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Differential and difference equations are used for modeling,
solving, and discussing many problems arising in engineering
and natural sciences. Therefore, analysis of analytical and
numerical solutions to such equations is crucial for applica-
tions. It is important to develop new theories and methods,
as well as modify the well-known techniques.

The main propose of this special issue was to attract
high quality contributions and highlight significant recent
developments on the subject of differential and difference
equations. The focus of this special issue was also originated
with numerical methods for solving differential equations
and modelling and/or considering engineering problems
involving differential and difference equations. Below we give
a brief survey of the content of this special issue.

The special issue succeeded in bringing together a num-
ber of papers on various branches of the theory and applica-
tions of both differential and difference equations. One of the
papers in the issue is on the convergence of the solutions of
the bistable reaction-diffusion equations in two-dimensional
spaces to a pair of diverging traveling curved fronts. Another
one focuses on developing a mixed discontinuous Galerkin
scheme for the following control constrained optimal con-
trol problem governed by a transient convection-diffusion
equation. One paper studies the stability analysis of the
periodic solutions of some kind of predator-prey dynamical
systems. There is also an important paper on finding exact
solution of nonlinear sixth-order solitary wave equation
using the improved generalized tanh-coth method. Finally,
as a novel application of differential equations in system and

control theory, the investigation of the inverse commutativity
conditions for second-order linear continuous time-varying
systems is studied in another paper.
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The necessary and sufficient conditions where a second-order linear time-varying system A is commutative with another system B
of the same type have been given in the literature for both zero initial states and nonzero initial states. These conditions are mainly
expressed in terms of the coefficients of the differential equation describing system A. In this contribution, the inverse conditions
expressed in terms of the coefficients of the differential equation describing system B have been derived and shown to be of the
same form of the original equations appearing in the literature.

1. Introduction

As one of the main fields of applied mathematics, differential
equations arise in acoustics, electromagnetics, electrodynam-
ics, fluid dynamics, wave motion, wave distribution, and
many other sciences and branches of engineering. There is a
tremendous amount of work on the theory and techniques for
solving differential equations and on their applications [1-4].
Particularly, they are used as a powerful tool for modelling,
analyzing, and solving real engineering problems and for
discussing the results turned up at the end of analyzing for
resolution of naturel problems. For example, they are used
in system and control theory, which is an interdisciplinary
branch of electric-electronics engineering and applied math-
ematics that deal with the behavior of dynamical systems
with inputs and how their behavior is modified by different
combinations such as cascade and feedback connections
[5-8]. When the cascade connection in system design is
considered, the commutativity concept places an important
role to improve different system performances [9-11].

As shown in Figurel, when two linear time-varying
systems A and B described by linear time-varying differential
equations are connected in cascade so that the output of one
appears as the input of the other, it is said that systems A and
B are connected in cascade. If the order of connection does

not affect the input-output relation of the combined system
ABor BA, it is said that systems A and B are commutative.

Although the first paper about the commutativity ap-
peared in 1977 [12] which had introduced the commutativity
concept for the first time and studied the commutativity of
the first-order continuous-time linear time-varying systems,
this paper is important for proving that a time-varying system
can be commutative with another time-varying system only;
further very few classes of systems can be commutative.
In particular, commutativity conditions for relaxed second-
order systems first appeared in 1982 [13]. In 1984 [14] and 1985
[15], commutativity conditions for third- and fourth-order
continuous-time linear time-varying systems were studied,
respectively. The content of the published but undistributed
work [15] can be found in journal paper [16] which presents
an exhaustive study on the commutativity of continuous-time
linear time-varying systems. That paper is the first tutorial
paper in the literature.

During the period from 1989 to 2011, no publication
about commutativity had appeared in the literature. In 2011,
the second basic journal publication [17] appeared. In this
paper, commutativity in case of nonzero initial conditions,
commutativity of Euler’s systems, new results about effects
of commutativity, reduction of disturbance by change of
connection order in a chain structure of subsystems, and the
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FIGURE 1: Cascade connection of the differential systems A and B.

most important explicit commutativity conditions for fifth-
order systems were studied.

