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Differential and difference equations are used for modeling,
solving, and discussingmany problems arising in engineering
and natural sciences. Therefore, analysis of analytical and
numerical solutions to such equations is crucial for applica-
tions. It is important to develop new theories and methods,
as well as modify the well-known techniques.

The main propose of this special issue was to attract
high quality contributions and highlight significant recent
developments on the subject of differential and difference
equations. The focus of this special issue was also originated
with numerical methods for solving differential equations
and modelling and/or considering engineering problems
involving differential and difference equations. Belowwe give
a brief survey of the content of this special issue.

The special issue succeeded in bringing together a num-
ber of papers on various branches of the theory and applica-
tions of both differential and difference equations. One of the
papers in the issue is on the convergence of the solutions of
the bistable reaction-diffusion equations in two-dimensional
spaces to a pair of diverging traveling curved fronts. Another
one focuses on developing a mixed discontinuous Galerkin
scheme for the following control constrained optimal con-
trol problem governed by a transient convection-diffusion
equation. One paper studies the stability analysis of the
periodic solutions of some kind of predator-prey dynamical
systems. There is also an important paper on finding exact
solution of nonlinear sixth-order solitary wave equation
using the improved generalized tanh-coth method. Finally,
as a novel application of differential equations in system and

control theory, the investigation of the inverse commutativity
conditions for second-order linear continuous time-varying
systems is studied in another paper.
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The necessary and sufficient conditions where a second-order linear time-varying system 𝐴 is commutative with another system 𝐵
of the same type have been given in the literature for both zero initial states and nonzero initial states. These conditions are mainly
expressed in terms of the coefficients of the differential equation describing system 𝐴. In this contribution, the inverse conditions
expressed in terms of the coefficients of the differential equation describing system 𝐵 have been derived and shown to be of the
same form of the original equations appearing in the literature.

1. Introduction

As one of the main fields of applied mathematics, differential
equations arise in acoustics, electromagnetics, electrodynam-
ics, fluid dynamics, wave motion, wave distribution, and
many other sciences and branches of engineering. There is a
tremendous amount of work on the theory and techniques for
solving differential equations and on their applications [1–4].
Particularly, they are used as a powerful tool for modelling,
analyzing, and solving real engineering problems and for
discussing the results turned up at the end of analyzing for
resolution of naturel problems. For example, they are used
in system and control theory, which is an interdisciplinary
branch of electric-electronics engineering and applied math-
ematics that deal with the behavior of dynamical systems
with inputs and how their behavior is modified by different
combinations such as cascade and feedback connections
[5–8]. When the cascade connection in system design is
considered, the commutativity concept places an important
role to improve different system performances [9–11].

As shown in Figure 1, when two linear time-varying
systems𝐴 and 𝐵 described by linear time-varying differential
equations are connected in cascade so that the output of one
appears as the input of the other, it is said that systems 𝐴 and𝐵 are connected in cascade. If the order of connection does

not affect the input-output relation of the combined system𝐴𝐵 or 𝐵𝐴, it is said that systems 𝐴 and 𝐵 are commutative.
Although the first paper about the commutativity ap-

peared in 1977 [12] which had introduced the commutativity
concept for the first time and studied the commutativity of
the first-order continuous-time linear time-varying systems,
this paper is important for proving that a time-varying system
can be commutative with another time-varying system only;
further very few classes of systems can be commutative.
In particular, commutativity conditions for relaxed second-
order systems first appeared in 1982 [13]. In 1984 [14] and 1985
[15], commutativity conditions for third- and fourth-order
continuous-time linear time-varying systems were studied,
respectively. The content of the published but undistributed
work [15] can be found in journal paper [16] which presents
an exhaustive study on the commutativity of continuous-time
linear time-varying systems. That paper is the first tutorial
paper in the literature.

During the period from 1989 to 2011, no publication
about commutativity had appeared in the literature. In 2011,
the second basic journal publication [17] appeared. In this
paper, commutativity in case of nonzero initial conditions,
commutativity of Euler’s systems, new results about effects
of commutativity, reduction of disturbance by change of
connection order in a chain structure of subsystems, and the
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Figure 1: Cascade connection of the differential systems 𝐴 and 𝐵.

most important explicit commutativity conditions for fifth-
order systems were studied.

This work is directly focused on the commutativity of
second-order linear time-varying systems with zero initial
conditions. Section 2 summarizes the necessary and sufficient
conditions of commutativity of such systems as appearing
in the literature and then presents the inverse conditions.
Section 3 covers an example and its simulation results.
Finally, Section 4 includes conclusions.

2. Inverse Conditions of Commutativity

Let𝐴 be a second-order linear time-varying systemdescribed
by

𝐴:
𝑎2 (𝑡) ̈𝑦𝐴 (𝑡) + 𝑎1 (𝑡) ̇𝑦𝐴 (𝑡) + 𝑎0 (𝑡) 𝑦𝐴 (𝑡) = 𝑥𝐴 (𝑡) ;

∀𝑡 ≥ 𝑡0,
𝑦𝐴 (𝑡0) = 0,
̇𝑦𝐴 (𝑡0) = 0,

(1a)

where 𝑥𝐴(⋅) is the input; 𝑦𝐴(⋅) is the output functions of the
system; 𝑎𝑖(𝑡)’s, 𝑖 = 2, 1, 0, are the time-varying coefficients.
They are all defined for [𝑡0,∞) → 𝑅. The (double) dot on the
top represents the (second) first-order derivative with respect
to time 𝑡 ∈ 𝑅, where 𝑡 ≥ 𝑡0, 𝑡0 being the initial time. Since𝐴 is
of second order, 𝑎2(𝑡) ̸≡ 0; further, for the unique solvability
of (1a) for the output 𝑦𝐴(⋅), it is sufficient that 𝑥𝐴(⋅), 𝑎𝑖(⋅) ∈𝑃[𝑡0,∞), which is the set of piecewise continuous mappings[𝑡0,∞) → 𝑅 [2].

Let𝐵 be another second-order linear time-varying system
defined by

𝐵:
𝑏2 (𝑡) ̈𝑦𝐵 (𝑡) + 𝑏1 (𝑡) ̇𝑦𝐵 (𝑡) + 𝑏0 (𝑡) 𝑦𝐵 (𝑡) = 𝑥𝐵 (𝑡) ;

∀𝑡 ≥ 𝑡0,
𝑦𝐵 (𝑡0) = 0,
̇𝑦𝐵 (𝑡0) = 0,

(1b)

where 𝑥𝐵(⋅), 𝑦𝐵(⋅), 𝑏𝑖(𝑡)’s are defined in a similar manner as
for system 𝐴 and 𝑏2(𝑡) ̸≡ 0.

For the commutativity of systems 𝐴 and 𝐵, it is necessary
and sufficient that the coefficients of 𝐵must be expressible in
terms of those of 𝐴 by the matrix equation

[[
[

𝑏2 (𝑡)
𝑏1 (𝑡)
𝑏0 (𝑡)

]]
]

=
[[[[[
[

𝑎2 (𝑡) 0 0
𝑎1 (𝑡) 𝑎0,5

2
(𝑡) 0

𝑎0 (𝑡) 𝑎−0,5
2

(𝑡) 2𝑎1 (𝑡) − ̇𝑎2 (𝑡)4 1
]]]]]
]
[[
[

𝑐2
𝑐1
𝑐0
]]
]
,

(2a)

where 𝑐2 ̸= 0, 𝑐1, 𝑐0 are arbitrary constants; further, the coeffi-
cients of𝐴must satisfy the following equation for the general
values of 𝑡 ≥ 𝑡0:
−𝑎0.5
2

𝑑𝑑𝑡 [𝑎0 −
4𝑎2
1
+ 3 ̇𝑎2
2
− 8𝑎1 ̇𝑎2 + 8 ̇𝑎1𝑎2 − 4𝑎2 ̈𝑎216𝑎2 ] 𝑐1

≡ 0.
(2b)

Defining

𝑓𝐴 (𝑡) = 𝑎−0.5
2 (𝑡) 2𝑎1 (𝑡) − ̇𝑎2 (𝑡)4 , (3)

it can be shown by routine mathematical operations that the
necessary and sufficient conditions in (2a) and (2b) can be
rewritten as

[[
[

𝑏2 (𝑡)
𝑏1 (𝑡)
𝑏0 (𝑡)

]]
]
= [[[
[

𝑎2 (𝑡) 0 0
𝑎1 (𝑡) 𝑎0.5

2
(𝑡) 0

𝑎0 (𝑡) 𝑓𝐴 (𝑡) 1
]]]
]
[[
[

𝑐2
𝑐1
𝑐0
]]
]
, (4a)

−𝑎0.5
2

𝑑𝑑𝑡 [𝐴0 (𝑡)] 𝑐1 ≡ 0, (4b)

where

𝐴0 (𝑡) = 𝑎0 (𝑡) − 𝑓2𝐴 (𝑡) − 𝑎0.52 (𝑡) ̇𝑓𝐴 (𝑡) . (4c)

If 𝑐1 = 0, (2b) and (4b) are automatically satisfied and hence
they are redundant. But if 𝑐1 ̸= 0, these equations, together
with the information 𝑎2(𝑡) ̸≡ 0, are replaced by (4c) with𝐴0(𝑡) being constant, that is, time invariant.

It is naturally expected that if 𝐴 and 𝐵 are commutative,
similar equations to (4a), (4b), and (4c) are valid when the
coefficients of 𝐵 are used. In fact, the first equation in (4a) is
equivalent to

𝑎2 (𝑡) = ( 1𝑐2) 𝑏2 (𝑡) . (5a)

Using this equation in the second line of equation in (4a) and
solving it for 𝑎1(𝑡), we obtain

𝑎1 (𝑡) = ( 1𝑐2) 𝑏1 (𝑡) − (
𝑐1𝑐1.5
2

)𝑏0.5
2 (𝑡) . (5b)
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Using (5a) and (5b) in (3), we express 𝑓𝐴(𝑡) as
𝑓𝐴 (𝑡)

= (𝑏2𝑐2 )
−0,5 𝑏(2/𝑐2) 𝑏1 − (2𝑐1/𝑐1.52 ) 𝑏0.52 − (1/𝑐2) 𝑏̇24

= (𝑏2𝑐2 )
−0,5 (2𝑏1 − 𝑏̇2) /𝑐2 − (2𝑐1/𝑐1.52 ) 𝑏0.524

= 1
𝑐0.5
2

𝑏−0.5
2

(2𝑏1 − 𝑏̇2)4 − 𝑐12𝑐2 =
1
𝑐0.5
2

𝑓𝐵 (𝑡) − 𝑐12𝑐2 ,

(5c)

where

𝑓𝐵 (𝑡) = 𝑏−0.5
2 (𝑡) 2𝑏1 (𝑡) − 𝑏̇2 (𝑡)4 . (6)

Finally, substituting (5c) in the third line of equation of (4a)
and solving it for 𝑎0(𝑡), we obtain

𝑎0 (𝑡) = 1𝑐2 [𝑏0 (𝑡) −
𝑐1𝑐0.5
2

𝑓𝐵 (𝑡) + 𝑐2
12𝑐2 − 𝑐0]

= ( 1𝑐2) 𝑏0 (𝑡) + (−
𝑐1𝑐1.5
2

)𝑓𝐵 (𝑡) + 𝑐2
1
− 2𝑐2𝑐02𝑐2
2

.
(7)

Hence, writing (5a), (5b), and (7) in matrix form and letting

[[
[

𝑘2
𝑘1
𝑘0
]]
]
=
[[[[[[[[
[

1𝑐2
− 𝑐1𝑐1.5
2𝑐2

1
− 2𝑐2𝑐02𝑐2
2

]]]]]]]]
]

(8a)

or equivalently (note 𝑐2 ̸= 0 so 𝑘2 ̸= 0)

[[
[

𝑐2
𝑐1
𝑐0
]]
]
=
[[[[[[[[
[

1𝑘2
− 𝑘1𝑘1.5
2𝑘2

1
− 2𝑘2𝑘02𝑘2
2

]]]]]]]]
]

, (8b)

we obtain the first set of the inverse equations derived as

[[
[

𝑎2 (𝑡)
𝑎1 (𝑡)
𝑎0 (𝑡)

]]
]
= [[[
[

𝑏2 (𝑡) 0 0
𝑏1 (𝑡) 𝑏0.5

2
(𝑡) 0

𝑏0 (𝑡) 𝑓𝐵 (𝑡) 1
]]]
]
[[
[

𝑘2
𝑘1
𝑘0
]]
]
. (9a)

To find the second inverse equation, we substitute 𝑎0(𝑡) from
(7), 𝑓𝐴(𝑡) from (5c), and 𝑎2(𝑡) from (5a), all into (4c); and
rearranging, we obtain

𝐴0 (𝑡) = 𝑏0𝑐2 −
𝑐1𝑐1.5
2

𝑓𝐵 + 𝑐2
1
− 2𝑐2𝑐02𝑐2
2

− ( 𝑓𝐵𝑐0.5
2

− 𝑐12𝑐2)
2

− 𝑏0.5
2𝑐0.5
2

( ̇𝑓𝐵𝑐0.5
2

)
= 1𝑐2 [𝑏0 (𝑡) − 𝑓

2

𝐵 (𝑡) − 𝑏0.52 (𝑡) ̇𝑓𝐵 (𝑡)]

+ 𝑐2
1
− 4𝑐2𝑐04𝑐2
2

.

(∗)

Using this in (4b), eliminating 𝑎2 by (5a) and 𝑐2, 𝑐1 by (8b),
and finally multiplying by −1, we proceed with

−𝑎0.5
2

𝑑𝑑𝑡 [ 1𝑐2 (𝑏0 − 𝑓
2

𝐵
− 𝑏0.5
2

̇𝑓𝐵) + 𝑐2
1
− 4𝑐2𝑐04𝑐2
2

] 𝑐1 = 0,

−𝑏0.52𝑐0.5
2

𝑑𝑑𝑡 [ 1𝑐2 (𝑏0 − 𝑓
2

𝐵
− 𝑏0.5
2

̇𝑓𝐵)] 𝑐1 = 0,

𝑏0.5
2

𝑑𝑑𝑡 [(𝑏0 − 𝑓2𝐵 − 𝑏0.52 ̇𝑓𝐵)] (−𝑐1𝑐1.5
2

) = 0,
−𝑏0.5
2

𝑑𝑑𝑡 [𝐵0 (𝑡)] 𝑘1 ≡ 0,

(9b)

where

𝐵0 (𝑡) = 𝑏0 (𝑡) − 𝑓2𝐵 (𝑡) − 𝑏0.52 (𝑡) ̇𝑓𝐵 (𝑡) . (9c)

Hence, (9a) and (9b) constitute the inverse necessary and
sufficient conditions in terms of the coefficients of subsystem𝐵.These equations are the duals of (4a) and (4b), respectively;
similarly, (9c) is the dual of (4c).

Finally, using (9c) in the above obtained intermediate
equation for 𝐴0(𝑡), we write

𝐴0 (𝑡) = 1𝑐2𝐵0 (𝑡) +
𝑐2
1
− 4𝑐2𝑐04𝑐2
2

. (10a)

Solving it for 𝐵0(𝑡), we obtain
𝐵0 (𝑡) = 𝑐2𝐴0 (𝑡) + 𝑐0 − 𝑐2

14𝑐2 . (10b)

Using (8a) and (8b), we obtain the duals of (10a) and (10b) as

𝐵0 (𝑡) = 1𝑘2𝐴0 (𝑡) +
𝑘2
1
− 4𝑘2𝑘04𝑘2
2

, (11a)

𝐴0 (𝑡) = 𝑘2𝐵0 (𝑡) + 𝑘0 − 𝑘2
14𝑘2 , (11b)

respectively.
We remark that 𝑓𝐴(𝑡) in (3) and 𝑓𝐵(𝑡) in (6) are similarly

defined so they constitute also dual equations.We express the
results we obtained by a theorem.
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Theorem 1. Let 𝐴 and 𝐵 be two second-order linear time-
varying systems described by (1a) and (1b), respectively.

The necessary and sufficient conditions where subsystem 𝐵
is commutative with subsystem 𝐴 are as follows:

(i) The coefficients of 𝐵 are expressed in terms of the coef-
ficients of 𝐴 as in (4a) where 𝑐2 ̸= 0, 𝑐1, 𝑐0 are some
constants.

(ii) Further, the coefficients of 𝐴 and 𝑐1 satisfy (4b).
Conversely, the necessary and sufficient conditions where

subsystem 𝐴 is commutative with subsystem 𝐵 are as follows:

(iii) The coefficients of 𝐴 are expressed in terms of the
coefficients of 𝐵 as in (9a) where 𝑘2 ̸= 0, 𝑘1, 𝑘0 are some
constants.

(iv) Further, the coefficients of 𝐵 and 𝑘1 satisfy (9b).
Conditions (i) and (ii) together are equivalent to conditions (iii)
and (iv) together. There exists a unique relation between the
constants 𝑐2, 𝑐1, 𝑐0 and 𝑘2, 𝑘1, 𝑘0 which are expressed by the
dual equations (8a) and (8b).

If 𝑐1 ̸= 0 which is equivalent to 𝑘1 ̸= 0 due to (8a)
and (8b), the second and fourth conditions above are replaced,
respectively, by the following:

(v) 𝐴0(𝑡) defined in (4c) is independent of time and equal
to a constant.

(vi) 𝐵0(𝑡) defined in (9c) is independent of time and equal
to a constant.

Conditions (i) and (v) together are equivalent to conditions (iii)
and (vi) together. Further (v) and (vi) are equivalent conditions
due to (10a), (10b), (11a), and (11b).

3. Example

Let the coefficients of 𝐴 be 𝑎2 = 𝑡4 and 𝑎1 = 𝑡3. Then, by (3),𝑓𝐴(𝑡) = −𝑡/2; hence ̇𝑓𝐴(𝑡) = −1/2. Substituting these in (4c)
and choosing𝐴0 = −1, we find 𝑎0(𝑡) = −1 − 𝑡2/4. Hence,𝐴 is
described by

𝐴: 𝑡4 ̈𝑦𝐴 (𝑡) + 𝑡3 ̇𝑦𝐴 (𝑡) − (1 + 𝑡24 )𝑦𝐴 (𝑡) = 𝑥𝐴 (𝑡) . (12a)

Since 𝑎0(𝑡) is chosen so that (4c) is satisfied with a constant𝐴0, the above system has second-order pairs computed by
(4a) where 𝑐1 can be chosen different from zero due to
condition (v) of Theorem 1. In fact, choosing 𝑐2 = 4, 𝑐1 = −3,
and 𝑐0 = 1, the following commutative pair𝐵 of𝐴 is obtained:

[[
[

𝑏2
𝑏1
𝑏0
]]
]
=
[[[[[[
[

𝑡4 0 0
𝑡3 𝑡2 0

−(1 + 𝑡24 ) − 𝑡2 1

]]]]]]
]

[[
[

4
−3
1
]]
]

= [[[
[

4𝑡4
4𝑡3 − 3𝑡2

−𝑡2 + 1.5𝑡 − 3
]]]
]
,

𝐵: 4𝑡4 ̈𝑦𝐵 (𝑡) + (4𝑡3 − 3𝑡2) ̇𝑦𝐵 (𝑡)
− (𝑡2 − 1.5𝑡 + 3) 𝑦𝐵 (𝑡) = 𝑥𝐵 (𝑡) .

(12b)

Using (6)

𝑓𝐵 (𝑡) = 12𝑡2
2 (4𝑡3 − 3𝑡2) − 16𝑡3

4 = −𝑡 − 0.75, (13)

where ̇𝑓𝐵(𝑡) = −1. Evaluating (9c), we find
𝐵0 = −𝑡2 + 1,5𝑡 − 3 − (−𝑡 − 0,75)2 − 2𝑡2 (−1) = −5716 . (14)

Or directly from (10b)

𝐵0 = −1 (4) + 1 − 916 = −3 − 916 = −5716 , (15)

which is the same result in (14). The constants 𝑘2, 𝑘1, 𝑘0 are
found from (8a) as

[[
[

𝑘2
𝑘1
𝑘0
]]
]
=
[[[[[[[[
[

14
−(−3)8[9 − 2 (4)]2 (16)

]]]]]]]]
]

=
[[[[[[[
[

1438132

]]]]]]]
]
. (16)

So that the coefficients of 𝐴 can be inversely computed by
using (9a):

[[
[

𝑎2
𝑎1
𝑎0
]]
]
= [[[
[

4𝑡4 0 0
4𝑡3 − 3𝑡2 2𝑡2 0

−𝑡2 + 15𝑡 − 3 −𝑡 − 0.75 1
]]]
]

[[[[[[[
[

1438132

]]]]]]]
]

=
[[[[[[
[

𝑡4
𝑡3 − 34𝑡2 + 34𝑡2

𝑡24 + 1,5𝑡4 − 34 − 3𝑡8 − 932 + 132

]]]]]]
]

=
[[[[[
[

𝑡4
𝑡3

−𝑡24 − 1
]]]]]
]
.

(17)

Simulation results for 𝐴𝐵 and 𝐵𝐴 for inputs 𝑥1(𝑡) = −6.5 +10 sin(8𝜋𝑡) and 𝑥2(𝑡) = 2.5𝑒−𝑡 are shown for 0.5 ≤ 𝑡 ≤ 4 in
Figure 2. For both inputs, 𝐴𝐵 and 𝐵𝐴 give the same response
(𝐴𝐵1 = 𝐵𝐴1 and 𝐴𝐵2 = 𝐵𝐴2), respectively. If the coefficient𝑎0(𝑡) of 𝐴 is changed to −1 − 1.25𝑡2, then (4c) is not constant
any more since 𝐴0(𝑡) = −1 − 𝑡2; so, 𝐴 will not have a
second-order time-varying commutative pair unless 𝑐1 = 0.
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Figure 2: Responses of cascade connections 𝐴𝐵 and 𝐵𝐴 for
sinusoidal (𝐴𝐵1 = 𝐵𝐴1) and exponential (𝐴𝐵2 = 𝐵𝐴2) inputs.
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Figure 3: Responses of𝐴𝐵 and 𝐵𝐴 for sinusoidal input when𝐴 and𝐵 do not satisfy commutativity conditions.

For 𝑐1 = −3 ̸= 0 and (2a) is spoiled between the coefficients
of 𝐴 and 𝐵 both, 𝐴 will not commute with 𝐵 any more. This
is verified by Figure 3 which is obtained by input 𝑥1(𝑡) =−6.5 + 10 sin(8𝜋𝑡); it is seen obviously that the responses
of 𝐴𝐵 and 𝐵𝐴 are not coincident at all. All simulations are
performed with the initial and final times 𝑡0 = 0.5 and 𝑡 = 4,
respectively, by Simulink program of MATLAB 2010a.

4. Conclusions

The commutativity conditions for a second-order linear
time-varying system 𝐵 commutative with another second-
order linear time-varying system 𝐴 is well known in the
literature. In this paper, the inverse commutativity conditions
are obtained. It is shown that the commutativity conditions
for any two second-order linear time-varying systems 𝐴
and 𝐵 are in the same form whether they are expressed in
terms of the coefficients of systems 𝐴 or 𝐵. The results are
illustrated by an example. Inverse commutativity conditions
obtained are used in transitivity property of commutativity
for time-varying systems, which is the subject of future
work. Further, the problem of commutativity of switched
systems [18], which are also linear time-varying systems,

can be an interesting research subject which has not been
studied before. Additionally, commutativity conditions could
be studied for fractional order linear differential systems and
even linear systems of some fractional difference equations
[19–21].
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The improved generalized tanh-cothmethod is used in nonlinear sixth-order solitary wave equation.Thismethod is a powerful and
advantageous mathematical tool for establishing abundant new traveling wave solutions of nonlinear partial differential equations.
The new exact solutions consisted of trigonometric functions solutions, hyperbolic functions solutions, exponential functions
solutions, and rational functions solutions. The numerical results were obtained with the aid of Maple.

1. Introduction

Nonlinear evolution equations (NLEEs) play an important
role in various branches of scientific disciplines, such as
fluid mechanics, optical fibers, plasma physics, chemical
physics, biology, solid state physics, oceans engineering, and
many other scientific applications. The solitary wave was
introduced by Russell more than a century ago [1]. In the past
years, many powerful methods for finding exact solutions
of NLEEs have been proposed, such as the generalized(𝐺󸀠/𝐺)-expansion method [2], the tanh-coth method [3],
the modified sine-cosine method [4], the generalized unified
method [5], the improved 𝐹-expansion method [6], the
generalized Kudryashov method [7], the generalized Riccati
equation mapping method [8], the modified Kudryashov
method [9], the exp(−𝜙(𝜉)) method [10], the lie symmetry
analysis method [11], the first integral method [12], and the
consistent Riccati expansion [13].

Another powerful method has been presented byMalfliet
[14], who had customized the tanh technique and called
the tanh method. In 2002, Fan and Hona [15] extended the
tanh method which is called the extended tanh method,
by using 𝑈(𝜉) = ∑𝑀𝑘=0 𝑎𝑘𝑌𝑘 as traveling wave solutions.
In 2007, Wazwaz [3] extended and improved this method
which is called the tanh-coth method. In this method𝑈(𝜉) =∑𝑀𝑘=0 𝑎𝑘𝑌𝑘 + ∑𝑀𝑘=1 𝑏𝑘𝑌−𝑘 is used as traveling wave solutions.
In 2008 Gómez and Salas [16] improved and generalized this

method which is called the improved generalized tanh-coth
method, by using 𝑈(𝜉) = ∑𝑀𝑖=0 𝑎𝑖𝜙(𝜉)𝑖 + ∑2𝑀𝑖=𝑀+1 𝑎𝑖𝜙(𝜉)𝑀−𝑖,
where 𝜙 is the solution of the generalized Riccati equation.
Afterwards, several researchers applied this method to obtain
new exact solutions for nonlinear PDEs [17–20].

In 2017, Christou [21] studies solitons occurring in elec-
trical nonlinear transmission lines; there are called electrical
solitons. The problem is applied to Ohm’s law of solid state
physics by using Taylor-series expansions.

In this paper, we focus on using the improved generalized
tanh-coth method for finding exact solutions of the sixth-
order solitary wave equation:

𝑉𝑡𝑡 = [𝑎𝑉 + 𝑏𝑉2 − 𝑐𝑉3 + 𝑔𝑉𝑥𝑥 + ℎ𝑉𝑥𝑥𝑥𝑥]𝑥𝑥 , (1)

which was proposed by Christou [21] and

𝑎 = ℎ2𝐶0𝐿𝑏 = 12𝐹0𝑐 = 13𝐹20
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𝑔 = (12𝛿 + 1) ℎ412𝐶0𝐿
ℎ = (60𝛿 + 1) ℎ6360𝐶0𝐿 .

(2)

In Section 2, we briefly describe the improved generalized
tanh-coth method; in Section 3, the improved generalized
tanh-coth method is applied to the sixth-order solitary wave
equations. The last section is short summary and discussion.

2. The Improved Generalized
tanh-coth Method

Consider the nonlinear partial differential equation in the
variables 𝑥 and 𝑡

𝑃1 (𝑢, 𝑢𝑥, 𝑢𝑡, 𝑢𝑥,𝑡, 𝑢𝑥,𝑥, 𝑢𝑡,𝑡, . . .) = 0. (3)

The traveling wave transformation is given by

𝑢 (𝑥, 𝑡) = 𝑈 (𝜉) , 𝜉 = 𝑥 − 𝜆𝑡 + 𝜉0, (4)

where 𝜆 is the wave speed. We can reduce (3) to the ordinary
differential equation

𝑃2 (𝑈,𝑈󸀠, 𝑈󸀠󸀠, . . .) = 0. (5)

According to the improved generalized tanh-coth
method, we seek the exact solution of (3) that can be
expressed in the following form:

𝑈 (𝜉) = 𝑀∑
𝑖=0

𝑎𝑖𝜙 (𝜉)𝑖 + 2𝑀∑
𝑖=𝑀+1

𝑎𝑖𝜙 (𝜉)𝑀−𝑖 , (6)

where 𝑀 is a positive integer that will be determined by
balancing the highest order derivative term with the highest
order nonlinear term. The coefficients 𝑎𝑖 are constants (𝑎𝑀 ̸=0 and 𝑎−𝑀 ̸= 0) that are determined later while the
new variable 𝜙(𝜉) is the solution to the generalized Riccati
equation

𝜙󸀠 (𝜉) = 𝛼 + 𝛽𝜙 (𝜉) + 𝛾 (𝜙 (𝜉))2 , (7)

where 𝛼, 𝛽, and 𝛾 are constants. The solutions of generalized
Riccati equation are given by [18].

Case 1 (exponential function solutions). When 𝛼 = 0
𝜙 (𝜉) = 𝛽−𝛾 + 𝛽𝑒−𝛽𝜉 . (8)

Case 2 (trigonometric and hyperbolic function solution).
When 𝛽 = 0,

𝜙 (𝜉) =
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

√𝛼𝛾𝛾 tan (√𝛼𝛾𝜉) , 𝛼 > 0, 𝛾 > 0,√𝛼𝛾𝛾 tanh (√𝛼𝛾𝜉) , 𝛼 > 0, 𝛾 < 0,√−𝛼𝛾𝛾 tanh (−√−𝛼𝛾𝜉) , 𝛼 < 0, 𝛾 > 0,√𝛼𝛾𝛾 tan (−√𝛼𝛾𝜉) , 𝛼 < 0, 𝛾 < 0.
(9)

Case 3 (exponential function solutions). When 𝛾 = 0,
𝜙 (𝜉) = −𝛼 + 𝛽𝑒𝛽𝜉𝛽 . (10)

Case 4 (rational function solution). When 𝛼 = 𝛽 = 0,
𝜙 (𝜉) = − 1𝛾𝜉 . (11)

Case 5 (rational function solution). When 𝛽2 ̸= 0 and 𝛽2 =4𝛼𝛾,
𝜙 (𝜉) = −2𝛼 (𝛽𝜉 + 2)𝛽2𝜉 . (12)

Case 6 (trigonometric function solution). When 𝛽2 < 4𝛼𝛾
and 𝛾 ̸= 0,

𝜙 (𝜉) = √4𝛼𝛾 − 𝛽2 tan((1/2)√4𝛼𝛾 − 𝛽2𝜉) − 𝛽2𝛾 . (13)

Case 7 (hyperbolic function solution). When 𝛽2 > 4𝛼𝛾 and𝛾 ̸= 0,
𝜙 (𝜉) = √𝛽2 − 4𝛼𝛾 tanh((1/2)√𝛽2 − 4𝛼𝛾𝜉) − 𝛽2𝛾 . (14)

We substitute (6) into (5) and collect all terms with the
same order of 𝜙𝑗(𝜉); we get a polynomial in 𝜙(𝜉). Equating
each coefficient of the polynomial to zero, we will give a
system of algebraic equations involving the parameters 𝑎𝑖, 𝛼,𝛾, and 𝛽. Solving the system, we can construct a variety of
exact solutions of (5).

3. The Improved Generalized tanh-coth
Method Applied to Sixth-Order Solitary
Wave Equation

We use the wave transformations𝑉(𝑥, 𝑡) = 𝑉(𝜉), 𝜉 = 𝑥−𝜆𝑡+𝜉0, to reduce (1) to the following ODE:(𝜆2 − 𝑎)𝑉󸀠󸀠 (𝜉) − 𝑏 (𝑉2 (𝜉))󸀠󸀠 + 𝑐 (𝑉3 (𝜉))󸀠󸀠+ 𝑔𝑉󸀠󸀠󸀠󸀠 (𝜉) − ℎ𝑉󸀠󸀠󸀠󸀠󸀠󸀠 (𝜉) = 0. (15)
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Balancing the highest order term𝑉󸀠󸀠󸀠󸀠󸀠󸀠 with the highest order
nonlinear term (𝑉3)󸀠󸀠󸀠 in (13), we have

𝑀+ 6 = 3𝑀 + 2; (16)

then𝑀 = 2. Consequently, we set
𝑉 (𝜉) = 𝑎0 + 𝑎1𝜙 (𝜉) + 𝑎2 (𝜙 (𝜉))2 + 𝑎3 (𝜙 (𝜉))−1+ 𝑎4 (𝜙 (𝜉))−2 . (17)

Using (6) and (14) in (13) and equating all the coefficients
of power of 𝜙(𝜉) to be zero, we obtain a system of algebraic
equations in the unknowns 𝑎0, 𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝜆, 𝛼, 𝛽, and 𝛾.

