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ABSTRACT

Surface waves occur at the interfaces between distinct media, with several types identified across different paradigms, including electromagnetic
and mechanical surface waves. In this work, I thoroughly investigate the occurrence of microwave surface waves at the interface between
superconducting and dielectric layers. I theoretically demonstrate that a hybrid surface wave, combining electromagnetic (EM) fields and
supercurrent vortices, propagates along the superconductor–dielectric interface. The associated EM fields occupy the dielectric layer, sat-
isfying Maxwell’s equations, while the supercurrent vortices penetrate the superconducting layer, governed by Ampèr’s and London’s
equations. Furthermore, I show that an extended superconductor–dielectric–superconductor (S–D–S) nanostructure can support strong
nanoconfinement of these hybrid microwave surface waves, reaching spatial dimensions well below the diffraction limit. The propagating
modes exhibit frequency-independent dispersion, enabling high-capacity data transmission. In addition to being intrinsically lossless,
these modes can be slowed by carefully tuning the nanostructure dimensions. Importantly, our investigations reveal two key findings:
(1) the divergence of the supercurrent vortices is zero, indicating no net charge (Cooper pair) transport associated with the propagating
modes and (2) the energy flow of the propagating modes is carried by the associated EM fields. Hence, the proposed surface wave
scheme offers a promising route for long-coherence signal transmission in superconducting circuits. I note that this paradigm of micro-
wave surface waves has the potential to enable a new class of superconducting devices.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0294042

I. INTRODUCTION

Surface waves exist in various physical forms and have dis-
tinct applications. A prominent example is surface plasmon polar-
itons (SPPs), which occur at the metal–dielectric interface1,2 and
enable strong confinement below the diffraction limit in the tera-
hertz frequency range. Several advances based on SPPs have been
reported, including the merging of photonics and electronics at
nanoscale dimensions,3 sensing and detection of chemical and
biological species,4 a four-peak and high-angle tilted-insensitive
surface plasmon resonance graphene absorber,5 multifunctional
metasurfaces,6 methane concentration sensors with enhanced sen-
sitivity,7 liquid-analyte biosensors,8 and ultrasensitive gas detec-
tors,9 to mention just a few examples. However, in the microwave
frequency range, SPP waves do not naturally exist, since metals
cannot support internal plasmonic oscillations at these frequencies.
Nevertheless, a variety of plasmonic-inspired structures operating at

microwave frequencies have been developed and experimentally
demonstrated in recent years.10 These include metallic microstruc-
tures incorporating slender wire arrays11 and structured metal sur-
faces perforated with holes (supporting the so-called spoof SPPs).12

In general, the size of these structures is on the millimeter scale, and
dissipation remains a major limitation for practical applications.13,14

Superconductors, on the other hand, exhibit zero electrical
resistance, and magnetic fields penetrate them only to limited
depths.15 This penetration is characterized by the London penetration
depth, denoted λ, which is typically a few nanometers in most super-
conducting materials.16 Superconductivity can be described by various
theories, including the Bardeen–Cooper–Schrieffer (BCS) theory17

and the Ginzburg–Landau theory.18 According to BCS theory, super-
conductivity arises from the formation of Cooper pairs—pairs of elec-
trons bound by an effective attractive interaction—that form a
collective state known as the BCS state. These Cooper pairs enable the
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flow of supercurrents without resistance. Furthermore, there are
characteristic length scales over which these moving pairs main-
tain coherence. The Ginzburg–Landau framework similarly pre-
dicts such behavior, with the coherence length ξ related to the
penetration depth λ via ξ ¼ κλ. Here, κ is a dimensionless param-
eter known as the Ginzburg–Landau parameter, which typically
satisfies 0 , κ , 1ffiffi

2
p for type-I superconductors. Experimental

characterizations of several superconducting materials have been
reported,19,20 showing that the coherence length typically ranges
from hundreds to thousands of nanometers.21 This range imposes
practical limitations on applications requiring extended coherence,
such as scaled quantum computers and distributed quantum signal
processing.22,23

Surface wave propagation at microwave frequencies in layered
superconductor–dielectric structures was previously investigated in
Refs. 24 and 25. In Ref. 24, electromagnetic field solutions were
derived by combining Maxwell’s equations with London’s equations
and the two-fluid model, enabling a detailed analysis of transverse
magnetic (TM) modes in thin-film superconducting strip transmis-
sion lines. The study established a foundational understanding of
low-loss, dispersionless wave modes as a function of film geometry
and penetration depth. In Ref. 25, the framework was extended
through both theoretical and experimental studies, showing that the
phase velocity of slow waves in superconducting thin-film lines
is strongly influenced by film thickness, interfilm spacing, and
the temperature-dependent penetration depth. These works were
motivated by the need to provide critical insights into the
temperature-dependent electrodynamics of superconducting struc-
tures and to validate theoretical predictions with experimental data.