This work is directly focused on the commutativity of
second-order linear time-varying systems with zero initial
conditions. Section 2 summarizes the necessary and sufficient
conditions of commutativity of such systems as appearing
in the literature and then presents the inverse conditions.
Section 3 covers an example and its simulation results.
Finally, Section 4 includes conclusions.

2. Inverse Conditions of Commutativity

Let A be asecond-order linear time-varying system described
by

A:

ay (8) Ja () +ay () ya (£) + ag (£) ya (£) = x4 (£) 5

vt > t,,
(1a)
ya(ty) =0,

ya(t) =0,

where x4 () is the input; y,(-) is the output functions of the
system; a;(t)’s, i = 2,1,0, are the time-varying coefficients.
They are all defined for [t;, 00) — R. The (double) dot on the
top represents the (second) first-order derivative with respect
totimet € R, wheret > ¢, t, being the initial time. Since A is
of second order, a,(t) # 0; further, for the unique solvability
of (1a) for the output y,(-), it is sufficient that x4(-), a;(:) €
P[t,, 00), which is the set of piecewise continuous mappings
[ty,00) — R [2].

Let Bbe another second-order linear time-varying system
defined by

B:

bz t) VB () + b1 ) VB )+ bo (t) VB t) = XB ®);

Vt > t,,
(1b)
B (to) =0,

VB (to) =0,

where x5(:), y5(-), b(t)’s are defined in a similar manner as
for system A and b,(t) # 0.
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For the commutativity of systems A and B, it is necessary
and sufficient that the coefficients of B must be expressible in
terms of those of A by the matrix equation

b, (t)
b (t)
by (t)
a, () 0 0 (2a)
0,5 Q
@ (t) a,” (t) 0 c
= s
a (1) ago,s ) 2a, () — a, (t) 1] La

4

where ¢, # 0, ¢, ¢ are arbitrary constants; further, the coeffi-
cients of A must satisfy the following equation for the general
values of t > t:

05 d 4a} + 3d; - 8a,a, + 8a,a, — 4a,d,
4y 7|9~ 1
dt 16a, (2b)
=0.
Defining

2a, (t) — a, (t)

1 , 3)

-0.5

fa®)=a, " (f)
it can be shown by routine mathematical operations that the
necessary and sufficient conditions in (2a) and (2b) can be
rewritten as

b, (t) a, (t) 0 0]rg
b)) |=|a®) &) 0f|q|, (4a)
by (t) ay(t) fa@®) 1] Lg

_32'5% [Ag ()] ¢ =0, (4b)

where

Ay (t) = ay(t) — f1 () —ad’ (1) fa(t). (4¢)

If ¢, = 0, (2b) and (4b) are automatically satisfied and hence
they are redundant. But if ¢, # 0, these equations, together
with the information a,(t) # 0, are replaced by (4c) with
A, (t) being constant, that is, time invariant.

It is naturally expected that if A and B are commutative,
similar equations to (4a), (4b), and (4c) are valid when the
coefficients of B are used. In fact, the first equation in (4a) is
equivalent to

o (t) = ( é) b, (£). (5)

Using this equation in the second line of equation in (4a) and
solving it for a, (f), we obtain

a (t) = (é)bl ) - (%)b;” ®. (5b)
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Using (5a) and (5b) in (3), we express f4(t) as

Sfalt)
_ bz _O’Sb(z/cz)zh_(2‘:1/521.5)%)'5_(1/02)62
-(3) i
(b (2171 - bz) /e~ (261/(.21.5) B o
(2 i
B b2°5(2b1_b2)_c_1 1 ( 4
05 4 2c, a&”° Ts 2¢,°

where

2b, (t) - bz (1)
—

fs®) =5 () (6)

Finally, substituting (5¢) in the third line of equation of (4a)
and solving it for a,(t), we obtain

1 c
a (t) = . [bo(t)_%fg(t)*'i_%]

1 c2—2cc0
= (g)bo (1) + (—%)fB(tH %

Hence, writing (5a), (5b), and (7) in matrix form and letting

7)