𝜙 (𝜉)−8 : − 5040𝛼6𝑧𝑎4 + 42𝛼2𝑐𝑎34 = 0,𝜙 (𝜉)−7 : − 720𝛼6𝑧𝑎3 − 19440𝛼5𝛽𝑧𝑎4 + 90𝛼2𝑐𝑎3𝑎24+ 8𝛼𝛽𝑐𝑎34 = 0,𝜙 (𝜉)−6 : 165𝑐𝑎3𝑎24𝛼𝛽 + 72𝑐𝑎34𝛼𝛾 + 60𝑐𝑎0𝑎24𝛼2+ 60𝑐𝑎23𝛼2𝑎4 − 29400𝑧𝑎4𝛼4𝛽2 − 13440𝑧𝑎4𝛼5𝛾− 2520𝑧𝑎3𝛼5𝛽 + 36𝑐𝑎34𝛽2 − 20𝑏𝑎24𝛼2− 120𝑔𝑎4𝛼4 = 0,𝜙 (𝜉)−5 : 75𝑐𝑎3𝑎24𝛽2 + 66𝑐𝑎34𝛽𝛾 + 72𝑐𝑎0𝑎3𝑎4𝛼2+ 108𝑐𝑎0𝑎24𝛼𝛽 + 150𝑐𝑎3𝑎24𝛼𝛾 + 108𝑐𝑎23𝑎4𝛼𝛽− 38640𝑧𝑎4𝛼4𝛽𝛾 − 24𝑏𝑎3𝑎4𝛼2 − 36𝑏𝑎24𝛼𝛽+ 36𝑐𝑎1𝑎24𝛼2 − 21840𝑧𝑎4𝛼3𝛽3 − 3360𝑧𝑎3𝛼4𝛽2− 1680𝑧𝑎3𝛼5𝛾 − 336𝑔𝑎4𝛼3𝛽 + 12𝑐𝑎33𝛼2− 24𝑔𝑎3𝛼4 = 0,𝜙 (𝜉)−4 : 96𝑐𝑎0𝑎24𝛼𝛾 + 36𝑐𝑎1𝑎3𝑎4𝛼2 + 135𝑐𝑎3𝑎24𝛽𝛾− 4200𝑧𝑎3𝛼4𝛽𝛾 − 40152𝑧𝑎4𝛼3𝛽2𝛾 − 42𝑏𝑎3𝑎4𝛼𝛽+ 96𝑐𝑎23𝑎4𝛼𝛾 + 63𝑐𝑎1𝑎24𝛼𝛽 − 12096𝑧𝑎4𝛼4𝛾2− 8106𝑧𝑎4𝛼2𝛽4 − 2100𝑧𝑎3𝛼3𝛽3 − 240𝑔𝑎4𝛼3𝛾− 330𝑔𝑎4𝛼2𝛽2 − 60𝑔𝑎3𝛼3𝛽 + 21𝑐𝑎33𝛼𝛽 + 48𝑐𝑎23𝑎4− 12𝑏𝑎0𝑎4𝛼2 − 32𝑏𝑎24𝛼𝛾 + 18𝑐𝑎20𝑎4𝛼2 + 18𝑐𝑎0𝑎23𝛼2+ 48𝑐𝑎0𝑎24𝛽2 + 18𝑐𝑎2𝑎24𝛼2 − 6𝑎𝑎4𝛼2 + 6𝜆2𝑎4𝛼2+ 30𝑐𝑎34𝛾2 − 6𝑏𝑎23𝛼2 − 16𝑏𝑎24𝛽2+ 126𝑐𝑎0𝑎3𝑎4𝛼𝛽 = 0,

𝜙 (𝜉)−3 : 54𝑐𝑎0𝑎3𝑎4𝛽2 + 84𝑐𝑎0𝑎24𝛽𝛾 + 12𝑐𝑎2𝑎3𝑎4𝛼2+ 30𝑐𝑎2𝑎24𝛼𝛽 − 20𝑏𝑎0𝑎4𝛼𝛽 − 440𝑔𝑎4𝛼2𝛽𝛾− 3584𝑧𝑎3𝛼3𝛽2𝛾 − 17920𝑧𝑎4𝛼2𝛽3𝛾− 22960𝑧𝑎4𝛼3𝛽𝛾2 − 36𝑏𝑎3𝑎4𝛼𝛾 + 30𝑐𝑎20𝑎4𝛼𝛽+ 54𝑐𝑎1𝑎24𝛼𝛾 + 84𝑐𝑎23𝑎4𝛽𝛾 + 12𝑐𝑎0𝑎1𝑎4𝛼2+ 30𝑐𝑎0𝑎23𝛼𝛽 − 1330𝑧𝑎4𝛽5𝛼 − 1232𝑧𝑎3𝛼4𝛾2− 602𝑧𝑎3𝛼2𝛽4 − 130𝑔𝑎4𝛼𝛽3 − 40𝑔𝑎3𝛼3𝛾− 50𝑔𝑎3𝛼2𝛽2 + 18𝑐𝑎33𝛼𝛾 + 60𝑐𝑎3𝑎24𝛾2 + 10𝑎4𝜆2𝛼𝛽− 4𝑏𝑎0𝑎3𝛼2 − 10𝑎𝑎4𝛼𝛽 − 4𝑏𝑎1𝑎4𝛼2 − 10𝑏𝑎23𝛼𝛽− 18𝑏𝑎3𝑎4𝛽2 − 28𝑏𝑎24𝛽𝛾 + 6𝑐𝑎20𝑎3𝛼2 + 2𝑐𝑎1𝑎24𝛽2+ 6𝑐𝑎1𝑎23𝛼2 − 2𝑎𝑎3𝛼2 + 2𝑎3𝜆2𝛼2 + 9𝑐𝑎33𝛽2+ 108𝑐𝑎0𝑎3𝑎4𝛼𝛾 + 60𝑐𝑎1𝑎3𝑎4𝛼𝛽 = 0,
𝜙 (𝜉)−2 : 24𝑐𝑎0𝑎23𝛼𝛾 + 9𝑐𝑎1𝑎23𝛼𝛽 + 24𝑐𝑎1𝑎3𝑎4𝛽2+ 24𝑐𝑎2𝑎24𝛼𝛾 − 6𝑏𝑎0𝑎3𝛼𝛽 − 16𝑏𝑎0𝑎4𝛼𝛾− 232𝑔𝑎4𝛼𝛾𝛽2 − 60𝑔𝑎3𝛼2𝛽𝛾 − 116𝑧𝑎3𝛼2𝛽𝛾− 1848𝑧𝑎3𝛼3𝛽𝛾2 − 13320𝑧𝑎4𝛼2𝛽2𝛾2− 3096𝑧𝑎4𝛼𝛽2𝛾 − 30𝑏𝑎3𝑎4𝛽𝛾 − 6𝑏𝑎1𝑎4𝛼𝛽+ 9𝑐𝑎20𝑎3𝛼𝛽 + 24𝑐𝑎20𝑎4𝛼𝛾 + 45𝑐𝑎1𝑎24𝛽𝛾− 3968𝑧𝑎4𝛼3𝛾3 − 63𝑧𝑎3𝛽5𝛼 − 136𝑔𝑎4𝛼2𝛾2− 15𝑔𝑎3𝛼𝛽3 + 15𝑐𝑎33𝛽𝛾 + 36𝑐𝑎23𝑎4𝛾2 + 3𝑎3𝜆2𝛼𝛽+ 8𝑎4𝜆2𝛼𝛾 − 8𝑏𝑎0𝑎4𝛽2 − 3𝑎𝑎3𝛼𝛽 − 8𝑎𝑎4𝛼𝛾− 8𝑏𝑎23𝛼𝛾 + 12𝑐𝑎20𝑎4𝛽2 + 12𝑐𝑎0𝑎23𝛽2 + 36𝑐𝑎0𝑎24𝛾2+ 12𝑐𝑎2𝑎24𝛽2 − 4𝑎𝑎4𝛽2 + 4𝑎4𝜆2𝛽2 − 4𝑎23𝑏𝛽2− 12𝑏𝑎24𝛾2 − 64𝑧𝑎4𝛽6 − 16𝑔𝑎4𝛽4 + 90𝑐𝑎0𝑎3𝑎4𝛽𝛾+ 18𝑐𝑎0𝑎1𝑎4𝛼𝛽 + 48𝑐𝑎1𝑎3𝑎4𝛼𝛾 + 18𝑐𝑎2𝑎3𝑎4𝛼𝛽 = 0,
𝜙 (𝜉)−1 : 18𝑐𝑎0𝑎23𝛽𝛾 + 36𝑐𝑎0𝑎3𝑎4𝛾2 + 6𝑐𝑎1𝑎23𝛼𝛾+ 6𝑐𝑎2𝑎3𝑎4𝛽2 + 18𝑐𝑎2𝑎24𝛽𝛾 − 4𝑏𝑎0𝑎3𝛼𝛾− 12𝑏𝑎0𝑎4𝛽𝛾 − 120𝑔𝑎4𝛼𝛽𝛾2 − 22𝑔𝑎3𝛼𝛽2𝛾− 720𝑧𝑎3𝛼2𝛽2𝛾2 − 114𝑧𝑎3𝛼𝛽4𝛾 − 3696𝑧𝑎4𝛼2𝛽𝛾3− 2352𝑧𝑎4𝛼𝛽3𝛾2 − 4𝑏𝑎1𝑎4𝛼𝛾 + 6𝑐𝑎20𝑎3𝛼𝛾
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+ 18𝑐𝑎20𝑎4𝛽𝛾 + 6𝑐𝑎0𝑎1𝑎4𝛽2 − 126𝑧𝑎4𝛽5𝛾− 22𝑧𝑎3𝛼3𝛾3 − 30𝑔𝑎4𝛽3𝛾 − 16𝑔𝑎3𝛼2𝛾2 + 2𝑎3𝜆2𝛼𝛾+ 6𝑎4𝜆2𝛽𝛾 − 2𝑏𝑎0𝑎3𝛽2 − 2𝑎𝑎3𝛼𝛾 − 6𝑎𝑎4𝛽𝛾− 2𝑏𝑎1𝑎4𝛽2 − 6𝑏𝑎23𝛽𝛾 − 12𝑏𝑎3𝑎4𝛾2 + 3𝑐𝑎20𝑎3𝛽2+ 18𝑐𝑎1𝑎24𝛾2 + 3𝑐𝑎1𝑎23𝛽2 − 𝑎𝑎3𝛽2 + 𝑎3𝜆2𝛽2+ 6𝑐𝑎33𝛾2 − 𝑧𝑎3𝛽6 − 𝑔𝑎3𝛽4 + 12𝑐𝑎0𝑎1𝑎4𝛼𝛾+ 36𝑐𝑎1𝑎3𝑎4𝛽𝛾 + 12𝑐𝑎2𝑎3𝑎4𝛼𝛾 = 0,𝜙 (𝜉)0 : 𝑎3𝜆2𝛽𝛾 + 𝑎1𝜆2𝛽𝛼 + 6𝑐𝑎22𝑎4𝛼2 + 6𝑐𝑎2𝑎24𝛾2+ 6𝑐𝑎0𝑎21𝛼2 + 6𝑐𝑎0𝑎23𝛾2 + 6𝑐𝑎20𝑎4𝛾2 + 6𝑐𝑎20𝑎2𝛼2− 62𝑧𝑎2𝛽4𝛼2 − 272𝑧𝑎2𝛾2𝛼4 − 𝑧𝑎1𝛽5𝛼 − 62𝑧𝑎4𝛽4𝛾2− 22𝑧𝑎4𝛼2𝛾4 − 𝑧𝑎3𝛽5𝛾 − 16𝑔𝑎4𝛼𝛾3 − 14𝑔𝑎4𝛽2𝛾2− 𝑔𝑎3𝛽3𝛾 − 𝑔𝑎1𝛽3𝛼 − 14𝑔𝑎2𝛽2𝛼2 − 16𝑔𝑎2𝛾𝛼3− 4𝑏𝑎0𝑎4𝛾2 − 4𝑏𝑎0𝑎2𝛼2 − 𝑎𝑎3𝛽𝛾 − 𝑎𝑎1𝛽𝛼− 584𝑧𝑎2𝛽2𝛼3𝛾 − 52𝑧𝑎1𝛽3𝛾𝛼2 − 136𝑧𝑎1𝛽𝛾2𝛼3− 136𝑧𝑎3𝛼2𝛽𝛾3 − 52𝑧𝑎3𝛼𝛽3𝛾2 − 584𝑧𝑎4𝛼𝛽2𝛾3− 8𝑔𝑎1𝛽𝛾𝛼2 − 8𝑔𝑎3𝛼𝛽𝛾2 − 2𝑏𝑎0𝑎3𝛽𝛾 − 2𝑏𝑎0𝑎1𝛽𝛼− 2𝑏𝑎1𝑎4𝛽𝛾 − 2𝑏𝑎2𝑎3𝛼𝛽 + 3𝑐𝑎20𝑎3𝛽𝛾 + 3𝑐𝑎20𝑎1𝛽𝛼+ 12𝑐𝑎1𝑎3𝑎4𝛾2 + 3𝑐𝑎21𝑎3𝛼𝛽 + 12𝑐𝑎1𝑎2𝑎3𝛼2+ 3𝑐𝑎1𝑎23𝛽𝛾 − 2𝑏𝑎21𝛼2 − 2𝑏𝑎23𝛾2 − 2𝑎𝑎4𝛾2 − 2𝑎𝑎2𝛼2+ 2𝑎4𝜆2𝛾2 + 2𝑎2𝜆2𝛼2 + 6𝑐𝑎0𝑎1𝑎4𝛽𝛾 + 6𝑐𝑎0𝑎2𝑎3𝛼𝛽+ 6𝑐𝑎1𝑎2𝑎4𝛼𝛽 + 6𝑐𝑎2𝑎3𝑎4𝛽𝛾 = 0,𝜙 (𝜉) : 18𝑐𝑎22𝑎4𝛼𝛽 − 4𝑏𝑎2𝑎3𝛼𝛾 − 4𝑏𝑎0𝑎1𝛾𝛼 + 6𝑐𝑎20𝑎1𝛾𝛼+ 18𝑐𝑎20𝑎2𝛼𝛽 + 6𝑐𝑎0𝑎2𝑎3𝛽2 + 18𝑐𝑎0𝑎21𝛼𝛽+ 36𝑐𝑎0𝑎1𝑎2𝛼2 + 6𝑐𝑎21𝑎3𝛼𝛾 + 6𝑐𝑎1𝑎2𝑎4𝛽2− 12𝑏𝑎0𝑎2𝛼𝛽 − 22𝑔𝑎1𝛽2𝛾𝛼 − 120𝑔𝑎2𝛽𝛼2𝛾− 114𝑧𝑎1𝛽4𝛾𝛼 − 720𝑧𝑎1𝛽2𝛾2𝛼2 − 2352𝑧𝑎2𝛽3𝛾𝛼2− 3696𝑧𝑎2𝛽𝛾2𝛼3 − 6𝑏𝑎21𝛼𝛽 − 12𝑏𝑎1𝑎2𝛼2− 2𝑏𝑎2𝑎3𝛽2 + 3𝑐𝑎20𝑎1𝛽2 + 18𝑐𝑎22𝑎3𝛼2 + 3𝑐𝑎21𝑎3𝛽2+ 2𝑎1𝜆2𝛾𝛼 + 6𝑎2𝜆2𝛼𝛽 − 126𝑧𝑎2𝛽5𝛼 − 272𝑧𝑎1𝛾3𝛼3− 16𝑔𝑎1𝛾2𝛼2 − 30𝑔𝑎2𝛽3𝛼 − 2𝑏𝑎0𝑎1𝛽2 − 2𝑎𝑎1𝛾𝛼− 6𝑎𝑎2𝛼𝛽 + 6𝑐𝑎31𝛼2 − 𝑧𝑎1𝛽6 − 𝑔𝑎1𝛽4 − 𝑎𝑎1𝛽2

+ 𝑎1𝜆2𝛽2 + 12𝑐𝑎0𝑎2𝑎3𝛼𝛾 + 36𝑐𝑎1𝑎2𝑎3𝛼𝛽+ 12𝑐𝑎1𝑎2𝑎4𝛼𝛾 = 0,
𝜙 (𝜉)2 : 24𝑐𝑎1𝑎2𝑎3𝛽2 + 9𝑐𝑎21𝑎3𝛽𝛾 + 24𝑐𝑎22𝑎4𝛼𝛾− 16𝑏𝑎0𝑎2𝛼𝛾 − 60𝑔𝑎1𝛽𝛼𝛾2 − 232𝑔𝑎2𝛽2𝛼𝛾− 1848𝑧𝑎1𝛽𝛾3𝛼2 − 1176𝑧𝑎1𝛽3𝛼𝛾2 − 3096𝑧𝑎2𝛽4𝛾𝛼− 13320𝑧𝑎2𝛽2𝛾2𝛼2 − 30𝑏𝑎1𝑎2𝛼𝛽 − 6𝑏𝑎2𝑎3𝛽𝛾− 6𝑏𝑎0𝑎1𝛽𝛾 + 9𝑐𝑎20𝑎1𝛽𝛾 + 24𝑐𝑎20𝑎2𝛼𝛾 + 45𝑐𝑎22𝑎3𝛼𝛽+ 24𝑐𝑎0𝑎21𝛼𝛾 − 3968𝑧𝑎2𝛾3𝛼3 − 63𝑧𝑎1𝛽5𝛾− 15𝑔𝑎1𝛽3𝛾 − 136𝑔𝑎2𝛾2𝛼2 + 3𝑎1𝜆2𝛽𝛾 + 8𝑎2𝜆2𝛼𝛾− 8𝑏𝑎0𝑎2𝛽2 − 3𝑎𝑎1𝛽𝛾 − 8𝑎𝑎2𝛼𝛾 − 8𝑏𝑎21𝛼𝛾+ 12𝑐𝑎20𝑎2𝛽2 + 36𝑐𝑎0𝑎22𝛼2 + 12𝑐𝑎0𝑎21𝛽2 + 15𝑐𝑎31𝛼𝛽+ 36𝑐𝑎21𝑎2𝛼2 + 12𝑐𝑎22𝑎4𝛽2 − 4𝑎𝑎2𝛽2 + 4𝑎2𝜆2𝛽2− 12𝑏𝑎22𝛼2 − 4𝑏𝑎21𝛽2 − 64𝑧𝑎2𝛽6 − 16𝑔𝑎2𝛽4+ 90𝑐𝑎0𝑎1𝑎2𝛼𝛽 + 18𝑐𝑎0𝑎2𝑎3𝛽𝛾 + 48𝑐𝑎1𝑎2𝑎3𝛼𝛾+ 18𝑐𝑎1𝑎2𝑎4𝛽𝛾 = 0,
𝜙 (𝜉)3 : 6𝑐𝑎21𝑎3𝛾2 + 60𝑐𝑎1𝑎22𝛼2 + 10𝑎2𝜆2𝛽𝛾− 1330𝑧𝑎2𝛽5𝛾 − 602𝑧𝑎1𝛽4𝛾2 − 1232𝑧𝑎1𝛾4𝛼2− 50𝑔𝑎1𝛽2𝛾2 − 40𝑔𝑎1𝛼𝛾3 − 130𝑔𝑎2𝛽3𝛾 − 4𝑏𝑎0𝑎1𝛾− 10𝑎𝑎2𝛽𝛾 − 10𝑏𝑎21𝛽𝛾 − 18𝑏𝑎1𝑎2𝛽2 − 28𝑏𝑎22𝛼𝛽− 4𝑏𝑎2𝑎3𝛾2 + 6𝑐𝑎20𝑎1𝛾2 + 27𝑐𝑎22𝑎3𝛽2 + 18𝑐𝑎31𝛼𝛾+ 108𝑐𝑎0𝑎1𝑎2𝛼𝛾 + 60𝑐𝑎1𝑎2𝑎3𝛽𝛾 − 20𝑏𝑎0𝑎2𝛽𝛾− 440𝑔𝑎2𝛽𝛼𝛾2 − 3584𝑧𝑎1𝛽2𝛼𝛾3 − 22960𝑧𝑎2𝛽𝛾3𝛼2+ 12𝑐𝑎1𝑎2𝑎4𝛾2 + 84𝑐𝑎21𝑎2𝛼𝛽 + 30𝑐𝑎22𝑎4𝛽𝛾− 17920𝑧𝑎2𝛽3𝛼𝛾2 + 54𝑐𝑎22𝑎3𝛼𝛾 − 36𝑏𝑎1𝑎2𝛼𝛾+ 30𝑐𝑎20𝑎2𝛽𝛾 + 30𝑐𝑎0𝑎21𝛽𝛾 + 54𝑐𝑎0𝑎1𝑎2𝛽2+ 84𝑐𝑎0𝑎22𝛼𝛽 + 12𝑐𝑎0𝑎2𝑎3𝛾2 − 2𝑎𝑎1𝛾2 + 2𝑎1𝜆2𝛾2+ 9𝑐𝑎31𝛽2 = 0,
𝜙 (𝜉)4 : 135𝑐𝑎1𝑎22𝛼𝛽 + 36𝑐𝑎1𝑎2𝑎3𝛾2 + 96𝑐𝑎21𝑎2𝛼𝛾− 4200𝑧𝑎1𝛽𝛾4𝛼 − 40152𝑧𝑎2𝛽2𝛼𝛾3 + 63𝑐𝑎22𝑎3𝛽𝛾
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− 42𝑏𝑎1𝑎2𝛽𝛾 + 96𝑐𝑎0𝑎22𝛼𝛾 − 8106𝑧𝑎2𝛽4𝛾2− 12096𝑧𝑎2𝛾4𝛼2 − 2100𝑧𝑎1𝛽3𝛾3 − 60𝑔𝑎1𝛽𝛾3− 330𝑔𝑎2𝛽2𝛾2 − 240𝑔𝑎2𝛾3𝛼 − 12𝑏𝑎0𝑎2𝛾2− 32𝑏𝑎22𝛼𝛾 + 18𝑐𝑎20𝑎2𝛾2 + 18𝑐𝑎0𝑎21𝛾2 + 48𝑐𝑎0𝑎22𝛽2+ 21𝑐𝑎31𝛽𝛾 + 48𝑐𝑎21𝑎2𝛽2 + 18𝑐𝑎22𝑎4𝛾2 − 6𝑎𝑎2𝛾2− 6𝑎𝑎2𝛾2 + 6𝑎2𝜆2𝛾2 + 30𝑐𝑎32𝛼2 − 6𝑏𝑎21𝛾2− 16𝑏𝑎22𝛽2 + 126𝑐𝑎0𝑎1𝑎2𝛽𝛾 = 0,𝜙 (𝜉)5 : − 336𝑔𝑎2𝛽𝛾3 − 24𝑏𝑎1𝑎2𝛾2 − 36𝑏𝑎22𝛽𝛾+ 36𝑐𝑎22𝑎3𝛾2 + 75𝑐𝑎1𝑎22𝛽2 + 66𝑐𝑎32𝛼𝛽− 21840𝑧𝑎2𝛽3𝛾3 − 3360𝑧𝑎1𝛽2𝛾4 − 1680𝑧𝑎1𝛾5𝛼+ 72𝑐𝑎0𝑎1𝑎2𝛾2 + 108𝑐𝑎0𝑎22𝛽𝛾 + 150𝑐𝑎1𝑎22𝛼𝛾+ 108𝑐𝑎21𝑎2𝛽𝛾 − 38640𝑧𝑎2𝛽𝛾4𝛼 + 12𝑐𝑎31𝛾2

− 24𝑔𝑎1𝛾4 = 0,
𝜙 (𝜉)6 : 60𝑐𝑎0𝑎22𝛾2 + 60𝑐𝑎21𝑎2𝛾2 + 72𝑐𝑎32𝛼𝛾− 29400𝑧𝑎2𝛽2𝛾2 − 13440𝑧𝑎2𝛾5𝛼 − 2520𝑧𝑎1𝛽𝛾5+ 165𝑐𝑎1𝑎22𝛽𝛾 + 36𝑐𝑎32𝛽2 − 20𝑏𝑎22𝛾2− 120𝑔𝑎2𝛾4 = 0,
𝜙 (𝜉)7 : − 19440𝛽𝛾5𝑧𝑎2 − 720𝑎1𝑧𝛾6 + 8𝑐𝑎32𝛽𝛾+ 90𝑐𝑎1𝑎22𝛾2 = 0,
𝜙 (𝜉)8 : − 5040𝑎2𝑧𝛾6 + 42𝑐𝑎32𝛾2 = 0.

(18)

Solving the system of algebraic equations with the aid of
Maple, using (18), we obtain the following results.

First Set

𝑎0 = ± 130 (40√30√ℎ𝑐𝛾𝛼ℎ + 5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 ) ,
𝑎1 = 0,𝑎2 = 0,
𝑎3 = ±2𝛽√30√ℎ𝑐𝛼𝑐 ,
𝑎4 = ±2√30√ℎ𝑐𝛼2𝑐 ,
𝜆 = ± 130 √−30𝑐ℎ (720𝛼2𝛾2𝑐ℎ2 − 360𝛼𝛾𝛽2𝑐ℎ2 + 45𝛽4𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ .

(19)

Case 1. When 𝛽 = 0, 𝛼 > 0, and 𝛾 > 0, 𝜙(𝜉) = (√𝛼𝛾/𝛾) tan(√𝛼𝛾𝜉), the periodic solutions of (1) are𝑉1 (𝑥, 𝑡)
= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2√30√ℎ𝑐𝛾𝛼2𝑐 cot2 (√𝛼𝛾 (𝑥 + 𝜆𝑡 + 𝜉0)) ,𝑉2 (𝑥, 𝑡)

= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2√30√ℎ𝑐𝛾𝛼2𝑐 cot2 (√𝛼𝛾 (𝑥 − 𝜆𝑡 + 𝜉0)) ,

(20)

where

𝜆 = 130
⋅ √−30𝑐ℎ (720𝛼2𝛾2𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (21)

Case 2. When 𝛽 = 0, 𝛼 < 0, and 𝛾 > 0, 𝜙(𝜉) =(√−𝛼𝛾/𝛾) tanh(−√−𝛼𝛾𝜉), the periodic solutions of (1) are𝑉3 (𝑥, 𝑡)
= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
− 2√30√ℎ𝑐𝛼𝛾𝑐 coth2 (−√−𝛼𝛾 (𝑥 + 𝜆𝑡 + 𝜉0)) ,
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𝑉4 (𝑥, 𝑡)
= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
− 2√30√ℎ𝑐𝛼𝛾𝑐 coth2 (−√−𝛼𝛾 (𝑥 − 𝜆𝑡 + 𝜉0)) ,

(22)

where

𝜆 = 130
⋅ √−30𝑐ℎ (720𝛼2𝛾2𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (23)

Case 3. When 𝛾 = 0, 𝜙(𝜉) = (−𝛼 + 𝛽𝑒𝛽𝜉)/𝛽, the combined
formal single kink solutions of (1) are

𝑉5 (𝑥, 𝑡) = 130 (5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2𝛽2√30√ℎ𝑐𝛼𝑐 (−𝛼 + 𝛽𝑒𝛽(𝑥+𝜆𝑡+𝜉0))
+ 2𝛽2√30√ℎ𝑐𝛼2𝑐 (−𝛼 + 𝛽𝑒𝛽(𝑥+𝜆𝑡+𝜉0))2 ,

𝑉6 (𝑥, 𝑡) = 130 (5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2𝛽2√30√ℎ𝑐𝛼𝑐 (−𝛼 + 𝛽𝑒𝛽(𝑥−𝜆𝑡+𝜉0))
+ 2𝛽2√30√ℎ𝑐𝛼2𝑐 (−𝛼 + 𝛽𝑒𝛽(𝑥−𝜆𝑡+𝜉0))2 ,

(24)

where

𝜆 = 130 √−30𝑐ℎ (45𝛽4𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (25)

Case 4. When 𝛽2 ̸= 0 and 𝛽2 = 4𝛼𝛾, 𝜙(𝜉) = −2𝛼(𝛽𝜉+2)/𝛽2𝜉,
the rational solutions of (1) are𝑉7 (𝑥, 𝑡)

= 130 (15√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎ𝑐ℎ )
− 𝛽3√30√ℎ𝑐 (𝑥 − 𝜆𝑡 + 𝜉0)𝑐 (𝛽 (𝑥 − 𝜆𝑡 + 𝜉0) + 2)
+ 𝛽5√30√ℎ𝑐 (𝑥 − 𝜆𝑡 + 𝜉0)22𝑐 (𝛽 (𝑥 − 𝜆𝑡 + 𝜉0) + 2)2 ,𝑉8 (𝑥, 𝑡)

= 130 (15√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎ𝑐ℎ )
− 𝛽3√30√ℎ𝑐 (𝑥 + 𝜆𝑡 + 𝜉0)𝑐 (𝛽 (𝑥 + 𝜆𝑡 + 𝜉0) + 2)
+ 𝛽5√30√ℎ𝑐 (𝑥 + 𝜆𝑡 + 𝜉0)22𝑐 (𝛽 (𝑥 + 𝜆𝑡 + 𝜉0) + 2)2 ,

(26)

where

𝜆 = 130 √−30𝑐ℎ (−30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (27)

Case 5. When 𝛽2 < 4𝛼𝛾 and 𝛾 ̸= 0, 𝜙(𝜉) =(√4𝛼𝛾 − 𝛽2 tan((1/2)√4𝛼𝛾 − 𝛽2𝜉)−𝛽)/2𝛾, the periodic solu-
tions of (1) are

𝑉9 (𝑥, 𝑡) = 130 (40√30√ℎ𝑐𝛾𝛼ℎ + 5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2𝛽√30√ℎ𝑐𝛼𝑐 ( 2𝛾√4𝛼𝛾 − 𝛽2 tan((1/2)√4𝛼𝛾 − 𝛽2 (𝑥 + 𝜆𝑡 + 𝜉0)) − 𝛽)
+ 2√30√ℎ𝑐𝛼2𝑐 ( 4𝛾2(√4𝛼𝛾 − 𝛽2 tan((1/2)√4𝛼𝛾 − 𝛽2 (𝑥 + 𝜆𝑡 + 𝜉0)) − 𝛽)2),

𝑉10 (𝑥, 𝑡) = 130 (40√30√ℎ𝑐𝛾𝛼ℎ + 5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
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+ 2𝛽√30√ℎ𝑐𝛼𝑐 ( 2𝛾√4𝛼𝛾 − 𝛽2 tan((1/2)√4𝛼𝛾 − 𝛽2 (𝑥 − 𝜆𝑡 + 𝜉0)) − 𝛽)
+ 2√30√ℎ𝑐𝛼2𝑐 ( 4𝛾2(√4𝛼𝛾 − 𝛽2 tan((1/2)√4𝛼𝛾 − 𝛽2 (𝑥 − 𝜆𝑡 + 𝜉0)) − 𝛽)2),

(28)

where

𝜆 = 130 √−30𝑐ℎ (720𝛼2𝛾2𝑐ℎ2 − 360𝛼𝛾𝛽2𝑐ℎ2 + 45𝛽4𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (29)

Case 6. When 𝛽2 > 4𝛼𝛾 and 𝛾 ̸= 0, 𝜙(𝜉) =(√𝛽2 − 4𝛼𝛾 tanh((1/2)√𝛽2 − 4𝛼𝛾𝜉) − 𝛽)/2𝛾, the periodic
solutions of (1) are

𝑉11 (𝑥, 𝑡) = 130 (40√30√ℎ𝑐𝛾𝛼ℎ + 5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2𝛽√30√ℎ𝑐𝛼𝑐 ( 2𝛾√𝛽2 − 4𝛼𝛾 tanh((1/2)√𝛽2 − 4𝛼𝛾 (𝑥 + 𝜆𝑡 + 𝜉0)) − 𝛽)
+ 2√30√ℎ𝑐𝛼2𝑐 ( 4𝛾2(√𝛽2 − 4𝛼𝛾 tanh((1/2)√𝛽2 − 4𝛼𝛾 (𝑥 + 𝜆𝑡 + 𝜉0)) − 𝛽)2),

𝑉12 (𝑥, 𝑡) = 130 (40√30√ℎ𝑐𝛾𝛼ℎ + 5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2𝛽√30√ℎ𝑐𝛼𝑐 ( 2𝛾√𝛽2 − 4𝛼𝛾 tanh((1/2)√𝛽2 − 4𝛼𝛾 (𝑥 − 𝜆𝑡 + 𝜉0)) − 𝛽)
+ 2√30√ℎ𝑐𝛼2𝑐 ( 4𝛾2(√𝛽2 − 4𝛼𝛾 tanh((1/2)√𝛽2 − 4𝛼𝛾 (𝑥 − 𝜆𝑡 + 𝜉0)) − 𝛽)2),

(30)

where

𝜆 = 130 √−30𝑐ℎ (720𝛼2𝛾2𝑐ℎ2 − 360𝛼𝛾𝛽2𝑐ℎ2 + 45𝛽4𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (31)
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Second Set

𝑎0 = ± 130 (40√30√ℎ𝑐𝛾𝛼ℎ + 5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 ) ,
𝑎1 = ±2𝛽√30√ℎ𝑐𝛾𝑐 ,
𝑎2 = ±2√30√ℎ𝑐𝛾2𝑐 ,
𝑎3 = 0,𝑎4 = 0,
𝜆 = ± 130 √−30𝑐ℎ (720𝛼2𝛾2𝑐ℎ2 − 360𝛼𝛾𝛽2𝑐ℎ2 + 45𝛽4𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ .

