.00536284x4 − 0.000439684x6

1.5 0.8206637567337322 0.820664 + 0.177593x2 + 0.00277704x4 − 0.00103413x6

0.2 0.4 0.6 0.8 1.0

x

0.85

0.90

0.95

1.00

u6 x

Fig. 1 Graphs of u6(x) for φ = 1, β = 1, α = 1, and γ = 1
2 , 1, 3

2

Table 2 The values of η for

different values of γ
γ η

0.5 1.0022975640854817

1 1.0519989558224643

1.5 1.0802700990962877

Table 3 The values of a0 and u6(x) for different values of γ

γ a0 u6(x)

0.5 0.815341 0.815341 + 0.174743x1.8 + 0.0099654x3.6 − 0.0000497697x5.4

1 0.802374 0.802374 + 0.189372x1.8 + 0.0090584x3.6 − 0.0008046113x5.4

1.5 0.792034 0.792034 + 0.204437x1.8 + 0.0055737x3.6 − 0.0020451675x5.4

Let η = 3
φ2

du
dx

(1). The corresponding values of η for different values of γ are reported in

Table 2.

Next, let α = 0.9, φ = 1, and β = 1. We study the influence of the parameter γ on the

solution. In Table 3, we report the values of a0 and u6(x) for different values of γ.
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0.2 0.4 0.6 0.8 1.0

x

0.80

0.85

0.90

0.95

1.00

u6 x

Fig. 2 Graphs of u6(x) for φ = 1, β = 1, α = 0.9, and γ = 1
2 , 1, 3

2

Table 4 The values of η for

different values of γ
γ η

0.5 1.0504330114206435

1 1.107403897744165

1.5 1.131024682343269

Table 5 The values of a0 and u6(x) for different values of γ

γ a0 u6(x)

0.5 0.787925 0.787925 + 0.195070x1.6 + 0.0165225x3.2 + 0.000482452x4.8

1 0.7738712 0.773872 + 0.212782x1.6 + 0.0146748x3.2 − 0.001328940x4.8

1.5 0.7617318 0.761732 + 0.231647x1.6 + 0.0103673x3.2 − 0.003746613x4.8

Figure 2 shows the influence of the parameter γ on the solution of the fractional non-

isothermal reaction–diffusion model equations for α = 0.9. The corresponding values of η

for different values of γ are reported in Table 4.

Next, let α = 0.8, φ = 1, and β = 1. We study the influence of the parameter γ on

the solution. In Table 5, we report the values of a0 and u6(x) for different values of γ when

α = 0.8.

Figure 3 shows the influence of the parameter γ on the solution of the fractional non-

isothermal reaction–diffusion model equations for α = 0.8. The corresponding values of η

for different values of γ are reported in Table 6.

Next, we want to study the influence of φ on the solution when β = γ = 1. In Table 6,

we report the values of a0, η, and u6(x) for different values of φ and α. Figure 4, 5 and

6 show the influence of the parameter φ on the solution of the fractional non-isothermal

reaction–diffusion model.

Figure 7 shows the influence of the parameter α on the solution of the fractional non-

isothermal reaction–diffusion model for γ = β = 1, φ = 3
2
, and α = 1.0, 0.9, 0.8.
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0.2 0.4 0.6 0.8 1.0

x

0.80

0.85

0.90

0.95

1.00

u6 x

Fig. 3 Graphs of u6(x) for φ = 1, β = 1, α = 0.8, and γ = 1
2 , 1, 3

2

Table 6 The values of η for

different values of γ
γ η

0.5 1.1019001482829287

1 1.1430969178284867

1.5 1.1574827132900705

 = 0.5

 = 1

 = 1.5

0.2 0.4 0.6 0.8 1.0

x

0.6

0.7

0.8

0.9

1.0

u6 x

Fig. 4 Graphs of u6(x) for γ = β = α = 1, and φ = 1
2 , 1, 3

2

Conclusions and Closing Remarks

In this paper, we study the fractional non-isothermal reaction–diffusion model equations in

a spherical catalyst of the form
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 = 0.5