)
2 o
1| = _E (8a)
0 cl2 —26¢,
L 2
or equivalently (note ¢, # 0 so k, # 0)
- i -
k
5 K
q | = ,
1 k;.s
% K - 2k,k,
L 2k ]

we obtain the first set of the inverse equations derived as

a, (t) by(t) 0 0]Trk,
a ()| =]b @) V@) 0| |k |. (9a)
a, (t) b (@) fz@) 1] Lk

To find the second inverse equation, we substitute a,(¢) from
(7), fa(t) from (5¢), and a,(t) from (5a), all into (4c); and
rearranging, we obtain

by ¢ ¢ =266 foa\
Ay (t)= 2 - L — | 55—
0 (t) ¢ C21'5 fB + 2622 Cé)‘s 252
b (é)
Cg.s c;).s (%)
1 )
=l O-HO-80 f0]
2
-4
LG 462;2%

Using this in (4b), eliminating a, by (5a) and ¢,, ¢; by (8b),
and finally multiplying by —1, we proceed with

sd |1 5 ¢ — 4cyc,
_agsa[g(bo—fé_bgsfzz)*' : 4(.222_]51:0’

b0.5 d 1 )
L - ) e -0
ERR (9b)

05 d 2 0.5 / €1\ _
b, dr [(bo ) fB)] (?) =0,

d
~by° - [By (0] ky =0,

where

By(t) =by () — fa (1) = bY° (1) f (t). (9¢)

Hence, (9a) and (9b) constitute the inverse necessary and
sufficient conditions in terms of the coefficients of subsystem
B. These equations are the duals of (4a) and (4b), respectively;
similarly, (9¢) is the dual of (4c).

Finally, using (9¢) in the above obtained intermediate
equation for A (), we write

1 -4
Ay (£) = —By () + 14—2%. (10a)
G G
Solving it for B (t), we obtain

2

By (£) = ,Aq (£) + ¢ — :—;. (10b)

Using (8a) and (8b), we obtain the duals of (10a) and (10b) as

1 K - 4k,k,
By (t) = k_2A0 () + T, (11a)
k2
Ay (t) = kB, (t) + ko — L (11b)
4k,

respectively.

We remark that f,(t) in (3) and fg(¢) in (6) are similarly
defined so they constitute also dual equations. We express the
results we obtained by a theorem.



Theorem 1. Let A and B be two second-order linear time-
varying systems described by (1a) and (1b), respectively.

The necessary and sufficient conditions where subsystem B
is commutative with subsystem A are as follows:

(i) The coefficients of B are expressed in terms of the coef-
ficients of A as in (4a) where ¢, # 0, ¢, ¢, are some
constants.

(ii) Further, the coefficients of A and c, satisfy (4b).

Conversely, the necessary and sufficient conditions where
subsystem A is commutative with subsystem B are as follows:

(iii) The coefficients of A are expressed in terms of the
coefficients of B as in (9a) where k, # 0, k,, k, are some
constants.

(iv) Further, the coefficients of B and k, satisfy (9b).

Conditions (i) and (ii) together are equivalent to conditions (iii)
and (iv) together. There exists a unique relation between the
constants ¢,, ¢, ¢, and ky, ky, k, which are expressed by the
dual equations (8a) and (8b).

If ¢, # 0 which is equivalent to k; + 0 due to (8a)
and (8b), the second and fourth conditions above are replaced,
respectively, by the following:

(v) A (t) defined in (4c) is independent of time and equal
to a constant.

(vi) By(t) defined in (9c) is independent of time and equal
to a constant.

Conditions (i) and (v) together are equivalent to conditions (iii)
and (vi) together. Further (v) and (vi) are equivalent conditions
due to (10a), (10b), (11a), and (11b).

3. Example

Let the coeflicients of A be a, = t* and a, = 3. Then, by (3),
fat) = —t/2; hence fA(t) = —1/2. Substituting these in (4c)
and choosing A, = —1, we find a,(t) = —1 — t*/4. Hence, A is
described by

2

A E 5 () + 9, (8) - (1 ‘ tz)yA O =x, (). (12a)
Since a,(t) is chosen so that (4c) is satisfied with a constant
A, the above system has second-order pairs computed by
(4a) where ¢; can be chosen different from zero due to
condition (v) of Theorem 1. In fact, choosing ¢, = 4, ¢, = -3,
and ¢, = 1, the following commutative pair B of A is obtained:

t 0 0
b 4
2 £ £ 0
b | = -3
2
by (i+E) gL
4
41t
=| 48 -32 |,
2 +15t-3

Journal of Mathematics

B: 4t' g (1) + (48 = 3¢%) 5 (1)