In this work, I revisit the propagation of microwave surface
waves at the interface between dielectric and superconducting
layers. I demonstrate that a hybrid surface wave, composed of
coupled electromagnetic fields and supercurrent vortices, exists at
this interface. In this hybrid mode, the electromagnetic fields
occupy the dielectric side, extending significantly into the layer in a
manner reminiscent of bulk configurations, while the supercurrent
vortices dominate the superconducting side, confined within the
penetration depth λ, typically only a few nanometers. Our analysis
shows that the energy flow of these hybrid modes relies solely on
localized supercurrent loops, with no net charge (Cooper pair)
transport along the propagation direction. Instead, the energy is
carried by the associated electromagnetic fields. This feature sug-
gests strong potential for signal transmission with long coherence
times, as no net charge (i.e., Cooper pair superelectrons) is trans-
ported. I further investigate superconductor–dielectric–superconductor
(S–D–S) structures, in which the propagating modes of these hybrid
microwave surface waves exhibit frequency-independent dispersion
and spatial confinement well below the diffraction limit, reaching
scales of only tens of nanometers. These unique properties could open
new avenues of research and enable novel applications, similar to how
traditional surface plasmon polaritons revolutionized the optical
domain.26–28 For instance, harnessing this phenomenon to construct
quantum devices and logic gates may introduce a new modality with
unprecedented capabilities.

The remainder of this paper is organized as follows. In Sec. II,
I present the theory of surface wave propagation at the supercon-
ductor–dielectric interface. Section III introduces the extended

scheme of the superconductor–dielectric–superconductor configu-
ration. The results and discussion are given in Sec. IV, and conclu-
sions are drawn in Sec. V.

II. THEORY

Consider a layered medium composed of superconducting and
dielectric materials with an interface at y ¼ 0, as shown in Fig. 1.
The configuration is z independent. The superconductor is character-
ized by Λ ¼ m�

n�(q�), and the dielectric has a relative permittivity of ε1.

Here, m�, n�, and q� denote the mass, density, and charge of the
superelectrons, respectively.

In the superconducting layer, where y , 0, supercurrents and
magnetic fields can physically exist. The governing equations include

Ampère’s law and London’s second law,29 given by ∇� H
!¼ J

!
,

and ∇� Λ J
!¼ �μ0H

!
, where Λ ¼ μ0λ

2 and μ0 is the free-space
permeability. Here, λ is the penetration depth of the magnetic field
in the superconductor. These two equations yield the magnetic

Helmholtz equation, given by ∇2H
!þ 1

λ2
H
!¼ 0. The field solutions

can be classified into a transverse magnetic (TM) mode and a trans-
verse supercurrent (TC) mode, as detailed in Appendix A.

In the dielectric layer (y . 0), electric and magnetic fields
may exist. The governing equations are Maxwell’s equations

(Ampère’s law and Faraday’s law): ∇� E
!¼ �μ1μ0

@H
!
@t and

∇� H
!¼ �ε1ε0 @ E

!
@t . Here, ε1 and μ1 are the relative permittivity

and permeability, respectively. Combining these equations gives the

Helmholtz equation: ∇2H
!þ ε1μ1k

2
0H
!¼ 0. The field solutions can

be classified into transverse magnetic (TM) and transverse electric
(TE) modes, as discussed in Appendix B.

A. Propagating surface mode

For propagating modes to exist, the fields in both layers
must satisfy boundary conditions, including continuity of the
tangential components of the electric and magnetic fields.
Although static electric fields cannot exist inside superconduc-
tors, inductive electric fields governed by London’s first law are
generated by supercurrents. As noted above, the solutions can be
grouped into TM and TE modes, with boundary conditions
examined in Subsections II A 1 and II A 2.

FIG. 1. A superconductor–dielectric interface. The structure is z independent.
The superconductor is characterized by the parameter Λ, where the penetration

depth is given by λ ¼
ffiffiffiffi
Λ
μ0

q
, and the dielectric has a relative permittivity of ε1.
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1. Transverse magnetic mode

For transverse magnetic field distributions, the supercurrent
and magnetic fields in the superconducting layer (y , 0) are given
by (see Appendixes A and B)

~H ¼ Ceκ2ye jβxe�jωt~ez þ c:c:, (1)

~J ¼ C κ2~ex � jβ~ey
� �

eκ2ye jβxe�jωt þ c:c: (2)

The propagation constant can be found via Ampère’s and London’s

second equations, reading β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2
2 � μ0

Λ

q
. Here, κ2 is the transverse

decay rate, C is a complex constant, j ¼ ffiffiffiffiffiffi�1
p

, and c:c: stands for
the complex conjugate.