(32)

Case 1. When 𝛼 = 0, 𝜙(𝜉) = 𝛽/(−𝛾 + 𝛽𝑒−𝛽𝜉), the combined
formal single kink solutions of (1) are

𝑉13 (𝑥, 𝑡) = 130 (5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2𝛽2√30√ℎ𝑐𝛾𝑐 (−𝛾 + 𝛽𝑒−𝛽(𝑥+𝜆𝑡+𝜉0))
+ 2𝛽2√30√ℎ𝑐𝛾2𝑐 (−𝛾 + 𝛽𝑒−𝛽(𝑥+𝜆𝑡+𝜉0))2 ,

𝑉14 (𝑥, 𝑡) = 130 (5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2𝛽2√30√ℎ𝑐𝛾𝑐 (−𝛾 + 𝛽𝑒−𝛽(𝑥−𝜆𝑡+𝜉0))
+ 2𝛽2√30√ℎ𝑐𝛾2𝑐 (−𝛾 + 𝛽𝑒−𝛽(𝑥−𝜆𝑡+𝜉0))2 ,

(33)

where

𝜆 = 130 √−30𝑐ℎ (45𝛽4𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (34)

Case 2. When 𝛽 = 0, 𝛼 > 0, and 𝛾 > 0, 𝜙(𝜉) =(√𝛼𝛾/𝛾) tan(√𝛼𝛾𝜉), the periodic solutions of (1) are
𝑉15 (𝑥, 𝑡)

= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2√30√ℎ𝑐𝛼𝛾𝑐 tan2 (√𝛼𝛾 (𝑥 + 𝜆𝑡 + 𝜉0)) ,

𝑉16 (𝑥, 𝑡)
= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2√30√ℎ𝑐𝛼𝛾𝑐 tan2 (√𝛼𝛾 (𝑥 − 𝜆𝑡 + 𝜉0)) ,

(35)

where

𝜆 = 130
⋅ √−30𝑐ℎ (720𝛼2𝛾2𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (36)

Case 3. When 𝛽 = 0, 𝛼 < 0, and 𝛾 > 0, 𝜙(𝜉) =(√−𝛼𝛾/𝛾) tanh(−√−𝛼𝛾𝜉), the periodic solutions of (1) are𝑉17 (𝑥, 𝑡)
= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2√30√ℎ𝑐 (√−𝛼𝛾)2𝑐⋅ tanh2 (−√−𝛼𝛾 (𝑥 + 𝜆𝑡 + 𝜉0)) ,𝑉18 (𝑥, 𝑡)
= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2√30√ℎ𝑐 (√−𝛼𝛾)2𝑐⋅ tanh2 (−√−𝛼𝛾 (𝑥 − 𝜆𝑡 + 𝜉0)) ,

(37)
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where

𝜆 = 130
⋅ √−30𝑐ℎ (720𝛼2𝛾2𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (38)

Case 4. When𝛼 = 𝛽 = 0,𝜙(𝜉) = −1/𝛾𝜉, the rational solutions
of (1) are

𝑉19 (𝑥, 𝑡) = 130 (√30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2√30√ℎ𝑐𝛾2𝑐 (𝛾 (𝑥 + 𝜆𝑡 + 𝜉0))2 ,

𝑉20 (𝑥, 𝑡) = 130 (√30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2√30√ℎ𝑐𝛾2𝑐 (𝛾 (𝑥 − 𝜆𝑡 + 𝜉0))2 ,

𝑉21 (𝑥, 𝑡) = 130 (√30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
− 2√30√ℎ𝑐𝛾2𝑐 (𝛾 (𝑥 + 𝜆𝑡 + 𝜉0))2 ,

𝑉22 (𝑥, 𝑡) = 130 (√30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
− 2√30√ℎ𝑐𝛾2𝑐 (𝛾 (𝑥 − 𝜆𝑡 + 𝜉0))2 ,

𝑉23 (𝑥, 𝑡) = − 130 (√30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2√30√ℎ𝑐𝛾2𝑐 (𝛾 (𝑥 + 𝜆𝑡 + 𝜉0))2 ,

𝑉24 (𝑥, 𝑡) = − 130 (√30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 2√30√ℎ𝑐𝛾2𝑐 (𝛾 (𝑥 − 𝜆𝑡 + 𝜉0))2 ,

𝑉25 (𝑥, 𝑡) = − 130 (√30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
− 2√30√ℎ𝑐𝛾2𝑐 (𝛾 (𝑥 + 𝜆𝑡 + 𝜉0))2 ,

𝑉26 (𝑥, 𝑡) = − 130 (√30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
− 2√30√ℎ𝑐𝛾2𝑐 (𝛾 (𝑥 − 𝜆𝑡 + 𝜉0))2 ,

(39)

where

𝜆 = 130 √−30𝑐ℎ (−30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (40)

Case 5. When 𝛽2 ̸= 0 and 𝛽2 = 4𝛼𝛾, 𝜙(𝜉) = −2𝛼(𝛽𝜉+2)/𝛽2𝜉,
the rational solutions of (1) are

𝑉27 (𝑥, 𝑡) = 130 15√30√ℎ𝑐𝛽2ℎ + 10𝑏ℎ + √30√𝑐ℎ𝑔𝑐ℎ
− 𝛽√30√𝑐ℎ (𝛽 (𝑥 − 𝜆𝑡 + 𝜉0) + 2)𝑐 (𝑥 − 𝜆𝑡 + 𝜉0)
+ 4𝛽√30√𝑐ℎ (𝛽 (𝑥 − 𝜆𝑡 + 𝜉0) + 2)2𝑐 (𝑥 − 𝜆𝑡 + 𝜉0)2 ,

𝑉28 (𝑥, 𝑡) = 130 15√30√ℎ𝑐𝛽2ℎ + 10𝑏ℎ + √30√𝑐ℎ𝑔𝑐ℎ
− 𝛽√30√𝑐ℎ (𝛽 (𝑥 + 𝜆𝑡 + 𝜉0) + 2)𝑐 (𝑥 + 𝜆𝑡 + 𝜉0)
+ 4𝛽√30√𝑐ℎ (𝛽 (𝑥 + 𝜆𝑡 + 𝜉0) + 2)2𝑐 (𝑥 + 𝜆𝑡 + 𝜉0)2 ,

(41)

where

𝜆 = 130 √−30𝑐ℎ (−30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (42)

Case 6. When 𝛽2 < 4𝛼𝛾 and 𝛾 ̸= 0, 𝜙(𝜉) =(√4𝛼𝛾 − 𝛽2 tan((1/2)√4𝛼𝛾 − 𝛽2𝜉)−𝛽)/2𝛾, the periodic solu-
tions of (1) are

𝑉29 (𝑥, 𝑡)
= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + 5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 𝛽√30√ℎ𝑐𝑐 (√4𝛼𝛾 − 𝛽2 tan(12√4𝛼𝛾 − 𝛽2 (𝑥 + 𝜆𝑡 + 𝜉0))
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− 𝛽)
+ √30√ℎ𝑐2𝑐 (√4𝛼𝛾 − 𝛽2 tan(12√4𝛼𝛾 − 𝛽2 (𝑥 + 𝜆𝑡 + 𝜉0))
− 𝛽)2 ,

𝑉30 (𝑥, 𝑡)
= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + 5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )

+ 𝛽√30√ℎ𝑐𝑐 (√4𝛼𝛾 − 𝛽2 tan(12√4𝛼𝛾 − 𝛽2 (𝑥 − 𝜆𝑡 + 𝜉0))
− 𝛽)
+ √30√ℎ𝑐2𝑐 (√4𝛼𝛾 − 𝛽2 tan(12√4𝛼𝛾 − 𝛽2 (𝑥 − 𝜆𝑡 + 𝜉0))
− 𝛽)2 ,

(43)

where

𝜆 = 130 √−30𝑐ℎ (720𝛼2𝛾2𝑐ℎ2 − 360𝛼𝛾𝛽2𝑐ℎ2 + 45𝛽4𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (44)

Case 7. When 𝛽2 > 4𝛼𝛾 and 𝛾 ̸= 0, 𝜙(𝜉) =(√𝛽2 − 4𝛼𝛾 tanh((1/2)√𝛽2 − 4𝛼𝛾𝜉) − 𝛽)/2𝛾, the periodic
solutions of (1) are

𝑉31 (𝑥, 𝑡)
= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + 5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 𝛽√30√ℎ𝑐𝑐 (√𝛽2 − 4𝛼𝛾 tanh(12√𝛽2 − 4𝛼𝛾 (𝑥 + 𝜆𝑡 + 𝜉0))− 𝛽)
+ √30√ℎ𝑐2𝑐 (√𝛽2 − 4𝛼𝛾 tanh(12√𝛽2 − 4𝛼𝛾 (𝑥 + 𝜆𝑡 + 𝜉0))
− 𝛽)2 ,

𝑉32 (𝑥, 𝑡)
= 130 (40√30√ℎ𝑐𝛾𝛼ℎ + 5√30√ℎ𝑐𝛽2ℎ + √30√ℎ𝑐𝑔 + 10𝑏ℎℎ𝑐 )
+ 𝛽√30√ℎ𝑐𝑐 (√𝛽2 − 4𝛼𝛾 tanh(12√𝛽2 − 4𝛼𝛾 (𝑥 − 𝜆𝑡 + 𝜉0))
− 𝛽)
+ √30√ℎ𝑐2𝑐 (√𝛽2 − 4𝛼𝛾 tanh(12√𝛽2 − 4𝛼𝛾 (𝑥 − 𝜆𝑡 + 𝜉0))
− 𝛽)2 ,

(45)

where

𝜆 = 130 √−30𝑐ℎ (720𝛼2𝛾2𝑐ℎ2 − 360𝛼𝛾𝛽2𝑐ℎ2 + 45𝛽4𝑐ℎ2 − 30𝑎𝑐ℎ − 10𝑏2ℎ + 3𝑐𝑔2)𝑐ℎ . (46)

4. Summary and Discussion

In conclusion, the improved generalized tanh-cothmethod is
proposed to obtain more general exact solutions of the sixth-
order solitary wave equations. It can be observed that the
method used is a powerful and more general tool for finding
the exact solutions. By using the method, we have obtained
new exact solutions in terms of the hyperbolic functions,
the trigonometric functions, the exponential functions, and
the rational functions. The results reveal that the improved
generalized tanh-coth method has significant effects on the
wave behavior and can also be applied to other NLEEs in
mathematical physics.

The solutions of generalized Riccati equation (7): there
are more than seven cases. We can extend the improved

generalized tanh-coth method by considering expanding
solutions of generalized Riccati equation in this method.
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We consider the interaction of traveling curved fronts in bistable reaction-diffusion equations in two-dimensional spaces. We first
characterize the growth of the traveling curved fronts at infinity; then by constructing appropriate subsolutions and supersolutions,
we prove that the solution of the Cauchy problem converges to a pair of diverging traveling curved fronts inR2 under appropriate
initial conditions.

1. Introduction

In the current paper, we consider the following Cauchy
problem:

𝜕𝑢
𝜕𝑡 = Δ𝑢 + 𝑓 (𝑢) , (𝑥, 𝑦) ∈ R

2, 𝑡 > 0,
𝑢 (𝑥, 𝑦, 0) = 𝑢0 (𝑥, 𝑦) , (𝑥, 𝑦) ∈ R

2,
(1)

where 𝑢0 ∈ 𝐶1(R2) is a bounded initial function and the
function 𝑓 is of bistable type. Concretely, we assume that 𝑓
satisfies the following:

(F1) 𝑓 ∈ 𝐶1(R) and 𝑓(0) = 𝑓(1) = 0, 𝑓󸀠(0) < 0 and𝑓󸀠(1) < 0,
(F2) 𝑓(𝑠) < 0 and 𝑓󸀠(𝑠) < 0 for 𝑠 > 1; 𝑓(𝑠) > 0 and 𝑓󸀠(𝑠) <0 for 𝑠 < 0,
(F3) ∫1

0
𝑓(𝑠)𝑑𝑠 > 0.

Such an example is

𝑓 (𝑢) = 𝑢 (1 − 𝑢) (𝑢 − 𝑎) , for 0 < 𝑎 < 1
2 . (2)

Under assumptions (F1) and (F2), it is clear that there exists a
positive constant 𝛿 (0 < 𝛿 < 1/2) such that

𝑓󸀠 (𝑢) ≤ −𝛾1, 𝑢 ∈ (−∞, 2𝛿) ∪ (1 − 2𝛿,∞) , (3)

where 𝛾1 fl (1/2)min{−𝑓󸀠(0), −𝑓󸀠(1)} > 0.
We remark here that the steady states 0 and 1 of (1) are

asymptotically stable if (F1)–(F3) hold. InR1, by letting 𝑢(𝑥−𝑐𝑡) = 𝜙(𝜉) and 𝜉 = 𝑥 − 𝑐𝑡 (𝑐 > 0), one has
−𝜙󸀠󸀠 (𝜉) − 𝑐𝜙󸀠 (𝜉) − 𝑓 (𝜙) = 0, 𝜙󸀠 (𝜉) < 0, (𝜉 ∈ R) ,

lim
𝜉→−∞

𝜙 (𝜉) = 1,
lim
𝜉→∞

𝜙 (𝜉) = 0.
(4)

It is well known that (4) has a planar traveling wave front𝜙(𝜉) which is unique up to phase shift under assumptions
(F1)–(F3), with the unique positive traveling wave speed 𝑐.
The traveling wave fronts have been widely studied in many
fields, such as biology, chemistry, epidemiology, and physics.
One can refer to [1–8] for details. Traveling wave fronts are
special solutions of (1), which can be used to characterize the
invariant set with respect to transition in spaces.
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Without loss of generality, assume that the solution of (1)
travels towards 𝑥-direction and let

𝑢 (𝑥, 𝑦, 𝑡) = 𝑉 (𝑧, 𝑦, 𝑡) , 𝑧 = 𝑥 − 𝑐𝑡; (5)

then, we can rewrite (1) into

𝑉𝑡 − 𝑉𝑧𝑧 − 𝑉𝑦𝑦 − 𝑐𝑉𝑧 − 𝑓 (𝑉) = 0,
(𝑧, 𝑦) ∈ R

2, 𝑡 > 0,
𝑉|𝑡=0 = 𝑢0, (𝑧, 𝑦) ∈ R

2.
(6)

For convenience, we denote the solution of Cauchy prob-
lem (6) with initial function 𝑉(𝑧, 𝑦, 0; 𝑢0) = 𝑢0(𝑧, 𝑦) by𝑉(𝑧, 𝑦, 𝑡; 𝑢0).

Considering the traveling wave fronts 𝑢(𝑥, 𝑦, 𝑡) =Φ(𝑧, 𝑦) (𝑧 = 𝑥 − 𝑐𝑡) of (1) with traveling wave speed 𝑐 in 𝑥-
direction, then

−Φ𝑧𝑧 − Φ𝑦𝑦 − 𝑐Φ𝑧 − 𝑓 (Φ) = 0, in R
2. (7)

It is obvious that the solution of (7) is a stationary solution
of (6). Let 𝑐 ≥ 𝑐; then 𝜙((𝑐/𝑐)(𝑧 ± 𝑚∗𝑦)) is a solution of (7),
where 𝜙(⋅) is a solution of (4) and

𝑚∗ fl √𝑐2 − 𝑐2
𝑐 > 0. (8)

We call the solutionΦ(𝑧, 𝑦) of (7) traveling curved front, since
it is nonplanar. By using comparison principle, one has the
function

𝜑 (𝑧, 𝑦)
fl max{𝜙(𝑐𝑐 (𝑧 − 𝑚∗𝑦)) , 𝜙 (

𝑐
𝑐 (𝑧 + 𝑚∗𝑦))}

= 𝜙(𝑐𝑐 (𝑧 − 𝑚∗ 󵄨󵄨󵄨󵄨𝑦󵄨󵄨󵄨󵄨))
(9)

which is a subsolution of (7) with𝜑𝑧(𝑧, 𝑦) < 0 onR2. By using
sub- and supersolutions method, Ninomiya and Taniguchi
[9, 10] proved the existence and global stability of traveling
curved fronts for (1).

Theorem 1 (see [9, 10]). Assume that (F1)–(F3) hold. For
any 𝑐 > 𝑐, there exists a traveling curved front 𝑢(𝑥, 𝑦, 𝑡) =Φ(𝑧, 𝑦) (𝑧 = 𝑥 − 𝑐𝑡) of (1) such that

lim
R→+∞

sup
𝑧2+𝑦2>R2

󵄨󵄨󵄨󵄨Φ (𝑧, 𝑦) − 𝜑 (𝑧, 𝑦)󵄨󵄨󵄨󵄨 = 0, (10)

Φ(𝑧, 𝑦) > 𝜑 (𝑧, 𝑦) ,
0 < Φ (𝑧, 𝑦) < 1,

Φ𝑧 (𝑧, 𝑦) < 0,
for (𝑧, 𝑦) ∈ R

2.
(11)

Furthermore, if 0 < 𝛿1 < 1/2, there is a constant 𝛾(𝛿1) > 0
such that

Φ𝑧 (𝑧, 𝑦) ≤ −𝛾 (𝛿1) , for 𝛿1 ≤ Φ ≤ 1 − 𝛿1. (12)

If 𝑢0(𝑧, 𝑦) satisfies
lim

R→+∞
sup
𝑧2+𝑦2>R2

󵄨󵄨󵄨󵄨𝑢0 (𝑧, 𝑦) − Φ (𝑧, 𝑦)󵄨󵄨󵄨󵄨 = 0, (13)

then

lim
𝑡→+∞

sup
(𝑥,𝑦)∈R2

󵄨󵄨󵄨󵄨𝑢 (𝑥, 𝑦, 𝑡; 𝑢0) − Φ (𝑥 − 𝑐𝑡, 𝑦)󵄨󵄨󵄨󵄨 = 0, (14)

where 𝑢(𝑥, 𝑦, 𝑡; 𝑢0) is the solution of the Cauchy problem (1).

It follows from Theorem 1 that (1) has a unique trav-
eling curved front Φ(𝑥 − 𝑐𝑡, 𝑦) for each 𝑐 > 𝑐, which
is globally stable in the sense of (14). In fact, there are
many mathematical models arising in biology, population
dynamics, flame propagation, and disease spread which can
be described by traveling curved front. For example, Sheng
et al. [11] considered the stability of traveling curved fronts
(V-shaped) for Allen-Cahn equations, and they in [11] also
proved that the traveling curved fronts (V-shaped) are not
asymptotically stable under some perturbations. In another
paper, by using comparison principle, Sheng [12] studied
the existence and stability of time-periodic traveling curved
fronts about bistable reaction-diffusion equations in R3.
In [13], Wang and Bu considered traveling curved fronts
(nonplanar) for combustion and degenerate Fisher-KPP type
reaction-diffusion equations. Ninomiya and Taniguchi [9,
10] and Taniguchi [14, 15] showed the existence and the
stability of traveling curved fronts for Allen-Cahn equations.
Furthermore, by constructing some appropriate subsolutions
and supersolutions, Hamel et al. [16] considered the existence
and the global stability of traveling curved fronts for a model
about conical flames.They in [17] established the existence of
traveling curved fronts for bistable model by introducing the
conical-limiting conditions at infinity. For more interesting
results about the existence and stability of traveling curved
fronts, one can refer to [18–28].

In addition to the stability results about traveling fronts
mentioned above, the interaction between traveling fronts
is also an important topic for reaction-diffusion equations.
Here, the interaction of traveling fronts means that the
solutions of the Cauchy problem converge to a pair of
diverging traveling fronts. Recently, there are many results
about this problem. Particularly, Fife and McLeod [29, 30]
studied the interaction of traveling fronts in one-dimensional
space when 𝑡 → +∞. Indeed, they in [29, 30] proved that
the solutions of the Cauchy problem converge to a single
traveling front, a pair of diverging traveling fronts, and a
stacked combination of traveling fronts in R1, respectively.
Based on comparison principle, Chen [3] developed the
squeeze technique to study the interaction and the exponen-
tial stability of traveling wave solution for bistable reaction-
diffusion equations. Furthermore, Roquejoffre [31] expanded
the results in [29] to infinite cylinders. In another paper,
Bebernes et al. [32] proved that the solution converges to a
pair of diverging traveling fronts in cylindrical domains. We
also remark here that there is another form of interaction
between traveling fronts, which can be described by the so-
called entire solutions. Entire solutions can be used to imply



Journal of Mathematics 3

the dynamics of two traveling fronts as 𝑡 → −∞; one can refer
to [33–37] for related works.

However, the interaction of traveling curved fronts of
reaction-diffusion equations in whole spaces R2 is still open.
Since two traveling curved fronts traveling towards opposite
directions always interact with each other, a natural issue is
that whether we can expect that the solution of (1) converges
to a pair of diverging traveling curved fronts in R2 under
some appropriate initial conditions, which behaves as the
interaction of traveling curved fronts. The current paper
is devoted to resolving this problem for bistable reaction-
diffusion equations in R2.

In this paper, based on comparison principle, we first
construct appropriate sub- and supersolutions and then show
that the solution of (1) converges to a pair of diverging
traveling curved fronts, which will be done in Section 3.
Before doing those, by using the asymptotic decay of planar
traveling wave fronts, we give some asymptotic estimates for
traveling curved fronts at infinity and list the main result in
Section 2.

2. Preliminaries and Main Result

In this section, we first study the asymptotic behavior of
traveling curved front Φ(𝑧, 𝑦) of (1) as 𝑧 → −∞ by using
the result of the exponential convergence of one-dimension
travelingwave solution𝜙(𝜉) of (4) at infinity. In fact, it follows
from [38] that there exist positive constants A and B such
that

𝜙 (𝜉) = A𝑒−𝜇𝜉 + 𝑜 (𝑒−𝜇𝜉) , as 𝜉 󳨀→ +∞,
1 − 𝜙 (𝜉) = B𝑒𝜆̃𝜉 + 𝑜 (𝑒𝜆̃𝜉) , as 𝜉 󳨀→ −∞, (15)

where 𝜇 = (√𝑐2 − 4𝑓󸀠(0)+𝑐)/2 and 𝜆̃ = (√𝑐2 − 4𝑓󸀠(1)−𝑐)/2.
From [34], we see that the planar traveling wave front 𝜙 of (4)
satisfies

1 − 𝜙 (𝜉) ≤ 𝑘𝑒𝜆̃𝜉, 𝜉 ≤ 0 (16)

for some 𝑘 > 0 and 𝜆̃ defined above.
Under conditions (F1)–(F3) and (3), there exists a con-

stant 𝛾2 with 𝛾2 > 𝛾1 > 0, such that

𝑓 (𝑢) ≤ 𝛾2 (1 − 𝑢) (17)

for 0 < 1 − 𝑢 ≤ 𝛿 with 𝛿 as in (3). Furthermore, by virtue of
(12), we have

Φ𝑧 (𝑧, 𝑦) ≤ −𝛾 (𝛿) fl −𝛾3 < 0 (18)

for 𝛿 ≤ Φ ≤ 1 − 𝛿. Since the traveling wave front 𝜙(𝜉) of
(4) possesses invariance up to translation, we assume that
traveling wave front 𝜙(𝜉) satisfies

𝜙 (0) = 𝜃, 𝜃 ≥ 1 − 𝛿
2 , (19)

and the constant 𝑘 in (16) satisfies

𝑘 ≤ min{ 𝛾1𝛿4 (𝛾2 − 𝛾1) ,
𝛿
4} . (20)

We take three positive constants 𝑞0, 𝜇, and𝑀 satisfying
𝛿
4 ≤ 𝑞0 ≤ 𝛿

2 ,
0 < 𝜇 ≤ min {𝛾12 , 𝜆𝑐} ,
𝑀 ≥ max {𝑀1,𝑀2} ,

(21)

where

𝑀1 fl 𝑘 (𝐿2 + 𝛾2) + (𝐿2 + 𝜇) 𝑞0𝛾3𝜇 ,

𝑀2 fl (𝐿3 + 𝜇) 𝑞0𝛾3𝜇 ,
𝐿2 fl max

−𝛿≤𝑢≤1−𝛿

󵄨󵄨󵄨󵄨󵄨𝑓󸀠 (𝑢)󵄨󵄨󵄨󵄨󵄨 ,
𝐿3 fl max

−𝛿≤𝑢≤1+𝛿

󵄨󵄨󵄨󵄨󵄨𝑓󸀠 (𝑢)󵄨󵄨󵄨󵄨󵄨 .

(22)

By a translation in the 𝜉-direction, we next take
𝜙 (𝜉) = 𝜙 (𝜉 −𝑀) , (23)

where𝑀 is defined in (21). Then, we have

1 − 𝜙 (𝜉 +𝑀) = 1 − 𝜙 (𝜉) ≤ 𝑘𝑒𝜆̃𝜉, 𝜉 ≤ 0, (24)

𝜙 (𝑀) = 𝜙 (0) = 𝜃, 𝜃 ≥ 1 − 𝛿
2 , (25)

by view of (16) and (19).
In the following, we consider planar traveling wave front

𝜙(𝜉) satisfying (24) and (25) instead of the solution 𝜙(𝜉) of (4)
and assume thatTheorem 1 holds with 𝜙(𝜉) instead of 𝜙(𝜉) in
the definition of 𝜑(𝑧, 𝑦). For convenience, in the rest of the
paper we drop the tilde of 𝜙 and denote 𝜙(𝜉) also by 𝜙(𝜉).

By using the asymptotic behavior of planar traveling wave
fronts of (4), we immediately obtain the following lemma.

Lemma 2. Assume that 𝑓 satisfies (F1)–(F3). Then there exist
some positive constants 𝜆, 𝑘, and 𝐶, such that the traveling
curved front Φ(𝑧, 𝑦) defined in Theorem 1 satisfies

0 ≤ 1 − Φ (𝑧 +𝑀, 𝑦) ≤ 𝑘𝑒𝜆(𝑧−𝑚∗|𝑦|),
𝑧 ≤ 0, 𝑦 ∈ R, (26)

󵄨󵄨󵄨󵄨Φ𝑧 (𝑧, 𝑦)󵄨󵄨󵄨󵄨 ≤ 𝐶, (𝑧, 𝑦) ∈ R
2, (27)

where𝑀 is defined in (21) and

𝜆 fl
𝑐
𝑐 𝜆̃ =

𝑐√𝑐2 − 4𝑓󸀠 (1) − 𝑐2
2𝑐 > 0. (28)

Furthermore, there is
lim

R→+∞
sup

|𝑧−𝑚∗|𝑦||>R

Φ𝑧 (𝑧, 𝑦) = 0. (29)



4 Journal of Mathematics

Proof. It follows from (9), (11), and (23) that

0 ≤ 1 − Φ (𝑧 +𝑀, 𝑦) ≤ 1 − 𝜑 (𝑧 +𝑀, 𝑦)
= 1 − 𝜙(𝑐𝑐 (𝑧 +𝑀 − 𝑚∗ 󵄨󵄨󵄨󵄨𝑦󵄨󵄨󵄨󵄨))

≤ 1 − 𝜙(𝑐𝑐 (𝑧 − 𝑚∗ 󵄨󵄨󵄨󵄨𝑦󵄨󵄨󵄨󵄨) + 𝑀) .
(30)

Thus (26) holds for 𝑧 ≤ 0 by (24).
Inequality (27) follows from the standard elliptic esti-

mates. Next, we prove that (29) holds. In fact, if (29) is not
true, there exist 𝜀1 > 0 and {(𝑧𝑛, 𝑦𝑛)}∞𝑛=1 satisfying

lim
𝑛→∞

󵄨󵄨󵄨󵄨𝑧𝑛 + 𝑚∗ 󵄨󵄨󵄨󵄨𝑦𝑛󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 = ∞,
Φ𝑧 (𝑧𝑛, 𝑦𝑛) ≥ 𝜀1.

(31)

Define

Φ𝑛 (𝑧, 𝑦) = Φ (𝑧 + 𝑧𝑛, 𝑦 + 𝑦𝑛) , in 𝐵0, (32)

where

𝐵0 fl {(𝑧, 𝑦) ∈ R
2 | 𝑧2 + 𝑦2 < 𝐶} , (33)

with𝐶 > 0 a given constant. By extracting subsequence ofΦ𝑛
and denoting the subsequence also by Φ𝑛, we have

Φ𝑛 (𝑧, 𝑦) 󳨀→ Φ∗ (𝑧, 𝑦) , in 𝐶2loc (R2) , (34)

whereΦ∗(𝑧, 𝑦) is a solution of (7). On the other hand, by view
of (10) and (11), we have

lim
𝑛→∞

sup
𝐵0

󵄨󵄨󵄨󵄨Φ𝑛 (𝑧, 𝑦) − 1󵄨󵄨󵄨󵄨 = 0,
lim
𝑛→∞

sup
𝐵0

󵄨󵄨󵄨󵄨𝑓 (Φ𝑛 (𝑧, 𝑦))󵄨󵄨󵄨󵄨 = 0.
(35)

Thus the strong maximum principle implies

𝜕
𝜕𝑧Φ∗ (𝑧, 𝑦) = 0, in 𝐵0. (36)

Then,

𝜕
𝜕𝑧Φ𝑛 (𝑧, 𝑦) 󳨀→ 0, as 𝑛 󳨀→ ∞, (37)

which contradicts the assumption Φ𝑧(𝑧𝑛, 𝑦𝑛) ≥ 𝜀1 > 0. Thus,
we complete the proof.

Our main result is the following.

Theorem 3. For every 𝑐 > 𝑐, letΦ(⋅, 𝑦) be the traveling curved
front of (1) defined in Theorem 1 with speed 𝑐. Assume that
(F1)–(F3) hold. Then if 𝑢0(𝑥, 𝑦) ∈ (0, 1) satisfies

𝑢0 (𝑥, 𝑦) ≥ Φ (|𝑥| , 𝑦) ,
lim

R→+∞
sup
𝑥2+𝑦2>R2

󵄨󵄨󵄨󵄨𝑢0 (𝑥, 𝑦) − Φ (|𝑥| , 𝑦)󵄨󵄨󵄨󵄨 = 0, (38)

there exist positive constants 𝑞, 𝜇 > 0 and 𝜁, such that, for all(𝑥, 𝑦, 𝑡) ∈ R2×[0, +∞), the solution 𝑢(𝑥, 𝑦, 𝑡; 𝑢0) of (1) satisfies
Φ(𝑥 − 𝑐𝑡 + 𝜁, 𝑦) + Φ (−𝑥 − 𝑐𝑡 + 𝜁, 𝑦) − 1 − 𝑞𝑒−𝜇𝑡

≤ 𝑢 (𝑥, 𝑦, 𝑡; 𝑢0)
≤ Φ (𝑥 − 𝑐𝑡 − 𝜁, 𝑦) + Φ (−𝑥 − 𝑐𝑡 − 𝜁, 𝑦) − 1
+ 𝑞𝑒−𝜇𝑡.

(39)

Furthermore, one has

lim
𝑡→+∞

󵄨󵄨󵄨󵄨𝑢 (𝑥, 𝑦, 𝑡; 𝑢0) − 1󵄨󵄨󵄨󵄨 = 0 (40)

locally uniformly with respect to (𝑥, 𝑦) ∈ R2.

Remark 4. Inequality (39) implies that the 𝑥-profile of𝑢(𝑥, 𝑦, 𝑡; 𝑢0) approaches that of the traveling curved fronts.
In particular, it shows that the domain in which 𝑢 is close to
1 is expanding at the speed of 𝑐. The phase shift 𝜁 is a positive
constant which will be defined in the proof of Theorem 3.
The similar stability about traveling curved front in cylinder
domain is treated in [32].

In the last of this section, we give the definitions of
subsolution and supersolutions for (1) in R2 × (0, +∞).
Definition 5. If a function 𝑢(𝑥, 𝑦, 𝑡) ∈ 𝐶2,1(R2 × (0, +∞),R)
and satisfies

𝜕𝑢 (𝑥, 𝑦, 𝑡)
𝜕𝑡 ≤ Δ𝑢 (𝑥, 𝑦, 𝑡) + 𝑓 (𝑢 (𝑥, 𝑦, 𝑡)) ,

(𝑥, 𝑦) ∈ R
2, 𝑡 > 0,

(41)

then 𝑢(𝑥, 𝑦, 𝑡) is called a subsolution for (1) in R2 × (0, +∞).
Similarly, by reversing the inequality in (41), we can define a
supersolution 𝑢(𝑥, 𝑦, 𝑡) for (1).
3. Proof of Theorem 3

In this section, we prove the main result by constructing
appropriate sub- and supersolutions. In the following lemma,
we construct a subsolution for (1).