— (=15t +3) y () = x5 (1)
(12b)

Using (6)

1 2(48 - 31%) - 1687
)= — =-t-075 (13)
fo® =35 1

where fB(t) = —1. Evaluating (9¢), we find

57
By = —t> + 1,5t = 3 — (=t — 0,75)* = 2> (-1) = ~To )
Or directly from (10b)
9 9 57
By=-1(4)+1-—=-3-—=-22, 15
0 @ 16 16 16 s)

which is the same result in (14). The constants k,, k;, k, are
found from (8a) as

1 1
k, 4 4
wl=| -2 =2 (16)
Rl 21| |1

2(16) 32

So that the coefficients of A can be inversely computed by
using (9a):

1
a1 [ 4! 0o o]+
a | =| 4 -3 2200 %
agl | -*+15t-3 —t-075 1] | 1

[\S)

17)

Il
1
~
w
~+ ~
() N
+
=~
~
()
S —|
(8]

Simulation results for AB and BA for inputs x,(t) = —6.5 +
10sin(87t) and x,(t) = 2.5¢™" are shown for 0.5 < t < 4 in
Figure 2. For both inputs, AB and BA give the same response
(ABI = BA1 and AB2 = BA2), respectively. If the coefficient
ay(t) of Ais changed to -1 — 1.25¢%, then (4c¢) is not constant
any more since Ay(t) = -1 - t%; so, A will not have a
second-order time-varying commutative pair unless ¢; = 0.



Journal of Mathematics

0.6
0.4+
0.2
0
—02}

Output y

-0.4

—0.6 ¢

—0.8 | | | | . .
0.5 1 1.5 2 2.5 3 3.5 4

— ABIl = BAl
--- AB2=BA2

FIGURE 2: Responses of cascade connections AB and BA for
sinusoidal (AB1 = BA1) and exponential (AB2 = BA2) inputs.

0.06
0.04 +
0.02 +
0
-0.02 -

y output

-0.04 +
-0.06 -

~0.08 . . . . . .
0.5 1 1.5 2 2.5 3 3.5 4

Time t

— AB
-~ BA

FIGURE 3: Responses of AB and BA for sinusoidal input when A and
B do not satisfy commutativity conditions.

For ¢, = -3 # 0 and (2a) is spoiled between the coefficients
of A and B both, A will not commute with B any more. This
is verified by Figure 3 which is obtained by input x,(t) =
—-6.5 + 10sin(8mt); it is seen obviously that the responses
of AB and BA are not coincident at all. All simulations are
performed with the initial and final times t, = 0.5 and ¢ = 4,
respectively, by Simulink program of MATLAB 2010a.

4. Conclusions

The commutativity conditions for a second-order linear
time-varying system B commutative with another second-
order linear time-varying system A is well known in the
literature. In this paper, the inverse commutativity conditions
are obtained. It is shown that the commutativity conditions
for any two second-order linear time-varying systems A
and B are in the same form whether they are expressed in
terms of the coeflicients of systems A or B. The results are
illustrated by an example. Inverse commutativity conditions
obtained are used in transitivity property of commutativity
for time-varying systems, which is the subject of future
work. Further, the problem of commutativity of switched
systems [18], which are also linear time-varying systems,

can be an interesting research subject which has not been
studied before. Additionally, commutativity conditions could
be studied for fractional order linear differential systems and
even linear systems of some fractional difference equations
[19-21].
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The improved generalized tanh-coth method is used in nonlinear sixth-order solitary wave equation. This method is a powerful and
advantageous mathematical tool for establishing abundant new traveling wave solutions of nonlinear partial differential equations.
The new exact solutions consisted of trigonometric functions solutions, hyperbolic functions solutions, exponential functions
solutions, and rational functions solutions. The numerical results were obtained with the aid of Maple.

