
Desalination 528 (2022) 115606

Available online 5 February 2022
0011-9164/© 2022 Elsevier B.V. All rights reserved.

Utilizing Buckingham Pi theorem and multiple regression analysis in 
scaling up direct contact membrane distillation processes 

Heba Khafajah a,b, Mohamed I. Hassan Ali a,b,d,*,1, Navya Thomas b,c, Isam Janajreh a,b, 
Hassan A. Arafat b,e 

a Department of Mechanical Engineering, Khalifa University, Abu Dhabi, United Arab Emirates 
b Center for Membrane and Advanced Water Technology, Khalifa University, Abu Dhabi, United Arab Emirates 
c Cranfield Water Science Institute, Cranfield University, Bedfordshire MK43 0AL, UK 
d Mechanical Power Engineering Department, Helwan University, Cairo, Egypt 
e Department of Chemical Engineering, Khalifa University, Abu Dhabi, United Arab Emirates   

H I G H L I G H T S  

• Buckingham Pi-theorem used to model DCMD performance with dimensionless parameters. 
• DCMD process performance represented by eight dimensionless groups 
• Reliability of predicted relationships confirmed with experimental and CFD data. 
• Generated correlations predicted MD performance for small and large-scale modules. 
• Proposed approach can be extended to other MD configurations.  
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A B S T R A C T   

Predicting the performance of a full-scale direct contact membrane distillation (DCMD) module based on 
experimental lab-scale results is rather difficult, since the DCMD performance is dependent on many different 
process parameters. Hence, there is a need for a methodology to perform DCMD system up-scaling based on lab- 
scale experimental results. In this study, we devise an approach to scale up the performance of DCMD systems by 
using the Buckingham's Pi theorem to group the DCMD process parameters into eight relevant dimensionless 
groups. Experimental data obtained from literature at various module dimensions were used to evaluate the 
developed dimensionless groups. An experimentally validated computational fluid dynamics (CFD) model was 
also developed and used to extend the coverage of operational parameters beyond the available experimental 
data. Then, two empirical dimensionless correlations were created, using multiple nonlinear regression analysis, 
and then validated, to enable the prediction of flux and pressure drop in DCMD systems at any scale.   

1. Introduction 

Seawater desalination is growing globally to address water scarcity 
issues attributed to rapid urbanization, population growth, and climate 
change [1]. Membrane distillation (MD), a third generation desalination 
technology, can help in this regard by treating hypersaline feed solutions 
from different sources, including the brine from desalination plants [2]. 
This non-isothermal process benefits from low operating temperature 
and pressure, making it compatible with solar and geothermal energy, or 

even waste heat [3], while lowering its capital and maintenance costs 
[4]. MD uses a partial vapor pressure differential caused by a tempera
ture gradient across a hydrophobic porous membrane to induce sepa
ration and is dominantly operated in one of three configurations: direct 
contact MD (DCMD), air gap MD (AGMD), and vacuum MD (VMD) [5]. 

It has been reported that there is a significant difference between lab 
and full-scales MD process performance [6]. While many lab-scale 
studies have thoroughly studied the impacts of various operational pa
rameters on the performance of MD (e.g., [7–11]), only few have 
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actually attempted to utilize lab-scale results in modeling full-scale MD 
systems. Notable examples of the latter group include the work of 
Gustavson et al. [12] and Zhang et al. [13], who developed step-wise 
models, which were tested against lab-scale flat-sheet modules in an 
attempt to replicate them in full-scale conditions. Sirkar et al. [14] 
applied a similar modeling approach to hollow fiber modules. Winter 
[15] presented a large collection of full-scale models that are solved 
step-wise and validated against SolarSpring®’s commercial modules. 
Hitsov et al. [16] calibrated model equations using lab scale data, using 
Monti Carlo filtering method, then applied them to a full-scale module, 
considering the compaction effect at full-scale [17]. Dong developed 
two open-source simulators for flat sheet and hollow fiber membranes 
using the Matlab GUI platform, to complement DCMD module scale up. 
Based on lab-scale results in both configurations, the developed simu
lators were able to predict large-scale DCMD module performance in 
both counter-current and co-current operation [18]. Despite the fact that 
their process for scaling up the DCMD was successful, their models are 
heavily reliant on the outcomes of lab calibrations. 

The usability of data from lab-scale studies is limited by a lack of a 
uniform system up-scaling technique, as well as by the inadequate de
tails provided on key process parameters in the said studies (e.g., flow 
channel dimensions, pressure drop in feed channel, membrane type, 
etc.). Thus, there is a dire need to develop a standard MD performance 
analysis and up-scaling tool. This can be achieved using dimensional 
analysis. Dimensional analysis, which provides a relation between 
dependent and independent variables, is a useful and established tool for 
scale-up in process industry [19–22]. Dimensional analysis can be per
formed using the Buckingham Pi-theorem by identifying a number of 
dimensionless terms that well describe the phenomenon on hand. Its 
utility stems from its ability to estimate full-scale system performance 
using data collected on a lab-scale, thus reducing the cost and time 
needed for estimating the requirements for system scaling purposes. 
Very recently, Najib et al. [23] applied the Pi-theorem for the first time 
to model multiple effect VMD and established correlations between 
these dimensionless terms to predict the recovery ratio and gained 
output ratio of the system. 