In the dielectric layer (y . 0), the TM electromagnetic fields
are

~H ¼ Ae�κ1ye jβxe�jωt~ez þ c:c:, (3)

~E ¼ A
β

ωε0ε1
~ey � j

κ1

ωε0ε1
~ex

� �
e�κ1ye jβxe�jωt þ c:c:, (4)

where β ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2
1 þ ε1μ1k

2
0

p
is the propagation constant, κ1 is the

transverse decay rate, and A is the complex constant.
The boundary conditions impose three relations. First, conti-

nuity of the tangential magnetic field at y ¼ 0, through Eqs. (1)
and (3), implies that A ¼ C. Second, by calculating the inductive
electric field generated by the supercurrent in the superconductor,

using London’s first equation ~E ¼ @
@t Λ J

!� �
, where J

!
is the super-

current expression in Eq. (2), and equating its tangential compo-
nents to the tangential component of the electrical field in the
dielectric layer in Eq. (4) at y ¼ 0, one obtains the relation
κ1 ¼ Λκ2ω2ε1ε0. Third, by substituting the resulting relation
(i.e., κ1 ¼ Λκ2ω2ε1ε0) into the propagation constant expression
κ2
1 ¼ β2 � ε1k20, I obtain Λ2ε20ε

2
1ω

4κ2
2 ¼ β2 � ε1K2

0 . Then, using
κ2
2 ¼ β2 þ 1

λ2
, the expression for the dispersion relation of the

hybrid surface wave can be derived as

β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε21λ

2k40 þ ε1k20
1� ε21λ

4k40

s
, (5)

where k0 ¼ ω
c is the free space propagation constant and c is the

speed of light in free space.
For typical dielectric and superconductor parameters, the

propagation constant β given by Eq. (5) is nearly equal to that of a
bulk dielectric medium,

ffiffiffiffiffi
ε1

p
k0. This arises because most of the

surface wave energy resides in the dielectric. For example, at an
air–aluminum interface (with aluminum superconducting at cryo-
genic temperatures, where λ ¼ 16 nm), and ω

2π ¼ 10GHz, the decay
length in air is 1

κ1
¼ 5 cm, while penetration into aluminum is only

1
κ2
� 16 nm. Thus, β is almost identical to

ffiffiffiffiffi
ε1

p
k0. Despite its

hybrid nature, the surface wave dispersion closely resembles that of
a wave in bulk dielectric. However, scenarios involving strong

nanoconfinement can be realized in layered structures, as discussed
in Sec. III.

2. Transverse electric mode

Field solutions with transverse supercurrent distributions in
the superconducting layer are given in Eqs. (A17)–(A19), while
field solutions with transverse electric distributions in the dielectric
layer are given in Eqs. (B20)–(B22). Following the same procedure
as above, equating tangential magnetic fields at y ¼ 0, using
Eqs. (B21) and (A18), jκ1

ωμ0
D ¼ �κ2λ

2M is obtained. Second, by

using London’s first law with the current in Eq. (A17), and calcu-
lating the inductive electric field in the superconductor, then the
continuity condition of the tangential components of two electric
fields at y ¼ 0 leads to D ¼ MΛ(� jω). Combining the two condi-
tions leads to κ1 ¼ �κ2, which implies that propagating TE hybrid
surface waves cannot exist.

III. SUPERCONDUCTOR–DIELECTRIC–
SUPERCONDUCTOR MULTILAYERS

Two multilayer configurations can be considered: the
superconductor–dielectric–superconductor (S–D–S) and the dielectric–
superconductor–dielectric (D–S–D) structures. These cases can be
analyzed by extending the field expressions across the three layers
and applying the boundary conditions at both interfaces. As detailed
in Appendixes C and D, the D–S–D configuration provides only
weak confinement, with most of the surface-wave fields residing in
the dielectric layers. Therefore, this work primarily focuses on the
S–D–S configuration, which exhibits strong nanoconfinement far
below the diffraction limit in the microwave frequency range.

The S–D–S structure is shown in Fig. 2. The dielectric thick-
ness is 2δ, while the superconducting layers are sufficiently thick
to ensure significant decay of the supercurrent and magnetic
fields along the +y directions. By deriving the field expressions
in the three layers of the S–D–S structure in the same manner as

FIG. 2. A superconductor–dielectric–superconductor (S–D–S) nanostructure.
The dielectric layer is centered at y ¼ 0 with a width of 2δ. The superconductor
layers are thick enough to ensure significant transverse decay of the supercur-
rent and magnetic fields along the +y axis.
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in Eqs. (1)–(4) and applying the boundary conditions at y ¼ +δ
(see Appendix D), the following matrix relation is obtained:

e2κ1δ κ3Λ3ω� κ1
ωε1ε0

� �
κ3Λ3ωþ κ1

ωε1ε0

κ2Λ2ωþ κ2
ωε2ε0

e2κ1δ κ2Λ2ω� κ1
ωε1ε0

� �
2
4

3
5 A

D

	 

¼ 0

0

	 

:

(6)

The dispersion relation follows from the determinant condition of
this matrix, yielding

e4κ1δ ¼
κ3Λ3ωþ κ1

ωε0ε1

� �
κ3Λ3 � κ1

ωε0ε1

� � �
κ2Λ2ωþ κ1

ωε0ε1

� �
κ2Λ2 � κ1

ωε0ε1

� � : (7)