Lemma 6. Assume that (F1)–(F3) hold. Let 𝑐 > 𝑐. Then the
function

𝜙 (𝑥, 𝑦, 𝑡) fl Φ(𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦) − 1
− 𝑞0𝑒−𝜇𝑡

(42)

is a subsolution of (1) on 𝑡 ∈ (0,∞), where Φ(⋅, 𝑦) is traveling
curved front of (1) defined in Theorem 1 and 𝑞0, 𝜇 > 0 are
constants defined in (21).
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Proof. Define

F (𝜙 (𝑥, 𝑦, 𝑡)) fl 𝜙 (𝑥, 𝑦, 𝑡)
𝜕𝑡 − Δ𝜙 (𝑥, 𝑦, 𝑡)

− 𝑓 (𝜙 (𝑥, 𝑦, 𝑡)) .
(43)

By using the above prepared results, direct calculations give

F (𝜙) = (𝑀𝜇𝑒−𝜇𝑡 − 𝑐)Φ𝑧 (𝑥 − 𝑐𝑡 + 𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ (𝑀𝜇𝑒−𝜇𝑡 − 𝑐)Φ𝑧 (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ 𝑞0𝜇𝑒−𝜇𝑡 − Φ𝑧𝑧 (𝑥 − 𝑐𝑡 + 𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
− Φ𝑧𝑧 (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦) − Φ𝑦𝑦 (𝑥 − 𝑐𝑡
+ 𝑀(1 − 𝑒−𝜇𝑡) , 𝑦) − Φ𝑦𝑦 (−𝑥 − 𝑐𝑡
+𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
− 𝑓 (Φ (𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦) − 1 − 𝑞0𝑒−𝜇𝑡)
= 𝑀𝜇𝑒−𝜇𝑡Φ𝑧 (𝑥 − 𝑐𝑡 + 𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+𝑀𝜇𝑒−𝜇𝑡Φ𝑧 (−𝑥 − 𝑐𝑡 + 𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ 𝑞0𝜇𝑒−𝜇𝑡 + 𝑓 (Φ (𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦))
+ 𝑓 (Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦))
− 𝑓 (Φ (𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦) − 1 − 𝑞0𝑒−𝜇𝑡) .

(44)

If 𝑥 ≥ 0, we consider two casesΦ(𝑥−𝑐𝑡+𝑀(1−𝑒−𝜇𝑡), 𝑦) ∈[0, 𝛿] ∪ [1 − 𝛿, 1] andΦ(𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡), 𝑦) ∈ [𝛿, 1 − 𝛿],
respectively.

Case A (Φ(𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡), 𝑦) ∈ [1 − 𝛿, 1]). By virtue of
(3), (21), and (25), we have

𝑓 (Φ (𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦))
− 𝑓 (Φ (𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦) − 1 − 𝑞0𝑒−𝜇𝑡)
≤ −𝛾1 (1 − Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ 𝑞0𝑒−𝜇𝑡) ,

(45)

since 0 < 1 − Φ(−𝑥 − 𝑐𝑡 + 𝑀(1 − 𝑒−𝜇𝑡), 𝑦) + 𝑞0𝑒−𝜇𝑡 ≤ 1 −𝜙(𝑀) + 𝑞0 ≤ 𝛿. By using (17) and (25) and the fact that 0 <

1 − Φ(−𝑥 − 𝑐𝑡 + 𝑀(1 − 𝑒−𝜇𝑡), 𝑦) ≤ 1 − 𝜙(𝑀) ≤ 𝛿/2 for 𝑥 ≥ 0,
we have

𝑓 (Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦))
≤ 𝛾2 (1 − Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)) . (46)

Thus, we have

F (𝜙)
≤ −𝛾1 (1 − Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦) + 𝑞0𝑒−𝜇𝑡)
+ 𝛾2 (1 − Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦))
+ 𝑞0𝜇𝑒−𝜇𝑡

≤ (𝛾2 − 𝛾1) (1 − Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦))
− (𝛾1 − 𝜇) 𝑞0𝑒−𝜇𝑡

≤ 𝑘 (𝛾2 − 𝛾1) 𝑒𝜆(−𝑥−𝑐𝑡−𝑚∗|𝑦|) − (𝛾1 − 𝜇) 𝑞0𝑒−𝜇𝑡
≤ 𝑘 (𝛾2 − 𝛾1) 𝑒−𝜆𝑐𝑡 − (𝛾1 − 𝜇) 𝑞0𝑒−𝜇𝑡 ≤ 0.

(47)

In the last inequality, we have used the facts (20), (21), and
(26).

By a similar argument, we have 𝐹(𝜙) ≤ 0 for Φ(𝑥 − 𝑐𝑡 +
𝑀(1 − 𝑒−𝜇𝑡), 𝑦) ∈ [0, 𝛿] with 𝑥 ≥ 0.
Case B (Φ(𝑥 − 𝑐𝑡 + 𝑀(1 − 𝑒−𝜇𝑡), 𝑦) ∈ [𝛿, 1 − 𝛿]). In a similar
way as above, for 𝑥 ≥ 0, we have

𝑓 (Φ (𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦))
− 𝑓 (Φ (𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦) − 1 − 𝑞0𝑒−𝜇𝑡)
≤ 𝐿2 (1 − Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ 𝑞0𝑒−𝜇𝑡) ,

(48)

where 𝐿2 fl max−𝛿≤𝑢≤1−𝛿|𝑓󸀠(𝑢)|. Particularly, we have (46) in
this case. Lastly, due to (18), we have

Φ󸀠𝑧 (𝑥 − 𝑐𝑡 + 𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ Φ󸀠𝑧 (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦) ≤ −𝛾3.

(49)

Combining (46), (48), and (49), we have

F (𝜙) ≤ −𝛾3𝑀𝜇𝑒−𝜇𝑡 + 𝐿2 (1
− Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦) + 𝑞0𝑒−𝜇𝑡) + 𝛾2 (1
− Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)) + 𝑞0𝜇𝑒−𝜇𝑡
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≤ −𝛾3𝑀𝜇𝑒−𝜇𝑡 + (𝐿2 + 𝛾2) (1
− Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)) + (𝐿2 + 𝜇)
⋅ 𝑞0𝑒−𝜇𝑡 ≤ −𝛾3𝑀𝜇𝑒−𝜇𝑡 + 𝑘 (𝐿2 + 𝛾2) 𝑒−𝜆𝑐𝑡 + (𝐿2
+ 𝜇) 𝑞0𝑒−𝜇𝑡.

(50)

Consequently, (21) impliesF(𝜙) ≤ 0 for this case.
Similarly, we can prove F(𝜙) ≤ 0 when 𝑥 < 0. Thus,

we have showed that 𝜙(𝑥, 𝑦, 𝑡) is a subsolution of (1) on 𝑡 ∈
[0,∞).

In order to construct a supersolution for (1), we introduce
the following lemmas.

Lemma 7. Assume that (F1)–(F3) hold. Let 𝑐 > 𝑐; then for any
given constant𝑁 > 0, the function

𝜙1𝑁 (𝑥, 𝑦, 𝑡) fl Φ(𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
+ 𝑞0𝑒−𝜇𝑡

(51)

is a supersolution of (1) on 𝑡 ∈ (0, +∞), where Φ(⋅, 𝑦) is
traveling curved front of (1) as in Theorem 1 and 𝑞0, 𝜇 > 0 are
constants defined in (21).

Proof. As the proof of Lemma 6, we need only to prove
that the right hand of (43) is nonnegative for the function𝜙1𝑁(𝑥, 𝑦, 𝑡) for (𝑥, 𝑦, 𝑡) ∈ R2×(0, +∞). By a similar argument,
direct calculations give

F (𝜙1𝑁)
= (−𝑀𝜇𝑒−𝜇𝑡 − 𝑐)Φ𝑧 (𝑥 − 𝑐𝑡 − 𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
− 𝑞0𝜇𝑒−𝜇𝑡 − Φ𝑧𝑧 (𝑥 − 𝑐𝑡 − 𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
− Φ𝑦𝑦 (𝑥 − 𝑐𝑡 − 𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
− 𝑓 (Φ (𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦) + 𝑞0𝑒−𝜇𝑡)

= −𝑀𝜇𝑒−𝜇𝑡Φ𝑧 (𝑥 − 𝑐𝑡 − 𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
− 𝑞0𝜇𝑒−𝜇𝑡
+ 𝑓 (Φ (𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦))
− 𝑓 (Φ (𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦) + 𝑞0𝑒−𝜇𝑡) .

(52)

To complete the proof, we consider two cases Φ(𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) −𝑁, 𝑦) ∈ [0, 𝛿] ∪ [1 − 𝛿, 1] andΦ(𝑥 − 𝑐𝑡 −𝑀(1 −𝑒−𝜇𝑡) − 𝑁, 𝑦) ∈ [𝛿, 1 − 𝛿], respectively.
ForΦ(𝑥− 𝑐𝑡 −𝑀(1− 𝑒−𝜇𝑡) −𝑁, 𝑦) ∈ [0, 𝛿] ∪ [1 − 𝛿, 1], we

just consider the caseΦ(𝑥−𝑐𝑡−𝑀(1−𝑒−𝜇𝑡)−𝑁, 𝑦) ∈ [1−𝛿, 1].

SinceΦ(𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) −𝑁, 𝑦) + 𝑞0𝑒−𝜇𝑡 ∈ [1 − 𝛿, 1 + 𝛿],
it follows from (3) that

𝑓 (Φ (𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦) + 𝑞0𝑒−𝜇𝑡)
− 𝑓 (Φ (𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦))

≤ −𝛾1𝑞0𝑒−𝜇𝑡.
(53)

By virtue of (11) and (21), we have

F (𝜙1𝑁)
≥ −𝑀𝜇𝑒−𝜇𝑡Φ𝑧 (𝑥 − 𝑐𝑡 − 𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
− 𝑞0𝜇𝑒−𝜇𝑡 + 𝛾1𝑞0𝑒−𝜇𝑡 ≥ 𝑞0 (𝛾1 − 𝜇) 𝑒−𝜇𝑡 ≥ 0.

(54)

ForΦ(𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦) ∈ [𝛿, 1 − 𝛿], we have
𝑓 (Φ (𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦))

− 𝑓 (Φ (𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦) + 𝑞0𝑒−𝜇𝑡)
≥ −𝐿3𝑞0𝑒−𝜇𝑡,

(55)

where 𝐿3 fl max−𝛿≤𝑢≤1+𝛿|𝑓󸀠(𝑢)|. Particularly, (18) implies

Φ󸀠𝑧 (𝑥 − 𝑐𝑡 − 𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦) ≤ −𝛾3. (56)

Therefore, by (21) we get

F (𝜙1𝑁) ≥ 𝛾3𝑀𝜇𝑒−𝜇𝑡 − 𝑞0𝜇𝑒−𝜇𝑡 − 𝐿3𝑞0𝑒−𝜇𝑡
≥ 𝛾3𝑀𝜇𝑒−𝜇𝑡 − (𝐿3 + 𝜇) 𝑞0𝑒−𝜇𝑡 ≥ 0.

(57)

Thus, 𝜙1𝑁(𝑥, 𝑦, 𝑡) defined by (51) is a supersolution of (1).

In a similar way, we prove the following lemma.

Lemma 8. Assume that (F1)–(F3) hold. Let 𝑐 > 𝑐; then for any
given constant𝑁 > 0, the function

𝜙2𝑁 (𝑥, 𝑦, 𝑡) fl Φ(−𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
+ 𝑞0𝑒−𝜇𝑡

(58)

is a supersolution of (1) on 𝑡 ∈ (0, +∞), where Φ(⋅, 𝑦) is
traveling curved front of (1) as in Theorem 1 and 𝑞0, 𝜇 > 0 are
constants defined in (21).

Remark 9. Let 𝑐 > 𝑐 and 𝑁 > 0; it follows from Lemmas 7
and 8 that the function

𝜙𝑁 (𝑥, 𝑦, 𝑡) fl Φ(|𝑥| − 𝑐𝑡 − 𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
+ 𝑞0𝑒−𝜇𝑡

(59)

is a supersolution of (1) on 𝑡 ∈ (0, +∞).
To complete the proof of Theorem 3, we establish the

following comparison result.
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Lemma 10. Let 𝜙(𝑥, 𝑦, 𝑡) and 𝜙𝑁(𝑥, 𝑦, 𝑡) be defined by (42)
and (59), respectively, and 𝑢0(𝑥, 𝑦) ∈ (0, 1) satisfies (38).Then,
there exists𝑁 > 0 such that

𝜙 (𝑥, 𝑦, 𝑡) ≤ 𝑢 (𝑥, 𝑦, 𝑡; 𝑢0) ≤ 𝜙𝑁 (𝑥, 𝑦, 𝑡) (60)

for all (𝑥, 𝑦, 𝑡) ∈ R2 × [0, +∞).
Proof. By (38) and the definition of (42), when 𝑡 = 0, direct
calculations give

𝜙 (𝑥, 𝑦, 0) = Φ (𝑥, 𝑦) + Φ (−𝑥, 𝑦) − 1 − 𝑞0 ≤ Φ (𝑥, 𝑦)
≤ 𝑢0 (𝑥, 𝑦)

(61)

for 𝑥 ≥ 0. Similarly, we have 𝜙(𝑥, 𝑦, 0) ≤ 𝑢0(𝑥, 𝑦) for 𝑥 <
0. Therefore, the maximum principle for parabolic equations
shows 𝜙(𝑥, 𝑦, 𝑡) ≤ 𝑢(𝑥, 𝑦, 𝑡; 𝑢0) for (𝑥, 𝑦, 𝑡) ∈ R2 × [0, +∞).

Similarly, by the definition of (59), when 𝑡 = 0
𝜙𝑁 (𝑥, 𝑦, 0) = Φ (|𝑥| − 𝑁, 𝑦) + 𝑞0. (62)

By (38), we have that, for 𝜀 = 𝑞0 and𝑁1 ≥ 0, there existsΛ > 0
such that

𝑢0 (𝑥, 𝑦) ≤ Φ (|𝑥| , 𝑦) + 𝑞0 ≤ Φ (|𝑥| − 𝑁1, 𝑦) + 𝑞0
≤ 𝜙𝑁1 (𝑥, 𝑦, 0)

(63)

in {(𝑥, 𝑦) | 𝑥2 + 𝑦2 > Λ2}, sinceΦ𝑧(𝑧, 𝑦) < 0.
In the range of {(𝑥, 𝑦) | 𝑥2 + 𝑦2 ≤ Λ2}, we have |𝑥| ≤ Λ.

Thus, by choosing𝑁2 ≥ Λ−𝑀 and using (20), (21), and (26),
we have

𝜙𝑁2 (𝑥, 𝑦, 0) ≥ 1 − 𝑘𝑒𝜆(|𝑥|−𝑀−𝑁2−𝑚∗|𝑦|) + 𝑞0
≥ 1 − 𝑘𝑒𝜆(Λ−𝑀−(Λ−𝑀)−𝑚∗|𝑦|) + 𝑞0
≥ 1 − 𝑘 + 𝑞0 ≥ 1

(64)

for (𝑥, 𝑦) ∈ {(𝑥, 𝑦) | 𝑥2 + 𝑦2 ≤ Λ2}. Consequently, we have
𝜙𝑁2(𝑥, 𝑦, 0) ≥ 𝑢0(𝑥, 𝑦) ∈ (0, 1) in this range.

Combining (63) and (64) and taking 𝑁 ≥ max{𝑁1, 𝑁2},
we conclude that 𝑢0(𝑥, 𝑦) ≤ 𝜙𝑁(𝑥, 𝑦, 0) for (𝑥, 𝑦) ∈ R2. Then
the maximum principle for parabolic equations derives that
(60) holds.

Proof ofTheorem 3. It follows from Lemma 10 that (60) holds
with𝑁 ≥ max{𝑁1, 𝑁2}. Thus, by (11), we obtain

𝜙 (𝑥, 𝑦, 𝑡) = Φ (𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦)
+ Φ (−𝑥 − 𝑐𝑡 +𝑀(1 − 𝑒−𝜇𝑡) , 𝑦) − 1
− 𝑞0𝑒−𝜇𝑡

≥ Φ (𝑥 − 𝑐𝑡 + 𝜁1, 𝑦) + Φ (−𝑥 − 𝑐𝑡 + 𝜁1, 𝑦)
− 1 − 𝑞0𝑒−𝜇𝑡

(65)

for all (𝑥, 𝑦, 𝑡) ∈ R2 × [0, +∞), if 𝜁1 ≥ 𝑀. On the other hand,
for 𝑥 ≥ 0, we have
𝜙𝑁 (𝑥, 𝑦, 𝑡) = Φ (𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)

+ 𝑞0𝑒−𝜇𝑡
≤ Φ(𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
+ Φ (−𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
− 1 + 𝑞0𝑒−𝜇𝑡 + 1
− Φ (−𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)

≤ Φ (𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
+ Φ (−𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
− 1 + 𝑞0𝑒−𝜇𝑡 + 𝑘𝑒𝜆(−𝑥−𝑐𝑡−𝑀−𝑁−𝑚∗|𝑦|)

≤ Φ(𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
+ Φ (−𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
− 1 + 𝑞0𝑒−𝜇𝑡 + 𝑘𝑒−𝜆𝑐𝑡

≤ Φ(𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
+ Φ (−𝑥 − 𝑐𝑡 −𝑀(1 − 𝑒−𝜇𝑡) − 𝑁, 𝑦)
− 1 + (𝑞0 + 𝑘) 𝑒−𝜇𝑡

≤ Φ (𝑥 − 𝑐𝑡 − 𝜁2, 𝑦) + Φ (−𝑥 − 𝑐𝑡 − 𝜁2, 𝑦)
− 1 + 𝑞𝑒−𝜇𝑡

(66)

if 𝜁2 ≥ 𝑀 + 𝑁 and 𝑞 ≥ (𝑞0 + 𝑘). By a similar argument, for𝑥 < 0, (66) also holds.
Thus, if 𝑢0(𝑥, 𝑦) ∈ (0, 1) satisfies (38), by taking 𝜁 =

max{𝜁1, 𝜁1} and 𝑞 ≥ (𝑞0 +𝑘), we obtain that (39) holds, where𝑞0 and 𝜇 > 0 are defined in (21).
The asymptotic behavior (40) immediately follows from

(39). This completes the proof of Theorem 3.

4. Discussion

In the current paper, we have proved that the solutions of
the bistable reaction-diffusion equations converge to a pair
of diverging traveling curved fronts in R2. It means that the
solution 𝑢(𝑥, 𝑦, 𝑡, 𝑢0) of (1) with initial function 𝑢0(𝑥, 𝑦) sat-
isfied (38) behaving as two traveling curved fronts traveling
towards opposite directions and approaching each other. Our
result is different from the stability results in [9–11, 22, 26, 27].
Indeed, the interaction between travelingwave fronts plays an
important role in the study of reaction-diffusion equations
in R2, which is crucially related to the pattern formation
problem, and there are important applications in chemical,
physical, biological systems; see, for example, [39–41].
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At last, we note here that the global exponential stability of
traveling curved fronts in the sense ofTheorem 3 is a difficult
problem, since the level set of the traveling curved frontsΦ(𝑧, 𝑦) of (1) have two asymptotic directions as |𝑧| → +∞,
and both directions make an angle with the negative 𝑦-axis,
which is different from the case of planar traveling fronts
(see [20]). We will leave it for a further study. Moreover, how
the solution of (1) approaches a “stacked” combination of
traveling curved fronts just as the study in Fife and McLeod
[29] is also an interesting problem but remains open.
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In this paper, we investigate a mixed discontinuous Galerkin approximation of time dependent convection diffusion optimal
control problem with control constraints based on the combination of a mixed finite element method for the elliptic part and a
discontinuous Galerkin method for the hyperbolic part of the state equation. The control variable is approximated by variational
discretization approach. A priori error estimates of the state, adjoint state, and control are derived for both semidiscrete scheme
and fully discrete scheme. Numerical example is given to show the effectiveness of the numerical scheme.

1. Introduction

The objective of this paper mainly focuses on developing
a mixed discontinuous Galerkin scheme for the following
control constrained optimal control problem governed by a
transient convection diffusion equation:

min
𝑢∈𝐾

𝐽 (𝑦, 𝑢)
fl

12 ∫𝑇
0
∫
Ω
(𝑦 (x, 𝑡) − 𝑦𝑑 (x, 𝑡))2 𝑑𝑥 𝑑𝑡

+ 𝛾2 ∫𝑇
0
∫
Ω
𝑢2 (x, 𝑡) 𝑑𝑥 𝑑𝑡

subject to
𝜕𝑦𝜕𝑡 − 𝜀Δ𝑦 − ∇ ⋅ (𝛽𝑦) + 𝛼𝑦 = 𝑓 + 𝑢,

in Ω𝑇 fl Ω × (0, 𝑇) ,
𝑦 = 0, on Γ𝑇 fl 𝜕Ω × (0, 𝑇) ,
𝑦 (x, 0) = 𝑦0 (x) , in Ω.

(1)

More details will be specified later.
This kind of problem plays an important role in many

fields, such as air pollution ([1]) and waste water treatment
([2]). In recent years the research of numerical method for

this kind of problem forms a hot topic. Lots of literatures
are devoted to developing effective numerical methods for
this kind of problem. In [3–6] the stabilization method
such as local projection stabilization, SUPG, and continuous
interior penalty method are investigated. The discontinuous
Galerkin approximation including primary discontinuous
Galerkin method and local discontinuous Galerkin method
is addressed in [7–12]. In [13] the authors discuss the charac-
teristic finite element approximation of transient convection
diffusion optimal control problem. For more references, one
can refer to [14].

In this paper, we investigate a mixed discontinuous
Galerkin approximation of transient convection diffusion
optimal control problem with control constraints. This
scheme is based on the combination of a discontinuous
Galerkin method for the hyperbolic part and a mixed finite
element method for the elliptic part of the state equation.
Variational discretization approach is utilized to approximate
the control variable. The work of this paper is motivated by
[8, 15] where a similar scheme was proposed for convec-
tion diffusion equations and stationary convection diffusion
optimal control problems, respectively. Similar to other
discontinuous Galerkin methods, this scheme is also locally
conservative, which makes it much suitable for problems
where conservation is important, for example, for time
dependent convection diffusion problems. Moreover, when
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the diffusion coefficient tends to zero, this scheme reduces to
the classical discontinuous Galerkin method.Thus it inherits
the stabilizing features of discontinuous Galerkin methods.
We derive a priori error estimates of the state, adjoint state,
and control for both semidiscrete scheme and fully discrete
scheme. Numerical experiment is carried out to show the
performance of our scheme.

The rest of the paper is organized as follows: In Sec-
tion 2, semidiscrete and fully discrete mixed discontinuous
Galerkin scheme are defined for control constrained optimal
control problems governed by the time dependent convection
diffusion equations. In Section 3, a priori error estimates
of the semidiscrete scheme are derived. In Section 4, we
derive a priori error estimates of the fully discrete scheme.
Finally numerical example is given to illustrate the theoretical
findings.

2. Mixed Discontinuous Galerkin Scheme

Consider the following optimal control problem with control
constraints:

min
𝑢∈𝐾

𝐽 (𝑦, 𝑢)
subject to

𝜕𝑦𝜕𝑡 − 𝜀Δ𝑦 − ∇ ⋅ (𝛽𝑦) + 𝛼𝑦 = 𝑓 + 𝑢,
in Ω𝑇 fl Ω × (0, 𝑇) ,

𝑦 = 0, on Γ𝑇 fl 𝜕Ω × (0, 𝑇) ,
𝑦 (x, 0) = 𝑦0 (x) , in Ω,

(2)

where Ω is a convex polygon with piecewise smooth bound-
ary 𝜕Ω. Here𝐾 is the admissible set defined by

𝐾 = {𝑞 ∈ 𝐿2 (Ω𝑇) : 𝑎 ≤ 𝑞 (𝑥, 𝑡)
≤ 𝑏 a.e. in Ω𝑇 with 𝑎, 𝑏 ∈ R, 𝑎 ≤ 𝑏} . (3)

𝛼 and 𝑓 are given functions, 𝜀 > 0 is a constant, and 𝛽 is a
given vector valued function, which satisfies 𝛼 − (1/2)∇ ⋅ 𝛽 ≥𝛾 > 0 with a constant 𝛾 > 0.

To define amixed discontinuous Galerkin scheme for (2),
we introduce a new variable:

q = −𝜀1/2∇𝑦. (4)

Then the optimal control problem (2) can be rewritten as

min
𝑢∈𝐾

𝐽 (𝑦, 𝑢)
𝑦𝑡 + ∇ ⋅ (𝜀1/2q) − ∇ ⋅ (𝛽𝑦) + 𝛼𝑦 = 𝑓 + 𝑢,

in Ω𝑇,
q = −𝜀1/2∇𝑦, in Ω𝑇,
𝑦 = 0, on Γ𝑇.

(5)

Let𝑇ℎ be a regular triangulation ofΩwith element 𝜏 andΩ =⋃𝜏∈𝑇ℎ 𝜏. Let ℎ = max𝜏∈𝑇ℎℎ𝜏, where ℎ𝜏 denotes the diameter
of the element 𝜏. We define the following spaces:

V = {k ∈ (𝐿2 (Ω))2 : ∇ ⋅ k ∈ 𝐿2 (Ω)} ,
𝑊 = {𝑤 ∈ 𝐿2 (Ω) : 𝑤|𝜏 ∈ 𝐻1 (𝜏) , ∀𝜏 ∈ 𝑇ℎ} ,
𝑈 = 𝐿2 (Ω) .

(6)

For simplicity, we set

𝐴 (q, k) = (q, k) , q, k ∈ V,
𝐵 (q, 𝑤) = (div (𝜀1/2q) , 𝑤) , q ∈ V, 𝑤 ∈ 𝑊,
𝐷 (𝑦, 𝑤) = ∑

𝜏∈𝑇ℎ

(∫
𝜏
𝑦𝛽 ⋅ ∇𝑤 − ∫

𝜕𝜏
𝑦+ [𝑤]n ⋅ 𝛽𝑑𝑠)

+ (𝛼𝑦, 𝑤) , 𝑦, 𝑤 ∈ 𝑊,

(7)

where

𝜕𝜏− = {𝑙 ∈ 𝜕𝜏, n ⋅ 𝛽󵄨󵄨󵄨󵄨𝑙 < 0} , (8)

n is the outward norm direction on 𝜕𝜏,
[𝑤] = 𝑤+ − 𝑤−,

𝑤+ (𝑥) = lim
𝑡→0+

𝑤 (𝑥 + 𝑡𝛽) ,
𝑤− (𝑥) = lim

𝑡→0−
𝑤 (𝑥 + 𝑡𝛽) ,

(9)

and [𝑤] = 𝑤+ on 𝜕𝜏 when 𝜕𝜏− ⊂ 𝜕Ω. Then the weak formu-
lation for the optimal control problem (5) reads as follows:
finding (q, 𝑦, 𝑢) ⊂ V ×𝑊 × 𝐾 such that

min
𝑢∈𝐾

𝐽 (𝑦, 𝑢) (10)

subject to (𝑦𝑡, 𝑤) + 𝐵 (q, 𝑤) + 𝐷 (𝑦, 𝑤)
= (𝑓 + 𝑢, 𝑤) , ∀𝑤 ∈ 𝑊
𝐴 (q, k) − 𝐵 (k, 𝑦) = 0, ∀k ∈ V,
𝑦 (x, 0) = 𝑦0 (x) , ∀x ∈ Ω.

(11)

Standard arguments techniques imply that optimal con-
trol problem (10)-(11) admits a unique solution and the
following first-order optimality condition holds:

(𝑦𝑡, 𝑤) + 𝐵 (q, 𝑤) + 𝐷 (𝑦, 𝑤) = (𝑓 + 𝑢, 𝑤) ,
∀𝑤 ∈ 𝑊,

𝐴 (q, k) − 𝐵 (k, 𝑦) = 0, ∀k ∈ V,
− (𝑧𝑡, 𝜓) − 𝐵 (p, 𝜓) + 𝐷 (𝜓, 𝑧) = (𝑦 − 𝑦𝑑, 𝜓) ,

∀𝜓 ∈ 𝑊,
𝐴 (p,𝜑) + 𝐵 (𝜑, 𝑧) = 0, ∀𝜑 ∈ V,

∫𝑇
0
(𝛾𝑢 + 𝑧, Ṽ − 𝑢) 𝑑𝑡 ≥ 0, ∀Ṽ ∈ 𝐾,
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𝑦 (x, 0) = 𝑦0 (x) ,
𝑧 (x, 𝑇) = 0,

∀x ∈ Ω.
(12)

Let Vℎ × 𝑊ℎ ⊂ V × 𝑊 denote the Raviart-Thomas
element space of the lowest order associated with a triangular
or rectangular mesh 𝑇ℎ of Ω (see [16] for details). Then
the approximation scheme of (10)-(11) is as follows: finding(qℎ, 𝑦ℎ, 𝑢ℎ) ∈ Vℎ ×𝑊ℎ × 𝐾 such that

min
𝑢ℎ∈𝐾

𝐽 (𝑦, 𝑢)
subject to (𝑦ℎ,𝑡, 𝑤ℎ) + 𝐵 (qℎ, 𝑤ℎ) + 𝐷 (𝑦ℎ, 𝑤ℎ)

= (𝑓 + 𝑢ℎ, 𝑤ℎ) , ∀𝑤ℎ ∈ 𝑊ℎ,
𝐴 (qℎ, kℎ) − 𝐵 (kℎ, 𝑦ℎ) = 0, ∀kℎ ∈ Vℎ,
𝑦ℎ (x, 0) = 𝑦0, ∀x ∈ Ω.

(13)

Here 𝑦0 is an approximation of the initial value 𝑦0(x).
Variational discretization approach is used for the control 𝑢.

Similar to continuous case we derive the following
semidiscrete optimality conditions:

(𝑦ℎ,𝑡, 𝑤ℎ) + 𝐵 (qℎ, 𝑤ℎ) + 𝐷 (𝑦ℎ, 𝑤ℎ) = (𝑓 + 𝑢ℎ, 𝑤ℎ) ,
∀𝑤ℎ ∈ 𝑊ℎ,

𝐴 (qℎ, kℎ) − 𝐵 (kℎ, 𝑦ℎ) = 0, ∀kℎ ∈ Vℎ,
− (𝑧ℎ,𝑡, 𝜓ℎ) − 𝐵 (pℎ, 𝜓ℎ) + 𝐷 (𝜓ℎ, 𝑧ℎ) = (𝑦ℎ − 𝑦𝑑, 𝜓ℎ) ,

∀𝜓ℎ ∈ 𝑊ℎ,
𝐴 (pℎ,𝜑ℎ) + 𝐵 (𝜑ℎ, 𝑧ℎ) = 0,

∀𝜑ℎ ∈ Vℎ,
∫𝑇
0
(𝛾𝑢ℎ + 𝑧ℎ, Ṽℎ − 𝑢ℎ) 𝑑𝑡 ≥ 0, ∀Ṽℎ ∈ 𝐾,

𝑦ℎ (x, 0) = 𝑦0,
𝑧ℎ (x, 𝑇) = 0,

∀x ∈ Ω.

(14)

To define a fully discrete scheme we introduce a time
partition. Let 0 = 𝑡0 < 𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑁−1 < 𝑡𝑁 = 𝑇 be a time
grid with 𝑘 = 𝑡𝑛 − 𝑡𝑛−1, 𝑛 = 1, 2, . . . , 𝑁. Let 𝐼𝑛 = (𝑡𝑛−1, 𝑡𝑛] be
a half-open interval. We write 𝜙𝑛 fl 𝜙(𝑡𝑛) for a smooth 𝜙.

We use backward Euler scheme for time discretization.
Then a fully discrete scheme of (10)-(11) is characterized as
follows: finding (q𝑛ℎ, 𝑦𝑛ℎ , 𝑢𝑛ℎ) ∈ Vℎ ×𝑊ℎ × 𝐾 such that

min
𝑢𝑛
ℎ
∈𝐾

𝐽ℎ,𝑘 (𝑦𝑛ℎ , 𝑢𝑛ℎ)

fl
12
𝑁∑
𝑛=1

𝑘 (󵄩󵄩󵄩󵄩𝑦𝑛ℎ − 𝑦𝑛𝑑󵄩󵄩󵄩󵄩20,Ω + 𝛾 󵄩󵄩󵄩󵄩𝑢𝑛ℎ󵄩󵄩󵄩󵄩20,Ω)

subject to (𝑦𝑛ℎ − 𝑦𝑛−1ℎ𝑘 , 𝑤ℎ) + 𝐵 (q𝑛ℎ, 𝑤ℎ)
+ 𝐷 (𝑦𝑛ℎ , 𝑤ℎ) = (𝑓𝑛 + 𝑢𝑛ℎ, 𝑤ℎ) ,

∀𝑤ℎ ∈ 𝑊ℎ,
𝐴 (q𝑛ℎ, kℎ) − 𝐵 (kℎ, 𝑦𝑛ℎ) = 0, ∀kℎ ∈ Vℎ,
𝑦0ℎ = 𝑦0, ∀x ∈ Ω.