In this study, we established a standardized protocol for scaling up 
MD processes using Pi-theorem, taking DCMD as an example. The ulti
mate goal was to enable the prediction of full-scale MD process' 
permeate flux and feed pressure drop, using a small number of repre
sentative dimensionless groups as input terms. These dimensionless 
groups were first formulated using Buckingham Pi theorem and vali
dated using data from three published experimental studies. Then, using 
multiple nonlinear regression analysis, the inter-correlations between 
these groups, which combine the most influential process parameters 
(feed flow rate, feed and permeate temperatures, feed channel di
mensions, and feed properties), were consolidated into one equation to 
predict the permeate flux and pressure drop in a full-scale DCMD system. 

2. Theory 

2.1. Transport phenomena in DCMD 

In MD, heat and mass transfer occur simultaneously across a hy
drophobic membrane thanks to water vapor pressure difference between 
the feed and permeate sides of the membrane. The temperature differ
ence between the membrane/feed and membrane/permeate interfaces 
creates this pressure difference, generating a vapor flux. In DCMD, the 
transferred water vapor condensates in the permeate stream, releasing 
both latent and sensible heat [24]. As depicted in Fig. S1 (supplementary 
information, SI), heat transfer in DCMD occurs in three stages: (i) from 
the bulk of hot feed solution to the membrane surface on the feed side, 
through the feed side thermal boundary layer, (ii) via evaporation and 
vapor transport through the membrane's pores and via conduction 
across the solid membrane matrix and pore gases, and (iii) from the 
membrane's surface on the permeate side to the cold permeate bulk 

solution, through the permeate boundary layer. The vapor flux (kg/m2 s) 
in MD is calculated from [25]. 

J = Bm.
(
Pm,f − Pm,p

)
(1)  

where Bm is the membrane distillation coefficient (kg/m2 Pa s), Pm, f and 
Pm, p are the water vapor pressure (Pa) on the membrane's feed and 
permeate side, respectively. The vapor pressures depend on the bulk 
feed and permeate temperature (Tf and Tp, respectively), and can be 
calculated from Antoine equation [26]: 

Pm,i = exp
(

23.1964 −
3816.44

Ti(K) − 46.13

)

(2)  

where Ti is temperature (K). The temperature polarization coefficient 
(TPC) provides an indication of the effect of boundary layers on heat 
transfer in MD. It is expressed as: 

TPC =
Tmf − Tmp

Tf − Tp
(3)  

where Tmf and Tmp are the membrane surface temperatures at the feed 
and permeate side, respectively. The convective heat transfer rate per 
unit area (W/m2) on the feed and permeate sides can be calculated using 
Eqs. (4) and (5), respectively: 

q̇f = hf
(
Tf − Tf ,m

)
(4)  

q̇p = hp
(
Tp − Tp,m

)
(5)  

where subscripts f, p, and m refer to feed, permeate, and membrane, 
respectively, and h is the convective heat transfer coefficient (W/m2K). 
The overall rate of heat transfer per unit area (W/m2) across the mem
brane is calculated as: 

q̇m = q̇vap + q̇cond = J.hfg +
km

δm

(
Tf ,m − Tp,m

)
(6)  

where J is permeate flux (kg/m2 s), hfg is the latent heat of vaporization 
(J/kg), km is the effective membrane conductivity (W/mK), and δm is the 
membrane thickness (m). The thermal conductivity of the membrane 
can be calculated as [27]: 

km = (1 − ε)ks + εkg (7)  

where ε is the membrane porosity, ks and kg are the thermal conduc
tivities of the membrane material and the gas in the membrane pores, 
respectively. Under steady-state condition, q̇f , q̇p,and q̇m are equal. 

2.2. Buckingham’s Pi theorem and its application to DCMD 

The Buckingham Pi-theorem states that if n dimensional parameters, 
q1, q2, q3…qn, are physically related to a given system/phenomenon and 
are interrelated by an unknown set of equations, then these parameters 
can be expressed via a functional relationship of the form: f(q1,q2,…qn) 
= 0. Also, if m is the number of basic dimensions required to represent 
the units of the n parameters (in MD, the relevant basic dimensions are 
length (L), mass (M), time (T), and temperature (θ), termed LMTθ), then, 
a maximum of n-m independent dimensionless groups can be created for 
this system. If we call these dimensionless groups π1, π2, … πn-m, then the 
functional relationship can be reduced to the dimensionless form: π1 = f 
(π2,π3,…πn− m). 

Thus, in this work, the first step in formulating the dimensionless 
groups for DCMD was to identify the operational parameters that affect 
the DCMD process. As 24 such parameters were initially identified, we 
made the following assumptions to reduce the number of parameters 
included: 
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1. As the feed side parameters are more crucial for the performance of 
DCMD system only the feed side parameters are considered for the 
modeling purpose [24].  