1. Introduction

Nonlinear evolution equations (NLEEs) play an important
role in various branches of scientific disciplines, such as
fluid mechanics, optical fibers, plasma physics, chemical
physics, biology, solid state physics, oceans engineering, and
many other scientific applications. The solitary wave was
introduced by Russell more than a century ago [1]. In the past
years, many powerful methods for finding exact solutions
of NLEEs have been proposed, such as the generalized
(G'/G)-expansion method [2], the tanh-coth method [3],
the modified sine-cosine method [4], the generalized unified
method [5], the improved F-expansion method [6], the
generalized Kudryashov method [7], the generalized Riccati
equation mapping method [8], the modified Kudryashov
method [9], the exp(—¢(§)) method [10], the lie symmetry
analysis method [11], the first integral method [12], and the
consistent Riccati expansion [13].

Another powerful method has been presented by Malfliet
[14], who had customized the tanh technique and called
the tanh method. In 2002, Fan and Hona [15] extended the
tanh method which is called the extended tanh method,
by using U() = Yp,aY* as traveling wave solutions.
In 2007, Wazwaz [3] extended and improved this method
which is called the tanh-coth method. In this method U(£) =
ZkM=o aY* + sz=1 b.Y ™ is used as traveling wave solutions.
In 2008 Gémez and Salas [16] improved and generalized this

method which is called the improved generalized tanh-coth
method, by using U(E) = ¥ a¢@) + ¥ | a¢@M,
where ¢ is the solution of the generalized Riccati equation.
Afterwards, several researchers applied this method to obtain
new exact solutions for nonlinear PDEs [17-20].

In 2017, Christou [21] studies solitons occurring in elec-
trical nonlinear transmission lines; there are called electrical
solitons. The problem is applied to Ohm’s law of solid state
physics by using Taylor-series expansions.

In this paper, we focus on using the improved generalized
tanh-coth method for finding exact solutions of the sixth-
order solitary wave equation:

V, = [aV +bV -V gV, + thxxx]xx , )

which was proposed by Christou [21] and
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In Section 2, we briefly describe the improved generalized
tanh-coth method; in Section 3, the improved generalized
tanh-coth method is applied to the sixth-order solitary wave
equations. The last section is short summary and discussion.

2. The Improved Generalized
tanh-coth Method

Consider the nonlinear partial differential equation in the
variables x and t

Py (1 Uy thyy gy Uy o Uy .) = 0. (3)
The traveling wave transformation is given by
ulent) =U@), E=x-M+§, (4)

where A is the wave speed. We can reduce (3) to the ordinary
differential equation

p,(U,U,U",..) =0. ®)

According to the improved generalized tanh-coth
method, we seek the exact solution of (3) that can be
expressed in the following form:

M ) 2M )
U@ =Yap® + Y ap@®™", (6)
i=0 i=M+1

where M is a positive integer that will be determined by
balancing the highest order derivative term with the highest
order nonlinear term. The coefficients g; are constants (a,, #
0 and a_p; # 0) that are determined later while the
new variable ¢(£) is the solution to the generalized Riccati
equation

¢ @ =a+pp@)+y(@©®), @)

where «, 3, and y are constants. The solutions of generalized
Riccati equation are given by [18].

Case 1 (exponential function solutions). When « = 0

B

(8)
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Case 2 (trigonometric and hyperbolic function solution).
When 8 =0,

'@tan(\/a—yg), a>0,y>0,
@tanh(\m—ya), a>0, y<0,

6 (&) = 1 \/?tanh(—\/rxyﬁ), . ©)
@tan(—\/oc_yﬁ), a<0, y<0.

Case 3 (exponential function solutions). When y =0,

_ BE
6 (6) - %. (10)
Case 4 (rational function solution). When « = 3 =0,
o) = —%. (1)

Case 5 (rational function solution). When * # 0 and * =
4ay,

200 (BE +2
$ (&) = —%. 12)

Case 6 (trigonometric function solution). When f* < 4ay

andy # 0,
\J4ay — B tan | (1/2) /4oy — B2 ) - B
6= ( . ) . W
Y
Case 7 (hyperbolic function solution). When * > 4ay and
y#0,
\/f? —4aytanh( (1/2) \/f* - 4ayt ) - B
6 ()= ( ) -

2y

We substitute (6) into (5) and collect all terms with the
same order of ¢/(§); we get a polynomial in ¢(§). Equating
each coefficient of the polynomial to zero, we will give a
system of algebraic equations involving the parameters a;, o,
7, and B. Solving the system, we can construct a variety of
exact solutions of (5).