(15)

To obtain the fully discrete first-order optimality condi-
tion we define a Lagrange functional as follows:

𝐿 (Yℎ,Qℎ,Zℎ,Pℎ,Uℎ)
fl 𝑘 𝑁∑
𝑛=1

[(𝑓𝑛 + 𝑢𝑛ℎ − 𝑦𝑛ℎ − 𝑦𝑛−1ℎ𝑘 , 𝑧𝑛−1ℎ )
− 𝐵 (q𝑛ℎ, 𝑧𝑛−1ℎ ) − 𝐷 (𝑦𝑛ℎ , 𝑧𝑛−1ℎ ) + 𝐵 (p𝑛−1ℎ , 𝑦𝑛ℎ)
− 𝐴 (q𝑛ℎ, p𝑛−1ℎ )] + 𝐽ℎ,𝑘 (𝑦𝑛ℎ , 𝑢𝑛ℎ) .

(16)

Here Yℎ = (𝑦1ℎ, 𝑦2ℎ, . . . , 𝑦𝑁ℎ )𝑇, Qℎ = (q1ℎ, q2ℎ, . . . , q𝑁ℎ )𝑇,
Zℎ = (𝑧0ℎ, 𝑧1ℎ, . . . , 𝑧𝑁−1ℎ )𝑇, Pℎ = (p0ℎ, p1ℎ, . . . , p𝑁−1ℎ )𝑇, and
Uℎ = (𝑢1ℎ, 𝑢2ℎ, . . . , 𝑢𝑁ℎ )𝑇. Then we derive the discrete first-
order optimality condition:

(𝑦𝑛ℎ − 𝑦𝑛−1ℎ𝑘 , 𝑤ℎ) + 𝐵 (q𝑛ℎ, 𝑤ℎ) + 𝐷 (𝑦𝑛ℎ , 𝑤ℎ)
= (𝑓𝑛 + 𝑢𝑛ℎ, 𝑤ℎ) , ∀𝑤ℎ ∈ 𝑊ℎ,

𝐴 (q𝑛ℎ, kℎ) − 𝐵 (kℎ, 𝑦𝑛ℎ) = 0, ∀kℎ ∈ Vℎ,
(𝑧𝑛−1ℎ − 𝑧𝑛ℎ𝑘 , 𝜓ℎ) − 𝐵 (p𝑛−1ℎ , 𝜓ℎ) + 𝐷 (𝜓ℎ, 𝑧𝑛−1ℎ )

= (𝑦𝑛ℎ − 𝑦𝑛𝑑, 𝜓ℎ) , ∀𝜓ℎ ∈ 𝑊ℎ,
𝐴 (p𝑛−1ℎ ,𝜑ℎ) + 𝐵 (𝜑ℎ, 𝑧𝑛−1ℎ ) = 0, ∀𝜑ℎ ∈ Vℎ,
(𝛾𝑢𝑛ℎ + 𝑧𝑛−1ℎ , Ṽ − 𝑢𝑛ℎ) ≥ 0, ∀Ṽ ∈ 𝐾,
𝑦0ℎ = 𝑦0,
𝑧𝑁ℎ = 0,

∀x ∈ Ω.

(17)

3. Semidiscrete Error Estimate

The goal of this section is to prove the semidiscrete error
estimates for the state, the adjoint state, and the control. We
firstly decompose 𝑦 − 𝑦ℎ and 𝑧 − 𝑧ℎ as

𝑦 − 𝑦ℎ = 𝑦 (𝑢) − 𝑦ℎ (𝑢) + 𝑦ℎ (𝑢) − 𝑦ℎ,
𝑧 − 𝑧ℎ = 𝑧 (𝑢) − 𝑧ℎ (𝑢) + 𝑧ℎ (𝑢) − 𝑧ℎ, (18)
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where 𝑦ℎ(𝑢) and 𝑧ℎ(𝑢) satisfy the following auxiliary prob-
lems:

(𝑦ℎ,𝑡 (𝑢) , 𝑤ℎ) + 𝐵 (qℎ (𝑢) , 𝑤ℎ) + 𝐷 (𝑦ℎ (𝑢) , 𝑤ℎ)
= (𝑓 + 𝑢, 𝑤ℎ) ,

𝐴 (qℎ (𝑢) , kℎ) − 𝐵 (kℎ, 𝑦ℎ (𝑢)) = 0,
− (𝑧ℎ,𝑡 (𝑢) , 𝜓ℎ) − 𝐵 (pℎ (𝑢) , 𝜓ℎ) + 𝐷 (𝜓ℎ, 𝑧ℎ (𝑢))

= (𝑦ℎ (𝑢) − 𝑦𝑑, 𝜓ℎ) ,
𝐴 (pℎ (𝑢) ,𝜑ℎ) + 𝐵 (𝜑ℎ, 𝑧ℎ (𝑢)) = 0,
𝑦ℎ (𝑢) (x, 0) = 𝑦0,
𝑧ℎ (𝑢) (x, 𝑇) = 0.

(19)

For the following analysis we introduce a new norm:

󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩2∗ = 𝛾 󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩20,Ω + 12 ∑
𝜏∈𝑇ℎ

∫
𝜕𝜏−

[𝑦]2 󵄨󵄨󵄨󵄨n ⋅ 𝛽󵄨󵄨󵄨󵄨 𝑑𝑠

+ 12 ∫
𝜕Ω\(⋃ 𝜕𝜏−)

𝑦2− 󵄨󵄨󵄨󵄨n ⋅ 𝛽󵄨󵄨󵄨󵄨 𝑑𝑠.
(20)

Following [8] we have𝐷(𝑦, 𝑦) ≥ ‖𝑦‖2∗.
Let (𝑦, q̃) ∈ 𝑊ℎ × Vℎ and (𝑧̃, p̃) ∈ 𝑊ℎ × Vℎ be the

projections defined by

𝐵 (q − q̃, 𝑤ℎ) + 𝐷 (𝑦 − 𝑦, 𝑤ℎ) = 0, ∀𝑤ℎ ∈ 𝑊ℎ,
𝐴 (q − q̃, kℎ) − 𝐵 (kℎ, 𝑦 − 𝑦) = 0, ∀kℎ ∈ Vℎ, (21)

𝐷(𝜓ℎ, 𝑧 − 𝑧̃) − 𝐵 (p − p̃, 𝜓ℎ) = 0, ∀𝜓ℎ ∈ 𝑊ℎ,
𝐴 (p − p̃,𝜑ℎ) + 𝐵 (𝜑ℎ, 𝑧 − 𝑧̃) = 0, ∀𝜑ℎ ∈ Vℎ, (22)

According to [8] we have the following.

Lemma 1. If (𝑦, q̃) and (𝑧̃, p̃) satisfy (21)-(22), respectively,
then we have

‖q − q̃‖20,Ω + 󵄩󵄩󵄩󵄩𝑦 − 𝑦󵄩󵄩󵄩󵄩2∗ ≤ 𝐶ℎ (‖q‖21/2,Ω + 󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩21,Ω) ,
‖p − p̃‖20,Ω + ‖𝑧 − 𝑧̃‖2∗ ≤ 𝐶ℎ (‖p‖21/2,Ω + ‖𝑧‖21,Ω) .

(23)

Lemma 2. If (𝑦, q̃) and (𝑧̃, p̃) satisfy (21)-(22), respectively,
then the following estimates hold:

󵄩󵄩󵄩󵄩q𝑡 − q̃𝑡
󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩𝑦𝑡 − 𝑦𝑡󵄩󵄩󵄩󵄩2∗ ≤ 𝐶ℎ (󵄩󵄩󵄩󵄩q𝑡󵄩󵄩󵄩󵄩21/2,Ω + 󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩21,Ω) ,

󵄩󵄩󵄩󵄩p𝑡 − p̃𝑡
󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩𝑧𝑡 − 𝑧̃𝑡󵄩󵄩󵄩󵄩2∗ ≤ 𝐶ℎ (‖p‖21/2,Ω + ‖𝑧‖21,Ω) .

(24)

Proof. Differentiating (21) about 𝑡, we have
𝐵 (q𝑡 − q̃𝑡, 𝑤ℎ) + 𝐷 (𝑦𝑡 − 𝑦𝑡, 𝑤ℎ) = 0, ∀𝑤ℎ ∈ 𝑊ℎ,
𝐴 (q𝑡 − q̃𝑡, kℎ) − 𝐵 (kℎ, 𝑦𝑡 − 𝑦𝑡) = 0, ∀kℎ ∈ Vℎ. (25)

Set 𝑃ℎ : 𝑊 → 𝑊ℎ and Πℎ : V → Vℎ to be the interpolation
operators for the standard RT element space (see, e.g., [17])
such that

(𝜓 − 𝑃ℎ𝜓,𝑤ℎ) = 0, ∀𝑤ℎ ∈ 𝑊ℎ,
(div (𝜙 − Πℎ𝜙) , 𝑤ℎ) = 0, ∀𝑤ℎ ∈ 𝑊ℎ. (26)

Then we have the following approximation properties:
󵄩󵄩󵄩󵄩𝜓 − 𝑃ℎ𝜓󵄩󵄩󵄩󵄩𝑠,Ω ≤ 𝐶ℎ1−𝑠 󵄩󵄩󵄩󵄩𝜓󵄩󵄩󵄩󵄩1,Ω ,

𝑠 = 0, 1, ∀𝜓 ∈ 𝐻10 (Ω) ,
󵄩󵄩󵄩󵄩𝜙 − Πℎ𝜙󵄩󵄩󵄩󵄩0,Ω ≤ 𝐶ℎ𝛾 󵄨󵄨󵄨󵄨𝜙󵄨󵄨󵄨󵄨𝛾,Ω ,

12 ≤ 𝛾 < 1, ∀𝜙 ∈ (𝐻𝛾0 (Ω))2 .
(27)

Let

q − q̃ = q − Πℎq + Πℎq − q̃ = 𝜂q + 𝜉q,
𝑦 − 𝑦 = 𝑦 − 𝑃ℎ𝑦 + 𝑃ℎ𝑦 − 𝑦 = 𝜂𝑦 + 𝜉𝑦. (28)

Then we derive

𝐵 (𝜂q,𝑡, 𝑤ℎ) + 𝐵 (𝜉q,𝑡, 𝑤ℎ) + 𝐷 (𝜂𝑦,𝑡, 𝑤ℎ)
+ 𝐷 (𝜉𝑦,𝑡, 𝑤ℎ) = 0, ∀𝑤ℎ ∈ 𝑊ℎ,

𝐴 (𝜂q,𝑡, kℎ) + 𝐴 (𝜉q,𝑡, kℎ) − 𝐵 (kℎ, 𝜂𝑦,𝑡)
− 𝐵 (kℎ, 𝜉𝑦,𝑡) = 0, ∀kℎ ∈ Vℎ.

(29)

By the definition of interpolation operators 𝑃ℎ and Πℎ we
obtain

𝐵 (𝜂q,𝑡, 𝑤ℎ) = 0, ∀𝑤ℎ ∈ 𝑊ℎ,
𝐵 (kℎ, 𝜂𝑦,𝑡) = 0, ∀kℎ ∈ Vℎ. (30)

Setting 𝑤ℎ = 𝜉𝑦,𝑡 and kℎ = 𝜉q,𝑡 leads to
𝐴(𝜉q,𝑡, 𝜉q,𝑡) + 𝐷 (𝜉𝑦,𝑡, 𝜉𝑦,𝑡)

= 𝐴 (𝜂q,𝑡, −𝜉q,𝑡) + 𝐷 (𝜂𝑦,𝑡, −𝜉𝑦,𝑡) , (31)

namely,

󵄩󵄩󵄩󵄩󵄩𝜉q,𝑡󵄩󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩󵄩𝜉𝑦,𝑡󵄩󵄩󵄩󵄩󵄩2∗ ≤ 𝐴 (𝜂q,𝑡, −𝜉q,𝑡) + 𝐷 (𝜂𝑦,𝑡, −𝜉𝑦,𝑡) . (32)

Since the function in 𝑊ℎ is piecewise constant, using the
definition of𝐷(⋅, ⋅), we have for all 𝑤 ∈ 𝑊 and 𝜃 ∈ 𝑊ℎ

𝐷(𝑤, 𝜃) = ∑
𝜏∈𝑇ℎ

(∫
𝜏
𝑤𝛽 ⋅ ∇𝜃 − ∫

𝜕
𝜏−𝑤+ [𝜃]n ⋅ 𝛽𝑑𝑠)

+ (𝛼𝑤, 𝜃)
= 0 − ∑

𝜏∈𝑇ℎ

∫
𝜕𝜏−

𝑤+ [𝜃]n ⋅ 𝛽𝑑𝑠 + (𝛼𝑤, 𝜃) .
(33)
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Therefore, we get the estimate as follows:

󵄩󵄩󵄩󵄩󵄩𝜉q,𝑡󵄩󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩󵄩𝜉𝑦,𝑡󵄩󵄩󵄩󵄩󵄩2∗ ≤ 𝐶 (𝛿) (󵄩󵄩󵄩󵄩󵄩𝜂q,𝑡󵄩󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩󵄩𝜂𝑦,𝑡󵄩󵄩󵄩󵄩󵄩20,Ω)
+ 𝐶 (𝛿)∑

𝜏

∫
𝜕𝜏−

(𝜂𝑦,𝑡)2+ 󵄨󵄨󵄨󵄨n ⋅ 𝛽󵄨󵄨󵄨󵄨 𝑑𝑠 + 𝐶𝛿(󵄩󵄩󵄩󵄩󵄩𝜉q,𝑡󵄩󵄩󵄩󵄩󵄩20,Ω
+ 󵄩󵄩󵄩󵄩󵄩𝜉𝑦,𝑡󵄩󵄩󵄩󵄩󵄩20,Ω +∑

𝜏

∫
𝜕𝜏−

[𝜉𝑦,𝑡]2 󵄨󵄨󵄨󵄨n ⋅ 𝛽󵄨󵄨󵄨󵄨 𝑑𝑠) .
(34)

Note that
󵄩󵄩󵄩󵄩q − Πℎq󵄩󵄩󵄩󵄩0,Ω ≤ 𝐶ℎ1/2 ‖q‖1/2,Ω ,󵄩󵄩󵄩󵄩𝑦 − 𝑃ℎ𝑦󵄩󵄩󵄩󵄩0,Ω ≤ 𝐶ℎ 󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩1,Ω ,

(35)

and according to [18] we have

∑
𝜏∈𝑇ℎ

∫
𝜕𝜏−

(𝜂𝑦,𝑡)2+ 󵄨󵄨󵄨󵄨n ⋅ 𝛽󵄨󵄨󵄨󵄨 𝑑𝑠 ≤ 𝐶 ∑
𝜏∈𝑇ℎ

󵄩󵄩󵄩󵄩󵄩𝜂𝑦,𝑡󵄩󵄩󵄩󵄩󵄩20,𝜕𝜏
≤ 𝐶 ∑
𝜏∈𝑇ℎ

󵄩󵄩󵄩󵄩󵄩𝜂𝑦,𝑡󵄩󵄩󵄩󵄩󵄩0,𝜏 󵄩󵄩󵄩󵄩󵄩𝜂𝑦,𝑡󵄩󵄩󵄩󵄩󵄩1,𝜏 ≤ 𝐶ℎ 󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩21,Ω .
(36)

Then we derive
󵄩󵄩󵄩󵄩󵄩𝜉q,𝑡󵄩󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩󵄩𝜉𝑦,𝑡󵄩󵄩󵄩󵄩󵄩2∗ ≤ 𝐶 (𝛿) ℎ (󵄩󵄩󵄩󵄩q𝑡󵄩󵄩󵄩󵄩21/2,Ω + 󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩21,Ω)

+ 𝐶𝛿 (󵄩󵄩󵄩󵄩󵄩𝜉q,𝑡󵄩󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩󵄩𝜉𝑦,𝑡󵄩󵄩󵄩󵄩󵄩2∗) .
(37)

By setting 𝛿 small enough we obtain

(󵄩󵄩󵄩󵄩󵄩𝜉q,𝑡󵄩󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩󵄩𝜉𝑦,𝑡󵄩󵄩󵄩󵄩󵄩2∗)1/2 ≤ 𝐶ℎ1/2 (󵄩󵄩󵄩󵄩q𝑡󵄩󵄩󵄩󵄩1/2,Ω + 󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩1,Ω) . (38)

Using triangle inequality we have

󵄩󵄩󵄩󵄩q𝑡 − q̃𝑡
󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩𝑦𝑡 − 𝑦𝑡󵄩󵄩󵄩󵄩2∗

≤ 󵄩󵄩󵄩󵄩󵄩𝜂q,𝑡󵄩󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩󵄩𝜂𝑦,𝑡󵄩󵄩󵄩󵄩󵄩2∗ + 󵄩󵄩󵄩󵄩󵄩𝜉q,𝑡󵄩󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩󵄩𝜉𝑦,𝑡󵄩󵄩󵄩󵄩󵄩2∗ ,
(39)

which implies the first theorem result. Similar to the above
proof we have

󵄩󵄩󵄩󵄩p𝑡 − p̃𝑡
󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩𝑧𝑡 − 𝑧̃𝑡󵄩󵄩󵄩󵄩2∗ ≤ 𝐶ℎ (󵄩󵄩󵄩󵄩p𝑡󵄩󵄩󵄩󵄩21/2,Ω + 󵄩󵄩󵄩󵄩𝑧𝑡󵄩󵄩󵄩󵄩21,Ω) . (40)

Using the above estimates we can derive the following.

Theorem 3. Let (𝑦, q, 𝑧, p) and (𝑦ℎ(𝑢), qℎ(𝑢), 𝑧ℎ(𝑢), pℎ(𝑢)) be
the solutions of (12) and (19), respectively. Then we have

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦 − 𝑦ℎ (𝑢) , q − qℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨+ ≤ 𝐶ℎ1/2. (41)

Here

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦ℎ, qℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2+ = 󵄩󵄩󵄩󵄩𝑦ℎ󵄩󵄩󵄩󵄩20,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩𝑦ℎ󵄩󵄩󵄩󵄩2∗ 𝑑𝑡 + ∫𝑇
0

󵄩󵄩󵄩󵄩qℎ󵄩󵄩󵄩󵄩20,Ω 𝑑𝑡 (42)

and the constant 𝐶 depends on the norms of 𝑦 and q.

Proof. Using (12) and (19) we derive the following error
equations:

(𝑦𝑡 − 𝑦ℎ,𝑡 (𝑢) , 𝑤ℎ) + 𝐵 (q − qℎ (𝑢) , 𝑤ℎ)
+ 𝐷 (𝑦 − 𝑦ℎ (𝑢) , 𝑤ℎ) = 0, ∀𝑤ℎ ∈ 𝑊ℎ,

𝐴 (q − qℎ (𝑢) , kℎ) − 𝐵 (kℎ, 𝑦 − 𝑦ℎ (𝑢)) = 0,
∀kℎ ∈ Vℎ.

(43)

We split the errors 𝑦 − 𝑦ℎ(𝑢) and q − qℎ(𝑢) into
𝑦 − 𝑦ℎ (𝑢) = 𝑦 − 𝑦 + 𝑦 − 𝑦ℎ (𝑢) ,
q − qℎ (𝑢) = q − q̃ + q̃ − qℎ (𝑢) , (44)

where (𝑦, q̃) is defined in (21). Then we have

(𝑦𝑡 − 𝑦𝑡, 𝑤ℎ) + (𝑦𝑡 − 𝑦ℎ,𝑡 (𝑢) , 𝑤ℎ)
+ 𝐵 (q̃ − qℎ (𝑢) , 𝑤ℎ) + 𝐷 (𝑦 − 𝑦ℎ (𝑢) , 𝑤ℎ)
+ 𝐴 (q̃ − qℎ (𝑢) , kℎ) − 𝐵 (kℎ, 𝑦 − 𝑦ℎ (𝑢)) = 0.

(45)

Setting 𝜒 = 𝑦 − 𝑦ℎ(𝑢) and 𝜎 = q̃ − qℎ(𝑢) gives
(𝜒𝑡, 𝑤ℎ) + 𝐵 (𝜎, 𝑤ℎ) + 𝐷 (𝜒, 𝑤ℎ) + 𝐴 (𝜎, kℎ)

− 𝐵 (kℎ, 𝜒) = − (𝑦𝑡 − 𝑦𝑡, 𝑤ℎ) . (46)

Choosing 𝑤ℎ = 𝜒 and kℎ = 𝜎 in the above equation leads to

(𝜒𝑡, 𝜒) + 𝐷 (𝜒, 𝜒) + 𝐴 (𝜎,𝜎) = − (𝑦𝑡 − 𝑦𝑡, 𝜒) . (47)

Since 𝐷(𝜒, 𝜒) ≥ ‖𝜒‖2∗, then we deduce by Young inequality
that

12 𝑑𝑑𝑡 󵄩󵄩󵄩󵄩𝜒󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩𝜒󵄩󵄩󵄩󵄩2∗ + ‖𝜎‖20,Ω
≤ 𝛿 󵄩󵄩󵄩󵄩𝜒󵄩󵄩󵄩󵄩20,Ω + 𝐶 (𝛿) 󵄩󵄩󵄩󵄩𝑦𝑡 − 𝑦𝑡󵄩󵄩󵄩󵄩20,Ω .

(48)

By setting 𝛿 small enough we derive

12 𝑑𝑑𝑡 󵄩󵄩󵄩󵄩𝜒󵄩󵄩󵄩󵄩20,Ω + 12 󵄩󵄩󵄩󵄩𝜒󵄩󵄩󵄩󵄩2∗ + ‖𝜎‖20,Ω ≤ 𝐶 󵄩󵄩󵄩󵄩𝑦𝑡 − 𝑦𝑡󵄩󵄩󵄩󵄩20,Ω . (49)

Note that 𝜒(0) = 0. Integrating (49) from 0 → 𝑡 leads to
󵄩󵄩󵄩󵄩𝜒 (𝑡)󵄩󵄩󵄩󵄩20,Ω + ∫𝑡

0

󵄩󵄩󵄩󵄩𝜒󵄩󵄩󵄩󵄩2∗ + ∫𝑡
0
‖𝜎‖20,Ω ≤ 𝐶∫𝑡

0

󵄩󵄩󵄩󵄩𝑦𝑡 − 𝑦𝑡󵄩󵄩󵄩󵄩20,Ω . (50)

Similarly, integrating (49) from 0 → 𝑇 yields

󵄩󵄩󵄩󵄩𝜒 (𝑇)󵄩󵄩󵄩󵄩20,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩𝜒󵄩󵄩󵄩󵄩2∗ + ∫𝑇
0
‖𝜎‖20,Ω

≤ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑦𝑡 − 𝑦𝑡󵄩󵄩󵄩󵄩20,Ω ,
(51)

which implies

∫𝑇
0

󵄩󵄩󵄩󵄩𝜒󵄩󵄩󵄩󵄩2∗ + ∫𝑇
0
‖𝜎‖20,Ω ≤ 𝐶∫𝑇

0

󵄩󵄩󵄩󵄩𝑦𝑡 − 𝑦𝑡󵄩󵄩󵄩󵄩20,Ω . (52)
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Combining (50) and (52) we deduce that

󵄩󵄩󵄩󵄩𝜒 (𝑡)󵄩󵄩󵄩󵄩20,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩𝜒󵄩󵄩󵄩󵄩2∗ + ∫𝑇
0
‖𝜎‖20,Ω

≤ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑦𝑡 − 𝑦𝑡󵄩󵄩󵄩󵄩20,Ω .
(53)

By Lemma 2 we further derive

󵄩󵄩󵄩󵄩𝜒 (𝑡)󵄩󵄩󵄩󵄩20,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩𝜒󵄩󵄩󵄩󵄩2∗ + ∫𝑇
0
‖𝜎‖20,Ω

≤ 𝐶ℎ(∫𝑇
0

󵄩󵄩󵄩󵄩q𝑡󵄩󵄩󵄩󵄩21/2,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩21,Ω) .
(54)

Then by triangle inequality and Lemma 1 we obtain

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦 − 𝑦ℎ (𝑢) , q − qℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2+ ≤ 𝐶ℎ(‖q‖21/2,Ω + 󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩21,Ω
+ ∫𝑇
0
‖q‖21/2,Ω + ∫𝑇

0

󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩21,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩q𝑡󵄩󵄩󵄩󵄩21/2,Ω
+ ∫𝑇
0

󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩21,Ω) .
(55)

This implies the theorem result.

Theorem4. Let (𝑦, q, 𝑧, p) and (𝑦ℎ(𝑢), qℎ(𝑢), 𝑧ℎ(𝑢), pℎ(𝑢)) be
the solutions of (12) and (19), respectively. Then we have

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧 − 𝑧ℎ (𝑢) , p − pℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨+ ≤ 𝐶ℎ1/2. (56)

Here the constant 𝐶 depends on the norms of 𝑦, 𝑧 and q, p.
Proof. Using (12) and (19) we derive the following error
equations:

− (𝑧𝑡 − 𝑧ℎ,𝑡 (𝑢) , 𝜓ℎ) − 𝐵 (p − pℎ (𝑢) , 𝜓ℎ)
+ 𝐷 (𝜓ℎ, 𝑧 − 𝑧ℎ (𝑢)) = (𝑦 − 𝑦ℎ (𝑢) , 𝜓ℎ) ,

∀𝜓ℎ ∈ 𝑊ℎ
𝐴 (p − pℎ (𝑢) ,𝜑ℎ) + 𝐵 (𝜑ℎ, 𝑧 − 𝑧ℎ (𝑢)) = 0,

∀𝜑ℎ ∈ Vℎ.

(57)

We rewrite the errors 𝑧 − 𝑧ℎ(𝑢) and p − pℎ(𝑢) as
𝑧 − 𝑧ℎ (𝑢) = 𝑧 − 𝑧̃ + 𝑧̃ − 𝑧ℎ (𝑢) ,
p − pℎ (𝑢) = p − p̃ + p̃ − pℎ (𝑢) , (58)

where (𝑧̃, p̃) is defined in (22). Then we have

− (𝑧𝑡 − 𝑧̃𝑡, 𝜓ℎ) − (𝑧̃𝑡 − 𝑧ℎ,𝑡 (𝑢) , 𝜓ℎ)
− 𝐵 (p̃ − pℎ (𝑢) , 𝜓ℎ) + 𝐷 (𝜓ℎ, 𝑧̃ − 𝑧ℎ (𝑢))
+ 𝐴 (p̃ − pℎ (𝑢) ,𝜑ℎ) + 𝐵 (𝜑ℎ, 𝑧̃ − 𝑧ℎ (𝑢))

= (𝑦 − 𝑦ℎ (𝑢) , 𝜓ℎ) .
(59)

Setting 𝜉 = 𝑧̃ − 𝑧ℎ(𝑢) and 𝜌 = p̃ − pℎ(𝑢) we have
− (𝜉𝑡, 𝜓ℎ) − 𝐵 (𝜌, 𝜓ℎ) + 𝐷 (𝜓ℎ, 𝜉) + 𝐴 (𝜌,𝜑ℎ)

+ 𝐵 (𝜑ℎ, 𝜉) = (𝑧𝑡 − 𝑧̃𝑡, 𝜓ℎ) + (𝑦 − 𝑦ℎ (𝑢) , 𝜓ℎ) . (60)

Taking 𝜓ℎ = 𝜉 and 𝜑ℎ = 𝜌 yields
− (𝜉𝑡, 𝜉) + 𝐷 (𝜉, 𝜉) + 𝐴 (𝜌,𝜌)

= (𝑧𝑡 − 𝑧̃𝑡, 𝜉) + (𝑦 − 𝑦ℎ (𝑢) , 𝜉) . (61)

Since𝐷(𝜉, 𝜉) ≥ ‖𝜉‖2∗, then
− 12 𝑑𝑑𝑡 󵄩󵄩󵄩󵄩𝜉 (𝑡)󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩𝜉󵄩󵄩󵄩󵄩2∗ + 󵄩󵄩󵄩󵄩𝜌󵄩󵄩󵄩󵄩20,Ω

≤ 󵄨󵄨󵄨󵄨(𝑧𝑡 − 𝑧̃𝑡, 𝜉)󵄨󵄨󵄨󵄨 + 󵄨󵄨󵄨󵄨(𝑦 − 𝑦ℎ (𝑢) , 𝜉)󵄨󵄨󵄨󵄨 .
(62)

Using𝐻 ̈𝑜𝑙𝑑𝑒𝑟 inequality and Young inequality we derive

− 12 𝑑𝑑𝑡 󵄩󵄩󵄩󵄩𝜉 (𝑡)󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩𝜉󵄩󵄩󵄩󵄩2∗ + 󵄩󵄩󵄩󵄩𝜌󵄩󵄩󵄩󵄩20,Ω
≤ 𝛿 󵄩󵄩󵄩󵄩𝜉󵄩󵄩󵄩󵄩20,Ω + 𝐶 (𝛿) 󵄩󵄩󵄩󵄩𝑧𝑡 − 𝑧̃𝑡󵄩󵄩󵄩󵄩20,Ω

+ 𝐶 (𝛿) 󵄩󵄩󵄩󵄩𝑦 − 𝑦ℎ (𝑢)󵄩󵄩󵄩󵄩20,Ω .
(63)

Choosing 𝛿 small enough we obtain

− 12 𝑑𝑑𝑡 󵄩󵄩󵄩󵄩𝜉 (𝑡)󵄩󵄩󵄩󵄩20,Ω + 12 󵄩󵄩󵄩󵄩𝜉󵄩󵄩󵄩󵄩2∗ + 󵄩󵄩󵄩󵄩𝜌󵄩󵄩󵄩󵄩20,Ω
≤ 𝐶 (𝛿) 󵄩󵄩󵄩󵄩𝑧𝑡 − 𝑧̃𝑡󵄩󵄩󵄩󵄩20,Ω + 𝐶 (𝛿) 󵄩󵄩󵄩󵄩𝑦 − 𝑦ℎ (𝑢)󵄩󵄩󵄩󵄩20,Ω .

(64)

Integrating (64) with respect to 𝑡 from 𝑡 → 𝑇 yields

󵄩󵄩󵄩󵄩𝜉 (𝑡)󵄩󵄩󵄩󵄩20,Ω + ∫𝑇
𝑡

󵄩󵄩󵄩󵄩𝜉󵄩󵄩󵄩󵄩2∗ + ∫𝑇
𝑡

󵄩󵄩󵄩󵄩𝜌󵄩󵄩󵄩󵄩20,Ω
≤ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑧𝑡 − 𝑧̃𝑡󵄩󵄩󵄩󵄩20,Ω + 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑦 − 𝑦ℎ (𝑢)󵄩󵄩󵄩󵄩20,Ω ,
(65)

where 𝜉(𝑇) = 0was used. In an analogueway, integrating (64)
from 0 → 𝑇 results in

12 󵄩󵄩󵄩󵄩𝜉 (0)󵄩󵄩󵄩󵄩20,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩𝜉󵄩󵄩󵄩󵄩2∗ + ∫𝑇
0

󵄩󵄩󵄩󵄩𝜌󵄩󵄩󵄩󵄩20,Ω
≤ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑧𝑡 − 𝑧̃𝑡󵄩󵄩󵄩󵄩20,Ω + 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑦 − 𝑦ℎ (𝑢)󵄩󵄩󵄩󵄩20,Ω .
(66)

We further have

∫𝑇
0

󵄩󵄩󵄩󵄩𝜉󵄩󵄩󵄩󵄩2∗ + ∫𝑇
0

󵄩󵄩󵄩󵄩𝜌󵄩󵄩󵄩󵄩20,Ω ≤ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑧𝑡 − 𝑧̃𝑡󵄩󵄩󵄩󵄩20,Ω
+ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑦 − 𝑦ℎ (𝑢)󵄩󵄩󵄩󵄩20,Ω .
(67)

Combining (65) and (67) we deduce that

󵄩󵄩󵄩󵄩𝜉 (𝑡)󵄩󵄩󵄩󵄩20,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩𝜉󵄩󵄩󵄩󵄩2∗ + ∫𝑇
0

󵄩󵄩󵄩󵄩𝜌󵄩󵄩󵄩󵄩20,Ω
≤ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑧𝑡 − 𝑧̃𝑡󵄩󵄩󵄩󵄩20,Ω + 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑦 − 𝑦ℎ (𝑢)󵄩󵄩󵄩󵄩20,Ω .
(68)
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Thenwe can derive the theorem result by using Lemmas 1 and
2 andTheorem 8 and triangle inequality.