2. The system was assumed to be thermally well-insulated and thus the 
heat loss to the surrounding environment was ignored.  

3. The feed and permeate flow channels were assumed to have the same 
channel dimensions and devoid of spacers. The feed and permeate 
flows were considered to operate at similar velocities.  

4. Any parameters that were expected to remain unchanged upon 
scaling-up from lab-scale to full-scale were not considered. This 
mainly includes the parameters related to the membrane itself (e.g., 
membrane thickness, tortuosity, pores size, contact angle (CA), etc.), 
which can be assumed to remain the same between the lab-scale and 
full-scale systems. It also includes the temperature of the feed and 
permeate inlet streams (note: the ratio of these temperatures was 
considered, however).  

5. The effects of membrane compaction, membrane wetting, and 
fouling were neglected. 

This resulted in the selected parameters shown in Table 1, which 
were categorized based on their relevance to momentum, mass, or heat 
transfer in DCMD. Also shown in Table 1 are the SI and basic units 
(LMTθ) of the parameters. Consequently, the functional relationships 
depicted in Eqs. (8), (9), and 10, were established for momentum, heat, 
and mass transfer, respectively: 

f
(
J,Δp,uf , ρ, μ, L,Dh

)
= 0 (8)  

f
(
hf , cp, kf , μ,Dh, ρ

)
= 0 (9)  

f (kmass, μ,Dmass, ρ,Dh) = 0 (10)  

For the momentum transport group, which includes seven parameters 
with 3 base units (LMT, see Table 1), four dimensionless groups (7–3 =
4) can be generated as follows: 

π1 = f
(
J, uf ,Dh, ρ

)
(11)  

π2 = f
(
Δp, uf ,Dh, ρ

)
(12)  

π3 = f
(
μ, uf ,Dh, ρ

)
(13)  

π4 = f
(
L, uf ,Dh, ρ

)
(14)  

These dimensionless groups were determined as described in the SI. 
The first dimensionless group is: π1=

J
uf ρ, to be henceforth denoted 

the flux factor (FF). FF represents the ratio of permeate flux through the 
membrane to the flow rate through the feed channel. Besides, the second 
dimensionless group is: π2=

Δp
uf 2ρ, which is the ratio between pressure 

force to inertia force and is already known in literature as Euler's number 
(Eu). Applying the same procedure again leads to π3=

μ
Dh uf ρ , which is the 

inverse of the well-known Reynolds number (Re) (Re: ratio between 
inertial to viscous forces). Due to its dimensionless nature, 1/π3 was later 
substituted with Re in the regression analysis, along with the needed 
coefficient adjustment. Starting with Eq. ((14), the fourth dimensionless 
number was determined to be π4=

L
Dh

, which is referred to as the geometry 
factor (GF), which represents the ratio of the flow channel length to its 
hydraulic diameter. 

The same procedure was followed for the determination of the 
dimensionless numbers associated with heat transfer. With 6 parameters 
and 4 base units (LMTθ) (Table 1), 2 dimensionless groups (6–4 = 2) 
were determined for heat transfer, starting with the following equations: 

Table 1 
Operational parameters associated with momentum, heat, and mass transfer in 
DCMD, their units and base (LMTθ) units.  

Momentum transfer-related parameters 

Parameters Symbol SI Unit LMTθ base 
unit 

Permeate flux J kg⋅m− 2⋅s− 1 M⋅L− 2⋅T− 1 

Pressure drop in feed channel Δp kg⋅m− 1⋅s− 2 M⋅T− 2⋅L− 1 

Feed channel length L m L 
Feed channel hydraulic diameter Dh m L 
Feed dynamic viscosity μ kg⋅m− 1.s− 1 M⋅L− 1⋅T− 1 

Feed density ρ kg⋅m− 3 M.L− 3 

Free velocity uf ms− 1 L⋅T− 1  

Heat transfer-related parameters 

Parameters Symbol SI Unit 
LMTθ base 
unit 

Feed thermal conductivity kf kg⋅m⋅K− 1⋅s− 3 M⋅L⋅θ− 1⋅T− 3 

Feed density ρ kg⋅m− 3 M⋅L− 3 

Feed dynamic viscosity μ kg⋅m− 1⋅s− 1 M.L− 1⋅T− 1 

Feed specific heat capacity cp m2K− 1⋅s− 2 L.2θ− 1⋅T− 2 

Feed side convective heat transfer 
coefficient hf kg⋅K− 1⋅s− 3 M.θ− 1⋅T− 3 

Feed channel hydraulic diameter Dh m L  

Mass transfer-related parameters 

Parameters Symbol SI Unit 
LMTθ base 
unit 

Mass diffusivity of water on the feed 
side 

Dmass m2⋅s− 1 L2⋅T− 1 

Mass transfer coefficient of water on 
the feed side 

kmass m⋅s− 1 L⋅T− 1 

Feed density ρ kg⋅m− 3 M⋅L− 3 

Feed dynamic viscosity μ kg⋅m− 1⋅s− 1 M⋅L− 1⋅T− 1 

Feed channel hydraulic diameter Dh m L  

Table 2 
Dimensionless numbers resulting from the application of Buckingham's Pi- 
theorem to the three transport phenomena in DCMD.  