For a symmetric structure with Λ3 ¼ Λ2 ¼ Λ and κ3 ¼ κ2, the

dispersion relation is given by e2κ1δ ¼ +
κ2Λωþ κ1

ωε0ε1

� �
κ2Λ� κ1

ωε0ε1

� � . One possi-

ble solution to this relation is expressed as

tanh (κ1δ) ¼ κ2ε1λ
2k20

κ1
: (8)

The alternative solution is discussed in Appendix D. Equation (8)
can be simplified under two conditions: (i) κ1 � 1

δ, achievable
with a sufficiently thin dielectric layer, and (ii) κ2 � 1

λ, which
naturally holds for superconductors due to their small penetration
depths. Under these assumptions, the propagation constant can
be approximated as

β ¼ k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε1

λ

δ
þ 1

� �s
: (9)

The validity of this approximation is numerically investigated and
confirmed in Table I in Appendix D.

IV. RESULTS AND DISCUSSION

In this section, I consider an illustrative example of an alumi-
num–air–aluminum (S–D–S) structure, where aluminum operates
at cryogenic temperatures and exhibits superconductivity. Here, the
London penetration depth of aluminum is λ ¼ 16 nm, and the
microwave frequency under consideration is ω

2π ¼ 10GHz.

A. Dispersion relation

In Fig. 3, the propagation constant β and the transverse
decay coefficient κ1 of a propagating mode in the aluminum–air–
aluminum structure are shown as functions of the thickness of
the insulating layer, i.e., 2δ. First, I note that these characteristics
are frequency independent as long as aluminum remains in the
superconducting regime. Second, the surface wave exhibits dis-
tinct properties when the dielectric thickness is comparable to the
penetration depth of the superconducting material, demonstrating
nanoconfinement capabilities. However, for larger dielectric

thicknesses, the propagation constant β approaches that of the
bulk dielectric material,

ffiffiffiffiffi
ε1

p
k0. To verify the validity of Eq. (9), I

calculated κ2 from β in Fig. 3 and confirmed Eq. (8), finding
perfect agreement.

1. Propagation characteristics

To further investigate the surface wave properties, I calculate
the group velocity and the electromagnetic wave impedance in the
dielectric layer. The group velocity, defined as vg ¼ @ω

@β, is given by

vg ¼ v0

ffiffiffiffiffiffiffiffiffiffiffi
λ

δ
þ 1

r
, (10)

where v0 ¼ cffiffiffiffi
ε1

p is the group velocity in the bulk dielectric material.
The electromagnetic wave impedance in the dielectric layer is

described by ZEM ¼ j~Ej
j~Hj. Using the expressions in Eqs. (3) and (4),

the electromagnetic wave impedance is given by

ZEM ¼ β

ωε0ε1
1� k20

β2

� �
1� tanh (δκ1)

δκ1

� �
þ 1

	 
1
2

: (11)

In Fig. 4, the group velocity and the electromagnetic wave imped-
ance are presented vs δ. Here, Z0 ¼ 377ffiffiffiffi

ε1
p is the electromagnetic wave

impedance of the bulk dielectric.
As shown in Figs. 3 and 4, when the dielectric thickness δ

increases well beyond the penetration depth λ (see Table I in
Appendix D for the range of validity of the expressions), the
surface wave tends to behave like a conventional electromagnetic
wave propagating in the bulk dielectric medium. For instance,
Eqs. (9)–(11) indicate that as δ ! 1, the propagation constant β,

FIG. 3. Dispersion relationship of the hybrid surface wave in the Al–air–Al multi-
layer at cryogenic temperatures. The propagation constant β and the transverse
decay rate in the dielectric layer κ1 are shown vs δ. Here, 2δ is the thickness
of the dielectric layer, ε1 ¼ 1, and λ ¼ 16 nm is London’s penetration depth for
aluminum.
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group velocity vg , and wave impedance ZEM converge to those of
an EM wave in a bulk dielectric with permittivity ε1. By contrast,
when δ is comparable to λ, the wave properties are markedly differ-
ent, and crucially, confinement occurs well below the diffraction
limit, which cannot otherwise be achieved. Furthermore, as δ ! 0,
the group velocity vg approaches zero, while the impedance ZEM

diverges. Hence, the most interesting regime arises when the gap
thickness δ is comparable to the penetration depth λ. In this case,
nanoconfinement can be achieved along with slow-wave propaga-
tion, enabling subwavelength control of microwave fields.