Lemma 5. Let (𝑦ℎ, qℎ, 𝑧ℎ, pℎ) and (𝑦ℎ(𝑢), qℎ(𝑢), 𝑧ℎ(𝑢), pℎ(𝑢))
be the solutions of (14) and (19), respectively. Then we have

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦ℎ − 𝑦ℎ (𝑢) , qℎ − qℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2+ ≤ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩20,Ω ,
󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧ℎ − 𝑧ℎ (𝑢) , pℎ − pℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2+ ≤ 𝐶∫𝑇

0

󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩20,Ω .
(69)

Proof. Using (19) along with (14) leads to

(𝑦ℎ,𝑡 − 𝑦ℎ,𝑡 (𝑢) , 𝑤ℎ) + 𝐵 (qℎ − qℎ (𝑢) , 𝑤ℎ)
+ 𝐷 (𝑦ℎ − 𝑦ℎ (𝑢) , 𝑤ℎ) = (𝑢ℎ − 𝑢, 𝑤ℎ) ,

∀𝑤ℎ ∈ 𝑊ℎ,
𝐴 (qℎ − qℎ (𝑢) , kℎ) − 𝐵 (kℎ, 𝑦ℎ − 𝑦ℎ (𝑢)) = 0,

∀kℎ ∈ Vℎ.

(70)

Setting 𝑌ℎ = 𝑦ℎ − 𝑦ℎ(𝑢) and Qℎ = qℎ − qℎ(𝑢) and choosing𝑤ℎ = 𝑌ℎ and kℎ = Qℎ lead to

(𝑌ℎ,𝑡, 𝑌ℎ) + 𝐴 (Qℎ,Qℎ) + 𝐷 (𝑌ℎ, 𝑌ℎ) = (𝑢ℎ − 𝑢, 𝑌ℎ) . (71)

By Young inequality we have

12 𝑑𝑑𝑡 󵄩󵄩󵄩󵄩𝑌ℎ󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩Qℎ󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩𝑌ℎ󵄩󵄩󵄩󵄩2∗
≤ 𝐶 (𝛿) 󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩20,Ω + 𝐶𝛿 󵄩󵄩󵄩󵄩𝑌ℎ󵄩󵄩󵄩󵄩20,Ω .

(72)

Similar to the proof of Lemmas 1 and 2 we have

󵄩󵄩󵄩󵄩𝑌ℎ󵄩󵄩󵄩󵄩20,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩Qℎ󵄩󵄩󵄩󵄩20,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩𝑌ℎ󵄩󵄩󵄩󵄩2∗
≤ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩20,Ω .
(73)

By (17) and (19) we derive

− (𝑧ℎ,𝑡 − 𝑧ℎ,𝑡 (𝑢) , 𝜓ℎ) − 𝐵 (pℎ − pℎ (𝑢) , 𝜓ℎ)
+ 𝐷 (𝜓ℎ, 𝑧ℎ − 𝑧ℎ (𝑢)) = (𝑌ℎ, 𝜓ℎ) , ∀𝜓ℎ ∈ 𝑊ℎ,

𝐴 (pℎ − pℎ (𝑢) ,𝜑ℎ) − 𝐵 (𝜑ℎ, 𝑧ℎ − 𝑧ℎ (𝑢)) = 0,
∀𝜑ℎ ∈ Vℎ.

(74)

Setting 𝑍ℎ = 𝑧ℎ − 𝑧ℎ(𝑢) and Pℎ = pℎ − pℎ(𝑢) and choosing𝜓ℎ = 𝑍ℎ and 𝜑ℎ = Pℎ yield

− (𝑍ℎ,𝑡, 𝑍ℎ) + 𝐴 (Pℎ,Pℎ) + 𝐷 (𝑍ℎ, 𝑍ℎ) = (𝑌ℎ, 𝑍ℎ) . (75)

Furthermore, we derive by Young inequality

− 12 󵄩󵄩󵄩󵄩𝑍ℎ󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩Pℎ󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩𝑍ℎ󵄩󵄩󵄩󵄩2∗
≤ 𝐶 (𝛿) 󵄩󵄩󵄩󵄩𝑌ℎ󵄩󵄩󵄩󵄩20,Ω + 𝐶𝛿 󵄩󵄩󵄩󵄩𝑍ℎ󵄩󵄩󵄩󵄩20,Ω .

(76)

Similar to the proof of Lemmas 1 and 2 we have

󵄩󵄩󵄩󵄩𝑍ℎ󵄩󵄩󵄩󵄩20,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩Pℎ󵄩󵄩󵄩󵄩20,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩𝑍ℎ󵄩󵄩󵄩󵄩2∗ ≤ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑌ℎ󵄩󵄩󵄩󵄩20,Ω
≤ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩20,Ω .
(77)

Then the theorem result follows from (73) and (77).

Lemma 6. Assume that (𝑦, q, 𝑧, p, 𝑢) and (𝑦ℎ, qℎ, 𝑧ℎ, pℎ, 𝑢ℎ)
be the solutions of (11) and (14), respectively. Let

𝐽󸀠ℎ (𝑢) (V − 𝑢) = ∫𝑇
0
(𝛾𝑢 + 𝑧ℎ (𝑢) , V − 𝑢) , (78)

where 𝑧ℎ(𝑢) is the solution of (19). Then the following estimate
holds:

𝐽󸀠ℎ (V) (V − 𝑢) − 𝐽󸀠ℎ (𝑢) (V − 𝑢) ≥ 𝛾 ‖V − 𝑢‖2𝐿2(0,𝑇;𝐿2(Ω)) . (79)

Proof. By the definitions of (𝑦ℎ(𝑢), qℎ(𝑢)), (𝑧ℎ(𝑢), pℎ(𝑢)) we
have

(𝑦ℎ,𝑡 (V) − 𝑦ℎ,𝑡 (𝑢) , 𝑤ℎ) + 𝐵 (qℎ (V) − qℎ (𝑢) , 𝑤ℎ)
+ 𝐷 (𝑦ℎ (V) − 𝑦ℎ (𝑢) , 𝑤ℎ) = (V − 𝑢,𝑤ℎ) ,

∀𝑤ℎ ∈ 𝑊ℎ,
𝐴 (qℎ (V) − qℎ (𝑢) , kℎ) − 𝐵 (kℎ, 𝑦ℎ (V) − 𝑦ℎ (𝑢)) = 0,

∀kℎ ∈ Vℎ,
(𝑧ℎ,𝑡 (𝑢) − 𝑧ℎ,𝑡 (V) , 𝜓ℎ) − 𝐵 (pℎ (V) − pℎ (𝑢) , 𝜓ℎ)

+ 𝐷 (𝜓ℎ, 𝑧ℎ (V) − 𝑧ℎ (𝑢)) = (𝑦ℎ (V) − 𝑦ℎ (𝑢) , 𝜓ℎ) ,
𝐴 (pℎ (V) − pℎ (𝑢) ,𝜑ℎ) + 𝐵 (𝜑ℎ, 𝑧ℎ (V) − 𝑧ℎ (𝑢)) = 0.

(80)

Note that

𝐽󸀠ℎ (V) (V − 𝑢) − 𝐽󸀠ℎ (𝑢) (V − 𝑢)
= ∫𝑇
0
(𝛾V + 𝑧ℎ (V) , V − 𝑢) − ∫𝑇

0
(𝛾V + 𝑧ℎ (𝑢) , V − 𝑢)

= ∫𝑇
0
(𝛾 (V − 𝑢) , V − 𝑢)

+ ∫𝑇
0
(𝑧ℎ (V) − 𝑧ℎ (𝑢) , V − 𝑢)

= 𝛾 ‖V − 𝑢‖2𝐿2(0,𝑇;𝐿2(Ω))
+ ∫𝑇
0
(𝑧ℎ (V) − 𝑧ℎ (𝑢) , V − 𝑢) .

(81)
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By setting 𝑤ℎ = 𝑧ℎ(V) − 𝑧ℎ(𝑢), kℎ = pℎ(V) − pℎ(𝑢) and 𝜓ℎ =𝑦ℎ(V) − 𝑦ℎ(𝑢), 𝜑ℎ = qℎ(V) − qℎ(𝑢) in the above equations,
respectively, we can prove

∫𝑇
0
(𝑧ℎ (V) − 𝑧ℎ (𝑢) , V − 𝑢) = ∫𝑇

0
(V − 𝑢, 𝑧ℎ (V)

− 𝑧ℎ (𝑢))
= ∫𝑇
0
[𝐷 (𝑦ℎ (V) − 𝑦ℎ (𝑢) , 𝑧ℎ (V) − 𝑧ℎ (𝑢))

+ 𝐵 (qℎ (V) − qℎ (𝑢) , 𝑧ℎ (V) − 𝑧ℎ (𝑢))
+ (𝑦ℎ, 𝑡 (V) − 𝑦ℎ, 𝑡 (𝑢) , 𝑧ℎ (V) − 𝑧ℎ (𝑢))
+ 𝐴 (qℎ (V) − qℎ (𝑢) , pℎ (V) − pℎ (𝑢))
− 𝐵 (pℎ (V) − pℎ (𝑢) , 𝑦ℎ (V) − 𝑦ℎ (𝑢))] .

(82)

Since (𝑦ℎ(V) − 𝑦ℎ(𝑢))(0) = 0, (𝑧ℎ(V) − 𝑧ℎ(𝑢))(𝑇) = 0, and
∫𝑇
0
(𝑦ℎ,𝑡 (V) − 𝑦ℎ,𝑡 (𝑢) , 𝑧ℎ (V) − 𝑧ℎ (𝑢))
= −∫𝑇
0
(𝑦ℎ (V) − 𝑦ℎ (𝑢) , 𝑧ℎ,𝑡 (V) − 𝑧ℎ,𝑡 (𝑢))

+ (𝑦ℎ (V) − 𝑦ℎ (𝑢) , 𝑧ℎ (V) − 𝑧ℎ (𝑢))
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝑇

0

= 0
(83)

we can prove that

∫𝑇
0
(𝑧ℎ (V) − 𝑧ℎ (𝑢) , V − 𝑢)
= ∫𝑇
0
(𝑦ℎ (V) − 𝑦ℎ (𝑢) , 𝑦ℎ (V) − 𝑦ℎ (𝑢)) ≥ 0.

(84)

Therefore, we derive
𝐽󸀠ℎ (V) (V − 𝑢) − 𝐽󸀠ℎ (𝑢) (V − 𝑢) ≥ 𝛾 ‖V − 𝑢‖2𝐿2(0,𝑇;𝐿2(Ω)) . (85)

Lemma 7. Let (𝑦, q, 𝑧, p, 𝑢) and (𝑦ℎ, qℎ, 𝑧ℎ, pℎ, 𝑢ℎ) be the
solutions of (11) and (14), respectively. Then we have󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩𝐿2(0,𝑇,𝐿2(Ω)) ≤ 𝐶ℎ1/2. (86)

Proof. By Lemma 6 we have

𝛾 󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩2𝐿2(0,𝑇,𝐿2(Ω)) ≤ (𝐽󸀠ℎ (𝑢) − 𝐽󸀠ℎ (𝑢ℎ) , 𝑢 − 𝑢ℎ)
= ∫𝑇
0
(𝛼𝑢 + 𝑧ℎ (𝑢) , 𝑢 − 𝑢ℎ) 𝑑𝑡

− ∫𝑇
0
(𝛼𝑢ℎ + 𝑧ℎ, 𝑢 − 𝑢ℎ) 𝑑𝑡

= ∫𝑇
0
(𝛼𝑢 + 𝑧, 𝑢 − 𝑢ℎ) 𝑑𝑡

+ ∫𝑇
0
(𝑧ℎ (𝑢) − 𝑧, 𝑢 − 𝑢ℎ) 𝑑𝑡

+ ∫𝑇
0
(𝛼𝑢ℎ + 𝑧ℎ, 𝑢ℎ − 𝑢) 𝑑𝑡

≤ 0 + ∫𝑇
0
(𝑧ℎ (𝑢) − 𝑧, 𝑢 − 𝑢ℎ) 𝑑𝑡 + 0

≤ 󵄩󵄩󵄩󵄩𝑧ℎ (𝑢) − 𝑧󵄩󵄩󵄩󵄩𝐿2(0,𝑇,𝐿2(Ω)) 󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩𝐿2(0,𝑇,𝐿2(Ω)) .
(87)

Using the result of Theorem 4 yields

󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩𝐿2(0,𝑇,𝐿2(Ω)) ≤ 𝐶 󵄩󵄩󵄩󵄩𝑧ℎ (𝑢) − 𝑧󵄩󵄩󵄩󵄩𝐿2(0,𝑇,𝐿2(Ω))
≤ 𝐶ℎ1/2. (88)

Theorem8. Let (𝑦, q, 𝑧, p) and (𝑦ℎ(𝑢), qℎ(𝑢), 𝑧ℎ(𝑢), pℎ(𝑢)) be
the solutions of (12) and (14), respectively. Then we have

󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩𝐿2(0,𝑇,𝐿2(Ω)) + 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦 − 𝑦ℎ, q − qℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨+
+ 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧 − 𝑧ℎ, p − pℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨+ ≤ 𝐶ℎ1/2. (89)

Proof. By Lemma 2 and (88) we derive

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦 − 𝑦ℎ, q − qℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2+ ≤ 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦 − 𝑦ℎ (𝑢) , q − qℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2+
+ 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦ℎ (𝑢) − 𝑦ℎ, qℎ (𝑢) − qℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2+ ≤ 𝐶ℎ (‖q‖21/2,Ω
+ 󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩21,Ω) + 𝐶∫𝑇

0

󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩20,Ω + 𝐶ℎ(∫𝑇
0
‖q‖21/2,Ω

+ ∫𝑇
0

󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩21,Ω + ∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕q𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

1/2,Ω

+ ∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

1,Ω

) .

(90)

Combining Lemma 5 and (90) yields

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧 − 𝑧ℎ, p − pℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2+ ≤ 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧 − 𝑧ℎ (𝑢) , p − pℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2+
+ 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧ℎ (𝑢) − 𝑧ℎ, pℎ (𝑢) − pℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨20 ≤ 𝐶ℎ(‖p‖21/2,Ω
+ ‖𝑧‖21,Ω + ∫𝑇

0
‖p‖21/2,Ω + ∫𝑇

0
‖𝑧‖21,Ω)

+ 𝐶ℎ(∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕p𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

1/2,Ω

+ ∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑧𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

1,Ω

+ ∫𝑇
0
‖q‖21/2,Ω

+ ∫𝑇
0

󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩21,Ω) + 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩20,Ω .

(91)

Combining (88)–(91) we can derive the theorem result.
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4. Fully Discrete Error Estimate

In this section we will prove the error estimates for the fully
discrete scheme. For this purpose we firstly introduce the
following auxiliary problems:

(𝑦𝑛ℎ (𝑢) − 𝑦𝑛−1ℎ (𝑢)
𝑘 , 𝑤ℎ) + 𝐵 (q𝑛ℎ (𝑢) , 𝑤ℎ)

+ 𝐷 (𝑦𝑛ℎ (𝑢) , 𝑤ℎ) = (𝑓𝑛 + 𝑢𝑛, 𝑤ℎ) , ∀𝑤ℎ ∈ 𝑊ℎ,
𝐴 (q𝑛ℎ (𝑢) , kℎ) − 𝐵 (kℎ, 𝑦𝑛ℎ (𝑢)) = 0, ∀kℎ ∈ Vℎ,
(𝑧𝑛−1ℎ (𝑢) − 𝑧𝑛ℎ (𝑢)𝑘 , 𝜓ℎ) − 𝐵 (p𝑛−1ℎ (𝑢) , 𝜓ℎ)

+ 𝐷 (𝜓ℎ, 𝑧𝑛−1ℎ (𝑢)) = (𝑦𝑛ℎ (𝑢) − 𝑦𝑛𝑑, 𝜓ℎ) ,
∀𝜓ℎ ∈ 𝑊ℎ,

𝐴 (p𝑛−1ℎ (𝑢) ,𝜑ℎ) + 𝐵 (𝜑ℎ, 𝑧𝑛−1ℎ (𝑢)) = 0, ∀𝜑ℎ ∈ Vℎ,
𝑦0ℎ (𝑢) = 𝑦0,
𝑧𝑁ℎ (𝑢) = 0,

∀x ∈ Ω.

(92)

Lemma 9. Let (𝑦, q, 𝑧, p) and (𝑦𝑛ℎ(𝑢), q𝑛ℎ(𝑢), 𝑧𝑛−1ℎ (𝑢), p𝑛−1ℎ (𝑢))
be the solutions of (12) and (92), respectively. Then we have

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦 − 𝑦ℎ (𝑢) , q − qℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨⬦ ≤ 𝐶 (ℎ1/2 + 𝑘) , (93)

where

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦, q)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2⬦ = 󵄩󵄩󵄩󵄩𝑦𝑛󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩𝑦𝑛󵄩󵄩󵄩󵄩2∗ + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩q𝑛󵄩󵄩󵄩󵄩20,Ω . (94)

Proof. Using (12) and (92) we derive the following error
equations:

(𝜕𝑦𝑛𝜕𝑡 − 𝑦𝑛ℎ (𝑢) − 𝑦𝑛−1ℎ (𝑢)
𝑘 , 𝑤ℎ) + 𝐵 (q𝑛 − q𝑛ℎ (𝑢) , 𝑤ℎ)

+ 𝐷 (𝑦𝑛 − 𝑦𝑛ℎ (𝑢) , 𝑤ℎ) = 0, ∀𝑤ℎ ∈ 𝑊ℎ,
𝐴 (q𝑛 − q𝑛ℎ (𝑢) , kℎ) − 𝐵 (kℎ, 𝑦𝑛 − 𝑦𝑛ℎ (𝑢)) = 0,

∀q ∈ Vh.

(95)

Setting 𝜒 = 𝑦 − 𝑦ℎ(𝑢), 𝜌 = 𝑦 − 𝑦, and 𝜎 = q̃ − qℎ(𝑢) and
combining the definition of 𝑦 and q̃ we have

(𝜒𝑛 − 𝜒𝑛−1
𝑘 , 𝑤ℎ) + 𝐵 (𝜎𝑛, 𝑤ℎ) + 𝐷 (𝜒𝑛, 𝑤ℎ)

= −(𝜕𝑦𝑛𝜕𝑡 − 𝑦𝑛 − 𝑦𝑛−1𝑘 , 𝑤ℎ) − (𝜌𝑛 − 𝜌𝑛−1𝑘 , 𝑤ℎ) ,
𝐴 (𝜎𝑛, kℎ) − 𝐵 (kℎ, 𝜒𝑛) = 0.

(96)

Testing (96) with 𝑤ℎ = 𝜒𝑛 and kℎ = 𝜎𝑛 yields
(𝜒𝑛 − 𝜒𝑛−1

𝑘 , 𝜒𝑛) + 𝐴 (𝜎𝑛,𝜎𝑛) + 𝐷 (𝜒𝑛, 𝜒𝑛)
= −(𝜕𝑦𝑛𝜕𝑡 − 𝑦𝑛 − 𝑦𝑛−1𝑘 , 𝜒𝑛) − (𝜌𝑛 − 𝜌𝑛−1𝑘 , 𝜒𝑛)
= 𝐷1 + 𝐷2.

(97)

By Taylor expansion with integral reminder we deduce that

𝜕𝑦𝑛𝜕𝑡 − 𝑦𝑛 − 𝑦𝑛−1𝑘 = 1𝑘 ∫𝑡𝑛
𝑡𝑛−1

(𝑡 − 𝑡𝑛−1) 𝜕2𝑦𝜕𝑡2 𝑑𝑡,
𝜌𝑛 − 𝜌𝑛−1 = ∫𝑡𝑛

𝑡𝑛−1

𝜕𝜌𝜕𝑡 𝑑𝑡.
(98)

By𝐻 ̈𝑜𝑙𝑑𝑒𝑟 inequality we obtain
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝑛𝜕𝑡 − 𝑦𝑛 − 𝑦𝑛−1𝑘

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

≤ 𝑘∫𝑡𝑛
𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑦𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡,
󵄩󵄩󵄩󵄩󵄩𝜌𝑛 − 𝜌𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω ≤ 𝑘∫𝑡𝑛

𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝜌𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡.
(99)

Then by Young inequality we derive

𝐷1 ≤ 𝐶 (𝛿) 𝑘∫𝑡𝑛
𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑦𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝛿 󵄩󵄩󵄩󵄩𝜒𝑛󵄩󵄩󵄩󵄩20,Ω ,

𝐷2 ≤ 𝐶 (𝛿) 1𝑘 ∫𝑡𝑛
𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝜌𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝛿 󵄩󵄩󵄩󵄩𝜒𝑛󵄩󵄩󵄩󵄩20,Ω .
(100)

Choosing 𝛿 to be small enough leads to

12𝑘 (󵄩󵄩󵄩󵄩𝜒𝑛󵄩󵄩󵄩󵄩20,Ω − 󵄩󵄩󵄩󵄩󵄩𝜒𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω) + 󵄩󵄩󵄩󵄩𝜎𝑛󵄩󵄩󵄩󵄩20,Ω + 12 󵄩󵄩󵄩󵄩𝜒𝑛󵄩󵄩󵄩󵄩2∗
≤ 𝐶𝑘∫𝑡𝑛

𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑦𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝐶1𝑘 ∫𝑡𝑛
𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝜌𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡.
(101)

Multiplying (114) by 2𝑘 and summing up with respect to 𝑛
from 1 to𝑚 yield

󵄩󵄩󵄩󵄩𝜒𝑚󵄩󵄩󵄩󵄩20,Ω + 𝜏 𝑚∑
𝑛=1

󵄩󵄩󵄩󵄩𝜎𝑛󵄩󵄩󵄩󵄩20,Ω + 𝜏 𝑚∑
𝑛=1

󵄩󵄩󵄩󵄩𝜒𝑛󵄩󵄩󵄩󵄩2∗
≤ 𝐶𝑘2 ∫𝑡𝑚

0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑦𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝐶∫𝑡𝑚
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝜌𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡.
(102)

Multiplying (101) by 2𝑘 and summing up with respect to 𝑛
from 1 to𝑁 lead to

󵄩󵄩󵄩󵄩󵄩𝜒𝑁󵄩󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩𝜎𝑛󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩𝜒𝑛󵄩󵄩󵄩󵄩2∗
≤ 𝐶𝑘2 ∫𝑇

0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑦𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝜌𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡.
(103)
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Collecting above estimates we have

󵄩󵄩󵄩󵄩𝜒𝑚󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩𝜎𝑛󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩𝜒𝑛󵄩󵄩󵄩󵄩2∗
≤ 𝐶𝑘2 ∫𝑇

0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑦𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝜌𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡.
(104)

Using above estimates, Lemmas 1 and 2, and triangle inequal-
ity we deduce that󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦 − 𝑦ℎ (𝑢) , q − qℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨⬦

≤ 𝐶ℎ1/2 (‖q‖𝐿∞(0,𝑇;𝐻1/2(Ω)) + 󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩𝐿∞(0,𝑇;𝐻1(Ω))
+ 󵄩󵄩󵄩󵄩q𝑡󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐻1/2(Ω)) + 󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐻1(Ω)))
+ 𝐶𝑘 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕2𝑦𝜕𝑡2
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐿2(Ω)) .

(105)

Lemma 10. Let (𝑦, q, 𝑧, p) and (𝑦𝑛ℎ(𝑢), q𝑛ℎ(𝑢), 𝑧𝑛−1ℎ (𝑢),
p𝑛−1ℎ (𝑢)) be the solutions of (12) and (92), respectively. Then we
have 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧 − 𝑧ℎ (𝑢) , p − pℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨⬦ ≤ 𝐶 (ℎ1/2 + 𝑘) . (106)

Proof. Using (12) and (92) we derive the following error
equations:

(−𝑧𝑛−1ℎ (𝑢) − 𝑧𝑛ℎ (𝑢)𝑘 − 𝜕𝑧𝑛−1𝜕𝑡 , 𝜓ℎ)
− 𝐵 (p𝑛−1 − p𝑛−1ℎ (𝑢) , 𝜓ℎ)
+ 𝐷 (𝜓ℎ, 𝑧𝑛−1 − 𝑧𝑛−1ℎ (𝑢)) = − (𝑦𝑛ℎ (𝑢) − 𝑦𝑛−1, 𝜓ℎ)
+ (𝑦𝑛𝑑 − 𝑦𝑛−1𝑑 , 𝜓ℎ) , ∀𝜓ℎ ∈ 𝑊ℎ,

𝐴 (p𝑛−1 − p𝑛−1ℎ (𝑢) , kℎ)
+ 𝐵 (kℎ, 𝑧𝑛−1 − 𝑧𝑛−1ℎ (𝑢)) = 0, ∀kℎ ∈ Vℎ.

(107)

Setting 𝜉 = 𝑧̃ − 𝑧ℎ(𝑢), 𝜂 = 𝑧 − 𝑧̃, and 𝜎 = p̃ − pℎ(𝑢) and using
the definitions of 𝑧̃ and p̃ give

(𝜉𝑛−1 − 𝜉𝑛𝑘 , 𝜓ℎ) + 𝐵 (𝜎𝑛−1, 𝜓ℎ) + 𝐷 (𝜓ℎ, 𝜉𝑛−1)
= − (𝑦𝑛ℎ (𝑢) − 𝑦𝑛−1, 𝜓ℎ) + (𝑦𝑛𝑑 − 𝑦𝑛−1𝑑 , 𝜓ℎ)

+ (𝜕𝑧𝑛−1𝜕𝑡 + 𝑧𝑛−1 − 𝑧𝑛𝑘 , 𝜉𝑛−1)
− (𝜂𝑛−1 − 𝜂𝑛𝑘 , 𝜉𝑛−1) ,

𝐴 (𝜎𝑛−1, kℎ) − 𝐵 (kℎ, 𝜉𝑛−1) = 0, ∀kℎ ∈ Vℎ.

(108)

Choosing 𝑤ℎ = 𝜉𝑛−1 and kℎ = 𝜎𝑛 in (108) yields

(𝜉𝑛−1 − 𝜉𝑛𝑘 , 𝜉𝑛−1) + 𝐴 (𝜎𝑛−1,𝜎𝑛−1) + 𝐷 (𝜉𝑛−1, 𝜉𝑛−1)
= − (𝑦𝑛ℎ (𝑢) − 𝑦𝑛−1, 𝜉𝑛−1) + (𝑦𝑛𝑑 − 𝑦𝑛−1𝑑 , 𝜉𝑛−1)

+ (𝜕𝑧𝑛−1𝜕𝑡 + 𝑧𝑛−1 − 𝑧𝑛𝑘 , 𝜉𝑛−1)

− (𝜂𝑛−1 − 𝜂𝑛𝑘 , 𝜉𝑛−1) = 4∑
𝑖=1

𝑇𝑖.

(109)

Using𝐻 ̈𝑜𝑙𝑑𝑒𝑟 inequality and Young inequality we obtain

𝑇1 ≤ 𝐶 (𝛿) (󵄩󵄩󵄩󵄩𝑦𝑛ℎ (𝑢) − 𝑦𝑛󵄩󵄩󵄩󵄩20,Ω + 𝑘∫𝑡𝑛
𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡)
+ 𝛿 󵄩󵄩󵄩󵄩󵄩𝜉𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω ,

𝑇2 ≤ 𝐶 (𝛿) 𝑘∫𝑡𝑛
𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝑑𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝛿 󵄩󵄩󵄩󵄩󵄩𝜉𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω ,

𝑇3 ≤ 𝐶 (𝛿) 𝑘∫𝑡𝑛
𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑧𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝛿 󵄩󵄩󵄩󵄩󵄩𝜉𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω ,

𝑇4 ≤ 𝐶 (𝛿) 1𝑘 ∫𝑡𝑛
𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝜂𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝛿 󵄩󵄩󵄩󵄩󵄩𝜉𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω .

(110)

Then by setting 𝛿 small enough we have

12𝑘 (󵄩󵄩󵄩󵄩󵄩𝜉𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω − 󵄩󵄩󵄩󵄩𝜉𝑛󵄩󵄩󵄩󵄩20,Ω) + 󵄩󵄩󵄩󵄩󵄩𝜎𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω + 󵄩󵄩󵄩󵄩󵄩𝜉𝑛−1󵄩󵄩󵄩󵄩󵄩2∗
≤ 𝐶 󵄩󵄩󵄩󵄩𝑦𝑛ℎ (𝑢) − 𝑦𝑛󵄩󵄩󵄩󵄩20,Ω + 𝐶𝑘∫𝑡𝑛

𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡

+ 𝐶𝑘∫𝑡𝑛
𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝑑𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝐶𝑘∫𝑡𝑛
𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑧𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡

+ 𝐶1𝑘 ∫𝑡𝑛
𝑡𝑛−1

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝜂𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡.

(111)

Multiplying (111) by 2𝑘 and summing up with respect to 𝑛
from𝑚 to𝑁 yield

󵄩󵄩󵄩󵄩󵄩𝜉𝑚−1󵄩󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=𝑚

󵄩󵄩󵄩󵄩󵄩𝜎𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=𝑚

󵄩󵄩󵄩󵄩󵄩𝜉𝑛−1󵄩󵄩󵄩󵄩󵄩2∗
≤ 𝐶𝑘 𝑁∑
𝑛=𝑚

󵄩󵄩󵄩󵄩𝑦𝑛ℎ (𝑢) − 𝑦𝑛󵄩󵄩󵄩󵄩20,Ω + 𝐶𝑘2 ∫𝑇
𝑡𝑚

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡

+ 𝐶𝑘2 ∫𝑇
𝑡𝑚

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝑑𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝐶𝑘2 ∫𝑇
𝑡𝑚

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑧𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡

+ 𝐶∫𝑇
𝑡𝑚

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝜂𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡.

(112)
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Multiplying (111) by 2𝑘 and summing up with respect to 𝑛
from 1 to𝑁 give

󵄩󵄩󵄩󵄩󵄩𝜉0󵄩󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩󵄩𝜎𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩󵄩𝜉𝑛−1󵄩󵄩󵄩󵄩󵄩2∗
≤ 𝐶𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩𝑦𝑛ℎ (𝑢) − 𝑦𝑛󵄩󵄩󵄩󵄩20,Ω + 𝐶𝑘2 ∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡

+ 𝐶𝑘2 ∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝑑𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝐶𝑘2 ∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑧𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡

+ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝜂𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡.

(113)

Collecting (112) and (113) we obtain

󵄩󵄩󵄩󵄩󵄩𝜉𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩󵄩𝜎𝑛−1󵄩󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩󵄩𝜉𝑛−1󵄩󵄩󵄩󵄩󵄩2∗
≤ 𝐶𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩𝑦𝑛ℎ (𝑢) − 𝑦𝑛󵄩󵄩󵄩󵄩20,Ω + 𝐶𝑘2 ∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡

+ 𝐶𝑘2 ∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝑑𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡 + 𝐶𝑘2 ∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑧𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡

+ 𝐶∫𝑇
0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝜂𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

0,Ω

𝑑𝑡.

(114)

By Lemmas 1 and 2 and triangle inequality we derive

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧 − 𝑧ℎ (𝑢) , p − pℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨⬦
≤ 𝐶ℎ1/2 (‖q‖𝐿∞(0,𝑇;𝐻1/2(Ω)) + 󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩𝐿∞(0,𝑇;𝐻1(Ω))
+ 󵄩󵄩󵄩󵄩q𝑡󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐻1/2(Ω)) + 󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐻1(Ω)))
+ 𝐶ℎ1/2 (‖p‖𝐿∞(0,𝑇;𝐻1/2(Ω)) + ‖𝑧‖𝐿∞(0,𝑇;𝐻1(Ω))
+ 󵄩󵄩󵄩󵄩p𝑡󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐻1/2(Ω)) + 󵄩󵄩󵄩󵄩𝑧𝑡󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐻1(Ω)))
+ 𝐶𝑘(󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕𝑦𝜕𝑡
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐿2(Ω)) +

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑦𝑑𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐿2(Ω))
+ 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕2𝑧𝜕𝑡2
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐿2(Ω))) .