Dimensionless numbers associated with momentum transfer 

Groups Dimensionless 
number 

Symbol Name Definition 

π1 = f(J, 
uf, Dh, ρ) 

π1=
J

uf ρ  
FF Flux Factor Ratio of permeate flux 

through the 
membrane to feed 
flow rate. 

π2 = f(Δp, 
uf,Dh,ρ) 

π2=
Δp

uf 2ρ  
Eu Euler 

Number 
Ratio of pressure force 
to inertia force. 

π3 = f(μ, 
uf,Dh,ρ) 

π3=
μ

Dh uf ρ  
Re* Reynolds 

Number 
Ratio of inertia force 
to viscous force. 

π4 = f(L, 
uf,Dh,ρ) 

π4=
L

Dh  

GF Geometry 
Factor 

Ratio of channel 
length to its hydraulic 
diameter.  

Dimensionless numbers associated with heat transfer 
Groups Dimensionless 

Number 
Symbol Name Definition 

π5 = f(hf, 
kf,ρ,μ, 
Dh) 

π5 =
hf Dh

kf  

Nu Nusselt 
Number 

Ratio of convective 
heat transfer to 
conductive heat 
transfer. 

π6 = f(cp, 
kf,ρ,μ, 
Dh) 

π6 =
μ cp

kf  

Pr Prandtl 
Number 

Ratio of thermal 
diffusion to viscous 
diffusion.  

Dimensionless numbers associated with mass transfer 
Groups Dimensionless 

Number 
Symbol Name Definition 

π7 = f 
(hmass, 
Dmass,ρ, 
Dh) 

π7 =
hmassDh

Dmass  

Sh Sherwood 
Number 

Ratio of convective 
mass transfer to 
diffusive mass 
transfer. 

π8 = f( μ, 
Dmass,ρ, 
Dh) 

π8 =
μ

ρ Dmass  

Sc Schmidt 
Number 

Ratio of momentum 
diffusivity (kinematic 
viscosity) to mass 
diffusivity.  

* Note: Due to its dimensionless nature, 1/Re was later substituted with Re in 
the regression analysis, along with the needed coefficient adjustment. 
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π5 = f
(
hf , kf , ρ, μ,Dh

)
(15)  

π6 = f
(
cp, kf , ρ, μ,Dh

)
(16)  

Following the above procedure, the resultant dimensionless groups were 
π5 =

hf Dh
kf 

and π6 =
μ cp
kf

, which are already known as the Nusselt (Nu) and 
Prandtl's (Pr) numbers, respectively. Lastly, for mass transfer related 
groups, 5 parameters and 3 base units (LMT) (Table 1) yielded 2 
dimensionless groups (5–3 = 2), which were determined starting with 
the following equations: 

π7 = f (kmass,Dmass, ρ,Dh) (17)  

π8 = f ( μ,Dmass, ρ,Dh) (18)  

This resulted in π7 = hmassDh
Dmass 

and π8 =
μ

ρ Dmass
, which are known as Sher

wood (Sh) and Schmidt (Sc) numbers, respectively. Table 2 summarizes 
all eight dimensionless groups of the DCMD system. 

3. Methodology 

A flowchart depicting the general methodology followed in this work 
to formulate the empirical relationships describing the DCMD system 
based on Buckingham Pi theorem is depicted in Fig. 1, which is based on 
the protocol detailed in [28] for dimensional analysis. The methodology 
includes the following main steps in order:  

1. Formulation of the dimensionless groups of relevance that can 
adequately describe the system, as detailed in Section 2.2. 

2. Studying the trends and inter-dependencies of the obtained dimen
sionless groups using data from three well-described experimental 
studies from literature, as a means of validating the significance of 
these dimensionless groups vis-à-vis the DCMD system.  

3. Using computational fluid dynamics (CFD) modeling, generation of 
DCMD performance data (mainly, flux and pressure drop) covering a 
much wider range of dimensionless groups values than what is 
readily available in open literature.  

4. Using nonlinear regression analysis, generation of non-dimensional 
empirical correlations for the prediction of flux and pressure drop 

in DCMD systems of any scale and verifying the validity of these 
correlations using CFD data. 

3.1. CFD modeling and validation 

A major challenge we faced in this work is finding literature exper
imental DCMD studies that i) cover a wide range of operational pa
rameters (including both laminar and turbulent feed flow) and system 
performance results (including pressure drop in the field channel), to 
enable covering a wide value range of dimensionless numbers values, 
AND ii) reported thoroughly the design specifications of the DCMD 
system used (including flow channel length, depth, and width, flow 
velocity, density, and viscosity, etc.). Since such studies with thorough, 
wide-range data reporting were rare, we resorted to CFD modeling to 
generate system performance results for a wide range of input param
eters. Star-CCM+ (double precision Star-CCM + 12.06.010-R8, Siemens 
Product Lifecycle Management Software Inc., Plano, Texas) was used as 
a platform for the CFD model development and simulations. The models 
operated under steady state condition for laminar and turbulent flow 
regimes in all CFD simulations. Following are the methodology details of 
the CFD modeling. 