3. The Improved Generalized tanh-coth
Method Applied to Sixth-Order Solitary
Wave Equation

We use the wave transformations V(x,t) = V(£),& = x— At +
&,, to reduce (1) to the following ODE:

"

(W -a)V" ©-b(v*®)" +c(V’ ©®)
n gV”” (5) _ hvmm (5) -

(15)
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Balancing the highest order term V""" with the highest order
nonlinear term (V)" in (13), we have
M+6=3M+2; (16)

then M = 2. Consequently, we set

VE) =ag+ap @) +ay(¢(E) +as (¢©)
+a, (¢(©)7.

17)

Using (6) and (14) in (13) and equating all the coefficients
of power of ¢(&) to be zero, we obtain a system of algebraic
equations in the unknowns ay, a,, a,, a3, a,, A, «, 3, and y.
¢©)°: - 5040a°za, + 42a’ca; = 0,
&) 7: —720a°za; — 19440a° Bza, + 90’ caza;
+ 8afca; =0,
¢ (£)°: 165caa;af + 72ca;ay + 60caya; o
2 2 452 5
+60ca;”a, — 29400za,0 37 — 13440za,0’y
- 2520za;a’ B + 36¢a, B — 20ba; o
- 120ga,a’ =0,
¢ (&) 75caza. B + 66¢a; By + 72cayaza o’
+ 108caga, aff + 150caza, oy + 108ca§a40c,8
~ 38640za,a’ By — 24baya,o” — 36ba;af
+36caa o’ — 21840za,a’ B — 3360zaza’ i
5 3 3 2
- 1680za;«’y — 336ga,0” B + 12cayo
- 24ga3oc4 =0,
¢ GRE 96caoafocy + 36ca1a3a40c2 + 135ca3aiﬁy
— 4200za,a’ By — 40152za,a’ B2y — 42basa,af
+ 96ca§a4(xy + 63ca1aioc/3 — 12096za,a'y
- 8106za,a’* - 2100za,a’ B° — 240ga,a’y
252 3 3 2
- 330ga,a” B - 60gaa” B + 21cajof3 + 48caja,
— 12baga,a’ - 32ba;ay + 18ca§a4oc2 + 18ca0a§oc2
+ 48ca0ai /32 + 18ca2aioc2 - 6aa,o’ + 607 a0’
+30cayy” - 6baja’ — 16ba; f°

+ 126cayazau0f3 = 0,

¢ (&) Sdcayaza,f + 84ca0aiﬁy + 12ca,aa,a”
+ 30caya; aff — 20baga, o — 440ga,o’ By
— 3584za;a’ By — 17920za,a’ By
~ 22960za,0’ By* — 36baa,ay + 30ca; a,aff
+ 54ca1ai¢xy + 84ca§a4/3y + 126a0a1a4042
2 5 4.2
+ 30cagasaf3 — 1330za, " — 1232za;e”y

2 4 3 3
- 602zasa” B — 130ga,af3” — 40gaza’y
— 50ga;a’ B + 18ca§ocy + 60ca3aiy2 +10a,\ a8
— 4baga,o” — 10aa,0f - 4ba,a,a’ — 10ba§oc[3
~ 18baa, 8> - 28ba; By + 6caiaz o’ + 2ca, a, B
+ 6ca1a§¢x2 —2aa;0° + 2a, 7’ + 9ca§ ﬁz
+ 108cayaza,oy + 60ca, asauof3 = 0,

-2 2 2 2

¢ (&) 7 24cayaiay + 9ca asaf} + 24ca aza,3

+ 24ca2aicxy - 6bayazaf3 — 16baya,oy

- 232ga,apB’ - 60gas«’ By — 116za,a’ By

— 1848zaso’ By” — 13320za,0” f°y’

~ 3096za,a’y — 30baya, Py — 6ba,a,of

+ 9cagasaf + 24ca;aop + 45ca a; By

~ 3968za,a’y’ — 63za, S« — 136ga,«’y’