(115)

Lemma 11. Let (𝑦𝑛ℎ , q𝑛ℎ, 𝑧𝑛−1ℎ , p𝑛−1ℎ ) and (𝑦𝑛ℎ(𝑢), q𝑛ℎ(𝑢), 𝑧𝑛−1ℎ (𝑢),
p𝑛−1ℎ (𝑢)) be the solutions of (12) and (92), respectively. Then we
have

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦ℎ − 𝑦ℎ (𝑢) , qℎ − qℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2⬦
≤ 𝐶𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩𝑢𝑛ℎ − 𝑢𝑛󵄩󵄩󵄩󵄩20,Ω ,
󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧ℎ − 𝑧ℎ (𝑢) , pℎ − pℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2⬦ ≤ 𝐶𝑘 𝑁∑

𝑛=1

󵄩󵄩󵄩󵄩𝑢𝑛ℎ − 𝑢𝑛󵄩󵄩󵄩󵄩20,Ω .
(116)

Proof. Using (92) along with (17) leads to

(𝑦𝑛ℎ − 𝑦𝑛ℎ (𝑢) − (𝑦𝑛−1ℎ − 𝑦𝑛−1ℎ (𝑢))
𝑘 , 𝑤ℎ)

+ 𝐵 (q𝑛ℎ − q𝑛ℎ (𝑢) , 𝑤ℎ)
+ 𝐷 (𝑦𝑛ℎ − 𝑦𝑛ℎ (𝑢) , 𝑤ℎ) = (𝑢𝑛ℎ − 𝑢𝑛, 𝑤ℎ) ,

𝐴 (q𝑛ℎ − q𝑛ℎ (𝑢) , kℎ) − 𝐵 (kℎ, 𝑦𝑛ℎ − 𝑦𝑛ℎ (𝑢)) = 0.

(117)

Choosing 𝑤ℎ = 𝑦𝑛ℎ − 𝑦𝑛ℎ(𝑢) and vℎ = q𝑛ℎ − q𝑛ℎ(𝑢) in the above
equations and adding the resulting equations together yield

(𝑦𝑛ℎ − 𝑦𝑛ℎ (𝑢) − (𝑦𝑛−1ℎ − 𝑦𝑛−1ℎ (𝑢))
𝑘 , 𝑦𝑛ℎ − 𝑦𝑛ℎ (𝑢))

+ 𝐵 (q𝑛ℎ − q𝑛ℎ (𝑢) , 𝑦𝑛ℎ − 𝑦𝑛ℎ (𝑢))
+ 𝐷 (𝑦𝑛ℎ − 𝑦𝑛ℎ (𝑢) , 𝑦𝑛ℎ − 𝑦𝑛ℎ (𝑢))
+ 𝐴 (q𝑛ℎ − q𝑛ℎ (𝑢) , q𝑛ℎ − q𝑛ℎ (𝑢))
− 𝐵 (q𝑛ℎ − q𝑛ℎ (𝑢) , 𝑦𝑛ℎ − 𝑦𝑛ℎ (𝑢))

= (𝑢𝑛ℎ − 𝑢𝑛, 𝑦𝑛ℎ − 𝑦𝑛ℎ (𝑢)) .

(118)

Setting Yℎ = 𝑦ℎ − 𝑦ℎ(𝑢) and Qℎ = qℎ − qℎ(𝑢) in the above
equation leads to

(Y𝑛ℎ −Y𝑛−1ℎ𝑘 ,Y𝑛ℎ) + 𝐷 (Y𝑛ℎ,Y𝑛ℎ) + 𝐴 (Q𝑛ℎ,Q𝑛ℎ)
= (𝑢𝑛ℎ − 𝑢𝑛,Y𝑛ℎ) ,

(119)

and then

(Y𝑛ℎ −Y𝑛−1ℎ𝑘 ,Y𝑛ℎ) + 󵄩󵄩󵄩󵄩Y𝑛ℎ󵄩󵄩󵄩󵄩2∗ + 󵄩󵄩󵄩󵄩Q𝑛ℎ󵄩󵄩󵄩󵄩20,Ω
≤ (𝑢𝑛ℎ − 𝑢𝑛,Y𝑛ℎ) .

(120)

Furthermore, we have12𝑘 (󵄩󵄩󵄩󵄩Y𝑛ℎ󵄩󵄩󵄩󵄩20,Ω − 󵄩󵄩󵄩󵄩󵄩Y𝑛−1ℎ 󵄩󵄩󵄩󵄩󵄩20,Ω) + 󵄩󵄩󵄩󵄩Y𝑛ℎ󵄩󵄩󵄩󵄩2∗ + 󵄩󵄩󵄩󵄩Q𝑛ℎ󵄩󵄩󵄩󵄩20,Ω
≤ 𝐶 (𝛿) 󵄩󵄩󵄩󵄩𝑢𝑛ℎ − 𝑢𝑛󵄩󵄩󵄩󵄩20,Ω + 𝛿 󵄩󵄩󵄩󵄩Y𝑛ℎ󵄩󵄩󵄩󵄩20,Ω .

(121)

Similar to the proof of Lemmas 9 and 10 we have

󵄩󵄩󵄩󵄩Y𝑛ℎ󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩Y𝑛ℎ󵄩󵄩󵄩󵄩2∗ + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩Q𝑛ℎ󵄩󵄩󵄩󵄩20,Ω
≤ 𝐶𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩𝑢𝑛ℎ − 𝑢𝑛󵄩󵄩󵄩󵄩20,Ω ,
(122)
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Similarly, by (17) and (92) we derive

(𝑧𝑛−1ℎ − 𝑧𝑛−1ℎ (𝑢) − (z𝑛ℎ − 𝑧𝑛ℎ (𝑢))𝑘 , 𝜓ℎ)
− 𝐵 (p𝑛−1ℎ − p𝑛−1ℎ (𝑢) , 𝜓ℎ)
+ 𝐷 (𝜓ℎ, 𝑧𝑛−1ℎ − 𝑧𝑛−1ℎ (𝑢))
= (𝑦𝑛−1ℎ − 𝑦𝑛−1ℎ (𝑢) , 𝜓ℎ) ,

𝐴 (p𝑛−1ℎ − p𝑛−1ℎ (𝑢) , 𝜑ℎ) + 𝐵 (𝜑ℎ, 𝑧𝑛−1ℎ − 𝑧𝑛−1ℎ (𝑢))
= 0.

(123)

Taking 𝜓ℎ = 𝑧𝑛−1ℎ − 𝑧𝑛−1ℎ (𝑢) and 𝜑ℎ = p𝑛−1ℎ − p𝑛−1ℎ (𝑢) in the
above equation, setting Z𝑛−1ℎ = 𝑧𝑛−1ℎ − 𝑧𝑛−1ℎ (𝑢) and P𝑛−1ℎ =𝑝𝑛−1ℎ − 𝑝𝑛−1ℎ (𝑢), and using similar argument to (124) give

󵄩󵄩󵄩󵄩󵄩Z𝑛−1ℎ 󵄩󵄩󵄩󵄩󵄩20,Ω + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩󵄩Z𝑛−1ℎ 󵄩󵄩󵄩󵄩󵄩2∗ + 𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩󵄩P𝑛−1ℎ 󵄩󵄩󵄩󵄩󵄩20,Ω
≤ 𝐶𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩𝑦𝑛ℎ − 𝑦𝑛ℎ (𝑢)󵄩󵄩󵄩󵄩20,Ω ≤ 𝐶𝑘 𝑁∑
𝑛=1

󵄩󵄩󵄩󵄩𝑢𝑛ℎ − 𝑢𝑛󵄩󵄩󵄩󵄩20,Ω .
(124)

Then the theorem result follows from (122) and (124).

Lemma 12. Let (𝑦, q, 𝑧, p, 𝑢) and (𝑦𝑛ℎ , q𝑛ℎ, 𝑧𝑛−1ℎ , p𝑛−1ℎ , 𝑢𝑛ℎ) be the
solutions of (12) and (92), respectively. Let

𝐽󸀠ℎ (𝑢) (V − 𝑢) = 𝑘 𝑁∑
𝑛=1

(𝛾𝑢𝑛 + 𝑧𝑛−1ℎ (𝑢) , V𝑛 − 𝑢𝑛) , (125)

where 𝑧𝑛−1ℎ (𝑢) is the solution of (92). Then the following esti-
mate holds:

(𝐽󸀠ℎ (V) − 𝐽󸀠ℎ (𝑢) , V − 𝑢) ≥ 𝛾 |‖V − 𝑢‖|2𝐿2(0,𝑇,𝐿2(Ω)) . (126)

Here |‖V − 𝑢‖|2𝐿2(0,𝑇;𝐿2(Ω)) fl 𝑘∑𝑁𝑛=1 ‖V𝑛 − 𝑢𝑛‖2.
Proof. Note that

(𝐽󸀠ℎ (V) − 𝐽󸀠ℎ (𝑢) , V − 𝑢)
= 𝑘 𝑁∑
𝑛=1

(𝛾V𝑛 + 𝑧𝑛−1ℎ (V) − 𝛾𝑢𝑛 − 𝑧𝑛−1ℎ (𝑢) , V𝑛 − 𝑢𝑛)

= 𝑘 𝑁∑
𝑛=1

(𝛾V𝑛 − 𝛾𝑢𝑛, V𝑛 − 𝑢𝑛)

+ 𝑘 𝑁∑
𝑛=1

(𝑧𝑛−1ℎ (V) − 𝑧𝑛−1ℎ (𝑢) , V𝑛 − 𝑢𝑛)
= 𝛾 |‖V − 𝑢‖|2𝐿2(0,𝑇,𝐿2(Ω))

+ 𝑘 𝑁∑
𝑛=1

(𝑧𝑛−1ℎ (V) − 𝑧𝑛−1ℎ (𝑢) , V𝑛 − 𝑢𝑛) .

(127)

Setting 𝑌𝑛ℎ = 𝑦𝑛ℎ(V) − 𝑦𝑛ℎ(𝑢), Q𝑛ℎ = q𝑛ℎ(V) − q𝑛ℎ(𝑢), 𝑍𝑛−1ℎ =𝑧𝑛−1ℎ (V) − 𝑧𝑛−1ℎ (𝑢), and P𝑛−1ℎ = p𝑛−1ℎ (V) − p𝑛−1ℎ (𝑢), by the
definition of 𝑦𝑛ℎ(𝑢) and 𝑧𝑛−1ℎ (𝑢) we have

(𝑌𝑛ℎ − 𝑌𝑛−1ℎ𝜏 , 𝑤ℎ) + 𝐵 (Q𝑛ℎ, 𝑤ℎ) + 𝐷 (𝑌𝑛ℎ , 𝑤ℎ)
= (V𝑛 − 𝑢𝑛, 𝑤ℎ) ,

𝐴 (Q𝑛ℎ, kℎ) − 𝐵 (kℎ, 𝑌𝑛ℎ ) = 0,
(𝑍𝑛−1ℎ − 𝑍𝑛ℎ𝜏 , 𝜓ℎ) − 𝐵 (P𝑛ℎ, 𝜓ℎ) + 𝐷 (𝜓ℎ, 𝑍𝑛−1ℎ )

= (𝑌𝑛ℎ , 𝜓ℎ) ,
𝐴 (P𝑛−1ℎ ,𝜑ℎ) + 𝐵 (𝜑ℎ, 𝑍𝑛−1ℎ ) = 0.

(128)

Choosing 𝑤ℎ = 𝑍𝑛−1ℎ , kℎ = P𝑛−1ℎ and 𝜓ℎ = 𝑌𝑛ℎ , 𝜑ℎ = Q𝑛ℎ in the
above equations, respectively, we can easily prove that

𝑘 𝑁∑
𝑛=1

(𝑧𝑛−1ℎ (V) − 𝑧𝑛−1ℎ (𝑢) , V𝑛 − 𝑢𝑛) ≥ 0. (129)

Therefore, we derive

(𝐽󸀠ℎ (V) − 𝐽󸀠ℎ (𝑢) , V − 𝑢) ≥ 𝛾 |‖V − 𝑢‖|2𝐿2(0,𝑇,𝐿2(Ω)) . (130)

Lemma 13. Let (𝑦, q, 𝑧, p, 𝑢) and (𝑦𝑛ℎ , q𝑛ℎ, 𝑧𝑛−1ℎ , p𝑛−1ℎ , 𝑢𝑛ℎ) be the
solutions of (12) and (92), respectively. Then we have

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨𝐿2(0,𝑇,𝐿2(Ω)) ≤ 𝐶ℎ1/2 + 𝐶𝑘 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑧𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿2(0,𝑇,𝐿2(Ω)) . (131)

Proof. Following Lemma 12 we derive

𝛾 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2𝐿2(0,𝑇,𝐿2(Ω)) ≤ (𝐽󸀠ℎ (𝑢) − 𝐽󸀠ℎ (𝑢ℎ) , 𝑢 − 𝑢ℎ)
= 𝑘 𝑁∑
𝑛=1

(𝛾𝑢𝑛 + 𝑧𝑛−1ℎ (𝑢) , 𝑢𝑛 − 𝑢𝑛ℎ)𝑈
− 𝑘 𝑁∑
𝑛=1

(𝛾𝑢𝑛 + 𝑧𝑛−1ℎ , 𝑢𝑛 − 𝑢𝑛ℎ)

= 𝑘 𝑁∑
𝑛=1

(𝛾𝑢𝑛 + 𝑧𝑛, 𝑢𝑛 − 𝑢𝑛ℎ)𝑈
+ 𝑘 𝑁∑
𝑛=1

(𝑧𝑛−1ℎ (𝑢) − 𝑧𝑛, 𝑢𝑛 − 𝑢𝑛ℎ)

+ 𝑘 𝑁∑
𝑛=1

(𝛾𝑢𝑛ℎ + 𝑧𝑛−1ℎ , 𝑢𝑛ℎ − 𝑢𝑛)

≤ 0 + 𝑘 𝑁∑
𝑛=1

(𝑧𝑛−1ℎ (𝑢𝑛) − 𝑧𝑛, 𝑢𝑛 − 𝑢𝑛ℎ) + 0
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= 𝑘 𝑁∑
𝑛=1

(𝑧𝑛−1ℎ (𝑢𝑛) − 𝑧𝑛−1, 𝑢𝑛 − 𝑢𝑛ℎ)

+ 𝑘 𝑁∑
𝑛=1

(𝑧𝑛−1 − 𝑧𝑛, 𝑢𝑛 − 𝑢𝑛ℎ) .
(132)

Using Young inequality we obtain

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨𝐿2(0,𝑇,𝐿2(Ω)) ≤ 𝐶ℎ1/2 + 𝐶𝑘 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕𝑧𝜕𝑡

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿2(0,𝑇,𝐿2(Ω)) . (133)

Theorem 14. Let (𝑦, q, 𝑧, p, 𝑢) and (𝑦𝑛ℎ , q𝑛ℎ, 𝑧𝑛−1ℎ , p𝑛−1ℎ , 𝑢𝑛ℎ) be
the solutions of (11) and (17), respectively. Then we have

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨𝐿2(0,𝑇,𝐿2(Ω)) + 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦 − 𝑦ℎ, q − qℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨⬦
+ 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧 − 𝑧ℎ, p − pℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨⬦ ≤ 𝐶 (ℎ1/2 + 𝑘) . (134)

Proof. By Lemma 9 and using triangle inequality we derive

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦 − 𝑦ℎ, q − qℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2⬦ ≤ 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦 − 𝑦ℎ (𝑢) , q − qℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2⬦
+ 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦ℎ (𝑢) − 𝑦ℎ, qℎ (𝑢) − qℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2⬦
≤ 𝐶ℎ (‖q‖2𝐿∞(0,𝑇;𝐻1/2(Ω)) + 󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩2𝐿∞(0,𝑇;𝐻1(Ω))
+ 󵄩󵄩󵄩󵄩q𝑡󵄩󵄩󵄩󵄩2𝐿2(0,𝑇;𝐻1/2(Ω)) + 󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩2𝐿2(0,𝑇;𝐻1(Ω)))
+ 𝐶𝑘2 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕2𝑦𝜕𝑡2
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

𝐿2(0,𝑇;𝐿2(Ω))

+ 𝐶 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2𝐿2(0,𝑇;𝐿2(Ω)) .

(135)

By Lemma 10 we deduce that

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧 − 𝑧ℎ, p − pℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2⬦ ≤ 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧 − 𝑧ℎ (𝑢) , p − pℎ (𝑢))󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2⬦
+ 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧ℎ (𝑢) − 𝑧ℎ, pℎ (𝑢) − pℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2⬦
≤ 𝐶ℎ (‖p‖2𝐿∞(0,𝑇;𝐻1/2(Ω)) + ‖𝑧‖2𝐿∞(0,𝑇;𝐻1(Ω))
+ 󵄩󵄩󵄩󵄩p𝑡󵄩󵄩󵄩󵄩2𝐿2(0,𝑇;𝐻1/2(Ω)) + 󵄩󵄩󵄩󵄩𝑧𝑡󵄩󵄩󵄩󵄩2𝐿2(0,𝑇;𝐻1(Ω))
+ 󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩2𝐿∞(0,𝑇;𝐻1(Ω))) + 𝐶 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨2𝐿2(0,𝑇;𝐿2(Ω))
+ 𝐶𝑘2(󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩2𝐿2(0,𝑇;𝐿2(Ω)) + 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕𝑦𝑑𝜕𝑡
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

𝐿2(0,𝑇;𝐿2(Ω))

+ 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑧𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
2

𝐿2(0,𝑇;𝐿2(Ω))

) .

(136)

Combining Lemma 13, (135), and (136) we arrive at

󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩𝑢 − 𝑢ℎ󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨𝐿2(0,𝑇,𝐿2(Ω)) + 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑦 − 𝑦ℎ, q − qℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨⬦
+ 󵄨󵄨󵄨󵄨󵄩󵄩󵄩󵄩(𝑧 − 𝑧ℎ, p − pℎ)󵄩󵄩󵄩󵄩󵄨󵄨󵄨󵄨⬦ ≤ 𝐶ℎ1/2 (‖q‖𝐿∞(0,𝑇;𝐻1/2(Ω))
+ 󵄩󵄩󵄩󵄩𝑦󵄩󵄩󵄩󵄩𝐿∞(0,𝑇;𝐻1(Ω)) + 󵄩󵄩󵄩󵄩q𝑡󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐻1/2(Ω))
+ 󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐻1(Ω))) + 𝐶ℎ1/2 (‖p‖𝐿∞(0,𝑇;𝐻1/2(Ω))
+ ‖𝑧‖𝐿∞(0,𝑇;𝐻1(Ω)) + 󵄩󵄩󵄩󵄩p𝑡󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐻1/2(Ω))
+ 󵄩󵄩󵄩󵄩𝑧𝑡󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐻1(Ω))) + 𝐶𝑘(󵄩󵄩󵄩󵄩𝑦𝑡󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐿2(Ω))
+ 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕𝑦𝑑𝜕𝑡
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐿2(Ω)) +

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩
𝜕2𝑦𝜕𝑡2

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐿2(Ω))
+ 󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜕2𝑧𝜕𝑡2
󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩𝐿2(0,𝑇;𝐿2(Ω))) ,

(137)

which completes the theorem.

Competing Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The authors would like to acknowledge the support of
Natural Science Foundation of Shandong Province (no.
ZR2016JL004).

References

[1] J. Zhu and Q. C. Zeng, “A mathematical theoretical frame for
control of air pollution,” Science China Earth Sciences D, vol. 32,
pp. 864–870, 2002.
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Analysis of predator-prey dynamical systems that have the functional response which generalizes the other types of functional
responses in two dimensions is mainly studied in this paper. The main problems for this study are to detect the if and only if
conditions for attaining the periodic solution of the considered system and to find the condition for global asymptotic stability of
this solution for some different types of predator-prey systems that are obtained from that system. To get the desired results, some
aspects of semigroup theory for stability analysis and coincidence degree theory are used.

1. Introduction

Predator-prey dynamic systems mainly investigate the rela-
tionships between the species and the relation of the species
with the outer environment. Analysis of such kind of math-
ematical models is really important because, by using these
analytical results, one can see the future of the species.
The analytical results for these systems change according to
two main issues. The first one is the functional response,
which shows the effect of predator on prey and the effect of
prey on predator. The second one is being in the periodic
environment. In this study, by using these two issues, the
necessary and sufficient conditions to have globally attractive
or globally asymptotically stable solution for some different
types of predator-prey systems are found.

First, let us give some information about the meaning of
functional response and the types of functional responses.
As it is remembered above, functional responses show how
and how much predator gets benefit from the prey and how
and how much prey is affected by predator. There are many
types of functional responses. Some of them are Holling type,
Beddington-DeAngelis type, ratio type, monotype, semiratio
type, and so on. The following studies are some examples
about predator-prey models with Holling type functional
response: [1–3]. Studies that are about Beddington-DeAngelis

type functional response are [4–9]. Predator-prey systems
with other types of functional responses are studied in [10–
13]. In this study, the main aim is to formulize the functional
responses in a general form. In other words, the essential
object for this study is to be able to express different types of
functional responses in one functional response. Therefore,
the dynamical properties that are valid for this systembecome
also valid and useful for the other types.

The second issue in that study is to be in a periodic
environment. In nature, periodicity can be seen in many
different circumstances. For example, many animals ovu-
late periodically or many insects have periodic life cycle.
Therefore, the analysis of the predator-prey dynamic system
in a periodic environment is very significant. On the other
hand, in population growth model, the significantly studied
problem is the stability and global existence of a positive
periodic solution in that system. In an autonomous model,
the globally stable equilibrium point is the same as the notion
globally asymptotically stable positive periodic solution in
a nonautonomous system. Hence, the main problem in
this study is to determine under which conditions globally
attractive positive periodic solution is attained for the systems
with different functional responses that are obtained from the
system with generalized functional response. Additionally
the importance of this issue can be seen from previous
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studies, since this subject is investigated in those ones. Some
of the examples can be given as follows: [3, 10–20].

In study [21], some kinds of impulsive predator-prey
systems have been investigated on time scales. Nevertheless,
the functional response that affects predator is not used in
[21]. Only its effect on prey is considered. Hence, the results
of that paper only related to generalized type of semiratio
dependent functional responses. However, in this study, the
main aim is to obtain a model with a generalized functional
response both on prey and on predator. Because of the above
reason, this study has important contributions.

On the other hand, the systems with Holling type I and
II functional responses which are obtained from the system
with generalized functional response are also studied. For the
system with Holling type I functional responses, in paper
[22], an if and only if condition has been found to obtain the
permanence of the given system. However, by using the main
result of our study, an if and only if condition can be given
for the globally asymptotically stable periodic solution of the
considered system. Also in the study of [22], in the predator
part, to bound the solution of predator from above an extra
term has been used, but we can get rid of that extra term in
this study.These are some points that show the importance of
our study.

As a result, the primary objective of that study is to
generalize the functional responses that act both on predator
and on prey. Additionally, the second aim is to find the
if and only if condition for the globally asymptotically
stable periodic solution of the considered systems with some
different types of functional responses.

2. Preliminaries

As preliminary, we use Definition 1, Lemma 1,Theorem 1, and
necessary information that is needed forTheorem 1 from [4].

3. Main Result

The following is the main equation for this study:

𝑥̃󸀠 (𝑡) = 𝑎 (𝑡) 𝑥̃ (𝑡) − 𝑏 (𝑡) 𝑥̃2 (𝑡)
− Φ1 (𝑡, 𝑥̃ (𝑡) , 𝑦̃ (𝑡)) 𝑦̃ (𝑡) ,𝑦̃󸀠 (𝑡) = −𝑑 (𝑡) 𝑦̃ (𝑡) + Φ2 (𝑡, 𝑥̃ (𝑡) , 𝑦̃ (𝑡)) 𝑥̃ (𝑡) .

(1)

In system (1), Φ1 satisfies the following: Φ1(𝑡, 0, 𝑦) =0, is continuous and 𝑤-periodic, and satisfies the following
inequality:

𝛾0 (𝑡) 𝑥𝑚1 (𝑡) + ⋅ ⋅ ⋅ + 𝛾𝑚
1
−1 (𝑡) 𝑥 (𝑡) ≤ Φ1 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡))≤ 𝛼0 (𝑡) 𝑥𝑚1 (𝑡) + ⋅ ⋅ ⋅ + 𝛼𝑚

1
−1 (𝑡) 𝑥 (𝑡) . (2)

Assumptions on Φ2 are as follows: Φ2(𝑡, 𝑥, 0) = 0, is contin-
uous and 𝑤-periodic, and satisfies the following inequality:Φ2 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡)) ≤ 𝛽0 (𝑡) 𝑦𝑚2 + ⋅ ⋅ ⋅ + 𝛽𝑚

2
−1 (𝑡) 𝑦 (𝑡) . (3)

For the above inequalities, 𝛼𝑖, 𝛽𝑗, and 𝛾𝑗 are positive, 𝑤-
periodic coefficient functions for 𝑖 = 1, 2, . . . , 𝑚1 − 1 and 𝑗 =

1, 2, . . . , 𝑚2 − 1. Also, Φ1(𝑡, 𝑥(𝑡), 𝑦(𝑡)) and Φ2(𝑡, 𝑥(𝑡), 𝑦(𝑡)) >0 if 𝑥(𝑡) and 𝑦(𝑡) > 0. In addition to these conditions,Φ2(𝑡, exp(𝑥), exp(𝑦)) − 𝑑Φ2(𝑡, exp(𝑥), exp(𝑦))/𝑑𝑦 > 0 and𝑎(𝑡), 𝑏(𝑡), and 𝑑(𝑡) are positive and 𝑤-periodic coefficient
functions.

(1) 𝑎(𝑡)𝑥̃(𝑡) − 𝑏(𝑡)𝑥̃2(𝑡) is the specific growth rate of the
prey in the absence of predator;

(2) 𝑑(𝑡) is the death rate of predator;

(3) −Φ1(𝑡, 𝑥̃(𝑡), 𝑦̃(𝑡))𝑦̃(𝑡) is generalized effect of predator
on prey;

(4) Φ2(𝑡, 𝑥̃(𝑡), 𝑦̃(𝑡))𝑥̃(𝑡) is the generalized effect of prey on
predator.

Assume that 𝑦̃(𝑡) = exp(𝑦(𝑡)) and 𝑥̃(𝑡) = exp(𝑥(𝑡)).
Therefore, system (1) becomes equal to the following system:

𝑥󸀠 (𝑡)= 𝑎 (𝑡) − 𝑏 (𝑡) exp (𝑥 (𝑡))
− Φ1 (𝑡, exp (𝑥 (𝑡)) , exp (𝑦 (𝑡))) exp (𝑦 (𝑡) − 𝑥 (𝑡)) ,

𝑦󸀠 (𝑡)= −𝑑 (𝑡)
+ Φ2 (𝑡, exp (𝑥 (𝑡)) , exp (𝑦 (𝑡))) exp (𝑥 (𝑡) − 𝑦 (𝑡)) .

(4)

Theorem 1. In system (4), all of the coefficient functions satisfy
the above conditions. System (4) has at least one 𝑤-periodic
solution if and only if ∫𝑤0 𝑎(𝑡)𝑑𝑡 > 0 and ∫𝑤0 𝑑(𝑡)𝑑𝑡 > 0.
Proof. When there is at least one 𝑤-periodic solution for
system (4), then it is apparent that ∫𝑤0 𝑎(𝑡)𝑑𝑡 > 0 and∫𝑤0 𝑑(𝑡)𝑑𝑡 > 0. Since

∫𝑤
0
𝑎 (𝑡) 𝑑𝑡 = ∫𝑤

0
𝑏 (𝑡) exp (𝑥 (𝑡))

+ Φ1 (𝑡, exp (𝑥 (𝑡)) , exp (𝑦 (𝑡)))⋅ exp (𝑦 (𝑡) − 𝑥 (𝑡)) 𝑑𝑡 > 0,
∫𝑤
0
𝑑 (𝑡) 𝑑𝑡 = ∫𝑤

0
Φ2 (𝑡, exp (𝑥 (𝑡)) , exp (𝑦 (𝑡)))

⋅ exp (𝑥 (𝑡) − 𝑦 (𝑡)) 𝑑𝑡 > 0,

(5)

now, for the converse part, assume that∫𝑤0 𝑎(𝑡)𝑑𝑡,∫𝑤0 𝑑(𝑡)𝑑𝑡 >0 and try to find the fact that system (4) has at least one 𝑤-
periodic solution.

Let𝑋,𝑌 be the normed vector spaces and let the operators𝐿,𝑁 be the same as they are defined in the proof ofTheorem 2
in [4]. By using the similar proof techniques of Theorem 2
from [4], then for any open bounded setΩ ⊂ 𝑋, we can obtain
that𝑁 is 𝐿-compact onΩ.
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The below system is investigated by using the application
of Theorem 1 from [4]:𝑥󸀠 (𝑡) = 𝜆 [𝑎 (𝑡) − 𝑏 (𝑡) exp (𝑥 (𝑡))

− Φ1 (𝑡, exp (𝑥 (𝑡)) , exp (𝑦 (𝑡))) exp (𝑦 (𝑡) − 𝑥 (𝑡))] ,
𝑦󸀠 (𝑡) = 𝜆 [−𝑑 (𝑡)

+ Φ2 (𝑡, exp (𝑥 (𝑡)) , exp (𝑦 (𝑡))) exp (𝑥 (𝑡) − 𝑦 (𝑡))] .
(6)

Let [ 𝑥𝑦 ] ∈ 𝑋 solve system (6). If system (6) is integrated
from 0 to 𝑤, then

∫𝑤
0
𝑎 (𝑡) 𝑑𝑡 = ∫𝑤

0
𝑏 (𝑡) exp (𝑥 (𝑡))

+ Φ1 (𝑡, exp (𝑥 (𝑡)) , exp (𝑦 (𝑡)))⋅ exp (𝑦 (𝑡) − 𝑥 (𝑡)) 𝑑𝑡,
∫𝑤
0
𝑑 (𝑡) 𝑑𝑡 = ∫𝑤

0
Φ2 (𝑡, exp (𝑥 (𝑡)) , exp (𝑦 (𝑡)))

⋅ exp (𝑥 (𝑡) − 𝑦 (𝑡)) 𝑑𝑡.

(7)

By using the first equations of (6) and (7), we get

∫𝑤
0

󵄨󵄨󵄨󵄨󵄨𝑥󸀠 (𝑡)󵄨󵄨󵄨󵄨󵄨 𝑑𝑡 ≤ 𝜆 [2∫𝑤
0
𝑎 (𝑡) 𝑑𝑡] ≤ 𝑆1, (8)

where 𝑆1 fl 2 ∫𝑤0 𝑎(𝑡)𝑑𝑡.
By using the second equations of (6) and (7), we have

∫𝑤
0

󵄨󵄨󵄨󵄨󵄨𝑦󸀠 (𝑡)󵄨󵄨󵄨󵄨󵄨 𝑑𝑡 ≤ 𝜆 [2∫𝑤
0
𝑑 (𝑡) 𝑑𝑡] ≤ 𝑆2; (9)

here 𝑆2 fl 2 ∫𝑤0 𝑑(𝑡)𝑑𝑡.
On compact sets, continuous functions attain its maxi-

mum and minimum.Therefore, there exist 𝜓𝑖, 𝜃𝑖, 𝑖 = 1, 2, for[ 𝑥𝑦 ] ∈ 𝑋 such that 𝑥 (𝜃1) = min
𝑡∈[0,𝑤]

𝑥 (𝑡) ,
𝑥 (𝜓1) = max

𝑡∈[0,𝑤]
𝑥 (𝑡) , (10)

𝑦 (𝜃2) = min
𝑡∈[0,𝑤]

𝑦 (𝑡) ,
𝑦 (𝜓2) = max

𝑡∈[0,𝑤]
𝑦 (𝑡) . (11)

The following is obtained by using the first equations of (7)
and (11):

𝑥 (𝜃1) < 𝑙̃1, where 𝑙̃1 fl ln(∫𝑤0 𝑎 (𝑡) 𝑑𝑡∫𝑤0 𝑏 (𝑡) 𝑑𝑡) . (12)

Using the first inequality in Lemma 1 from [4] and inequality
(8) we have

𝑥 (𝑡) ≤ 𝑥 (𝜃1) + ∫𝑤
0

󵄨󵄨󵄨󵄨󵄨𝑥󸀠 (𝑡)󵄨󵄨󵄨󵄨󵄨 𝑑𝑡
≤ 𝑥 (𝜃1) + (2∫𝑤

0
𝑎 (𝑡) 𝑑𝑡) < 𝑃1 fl 𝑙̃1 + 𝑆1. (13)

Using the first equation of (7), the below result is obtained:

∫𝑤
0
𝑎 (𝑡) 𝑑𝑡 ≥ ∫𝑤

0
[𝛾0 (𝑡) exp (𝑥 (𝑡))𝑚1 + ⋅ ⋅ ⋅

+ 𝛾𝑚
1
−1 (𝑡) exp (𝑥 (𝑡))] exp (𝑦 (𝑡) − 𝑥 (𝑡)) 𝑑𝑡

≥ ∫𝑤
0
𝛾𝑚

1
−1 (𝑡) exp (𝑦 (𝑡) − 𝑥 (𝑡)) 𝑑𝑡

≥ exp (𝑦 (𝜃2)) ∫𝑤
0
𝛾𝑚

1
−1 (𝑡) 𝑑𝑡 ≥ exp (𝑦 (𝜃2))

⋅ ∫𝑤
0
𝛾𝑚

1
−1 (𝑡) 𝑑𝑡.