3.2. Governing equations 

The permeate flux J was calculated by conducting surface integration 
of the local flux values, J(y,z), as follows: 

J =
Bm

A

[∫∫

Pvap
m,f (y, z) dy dz −

∫∫

Pvap
m,p(y, z) dy dz

]

(19)  

where Bm was assumed to be independent of the other operational pa
rameters, as suggested by [12]. A flat sheet (FS) DCMD module was 
assumed to have an active membrane area A, while y and z indicate the 
location on the membrane surface. The permeate flux was linked to the 
mass, momentum, energy conservations equations (Eqs. (20), (21), and 
(22), respectively) as source terms. The mass, momentum, and energy 
source terms, Sj, Sm, and Sh, respectively, are shown in Eqs. (23-a), (23- 
b), (23-c) [24]. 

Fig. 1. Flowchart depicting the procedure followed to establish the empirical relationships describing the DCMD system based on Buckingham Pi theorem and 
regression analysis. 

H. Khafajah et al.                                                                                                                                                                                                                              



Desalination 528 (2022) 115606

5

∇⋅(ρ v→) = Sj (20)  

∇⋅(ρ v→ v→) = − ∇P+∇⋅( τ→)+ ρ g→+ Sm (21)  

∇⋅
(
ρcpT v→

)
= ∇⋅(k∇T)+ Sh (22)  

Sj =

⎧
⎪⎪⎨

⎪⎪⎩

−
J⋅A
V

at the feed
/

membrane interface

J⋅A
V

at the permeate
/

membrane interface
(23-a)  

Sm =

⎧
⎪⎪⎨

⎪⎪⎩

−
J⋅A⋅u

V
at the feed

/

membrane interface

J⋅A⋅u
V

at the permeate
/

membrane interface
(23-b)  

Sh =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−
q̇vapA

V
at the feed

/

membrane interface

q̇vapA
V

at the permeate

/

membrane interface

(23-c)  

3.3. CFD geometry and boundary conditions 

In the CFD simulations, as part of the modeled DCMD module, we 
included the feed channel, permeate channel, and the PTFE membrane. 
Error! Reference source not found. (SI) shows the direction of the 
applied feed inlet and the boundary conditions for the permeate outlet. 
A liquid domain was defined for the feed and permeate channels, while a 
solid volume was defined for the membrane. Boundaries for the inlets 
and outlets were set as velocity inlets and pressure outlets, respectively. 
The feed and permeate outlet boundaries were open to atmospheric 
pressure. The sidewall boundaries were considered as no-slip walls. A 
conjugated heat transfer boundary (feed/membrane and membrane/ 
permeate) was selected for each internal interface boundary in Star- 
CCM+, which is known as a “contact interface thermal condition” [24]. 
The heat flux, as an energy source option, was specified at the interfaces. 
The feed/membrane interface source terms were set as leaving the feed 
channel, while the membrane/permeate gap source terms were set as 
entering the permeate channel. Then, the energy term was linked with 
the expression defined to calculate q̇vap. The mass and momentum 
source terms were similarly set and linked with an expression defined to 
calculate J across the membrane. 

3.4. Mesh operation 

In Star-CCM+, directed mesh operation was used to generate the 
three-dimensional mesh. Directed meshing is a method for generating 
high quality swept meshes in STAR-CCM+. The method sweeps a mesh 
from a surface towards a target surface, through its volume. A mesh 
independence analysis was performed to determine the appropriate 
mesh size and the required total number of mesh cells. To compare the 
mesh sensitivity results, the permeate flux was chosen as the response 
parameter for varying mesh size. The mesh size was refined by 
comparing permeate flux results in all three dimensions, and the 
permeate flux varied by less than 1% for the optimized mesh size. 

3.5. Multiple nonlinear regression 

Nonlinear regression involves a process of describing relationships 
between observations by means of multiple parameters and functions. 
The dependent parameters in a multiple nonlinear regression model are 
determined by several independent parameters through nonlinear 
combinations. The XLSTAT add-in tool in Excel® was used for devel

oping two empirical correlations for membrane permeate flux and 
pressure drop in the feed channel as functions of process operating 
conditions, expressed in dimensionless form. XLSTAT is a highly intui
tive and powerful tool, offering a user-friendly graphical interface by 
Visual Basic Application (VBA) and statistical calculation by C++. This 
program includes more than 100 statistical procedures for data analysis, 
regression, visualization, and forecasting. To create the empirical cor
relations using XLSTAT, values of the independent and dependent pa
rameters were input in Excel and an equation form was initially assumed 
(e.g., linear, polynomial, exponential, etc.). The form was subsequently 
iteratively varied until an acceptable (i.e., > 0.9) coefficient of deter
mination (R2) was obtained. The assumption of homoscedasticity is 
internally applied by XLSTAT when fitting the relationship. R2 (Eq. (24)) 
was utilized to determine the goodness of regression. In general, the 
closer the R2 is to 1, the higher the accuracy. 