2. Energy flow and charge transport

A key property of the hybrid surface wave is the coupling
between the supercurrent and the electromagnetic fields. To examine
this behavior, I first note that the divergence of the supercurrent in
Eq. (2) is zero, meaning the current forms localized loops and that
no net charge (Cooper pair) transport is associated with the propa-
gating modes. Second, I calculate the Poynting vector of the associ-
ated electromagnetic fields using Eqs. (3) and (4),

Ŝ ¼ A2βe�2κ1y

ωε0ε1
cos2 (βx � ωt)~ex: (12)

These results show that the energy flow of the hybrid mode is
carried by the electromagnetic fields in the dielectric layer. This is
significant, as the power flow does not depend on Cooper pair trans-
port, which typically suffers from limited coherence times. While
further study is required to rigorously evaluate the coherence proper-
ties, these initial findings suggest strong potential for signal transmis-
sion in superconducting circuits with extended coherence.

V. CONCLUSION

In this work, I investigated a novel type of microwave surface
wave arising at the interface between superconducting and

dielectric layers. This class of surface waves consists of coupled
electromagnetic (EM) fields and supercurrent vortices. The EM
fields reside in the dielectric layer, while the supercurrent vortices
dominate the superconducting layer. The EM fields are governed
by Maxwell’s equations, while the supercurrent vortices and associ-
ated magnetic fields in the superconductor satisfy both Ampère’s
and London’s equations. The fields in both layers conform to the
boundary conditions at the interface, giving rise to a propagating
surface wave. Our results show that the supercurrent vortices asso-
ciated with the propagating mode curl locally, while the energy
flow is carried by the EM fields. This suggests the possibility of
long-coherence signal transmission, offering an advantage over
conventional supercurrents driven by Cooper pair transport.
Furthermore, I demonstrated that a superconductor–dielectric–
superconductor (S–D–S) multilayer structure enables strong con-
finement of these hybrid surface waves, far below the diffraction
limit. Notably, the guided, nanoconfined surface wave in the S–D–S
multilayer exhibits exceptional characteristics: it features
frequency-independent dispersion, and its propagation speed can
be precisely tuned by adjusting the dielectric thickness, enabling
intentional slow-wave behavior. At the same time, it inherits the
lossless nature of superconductors, offering a unique combination
of tunability and near-zero dissipation. This paradigm holds great
promise for advancing superconducting device design, providing a
foundation for next-generation interconnects in superconducting
microwave technologies.

AUTHOR DECLARATIONS

Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Montasir Qasymeh: Conceptualization (equal); Formal analysis
(equal); Investigation (equal); Methodology (equal); Validation
(equal).

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.

APPENDIX A: AMPERE’S AND LONDON’S LAWS

In a superconducting medium, the governing equations
include Ampère’s law and London’s second equation, which can be
expressed as

∇� H
!¼ J

!
, (A1)

∇� Λ J
!¼ �μ0H

!
, (A2)

where Λ ¼ μ0λ
2, μ0 is the free space permeability, and λ is the

London’s penetration depth of the superconductor material,
respectively.

For a wave propagating in the x direction and independent
of z, the general expressions for the magnetic field and the

FIG. 4. The group velocity vg and the wave impedance ZEM of the propagating
surface wave vs δ. Here, ZEM is calculated for the associated field in the dielec-
tric layer, Z0 ¼ 377Ω is the impedance of the bulk dielectric material, ε1 ¼ 1,
and λ ¼ 16 nm.
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supercurrent can be modeled as

H
!
(x, y, z, t) ¼

X
i¼x,y,z

Hi(y)e
jβxe�jωt êi, (A3)

J
!
(x, y, z, t) ¼

X
i¼x,y,z

Ji(y)e
jβxe�jωt êi, (A4)

where the fields are considered z independent and ê is the unit
vector. The magnetic and supercurrent fields can be divided into
two sets: the transverse magnetic (TM) mode and the transverse
supercurrent (TC) mode.

1. TM mode

The transverse magnetic (TM) mode encompasses z magnetic
field and a supercurrent with two x and y components with expres-
sions that can be formulated as

H
!¼ Hz(y)e

jβxe�jωt êz , (A5)

J
!¼

X
i¼x,y

Ji(y)e
jβxe�jωt êi: (A6)

By substituting the expressions in Eqs. (A5) and (A6) in Ampere’s
equation in (A1), the TM fields obey the following relation:

@Hz

@y
¼ Jx , (A7)

@Hz

@x
¼ �Jy: (A8)

Using Ampere’s and London’s second equation, the governing
wave equation reads

@H2
z (y)

@y2
¼ β2 þ 1

λ2

� �
Hz(y): (A9)

The solution for the field expressions satisfying Eq. (A9) can be
depicted as

Hz ¼ Ceκ2ye jβxe�jωt , (A10)

Jx ¼ Cκ2e
κ2ye jβxe�jωt , (A11)

Jy ¼ �jβCeκ2ye jβxe�jωt , (A12)

where C is a constant and κ2 ¼ β2 þ 1
λ2
.