3 3 22 2
—15gasaf3” + 15ca; By + 36caja,y” + 3a; A" af3
+ 8a,\’«y — 8baya,f° — 3aa,aff — 8aa,xy
— 8baiay + 12caia, B + 12cagal B + 36cagary’
+ 12caya, f° - 4aa,f° + 4a,\° B — 4albp’

— 12ba’y* - 64za,° - 16ga,B* + 90cayaa, By

+ 18caya,a,af3 + 48ca,aza,ay + 18ca,aza,a3 = 0,
¢ G l8ca0a§[3y + 36ca0a3a4y2 + 6ca1a§ocy

+ 6cayaza,ff + 18ca2aiﬁy — 4bayaz oy

— 12baya, Py — 120ga,apfy” - 22ga,aff’y

— 720zasa’ B°y* — 114zasaf'y — 3696za,0° By’

- 2352za40c/33y2 - 4ba, a0y + 6ca§a30cy



+ 18ca§a4[3y + 6cagaya,f’ — 126za,f’y
- 22za;&’y’ - 30ga, B’y — 16ga,a’y” + 2a,\ >y
+ 6a,\’* By — 2baya, B> — 2aa,ay — 6aa, By
—2ba,a,p’ - 6ba§ By — 12basa,y” + 3ca§a3 B
+18cajary’ + 3ca1a§,82 —aa,’ + a ) B’
+6cary’ — zas ° — ga,f* + 12caga aop
+ 36ca,a;a, By + 12ca,aza,ay = 0,

¢ (©)°: a;A’By + a, A’ Pax + 6cada, o’ + 6caya.y
+ 6ca0afoc2 + 6ca0a§ y2 + 6ca§ a4y2 + 6ca§ azoc2
- 62za, B’ - 272za,y " — za, B — 62za, By’
- 22za,0’y* - za, B’y — 16ga,ay’ — 14ga,f*y’
- 9a,f’y - gay B~ 14ga, o — 16ga,yo’
— 4baya,y”® - 4baya,a® — aa,fy — aa, fa
- 584za,f°«’y — 52za, B ya’ — 136za, fy’a’
— 136za,a’ By’ — 52za;af’y” — 584za,af’y’
— 8ga, fya’ - 8gazafy” — 2bagasfy — 2baga, for
—2ba,a, Py — 2baya;af + 3ca§a3ﬁy + SCaéal[Soc
+ 126a1a3a4y2 + 3cafa3oc/3 + 126(110203062
+ 3ca1a§ By - 2balzoc2 - 2190132 v = 2aa,y* - 2aa,a’
+2a,0*y* + 2a,A°a” + 6caya, a, Py + 6caga,aof3
+ 6ca,aya,03 + 6¢caazaffy = 0,

¢ (&): 18casa,ap — dbayasay — 4baga, yo + 6caga, y
+ 18ca§a2(x,3 + 6cayaas B + 18caya; off
+ 36caoala2(x2 + 6cafa3ocy + 6ca1a2a4ﬂ2
— 12baga,aff - 22ga, f2yx — 120ga, o’y
- 114za, 'y — 720za, f°y° o — 2352za, By’
- 3696za,y’a’ — 6ba;af — 12ba,a,a”
— 2baya,f° + 3ca§a1ﬁ2 + 18ca§a3oc2 + 3cafa3/32
+2a, A%y + 6,V aff — 126za, o — 272za,y
— 16ga,y*a® - 30ga, B’ — 2baya, f* - 2aa, ya

- 6aa,af + 6ca’a’ — za, f° — ga, B* — aa, B’
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+ a A B + 12cagaasay + 36¢a,a,a,03
+12ca,a,a,0y = 0,