R =
n
∑

yi ŷi − (
∑

yi)(
∑

ŷi)̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n(
∑

yi
2) − (

∑
yi)

2
√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

n(
∑

ŷi
2
) − (

∑
ŷi)

2
√ (24)  

where R is correlation coefficient; ŷi is the value of the dependent 
parameter predicted by the model; y is the true value of the dependent 
parameter; and n is the number of data points. The results by XLSTAT 
were assumed reliable due to the intensive verification tests conducted 
against other software packages. 

4. Results and discussion 

4.1. Dimensionless groups trends based on experimental data 

Results from three experimental studies with different DCMD mod
ule geometries [29–31], as summarized in Table 3, were used to inves
tigate the trends of the dimensionless groups developed for DCMD in 
Section 2.2. This was done by calculating the values of four dimen
sionless numbers; Sh, Nu, FF, and Eu, over a range of Re values and for 
three GF (which correspond to the three geometries of the modules used 
in the [29–31]. It is important to notice here that the three experimental 
systems in Table 3 were operated at the same inlet feed and permeate 
temperatures (60 and 20 ◦C, respectively), used the same membrane, 
and were all operated in the laminar flow range. 

Fig. 2(a) shows that Nu increases with increasing Re for all three GF 
values. This trend is expected because Nu is directly proportional to Re in 
convective heat transfer, under both laminar and turbulent flow, due to 
the significant reduction of flow boundary layer thickness with 
increasing Re. However, the rate of Nu change upon changing Re is 
significantly influenced by GF, with the change rate being more 

Table 3 
Values of process and membrane module parameters from Refs. [29–31].  

Parameter Ref. [29] Ref. [30] Ref. [31] 

Geometry factor 201 62.5 20 
Feed inlet temperature [◦C] 60 60 60 
Permeate inlet temperature 

[◦C] 
20 20 20 

Feed/Permeate channel 
hydraulic diameter [mm]a 

1.99 1.6 5.8 

Membrane type PTFE PTFE PTFE 
Membrane thickness [μm] 100 61 160 
Membrane pore diameter [μm] 0.22 0.22 0.22 
Feed/Permeate channel length 

[cm]a 
40 10 12 

Feed/Permeate channel width 
[cm]a 

15 0.4 9.4 

Feed/Permeate channel depth 
[mm]a 

1 1 3 

Feed/Permeate inlet velocity 
[mm/s]a 

280, 400,500, 
550 

66, 113,170, 272, 
336, 400 

24, 48, 
96, 120  

a The feed and permeate have the same velocity and channel configuration. 
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pronounced at lower GF. A bigger GF value can result from either a 
longer flow channel or a smaller hydraulic diameter, with the former 
being the most likely reason in full-scale DCMD. Hence, these results 
indicate that smaller DCMD modules (i.e., ones with low GF) have 
higher heat transfer coefficients, and therefore higher flux, than full- 
scale systems, as also reported by [32]. Similar trends are also 
observed in Fig. 2(b) for Sh versus Re at different GF values. The increase 
in Sh with Re can be explained by the enhanced flow mixing, leading to 

the suppression of the boundary layer [33]. Similar to Nu, Sh is also more 
sensitive to changes in Re in smaller systems with low GF. These results 
indicate that the effectiveness of flow mixing within the feed channel 
decreases in larger modules with high GF, as also reported by [34]. 

Fig. 2(c) shows a plot of FF versus Re at different GF values, revealing 
that FF is inversely proportional to GF, which is in line with the afore
mentioned correlations of Nu and Sh with GF. However, contrastingly, 
FF decreases with increasing Re. Increasing the feed flow rate increases 

Fig. 2. (a) Nu vs. Re, (b) Sh vs. Re, (c) FF vs. Re, and (d) Eu vs. Re, based on parameters obtained from [29–31].  

Fig. 3. Validation of our CFD model results using literature-reported experimental DCMD flux data of systems with (a) GF = 20 [31], (b) GF = 62.5 [30], and (c) GF 
= 201 [29]. Reported experimental uncertainty of experimental data is up to 12%. 
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both Re and permeate flux. However, the change in the latter gradually 
reaches a plateau at high Re values, at which point the boundary layer 
resistance becomes negligible and any further increase in velocity has no 
effect on flux. [35]. Since FF is the ratio of permeate flux to feed flow, the 
net impact of higher Re is a decreasing FF. Fig. 2(d) depicts the change in 
Eu with Re for different GF values. Eu, and consequently pressure drop 
within the feed channel (see Eu definition in Table 2), is most sensitive to 
Re at high GF and at low Re values. As the inverse of the Eu represents 
the efficiency of converting upstream pressure energy to kinetic energy, 
this means that the system becomes more efficient at high Re due to the 
reduced viscous loss through the channel. At Eu = 1, upstream pressure 
energy provided to the system will equally split into pressure drop and 
dynamic pressure of the liquid flow, which in turn is converted to flow 
kinetic energy [36]. 