2. TC mode

The second set is the transverse current mode (TC), where the
magnetic field has two x and y components, while the supercurrent

has only a z component. The field expressions can be presented as

H
!¼

X
i¼x,y

Hi(y)e
jβxe�jωt êi, (A13)

J
!¼ Jz(y)e

jβxe�jωt êz: (A14)

Similar to the previous case, the TC fields obey the following rela-
tions:

Jz ¼ @Hy

@x
� @Hx

@y
: (A15)

The governing wave equation, derived from Ampère’s law and
London’s second equation, can be written as

@J2z (y)
@y2

¼ β2 þ 1

λ2

� �
Jz(y): (A16)

The solution for field expressions is given by

Jz ¼ Meκ2ye jβxe�jωt , (A17)

Hx ¼ �κ2λ
2Meκ2ye jβxe�jωt , (A18)

Hy ¼ jβλ2Meκ2ye jβxe�jωt , (A19)

where M is a constant.

APPENDIX B: MAXWELL’S EQUATIONS

Dielectric media are governed by Maxwell’s equations, which
read

∇� E
!¼ �μ1μ0

@H
!
@t

, (B1)

∇� H
!¼ ε1ε0

@ E
!
@t

: (B2)

For the considered case, the general expressions of the electric and
magnetic fields can be expressed as

E
!
(x, y, t) ¼

X
i¼x,y,z

Ei(y)e
jβxe�jωt êi, (B3)

H
!
(x, y, t) ¼

X
i¼x,y,z

Hi(y)e
jβxe�jωt êi, (B4)

where ê is the unit vector. The fields can be divided into two sets,
the transverse magnetic mode, i.e., TM, and the transverse electric
mode, i.e., TE.
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1. TM mode

The TM mode includes an electric field with x and y compo-
nents and a magnetic field of z component. The general field
expressions can be represented as

E
!
(x, y, t) ¼

X
i¼x,y

Ei(y)e
jβxe�jωt êi, (B5)

H
!
(x, y, t) ¼ Hz(y)e

jβxe�jωt êz: (B6)

These fields satisfy the Maxwell equations, yielding the following
relations:

jβEy � @Ex
@y

¼ jωμ1μ0Hz , (B7)

@Ez
@y

¼ �jωε1ε0Ex , (B8)

βHz ¼ �ωε1ε0Ey: (B9)

The governing wave equation can be obtained by combining the
Maxwell equations, as follows:

@H2
z (y)

@y2
¼ β2 � ε1k

2
0

� �
Hz(y): (B10)

Hence, by solving Eq. (B10), and then solving Eqs. (B7) and (B8),
the solutions yield the following forms:

Ex ¼ �j
κ1A
ωε1ε0

e�κ1ye jβxe�jωt , (B11)

Ey ¼ βA
ωε1ε0

e�κ1ye jβxe�jωt , (B12)

Hz ¼ Ae�κ1ye jβxe�jωt , (B13)

where κ2
1 ¼ β2 � ε1k20 and A is a constant.

2. TE mode

The TE mode includes an electric field of z component and a
magnetic field of x and y components, with general field expres-
sions reading

E
!
(x, y, t) ¼ Ez(y)e

jβxe�jωt êz , (B14)

H
!
(x, y, t) ¼

X
i¼x,y

Hi(y)e
jβxe�jωt êi: (B15)

These expressions can be substituted into Maxwell’s equations to
result in the following relations:

@Ez
@y

¼ jωμ0Hx , (B16)

βEz ¼ �ωμ0Hy , (B17)

jβHy � @Hx

@y
¼ �jωε1ε0Ez: (B18)

The governing wave equation in this case reads

@E2
z (y)
@y2

¼ β2 � ε1k
2
0

� �
Ez(y): (B19)

Solving Eqs. (B19), (B16), and (B17) provides the following
TE-mode solutions:

Ez ¼ De�κ1ye jβxe�jωt , (B20)

Hx ¼ j
κ1D
ωμ0

e�κ1ye jβxe�jωt , (B21)

Hy ¼ � βD
ωμ0

e�κ1ye jβxe�jωt , (B22)

where D is a complex constant.

APPENDIX C: MULTILAYER NANOSTRUCTURE

A layered medium can effectively manipulate the spatial con-
finement of propagating microwave fields. Two primary configura-
tions can be considered: superconductor–dielectric–superconductor
(S–D–S) and dielectric–superconductor–dielectric (D–S–D). The
S–D–S configuration provides strong confinement, typically on
the order of λ, i.e., within the nanometer scale. In contrast, in the
D–S–D structure, the fields extend much more into the dielectric
layers, resulting in weaker confinement. Sections 1 and 2 of
Appendix C provide a detailed analysis of both configurations.