(14)

Therefore,

exp (𝑦 (𝜃2)) ≤ ∫𝑤0 𝑑 (𝑡) 𝑑𝑡∫𝑤0 𝛾𝑚1−1 (𝑡) 𝑑𝑡 fl 𝑙̃2. (15)

Using the first inequality in Lemma 1 from [4] and inequality
(9), we get

𝑦 (𝑡) ≤ 𝑦 (𝜃2) + ∫𝑤
0

󵄨󵄨󵄨󵄨󵄨𝑦󸀠 (𝑡)󵄨󵄨󵄨󵄨󵄨 𝑑𝑡
≤ 𝑦 (𝜃2) + (2∫𝑤

0
𝑑 (𝑡) 𝑑𝑡) < 𝑃2 fl 𝑙̃2 − 𝑆2. (16)

From the second equation of (7), we have

∫𝑤
0
𝑑 (𝑡) 𝑑𝑡 ≤ ∫𝑤

0
[𝛽0 (𝑡) exp (𝑦 (𝑡))𝑚2 + ⋅ ⋅ ⋅

+ 𝛽𝑚
2
−1 exp (𝑦 (𝑡))] exp (𝑥 (𝑡) − 𝑦 (𝑡)) 𝑑𝑡

≤ ∫𝑤
0
[𝛽0 (𝑡) exp (𝑦 (𝑡))𝑚2−1 + ⋅ ⋅ ⋅ + 𝛽𝑚

2
−1]

⋅ exp (𝑥 (𝑡)) 𝑑𝑡 ≤ exp (𝑥 (𝜓1))
⋅ ∫𝑤
0
[𝛽0 (𝑡) exp (𝑃2)𝑚2−1 + ⋅ ⋅ ⋅ + 𝛽𝑚

2
−1] 𝑑𝑡.

(17)

Hence,

𝑥 (𝜓1)
≥ ln( ∫𝑤0 𝑑 (𝑡) 𝑑𝑡∫𝑤0 [𝛽0 (𝑡) exp (𝑃2)𝑚2−1 + ⋅ ⋅ ⋅ + 𝛽𝑚

2
−1] 𝑑𝑡)

fl 𝑙̃3.
(18)
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Using the second inequality in Lemma 1 from [4] and
inequality (8), we have

𝑥 (𝑡) ≥ 𝑥 (𝜓1) + ∫𝑤
0

󵄨󵄨󵄨󵄨󵄨𝑥󸀠 (𝑡)󵄨󵄨󵄨󵄨󵄨 𝑑𝑡
≥ 𝑥 (𝜓1) + (2∫𝑤

0
𝑎 (𝑡) 𝑑𝑡) > 𝑃3 fl 𝑙̃3 + 𝑆1. (19)

Again by using the first equations of (7) and (13), we get

∫𝑤
0
𝑎 (𝑡) 𝑑𝑡 ≤ ∫𝑤

0
[𝑏 (𝑡) exp (𝑥 (𝑡))

+ 𝛼0 (𝑡) exp (𝑥 (𝑡))𝑚1 + ⋅ ⋅ ⋅ + 𝛼𝑚
1
−1 (𝑡) exp (𝑥 (𝑡))]⋅ exp (𝑦 (𝑡) − 𝑥 (𝑡)) 𝑑𝑡

≤ ∫𝑤
0
[𝛼0 (𝑡) exp (𝑥 (𝑡))𝑚1−1 + ⋅ ⋅ ⋅

+ (𝛼𝑚
1
−1 (𝑡) + 𝑏 (𝑡))] exp (𝑦 (𝑡)) 𝑑𝑡

≤ exp (𝑦 (𝜓2)) ∫𝑤
0
[𝛼0 (𝑡) exp (𝑥 (𝑡))𝑚1−1 + ⋅ ⋅ ⋅

+ (𝛼𝑚
1
−1 (𝑡) + 𝑏 (𝑡))] 𝑑𝑡 ≤ exp (𝑦 (𝜓2))

⋅ ∫𝑤
0
[𝛼0 (𝑡) exp (𝑃1)𝑚1−1 + ⋅ ⋅ ⋅

+ (𝛼𝑚
1
−1 (𝑡) + 𝑏 (𝑡))] 𝑑𝑡.

(20)

Therefore the following is obtained:

exp (𝑦 (𝜓2))
≥ ∫𝑤0 𝑎 (𝑡) 𝑑𝑡∫𝑤0 [𝛼0 (𝑡) exp (𝑃1)𝑚1−1 + ⋅ ⋅ ⋅ + (𝛼𝑚

1
−1 (𝑡) + 𝑏 (𝑡))] 𝑑𝑡

fl 𝑙̃4.
(21)

Using the second inequality in Lemma 1 from [4] and (9),
we get

𝑦 (𝑡) ≥ 𝑦 (𝜓2) − ∫𝑤
0

󵄨󵄨󵄨󵄨󵄨𝑦󸀠 (𝑡)󵄨󵄨󵄨󵄨󵄨 𝑑𝑡
≥ 𝑦 (𝜓2) − (2∫𝑤

0
𝑑 (𝑡) 𝑑𝑡) > 𝑃4 fl 𝑙̃4 − 𝑆2. (22)

By (13) and (19), we have sup𝑡∈[0,𝑤]|𝑥(𝑡)| ≤ 𝐶1 fl max{|𝑃1|,|𝑃3|} and by (16) and (22), we have sup𝑡∈[0,𝑤]|𝑦(𝑡)| ≤ 𝐶2 fl
max{|𝑃2|, |𝑃4|}. Here, 𝐶1 and 𝐶2 are independent from 𝜆. Let𝑆 = 𝐶1 + 𝐶2 + 1. In addition to these,

max
𝑡∈[0,𝑤]

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩[
𝑥𝑦]

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩 < 𝑆. (23)

Suppose that Ω = {[ 𝑥𝑦 ] ∈ 𝑋 : 󵄩󵄩󵄩󵄩[ 𝑥𝑦 ]󵄩󵄩󵄩󵄩 < 𝑆} verifies the first
requirement ofTheorem 1 from [4]. When [ 𝑥𝑦 ] ∈ Ker 𝐿∩ 𝜕Ω,
then we have 󵄩󵄩󵄩󵄩[ 𝑥𝑦 ]󵄩󵄩󵄩󵄩 = 𝑆, where 𝑆 is a constant. Thus,

𝑄𝑁([𝑥𝑦])([[[
∫𝑤
0
𝑎 (𝑠) − 𝑏 (𝑠) exp (𝑥) − Φ1 (𝑠, exp (𝑥) , exp (𝑦)) exp (𝑦 − 𝑥) 𝑑𝑠

∫𝑤
0
−𝑑 (𝑠) + Φ2 (𝑡, exp (𝑥) , exp (𝑦)) exp (𝑥 − 𝑦) 𝑑𝑠 ]]]) . (24)

The operator 𝐽 : Im𝑉 → Ker 𝐿 is taken as the identity
operator and the homotopy is defined as𝐻] = ] (𝐽𝑄𝑁) + (1 − ]) 𝐺, (25)

where

𝐺([𝑥𝑦])

= [[[
∫𝑤
0
𝑎 (𝑠) − 𝑏 (𝑠) exp (𝑥) 𝑑𝑠

∫𝑤
0
𝑑 (𝑠) − Φ2 (𝑡, exp (𝑥) , exp (𝑦)) exp (𝑥 − 𝑦) 𝑑𝑠]]] .

(26)

Let𝐷𝐽𝐺 be the determinant of the Jacobian of𝐺.We know
that [ 𝑥𝑦 ] ∈ Ker 𝐿; then the Jacobian of 𝐺 is

[[[[
−𝑒𝑥 ∫𝑤
0
𝑏 (𝑠) 𝑑𝑠 0

∫𝑤
0
𝑒(𝑥−𝑦) [Φ2 (𝑡, exp (𝑥) , exp (𝑦)) + 𝑑Φ2 (𝑡, exp (𝑥) , exp (𝑦))𝑑𝑥 ] 𝑑𝑠 −∫𝑤

0
𝑒(𝑥−𝑦) [Φ2 (𝑡, exp (𝑥) , exp (𝑦)) − 𝑑Φ2 (𝑡, exp (𝑥) , exp (𝑦))𝑑𝑦 ] 𝑑𝑠

]]]]
. (27)
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Here sign𝐷𝐽𝐺 is always positive and this is obtained by
the assumption of the theorem. Hence

deg (𝐽𝑁,Ω ∩ Ker 𝐿, 0) = deg (𝐺,Ω ∩ Ker 𝐿, 0)
= ∑
[ 𝑥𝑦 ]∈𝐺−1([ 00 ])

sign𝐷𝐽𝐺([𝑥𝑦]) ̸= 0. (28)

Thus, all the conditions of Theorem 1 from [4] are
satisfied. Therefore, system (1) has at least one positive 𝑤-
periodic solution.

3.1. Predator-Prey Systems with Different Types of Functional
Responses

3.1.1. Predator-Prey System with Holling Type Functional
Response. One of the applications of the above result for
Theorem 1 is the Holling type functional response from [1].

System (3.13) from [1] for continuous case is

𝑥̃󸀠 (𝑡) = 𝑎 (𝑡) 𝑥̃ (𝑡) − 𝑏 (𝑡) 𝑥̃2 (𝑡) − 𝑐 (𝑡) 𝑥̃ (𝑡) 𝑦̃ (𝑡)1 + 𝑚 (𝑡) 𝑥̃ (𝑡) ,
𝑦̃󸀠 (𝑡) = −𝑑 (𝑡) 𝑦̃ (𝑡) + 𝑓 (𝑡) 𝑦̃ (𝑡) 𝑥̃ (𝑡)1 + 𝑚 (𝑡) 𝑥̃ (𝑡) .

(29)

When 𝑥̃(𝑡) = exp(𝑥(𝑡)) and 𝑦̃(𝑡) = exp(𝑦(𝑡)), we obtain the
transformed form of this system as

𝑥󸀠 (𝑡) = 𝑎 (𝑡) − 𝑏 (𝑡) exp (𝑥 (𝑡))
− 𝑐 (𝑡) exp (𝑦 (𝑡))1 + 𝑚 (𝑡) exp (𝑥 (𝑡)) ,

𝑦󸀠 (𝑡) = −𝑑 (𝑡) + 𝑓 (𝑡) exp (𝑥 (𝑡))1 + 𝑚 (𝑡) exp (𝑥 (𝑡)) .
(30)

After assuming the system has positive coefficient functions,
it is obvious that we can take

Φ1 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡)) = 𝑐 (𝑡) 𝑥 (𝑡)1 + 𝑚 (𝑡) 𝑥 (𝑡) ,
Φ2 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡)) = 𝑓 (𝑡) 𝑦 (𝑡)1 + 𝑚 (𝑡) 𝑥 (𝑡) .

(31)

It is also apparent that Φ1(𝑡, 𝑥(𝑡), 𝑦(𝑡)) ≤ 𝑐(𝑡)𝑥(𝑡) and Φ2(𝑡,𝑥(𝑡), 𝑦(𝑡)) ≤ 𝑓(𝑡)𝑦(𝑡). Here if prey does not go to extinction,
then there exists 𝑘 ∈ N such that for sufficiently large 𝑘,Φ1(𝑡,𝑥(𝑡), 𝑦(𝑡)) ≥ (1/𝑘)𝑐(𝑡)𝑥(𝑡), since 𝑐(𝑡)𝑥(𝑡)/(1 + 𝑚(𝑡)𝑥(𝑡)) > 0.
Therefore, Theorem 1 has equal statement with the following
remark for the system with Holling type functional response.

Remark 2. For system (3.13) from [1] for continuous case,
there exists at least one 𝑤-periodic solution if and only if the
prey does not become extinct.

Remark 3. Here by using proof techniques of Lemma 3 from
[4], it can be seen that if predator does not become extinct,
then prey also does not become extinct. Therefore, Remark 2

becomes as follows: system (3.13) from [1] for continuous
case has 𝑤-periodic solution if and only if predator does not
become extinct.

Lemma 4. For system (3.13) from [1] for continuous case,
predator becomes extinct if and only if

∫𝑤
0
−𝑑 (𝑡) + 𝑓 (𝑡) 𝑥∗ (𝑡)1 + 𝑚 (𝑡) 𝑥∗ (𝑡) ≤ 0, (32)

where𝑥∗(𝑡) = (1−exp(− ∫𝑤0 𝑎(𝑠)𝑑𝑠))/ ∫𝑤0 𝑏(𝑡−𝑠) exp(− ∫𝑠0 𝑎(𝑡−𝜏)𝑑𝜏)𝑑𝑠.Here 𝑥∗(𝑡) is the globally attractive unique solution of
the system

𝑥 (𝑡) = 𝑎 (𝑡) 𝑥 (𝑡) − 𝑏 (𝑡) 𝑥2 (𝑡) . (33)

Proof. Assume that predator goes to extinction. The first
equation of the predator-prey system with Holling type
functional response is

𝑥̃󸀠 (𝑡) = 𝑎 (𝑡) 𝑥̃ (𝑡) − 𝑏 (𝑡) 𝑥̃2 (𝑡) − 𝑐 (𝑡) 𝑥̃ (𝑡) 𝑦̃ (𝑡)1 + 𝑚 (𝑡) 𝑥̃ (𝑡) . (34)

Since as 𝑡 tends to infinity, predator or 𝑦̃(𝑡) = exp(𝑦(𝑡))
tends to zero. Hence, equality (34) tends to the following
equation as 𝑡 tends to infinity:

𝑥̃󸀠 (𝑡) = 𝑎 (𝑡) 𝑥̃ (𝑡) − 𝑏 (𝑡) 𝑥̃2 (𝑡) . (35)

Thismeans that as 𝑡 tends to infinity the solution of 𝑥̃(𝑡) tends
to 𝑥∗(𝑡).

Since predator goes to extinction, when we take
exp(𝑦(𝑡)) = 𝑦̃(𝑡), then from the second equation of this
transformed version of the system with Holling type
functional response the following inequality is obtained as

𝑦 (𝑡) = ∫𝑤
0
−𝑑 (𝑡) + 𝑓 (𝑡) exp (𝑥 (𝑡))1 + 𝑚 (𝑡) exp (𝑥 (𝑡)) ≤ 0. (36)

Since 𝑡 tends to infinity, the solution of 𝑥̃(𝑡) = exp(𝑥(𝑡)) tends
to 𝑥∗(𝑡). Thus, equality (36) tends to

𝑦 (𝑡) = ∫𝑤
0
−𝑑 (𝑡) + 𝑓 (𝑡) 𝑥∗ (𝑡)1 + 𝑚 (𝑡) 𝑥∗ (𝑡) . (37)

Since ∫𝑤0 −𝑑(𝑡) +𝑓(𝑡) exp(𝑥(𝑡))/(1+𝑚(𝑡)exp(𝑥(𝑡))) ≤ 0, then
also ∫𝑤0 −𝑑(𝑡) + 𝑓(𝑡)𝑥∗(𝑡)/(1 + 𝑚(𝑡)𝑥∗(𝑡)) ≤ 0.

For the converse, let us assume that ∫𝑤0 −𝑑(𝑡) +𝑓(𝑡)𝑥∗(𝑡)/(1 + 𝑚(𝑡)𝑥∗(𝑡)) ≤ 0. Consider the first equation of
the system with Holling type functional response, then we
obtain

𝑥̃󸀠 (𝑡) = 𝑎 (𝑡) 𝑥̃ (𝑡) − 𝑏 (𝑡) 𝑥̃2 (𝑡) − 𝑐 (𝑡) 𝑥̃ (𝑡) 𝑦̃ (𝑡)1 + 𝑚 (𝑡) 𝑥̃ (𝑡)
≤ 𝑎 (𝑡) 𝑥̃ (𝑡) − 𝑏 (𝑡) 𝑥̃2 (𝑡) . (38)

About the solution of prey, the result exp(𝑥(𝑡)) = 𝑥̃(𝑡) ≤ 𝑥∗(𝑡)
is obtained by the comparison theorem for ODEs.

Since∫𝑤0 −𝑑(𝑡)+𝑓(𝑡)𝑥∗(𝑡)/(1+𝑚(𝑡)𝑥∗(𝑡)) ≤ 0, then𝑦(𝑡) ≤0, which means predator goes to extinction. Hence the proof
follows.
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Lemma 5. In system (3.13) from [1] take T = R; then this
system has at least one 𝑤-periodic solution if and only if

∫𝑤
0
−𝑑 (𝑡) + 𝑓 (𝑡) 𝑥∗ (𝑡)1 + 𝑚 (𝑡) 𝑥∗ (𝑡) > 0, (39)

where𝑥∗(𝑡) = (1−exp(− ∫𝑤0 𝑎(𝑠)𝑑𝑠))/ ∫𝑤0 𝑏(𝑡−𝑠) exp(− ∫𝑠0 𝑎(𝑡−𝜏)𝑑𝜏)𝑑𝑠.
Proof. By using Lemma 4 andRemarks 2 and 3, one can prove
Lemma 5.

The permanence definition is taken from [19].

Corollary 6. For system (3.13) from [1] for continuous case,
the solution is permanent if and only if (39) is satisfied.

Proof. Let us take (39) as satisfied.Therefore, from Lemma 4,
predator does not become extinct and from Remark 3, prey
does not become extinct also which means that both 𝑥̃(𝑡)
and 𝑦̃(𝑡) are bounded from below with a positive number.
From [22] (Proposition 3.1), the solution of the prey 𝑥̃(𝑡)
is bounded from above. Assume that (39) is satisfied and𝑦̃(𝑡) is not bounded from above which means that as 𝑡
tends to infinity 𝑦̃(𝑡) also tends to infinity. Consider the first
equation of transformed version of the system with Holling
type functional response, which is

𝑥󸀠 (𝑡) = 𝑎 (𝑡) − 𝑏 (𝑡) exp (𝑥 (𝑡))
− 𝑐 (𝑡) exp (𝑦 (𝑡))1 + 𝑚 (𝑡) exp (𝑥 (𝑡)) . (40)

Because of the assumption, as 𝑡 tends to infinity 𝑦̃(𝑡) =
exp(𝑦(𝑡)) also tends to infinity; then also𝑦(𝑡) tends to infinity.
Since we have found above that 𝑥̃(𝑡) = exp(𝑥(𝑡)) is bounded
from above and below with positive constants, then 𝑥(𝑡) is
bounded from above and below with constants from real
numbers. Hence, for sufficiently large 𝑇, 𝑥󸀠(𝑡) tends to −∞
as 𝑡 tends to infinity. Therefore, 𝑥̃(𝑡) tends to 0 as 𝑡 tends
to infinity. This is a contradiction with the boundedness of𝑥̃(𝑡) from below with a positive constant. Therefore, 𝑦̃(𝑡) is
bounded from above. Hence the solution of the considered
system is permanent.

For the converse, let us assume that the system is per-
manent. Then prey and predator do not go to extinction;
then by Remark 2 the considered system has at least one𝑤-periodic solution. Thus, by using Lemma 5 obviously, the
system satisfies (39).

Theorem 7. Assume that (39) holds true.Then, the𝑤-periodic
solution of system (3.13) from [1] for continuous case is globally
attractive or globally asymptotically stable.

Proof. Proof is similar with the proof of Lemma 5 in [4].

Corollary 8. Consider the same conditions for the coefficient
functions of system (3.13) from [1]. There exists 𝑤-periodic

globally attractive solution for this system if and only if (39)
is satisfied.

Proof. The result is obtained fromTheorem 7 and Lemma 5.

3.1.2. Predator-Prey System with Holling Type II Functional
Response. As a second case, consider the following predator-
prey system with Holling type II functional response which
is the same as system (3.14) from [1] for continuous case:

𝑥̃󸀠 (𝑡) = 𝑎 (𝑡) 𝑥̃ (𝑡) − 𝑏 (𝑡) 𝑥̃2 (𝑡) − 𝑐 (𝑡) 𝑥̃2 (𝑡) 𝑦̃ (𝑡)1 + 𝑚 (𝑡) 𝑥̃2 (𝑡) ,
𝑦̃󸀠 (𝑡) = −𝑑 (𝑡) 𝑦̃ (𝑡) + 𝑓 (𝑡) 𝑦̃ (𝑡) 𝑥̃2 (𝑡)1 + 𝑚 (𝑡) 𝑥̃2 (𝑡) .

(41)

When 𝑦̃(𝑡) = exp(𝑦(𝑡)) and 𝑥̃(𝑡) = exp(𝑥(𝑡)), the
transformed form of this system is gotten as

𝑥󸀠 (𝑡) = 𝑎 (𝑡) − 𝑏 (𝑡) exp (𝑥 (𝑡))
− 𝑐 (𝑡) exp (𝑦 (𝑡) + 𝑥 (𝑡))1 + 𝑚 (𝑡) exp (2𝑥 (𝑡)) ,

𝑦󸀠 (𝑡) = −𝑑 (𝑡) + 𝑓 (𝑡) exp (2𝑥 (𝑡))1 + 𝑚 (𝑡) exp (2𝑥 (𝑡)) .
(42)

Assume that all the coefficient functions are positive for the
above systems. Then

Φ1 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡)) = 𝑐 (𝑡) 𝑥2 (𝑡)1 + 𝑚 (𝑡) 𝑥2 (𝑡) ,
Φ2 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡)) = 𝑓 (𝑡) 𝑥 (𝑡) 𝑦 (𝑡)1 + 𝑚 (𝑡) 𝑥2 (𝑡) ,

(43)

Φ1(𝑡, 𝑥(𝑡), 𝑦(𝑡)) ≤ 𝑐(𝑡)𝑥2(𝑡) and Φ2(𝑡, 𝑥(𝑡), 𝑦(𝑡)) ≤𝑓(𝑡)𝑀𝑥𝑦(𝑡), where 𝑀𝑥 is the maximum of the solution of
system (41) for prey which can be found from Proposition 3.1
in [22].Here if prey does not go to extinction, then there exists𝑘 ∈ N such that, for sufficiently large 𝑘, Φ1(𝑡, 𝑥(𝑡), 𝑦(𝑡)) ≥(1/𝑘)𝑐(𝑡)𝑥2(𝑡), since 𝑐(𝑡)𝑥2(𝑡)/(1 + 𝑚(𝑡)𝑥(𝑡)) > 0. Therefore,
Theorem 1 has equal statement with the following remark for
the systems with Holling type II functional response.

Remark 9. For continuous case of system (3.14) from [1] it has
at least one𝑤-periodic solution if and only if the prey does not
go to extinction.

By using similar techniques of Lemma 3 from [4], it can
be found that if predator does not go to extinction, then prey
also does not go to extinction. Therefore, the statement of
Remark 9 is the same as the following one: system (3.14) from
[1] for continuous case has at least one 𝑤-periodic solution if
and only if predator does not go to extinction.
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Lemma 10. For system (3.14) from [1], take T = R. Then
predator becomes extinct if and only if

∫𝑤
0
−𝑑 (𝑡) + 𝑓 (𝑡) 𝑥∗2 (𝑡)1 + 𝑚 (𝑡) 𝑥∗2 (𝑡) ≤ 0, (44)

where𝑥∗(𝑡) = (1−exp(− ∫𝑤0 𝑎(𝑠)𝑑𝑠))/ ∫𝑤0 𝑏(𝑡−𝑠) exp(− ∫𝑠0 𝑎(𝑡−𝜏)𝑑𝜏)𝑑𝑠.Here 𝑥∗(𝑡) is the unique globally attractive solution of
the system

𝑥 (𝑡) = 𝑎 (𝑡) 𝑥 (𝑡) − 𝑏 (𝑡) 𝑥2 (𝑡) . (45)

Proof. Proof is similar to the proof Lemma 4.

Lemma 11. In system (3.14) from [1] when it is taken as T = R,
the system has at least one 𝑤-periodic solution if and only if

∫𝑤
0
−𝑑 (𝑡) + 𝑓 (𝑡) 𝑥∗2 (𝑡)1 + 𝑚 (𝑡) 𝑥∗2 (𝑡) > 0, (46)

where𝑥∗(𝑡) = (1−exp(− ∫𝑤0 𝑎(𝑠)𝑑𝑠))/ ∫𝑤0 𝑏(𝑡−𝑠) exp(− ∫𝑠0 𝑎(𝑡−𝜏)𝑑𝜏)𝑑𝑠.
Proof. This lemma can be proven by Lemma 10 andRemark 9.

Corollary 12. In system (3.14) from [1] when it is taken as T =
R, the solution of the considered system is permanent if and
only if (46) is satisfied.

Proof. The proof is similar to the proof of Corollary 6.

Theorem 13. Assume that (46) holds true. Hence, the 𝑤-
periodic solution of system (3.14) from [1] for continuous case
is globally attractive or globally asymptotically stable.

Proof. This has a similar proof with the proof of Lemma 5 in
[4].

Corollary 14. Assume that the same conditions for the coeffi-
cient functions of system (3.14) from [1] hold. There exists 𝑤-
periodic globally attractive solution for this system if and only
if (46) is satisfied.

Proof. ByTheorem 13 and Lemma 11, one can get the desired
result.

3.1.3. Predator-Prey System with Beddington-DeAngelis Type
Functional Response. Consider the following systemwhich is
taken from [4]:

𝑥̃󸀠 (𝑡) = 𝑎 (𝑡) 𝑥̃ (𝑡) − 𝑏 (𝑡) 𝑥̃2 (𝑡)
− 𝑐 (𝑡) 𝑦̃ (𝑡) 𝑥̃ (𝑡)𝛼 (𝑡) + 𝛽 (𝑡) 𝑥̃ (𝑡) + 𝑚 (𝑡) 𝑦̃ (𝑡) ,

𝑦̃󸀠 (𝑡) = −𝑑 (𝑡) 𝑦̃ (𝑡) + 𝑓 (𝑡) 𝑥̃ (𝑡) 𝑦̃ (𝑡)𝛼 (𝑡) + 𝛽 (𝑡) 𝑥̃ (𝑡) + 𝑚 (𝑡) 𝑦̃ (𝑡) .
(47)

If we take exp(𝑥(𝑡)) = 𝑥̃(𝑡), then we have the following
transformed system:

𝑥󸀠 (𝑡) = 𝑎 (𝑡) − 𝑏 (𝑡) exp (𝑥 (𝑡))
− 𝑐 (𝑡) exp (𝑦 (𝑡))𝛼 (𝑡) + 𝛽 (𝑡) exp (𝑥 (𝑡)) + 𝑚 (𝑡) exp (𝑦 (𝑡)) ,

𝑦󸀠 (𝑡) = −𝑑 (𝑡)
+ 𝑓 (𝑡) exp (𝑥 (𝑡))𝛼 (𝑡) + 𝛽 (𝑡) exp (𝑥 (𝑡)) + 𝑚 (𝑡) exp (𝑦 (𝑡)) .

(48)

For the above systems, all the coefficient functions are
positive. It is obvious that when we take

Φ1 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡)) = 𝑐 (𝑡) 𝑥 (𝑡)𝛼 (𝑡) + 𝛽 (𝑡) 𝑥 (𝑡) + 𝑚 (𝑡) 𝑦 (𝑡) ,
Φ2 (𝑡, 𝑥 (𝑡) , 𝑦 (𝑡)) = 𝑓 (𝑡) 𝑦 (𝑡)𝛼 (𝑡) + 𝛽 (𝑡) 𝑥 (𝑡) + 𝑚 (𝑡) 𝑦 (𝑡) ,

(49)

Φ1(𝑡, 𝑥(𝑡), 𝑦(𝑡)) ≤ (𝑐(𝑡)/𝛼(𝑡))𝑥(𝑡) and Φ2(𝑡, 𝑥(𝑡), 𝑦(𝑡)) ≤(𝑓(𝑡)/𝛼(𝑡))𝑦(𝑡). Here if prey does not go to extinction, then
there exists 𝑘 ∈ N such that, for sufficiently large 𝑘,Φ1(𝑡, 𝑥(𝑡), 𝑦(𝑡)) ≥ (1/𝑘)(𝑐(𝑡)/𝛼(𝑡))𝑥(𝑡), since 𝑐(𝑡)𝑥(𝑡)/(𝛼(𝑡) +𝛽(𝑡)𝑥(𝑡) +𝑚(𝑡)𝑦(𝑡)) > 0.Hence,Theorem 1 is true for system
(47). These findings are the same as the ones in [4].

4. Examples

Example 1.

𝑥󸀠 (𝑡) = 3 − (cos (𝑡) + 2) exp (𝑥 (𝑡)) − 2 exp (𝑦 (𝑡))
exp (𝑥 (𝑡)) + 1 ,

𝑦󸀠 (𝑡) = − (0.1 sin (𝑡) + 0.5) + exp (𝑥 (𝑡))
exp (𝑥 (𝑡)) + 1 .

(50)

By doing some simple calculations, it can be seen that𝑥∗ > 1; therefore (39) is satisfied for Example 1, since

∫2𝜋
0

− (0.1 sin (𝑡) + 0.5) + 𝑥∗𝑥∗ + 1 > 0. (51)

Figure 1 supports this result.
Even if we have changed the initial conditions, after a

while still we obtain the same solutionwhich shows the global
attractivity of the solutions. Figure 2 supports this result.

Example 2.

𝑥󸀠 (𝑡) = 3 − (cos (𝑡) + 2) exp (𝑥 (𝑡)) − 2 exp (𝑦 (𝑡))
exp (𝑥 (𝑡)) + 1 ,

𝑦󸀠 (𝑡) = − (0.1 sin (𝑡) + 4) + exp (𝑥 (𝑡))
exp (𝑥 (𝑡)) + 1 .

(52)

Example 2 does not satisfy inequality (39). This is easily
seen by doing some simple calculations. Hence predator
goes to extinction which satisfies Lemma 4. This result is
supported by Figure 3.
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Figure 1: 𝑥(0) = 0.2 and 𝑦(0) = 0.4.
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Figure 2: 𝑥(0) = 2 and 𝑦(0) = 1.

Example 3.

𝑥󸀠 (𝑡) = 3 − (cos (𝑡) + 2) exp (𝑥 (𝑡))
− 2 exp (𝑦 (𝑡) + 𝑥 (𝑡))

exp (2𝑥 (𝑡)) + 1 ,
𝑦󸀠 (𝑡) = − (0.1 sin (𝑡) + 1) + 3 exp (2𝑥 (𝑡))

exp (2𝑥 (𝑡)) + 1 .
(53)

By doing some simple calculations it can be seen that𝑥∗ >1; therefore (46) is satisfied by Example 3, since

∫2𝜋
0

− (0.1 sin (𝑡) + 1) + 3 (𝑥∗)2(𝑥∗)2 + 1 > 0.5. (54)

This is supported by Figure 4.
Even if we have changed the initial conditions, after a

while, we still obtain the same solution which shows the
global attractivity of the solutions. Figure 5 supports this.

Example 4.

𝑥󸀠 (𝑡) = 3 − (cos (𝑡) + 2) exp (𝑥 (𝑡))
− 2 exp (𝑦 (𝑡) + 𝑥 (𝑡))

exp (2𝑥 (𝑡)) + 1 ,
𝑦󸀠 (𝑡) = − (0.1 sin (𝑡) + 6) + 3 exp (2𝑥 (𝑡))

exp (2𝑥 (𝑡)) + 1 .
(55)

Example 4 does not satisfy inequality (46) and this can
be easily seen by doing some simple calculations. Therefore,
predator goes to extinction which satisfies Lemma 10 and this
is supported by Figure 6.

For the examples of the system with Beddington-
DeAngelis functional response, look at the study [4].

5. Discussion

In that study, two important analytical results are found. First,
for the periodic solution of the system with generalized func-
tional response, the if and only if condition is able to be found.
Therefore, we are able to extend the study in [21] for continu-
ous case. The second one is to be able to find an if and only if
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Figure 3: 𝑥(0) = 0.3 and 𝑦(0) = 0.5.
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Figure 4: 𝑥(0) = 0.3 and 𝑦(0) = 0.5.
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Figure 5: 𝑥(0) = 1 and 𝑦(0) = 1.

condition for the globally periodic solution of the predator-
prey models with Holling type I and II functional responses.
Additionally, the results of that paper is consistent with the
findings of the paper [4] when the Beddington-DeAngelis
type functional response is considered as an application.

Hence, the allover work in this study is important, since
by using the results of that paper, the if and only if condition
for at least one periodic solution and the globally attractive
periodic solution can be found and these results can be
generalized in many different types of functional responses.
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Figure 6: 𝑥(0) = 0.3 and 𝑦(0) = 0.5.
The suggested problem for the future works is to find the

if and only if condition for the globally attractive periodic
solution of the discrete predator-prey dynamic systems.
Semigroup theory has been used in the analysis of the
system when it has globally attractive periodic solution of the
continuous system. For the discrete case, for further studies,
the result that is related to the global attractivity of the system
is another open problem.
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