Based on the dimensionless groups trends presented in Fig. 2, which 
were based on data from three different experimental studies, the same 
trends were observed for all six dimensionless numbers. These trends 
also conformed to the underlying physical phenomena behind the 
changes in their values. This lends assurance vis-à-vis the efficacy of 
these dimensionless groups in describing DCMD systems. 

4.2. Dimensionless groups trends based on CFD results 

Results based on CFD modeling were herein used to extend our 
assessment of dimensionless groups trends to include turbulent flow 
regime and to include the feed temperature effect. To gain assurance of 
the accuracy of our CFD model results, the earlier mentioned experi
mental DCMD results [29–31], were used to validate our CFD model. In 
each of the said studies, the inlet velocities for permeate and feed were 
kept equal and, therefore, this condition was also upheld in our CFD 
simulations. Fig. 3(a), (b), and (c) display the CFD model's prediction for 
J against feed inlet velocity, along with the corresponding experimental 
results for modules with GF = 20, 62.5 and, 201 [29–31]. It can be seen 
that the experimental and CFD flux results match within 3.5%, which 
was considered to be an excellent match of experimental and modeled 
data. Fig. 4(a) and (b) display the FF and Eu versus Re for both the 
experimental studies [29–31] and CFD models, respectively, where for 
turbulent flow k − ω SST turbulence model in STAR CCM+ was imple
mented. Once again, the experimental and computational results are in 
excellent agreement. 

Fig. 5(a) and (b) demonstrate the CFD results for GF modules of 20, 
62.5, 100, 201, and 400. Notice that the Re and GF ranges covered in this 
figure exceed the range of the experimental studies in Table 3 (hence the 
main purpose of CFD modeling). The two additional scale models (GF =

Fig. 4. Experimental and CFD models results for (a) FF vs. Re (b) Eu vs. Re.  

Fig. 5. CFD models result for models with GF of 20, 62.5, 100, 201, and 400 for (a) FF vs. Re (b) Eu vs. Re.  
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100 and 400), which were developed utilizing the boundary conditions 
in [30], fit well within the overall trend of FF and Eu under different GF 
values. Fig. 5(a), which depicts FF versus Re, shows that at low Re, the 
GF had a considerable effect on the FF, but this effect decreases as Re 
increases. The FF remains fairly constant within the turbulent range (Re 
> 3000) due to the impact of the viscous sublayer resistance. Therefore, 
increasing the flow velocity beyond that limit is inconsequential on 
permeate flux while undesirably increasing the pumping energy. Fig. 5 
(b) displays the variation of Eu with Re. The increase in Eu with GF 
implies the possible significant increase in the pressure drop within the 
system as the module length increases or as its hydraulic diameter de
creases. The pressure increases quadratically with feed velocity, while 
Eu was almost constant beyond Re > 3000. 

To illustrate the effect of the GF on the temperature polarization 
coefficient (TPC), Fig. 6 shows the TPC values at different Re for two 
modules with GF 62.5 and 201 [29,30]. In both modules, TPC increases 
with Re while it decreases with GF. This is attributed to the thinning of 
the thermal boundary layer under turbulent conditions [37]. However, 
TPC plateaus at Re > 3000 due to the effect of the viscous sublayer [38]. 

To investigate the influence of feed temperature on system perfor
mance, FF and Eu were calculated based on CFD results at different 
temperatures for two modules with GF = 201 and 62.5. Fig. 7(a) and (b) 
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Fig. 6. Temperature polarization coefficient (TPC) vs. Re for models with GF =
62.5 and 201. 

Fig. 7. FF values for (a) module with GF = 62.5, and (b) module with GF = 201, at feed temperature of 50, 60, 70, 80, and 90 ◦C.  

Fig. 8. Eu values for (a) module with GF = 62.5, and (b) module with GF = 201, at feed temperature of 50, 60, 70, 80, and 90 ◦C.  
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illustrates the results for FF versus Re at feed temperatures of 50, 60, 70, 
80, and 90 ◦C for the GF = 201 and 62.5 modules, respectively. FF in
creases with feed temperature under both GF values, as expected, due to 
the impact of feed temperature on vapor pressure and, consequently, 
flux. At any feed temperature, on the other hand, the smaller scale 
module (GF = 62.5) has about twice the FF compared to the larger scale 
module (GF = 201). This indicates that flux in larger (i.e., full scale) 
DCMD systems is always lower than that obtained using their smaller, 
lab-scale, version. This is in agreement with the observations made in 
Section 4.1. The corresponding Eu results for these two systems are 
shown in Fig. 8(a) and (b) over the same feed temperatures. Unlike FF, a 
minor effect of feed temperature on Eu was noticed, indicating that the 
effect of feed temperature on feed channel pressure drop is negligible. 