1. Superconductor–dielectric–superconductor

This section generalizes the superconductor–dielectric inter-
face to a superconductor–dielectric–superconductor configuration,
illustrated in Fig. 5. The layers are stacked along the y axis. The
dielectric layer, centered at y ¼ 0, has a thickness of 2δ. The super-
conductor layers are assumed to be much thicker than λ, ensuring
sufficient field decay. The field distributions corresponding to the
TM mode are presented in the following:

For y . δ,

Hz ¼ C3e
�κ3ye jβxe�jωt , (C1)

Jx ¼ �C3κ3e
�κ3ye jβxe�jωt , (C2)

Jy ¼ �jβC3e
κ3ye jβxe�jωt : (C3)
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For �δ . y . δ,

Ex ¼ j
κ1

ωε1ε0
Aeκ1ye jβxe�jωt � j

κ1

ωε1ε0
e�κ1ye jβxDe�jωt , (C4)

Ey ¼ β

ωε1ε0
Aeκ1ye jβxe�jωt þ β

ωε1ε0
De�κ1ye jβxe�jωt , (C5)

Hz ¼ Ae�κ1ye jβxe�jωt þ De�κ1ye jβxe�jωt : (C6)

For y , �δ,

Hz ¼ C2e
κ2ye jβxe�jωt , (C7)

Jx ¼ C2κ2e
κ2ye jβxe�jωt , (C8)

Jy ¼ �jβC2e
κ2ye jβxe�jωt : (C9)

Here, A, D, C2, and C3 are constants. The propagation constant is
defined through the boundary conditions.

2. Dielectric-superconductor-dielectric

This section considers the D–S–D configuration shown in
Fig. 6. As in the previous case, the layers are stacked along the y
axis. The superconducting layer has a thickness of 2δ and is cen-
tered at y ¼ 0. The insulating layers are assumed to be sufficiently
thick compared to the transverse decay coefficients, i.e., κ2 and κ3.
Under these conditions, the field distributions for the TM modes
within the structure are obtained as follows:

For y . δ,

Ex ¼ �j
κ3

ωε3ε0
I3e

�κ3ye jβxe�jωt , (C10)

Ey ¼ β

ωε3ε0
I3e

�κ3ye jβxe�jωt , (C11)

Hz ¼ I3e
�κ3ye jβxe�jωt : (C12)

For �δ . y . δ,

Hz ¼ Feκ1ye jβxe�jωt þ Ge�κ1ye jβxe�jωt , (C13)

Jx ¼ Fκ1e
κ1ye jβxe�jωt � Gκ1e

�κ1ye jβxe�jωt , (C14)

Jy ¼ �jβFeκ1ye jβxe�jωt � jβGe�κ1ye jβxe�jωt: (C15)

For y , �δ,

Ex ¼ j
κ2

ωε2ε0
I2e

κ2ye jβxe�jωt , (C16)

Ey ¼ β

ωε2ε0
I2e

κ2ye jβxe�jωt , (C17)

Hz ¼ I2e
κ2ye jβxe�jωt : (C18)

Here, F, G, I2, and I3 are constants. The propagation contact can be
defined by imposing the boundary conditions.

APPENDIX D: BOUNDARY CONDITIONS

In this section, the boundary conditions at the two interfaces
of the layered structures are established, and the propagation con-
stants of the modes are defined.

1. Superconductor–dielectric–superconductor

The boundary conditions for the S–D–S structure are as
follows. At y ¼ δ: (i) continuity of the tangential magnetic field,
obtained from Eqs. (C1) and (C6), and (ii) continuity of the tan-
gential electric field, derived from Eq. (C4) together with the induc-
tive electric field calculated via London’s first equation applied to
Eq. (C2). At y ¼ �δ, the same conditions apply: (1) continuity of
the tangential magnetic field from Eqs. (C6) and (C7) and (2)

FIG. 5. A superconductor–dielectric–superconductor nanostructure.

FIG. 6. A superconductor–dielectric–superconductor nanostructure.
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continuity of the tangential electric field, obtained from Eq. (C14)
and the electric field in Eq. (C16). These conditions lead to the fol-
lowing matrix formulation:

e2κ1δ κ3Λ3ω� κ1
ωε1ε0

� �
κ3Λ3ωþ κ1

ωε1ε0

κ2Λ2ωþ κ2
ωε2ε0

e2κ1δ κ2Λ2ω� κ1
ωε1ε0

� �
2
4

3
5 A

D

	 

¼ 0

0

	 

:

(D1)

The dispersion relation can be calculated from the matrix in
Eq. (D1) and takes the form

e4κ1δ ¼ κ2Λ2ωþ κ1
ωε1ε0

κ2Λ2ω� κ1
ωε1ε0

� κ3Λ3ωþ κ1
ωε1ε0

κ3Λ3ω� κ1
ωε1ε0

: (D2)

For symmetric superconducting layers at the two edges, in which
Λ2 ¼ Λ3 ¼ Λ and κ3 ¼ κ2, the dispersion relation in Eq. (D2) has
two solutions as in the following: One solution corresponds to the
following dispersion relation:

tanh (κ1δ) ¼ κ1

κ2ε1λ
2k20

: (D3)

The dispersion relation for the second solution is

tanh (κ1δ) ¼ κ2ε1λ
2k20

κ1
, (D4)

where κ2
1 ¼ β2 � k20ε1 and κ2

2 ¼ β2 þ 1
λ2
.