 = 1

 = 1.5

0.2 0.4 0.6 0.8 1.0

x

0.6

0.7

0.8

0.9

1.0

u6 x

Fig. 5 Graphs of u6(x) for γ = β = α = 1, and φ = 1
2 , 1, 3

2

 = 1

 =0.5

 = 1.5

0.2 0.4 0.6 0.8 1.0

x

0.6

0.7

0.8

0.9

1.0

u6 x

Fig. 6 Graphs of u6(x) for γ = β = 1, α = 0.9, and φ = 1
2 , 1, 3

2

D2αu(x) +
2

xα
Dαu(x) − φ2u(x) exp

(

γβ(1 − u(x)

1 + β(1 − u(x))

)

= 0,
1

2
< α ≤ 1, (29)

subject to

Dαu(0) = 0, u(1) = 1. (30)

The modified fractional power series method is employed to compute an approximation

to the solution of this problem. The existence of the solution and the convergence of the

approximate solution are discussed in Theorem 2.1. Our results are compared with already

existing ones for the same problem when α = 1 such as the variational iteration method [7]

, the Adomian decomposition method [14], the homotopy perturbation method [15], and the
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α  = 1.0

α  = 0.9

α  = 0.8

0.2 0.4 0.6 0.8 1.0

x

0.6

0.7

0.8

0.9

1.0

u6 x

Fig. 7 Graphs of u6(x) for γ = β = 1, φ = 3
2 , and α = 1.0, 0.9, 0.8

Table 7 The values of a0,η , and u6(x) for different values of φ where β = γ = 1

α φ η a0 u6(x)

1 0.5 0.268786 0.955426 0.955426 + 0.044340x2 + 0.00024266x4 − 9.376031 × 10−6x6

1 1.051999 0.829150 0.829150 + 0.165927x2 + 0.00536284x4 − 0.000439684015x6

1.5 2.277603 0.648915 0.648915 + 0.320280x2 + 0.03309562x4 − 0.002290094240x6

0.9 0.5 0.281462 0.948241 0.948241 + 0.051377x1.8 + 0.0004015x3.6 − 0.00001900627x5.4

1 1.107404 0.802374 0.802374 + 0.189372x1.8 + 0.0090584x3.6 − 0.00080461130x5.4

1.5 2.439305 0.597453 0.597453 + 0.350804x1.8 + 0.0543079x3.6 − 0.00256567224x5.4

0.8 0.5 0.287654 0.940639 0.940639 + 0.0587568x1.6 + 0.000639852x3.2 − 0.0000362144x4.8

1 1.143097 0.773872 0.773872 + 0.2127824x1.6 + 0.014674809x3.2 − 0.0013289403x4.8

1.5 2.599940 0.541996 0.541996 + 0.3739946x1.6 + 0.084367482x3.2 − 0.0003584310x4.8

modified Adomian decomposition method [11]. From the previous section, we can conclude

the following:

• From Tables 1 and 2, we see that our results agree exceptionally well with the vari-

ational iteration method [7], the Adomian decomposition method [14], the homotopy

perturbation method [15], and the modified Adomian decomposition method [11].

• MFPS method is an excellent tool due to its rapid convergent.

• The dimensionless activation energy has the same influence on both ordinary and frac-

tional derivatives. From Figs. 1, 2 and 3, we see that by increasing the dimensionless

activation energy, the solution profile decreases.

• The thiele modulus has the same influence on both ordinary and fractional derivatives.

From Figs. 4, 5 and 6, we see that by increasing the thiele modulus, the solution profile

decreases.

• From Fig. 7, we see that by increasing the dimensionless activation energy, the solution

profile increases.
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• The dimensionless activation energy has the same influence on both ordinary and frac-

tional derivatives. From Tables 1, 3, and 5, we see that by increasing the dimensionless

activation energy, the value of a0 decreases.

• The dimensionless activation energy has the same influence on both ordinary and frac-

tional derivatives. From Tables 2, 4, and 6, we see that by increasing the dimensionless

activation energy, the value of dimensionless activation energy increases.

• From Table 7, we see that by increasing the fractional derivative, the value of a0 and the

dimensionless activation energy increase.

• From Fig. 7, we see that by increasing the fractional derivative to 1, the solution profile

increases and it approaches to the solution produced by the variational iteration method

[7], the Adomian decomposition method [14], the homotopy perturbation method [15],

and the modified Adomian decomposition method [11].

• The proposed method convergent and easy to implement.
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