4.3. Development of dimensionless empirical correlations for DCMD 

Nonlinear multiple regression analysis was used in this work to 
create empirical correlations, using the CFD results, for estimating two 
key dependent DCMD process parameters; flux and pressure drop in the 
feed channel. The empirical correlations were expressed in terms of 
dimensionless numbers, to make them useful for DCMD scale up. Two 
dimensionless groups, FF and Eu, were expressed in the correlations as 
functions of independent dimensionless parameters such as GF, Re, and 
temperature ratio (T*). The latter is defined as the ratio between the feed 

and permeate temperatures. It is important to mention here that one 
could attempt to express FF and Eu in terms of a range of dimensionless 
groups from the ones listed in Table 2. However, it is essential to ensure 
that the dimensionless numbers used do not have interdependencies and 
that they can describe the system adequately. Since Sh, Sc, Nu, and Pr 
numbers are all dependent on Re (as seen, for example, in Fig. 2), we 
choose to establish a correlation of FF and Eu versus Re. 

Eq. (25) show the best-fit empirical correlation that was achieved for 
FF as a function of Re, GF, and T*, using XLSTAT. 

FF⋅104 = A(Re)(b.T
*+c)

(GF)d (25)  

where: T* =
Tf
Tp

, both in Celsius. 
And the constants are: 

{
A=156.68,b=0.19,c=− 1.4,d=− 0.2453,forTf <70◦CandTp=20◦C

A=621.68,b=0.15,c=− 1.535,d=− 0.238,forTf ≥70◦CandTp=20◦C  

Eq. (26) shows the best-fit empirical correlation that was achieved for 
Eu: 

Eu = A(Re)(b.T
*+c)

(GF)d (26)  

where: T* =
Tf
Tp

, both in Celsius. 

Fig. 9. CFD results vs predicted values from regression equations for (a) Flux Factor at T < 70◦C, (b) Flux Factor at T > 70◦C, (c) Euler number at T < 70◦C, and (d) 
Euler number at T > 70◦C. 
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And the constants are:  

The equations show an exponential correlation of FF and Eu with Re, T*, 
and GF. The coefficient of determination R2 of the four models is greater 
than 0.98. It is worth noting that the coefficients (a, b, c, and d) in Eqs. 
(25) and (26) are different when the feed temperature is below 70 ◦C 
than when it is above 70 ◦C. As discussed earlier, several reports (e.g., 
[13,39]) indicate that bench/lab scale DCMD tests tend to yield higher 
fluxes than their bigger versions. This is reflected in the negative 
exponent of GF (d) in Eq. (25), meaning that GF has a negative effect on 
permeate flux. The underlying reason is that, with increased module 
length, the concentration and temperature polarization effects become 
more pronounced, leading to reduction in permeate flux that is more 
significant in the larger systems [6]. On the other hand, the exponent of 
GF in Eq. (26) is positive, due to the increase in pressure drop with GF, 
meaning that the total pressure loss will be higher in full-scale systems 
[40]. 

Finally, Fig. 9(a), (b), (c), and (d) show plots of FF and Eu values 
obtained using the CFD model versus those obtained using Eqs. (25) and 
(26), under 2 temperature ranges (below and over 70 ◦C). It is evident 
that the agreement between the two is excellent, indicating the efficacy 
of Eqs. (25) and (26) in predicting FF and Eu. 

5. Conclusions 

The performance of a DCMD unit is dependent on a large number of 
independent and overlapping process variables. Thus, predicting the 
process performance at increasing scale of operation based on lab-scale 
experimental results becomes rather difficult. The current work ad
dresses this challenge using dimensional analysis based on the Buck
ingham Pi-theorem to develop simplified prediction correlations and 
provide a better understanding of the effects of scaling parameters on 
the process performance. Based on the dimensional analysis, the MD 
process was represented by two newly generated dimensionless groups; 
Flux Factor (FF) and geometry factor (GF), in addition to Euler number 
(Eu), Schmidt number (Sc), Reynolds number (Re), Nusselt number (Nu), 
and Sherwood number (Sh). DCMD CFD models were developed and 
validated using experimental data to test the new nondimensional re
lationships at scales that were not previously covered experimentally in 
literature. The CFD models also help examine the validity of these re
lationships to predict DCMD prototype performance. The computational 
and experimental results illustrate that DCMD modules with lower GF 
have higher values for both Nu and Sh numbers, which means better heat 
and mass transfer performance; and thus, results in higher FF. However, 
the higher GF modules and prototype showed lower values for Nu, Sh, 
and FF. These results demonstrate the significant over-prediction of full 
scale DCMD systems based on lab-scale modules. In addition, DCMD 
scale is a critical factor that affects the feed channel pressure drop, 
which has a significant influence on the FF. For GFs of 201 and 62.5, CFD 
models were run to assess the impact of varying temperature between 50 
and 90 ◦C. The results showed that FF and Eu show a direct and inverse 
relationship, respectively, with feed temperature. The FF and Eu, how
ever, show the same trend for the same GF. By including the effects of 
geometry and feed temperature in non-linear regression analysis, we 
created and validated two dimensionless equations that can predict the 
permeate flux and feed pressure loss in DCMD. 
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