The decay coefficient in the superconductor can be approxi-
mated as κ2 � 1

λ. Furthermore, assuming a thin dielectric layer such

that δκ1 � 1, Eq. (D3) admits no solution, but Eq. (D4) reduces to

β ¼ k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε1

λ

δ
þ 1

� �s
: (D5)

To confirm the validity of Eq. (D5), I numerically compare the
value of β obtained from this approximation with the exact solu-
tion of Eq. (D4). In Table I, β is computed for various δ=λ ratios
using Eq. (D5), and the corresponding values of κ1 and κ2 are eval-
uated. Substituting these values into Eq. (D4) verifies the equality
of both sides, demonstrating an exact match and confirming the
accuracy of the approximation.

2. Insulator–superconductor–insulator

I now consider the D–S–D configuration. At y ¼ δ, the
boundary conditions are (1) equality of the tangential magnetic
fields from Eqs. (C12) and (C13) and (2) equality of the tangen-
tial electric field from Eq. (C14) with the inductive electric field
obtained from London’s first equation applied to Eq. (C10). At
y ¼ �δ, the conditions are (1) equality of the tangential mag-
netic fields from Eqs. (C13) and (C18) and (2) equality of the
electric field from Eq. (C16) with the inductive electric field
from Eq. (C14). These four conditions can be formulated in the
following matrix:

e2κ1δ κ3
ωε3ε0

� κ1Λω
� �

κ3
ωε3ε0

þ κ1Λω

κ2
ωε2ε0

þ κ1Λω e2κ1δ κ2
ωε2ε0

� κ1Λω
� �

2
4

3
5 F

G

	 

¼ 0

0

	 

:

(D6)

The dispersion relation can be derived from Eq. (D6), given by

e4κ1δ ¼
κ3

ωε3ε0
þ κ1Λω

κ3
ωε3ε0

� κ1Λω
�

κ2
ωε2ε0

þ κ1Λω
κ2

ωε2ε0
� κ1Λω

: (D7)

Again, for the case of symmetric dielectric layers at the two
edges, in which ε2 ¼ ε2 and κ3 ¼ κ2, the dispersion relation in
Eq. (D6) has two solutions. The first solution leads to the follow-
ing dispersion relation:

tanh (κ1δ) ¼ κ2

κ1ε2λ
2k20

: (D8)

The second solution yields the following dispersion relation:

tanh (κ1δ) ¼ κ1ε2λ
2k20

κ2
, (D9)

where κ2
1 ¼ β2 þ 1

λ2
and κ2

2 ¼ β2 � k20ε2.
As in the S–D–S case, I assume κ1 � 1

λ and δκ1 � 1. Under
these assumptions, the dispersion relations yield the following solu-
tions: Eq. (D8) gives κ2 ¼ ε2λk20 tanh (δ=λ), while Eq. (D9) gives
κ2 ¼ ε2λk20= tanh (δ=λ). In both cases, the confinement of the
surface wave is very weak, with fields penetrating deeply into the
dielectric layers—comparable to those in bulk insulating media.

TABLE I. Calculation of β from Eq. (D5) and verification of both sides of Eq. (D4).
This table presents the computed propagation constant β as a function of normal-
ized thickness δ/λ, including associated wave vectors κ1 and κ2 and the verification
of Eq. (D4).

δ/λ
β

(1/mm)
κ1

(1/mm)
κ2

(1/nm) tanh (κ1δ) (κ2ε1λ
2k20)=κ1

0.1 3.35 3.33 0.0625 0.53 × 10−6 0.53 × 10−6

0.25 0.74 0.66 0.0625 2.67 × 10−6 2.67 × 10−6

0.5 0.57 0.47 0.0625 3.77 × 10−6 3.77 × 10−6

1 0.47 0.33 0.0625 5.33 × 10−6 5.33 × 10−6

2 0.40 0.23 0.0625 7.54 × 10−6 7.54 × 10−6

4 0.37 0.16 0.0625 10.67 × 10−6 10.67 × 10−6

8 0.35 0.11 0.0625 15.08 × 10−6 15.08 × 10−6

16 0.343 0.08 0.0625 21.33 × 10−6 21.33 × 10−6

24 0.34 0.06 0.0625 26.13 × 10−6 26.13 × 10−6

32 0.338 0.058 0.0625 30.17 × 10−6 30.17 × 10−6

40 0.337 0.052 0.0625 33.73 × 10−6 33.73 × 10−6

48 0.336 0.048 0.0625 36.95 × 10−6 36.95 × 10−6
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For example, for a dielectric material with ε1 ¼ 3:5, the value of κ2

is 6:2mm in both solutions. This implies that the dielectric thick-
ness must be at least 161:3m to confine 63% of the field, corre-
sponding to extremely poor confinement, essentially that of a bulk
dielectric. Even with additional layering to improve confinement,
the D–S–D geometry remains diffraction-limited. I, therefore, con-
clude that the D–S–D configuration provides substantially weaker
confinement compared to the S–D–S configuration.
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