¢ (&) : 24ca,ayas B + 9cafa3ﬁy + 24ca§a4ocy
— 16baya,ay — 60ga, fay” — 232ga, S ay
~ 1848za, fy’a’ — 1176za, B ay® — 3096za, f*ya
— 13320za,8°y*a” — 30ba, a,aff — 6ba,as By
— 6baga, By + 9caga, By + 24ca;ayay + 45ca;azaf3
+ 24caya oy — 3968za,y°«’ — 63za, By
— 15ga, B’y - 136ga,y°a’ + 3a,A* By + 8a, >y
— 8baya, f* - 3aa, Py — 8aa,xy — 8bafocy
+12caia, B + 36cagas o’ + 12caya; B + 15ca, afs
+36caia, o’ + 12casa, B — 4aa, B + 4a,\ B
- 12ba§o¢2 - 4baf[32 — 64za, 8° - 16ga, *
+ 90caya, a,af3 + 18caya,a; By + 48ca, a,a;ay
+ 18ca,aya, By = 0,

¢ (&)’ : 6ca’azy” + 60ca,aia’ + 10a,A° By
— 1330za, B’y — 602za, f*y* — 1232za,y* o
~ 50ga, 8°y" — 40ga,ay’ — 130ga, B’y — dbaga,y
— 10aa, By — 10ba; By — 18ba,a,f* - 28bas a3
— 4ba,a,y’ + 6ca§a1y2 + 27ca§a3ﬂ2 + 18cafocy
+ 108caya,a,ay + 60ca, a,a; 3y — 20baya, By
— 440ga, fay’ — 3584za, fAay’ — 22960za, fy’ o
+ 12ca1a2a4y2 + 84cafa2(xﬁ + 30ca§a4ﬁy
~ 17920za, B’ ay® + 54casasay — 36ba, ayay
+ 30ca§a2ﬁy + 3OCa0afﬁy + S4caya, a, S
+ 84cagasaf + 12cayayazy” — 2aa,y” + 2a, Ay
+9ca, f* =0,

¢ &)*: 135ca1a§(xﬁ + 36ca1a2a3y2 + 96cafa2(xy

— 4200za, By*a - 40152za, fay’ + 63ca§a3/3y
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— 42ba,a, Py + 96cayasay — 8106za, 'y’
—12096za,y*a’ — 2100za, B°y” - 60ga, By’

- 330ga,8*y* - 240ga,y’ a — 12baya,y’

- 32bajay + 18caja,y” + 18cagary” + 48cayas B

+21ca’ By + 48cara,f° + 18casa,y’ — 6aayy’
— 6aa,y” + 6a,A’y” + 30caa’ - 6baly’
— 16ba; f* + 126caya,a, Py = 0,

$(€): —336ga, Py’ - 24ba,ayy” - 36ba; fy
+36casazy” + 75ca,a; B + 66¢aaf
—21840za, 8’y’ - 3360za, By* - 1680za,p’«
+ 726610a1a2y2 + IOSCaOagﬁy + 150ca1a§ocy

+108cara, By — 38640za, fy a + 12ca)y’

- 24ga1y4 =0,
¢ (5)°: 60cayary” + 60carayy” + 72cayay
— 29400za, 8°y* — 13440za,y’ & — 2520za, By’
+ 165ca,a; By + 36¢a; f° — 20basy’
4
- 120ga,y” =0,
¢ (&) : —19440By°za, — 720a,2y° + 8ca; fy
+ 90ca1a§y2 =0,

¢ (©)°: —5040a,2y° + 42caly’ = 0.
(18)

Solving the system of algebraic equations with the aid of
Maple, using (18), we obtain the following results.

First Set

1 (40\/%Myah +5v30Vhef?h + V30Vheg + 10bh>

% = i% hc
a, =0,
a, =0,
2BV (19)
T c
2/30Vheo?
ay=+—
c
1 \/—306h (720a2y%ch? — 360aych? + 45B%ch? — 30ach — 10b*h + 3cg?)
A=+— .
3 ch
Case 1. When § = 0, « > 0,andy > 0, ¢(§) = (yJay/  where
y) tan(/&yg), the periodic solutions of (1) are 1
v, (1) 30
(1)
1 [ 40V30Vheyah + 30vheg + 10bh \/—30ch (720ay2ch? — 30ach — 10b°h + 3cg?)
30 he ch ’
2v30Vheyo? Case 2. When § = 0, « < 0,and y > 0, ¢¢&) =
+ f“’t (Vay (x + At + &), (v/—ay/y) tanh(—+/~ayé), the periodic solutions of (1) are
(20)
V, (x,1) V5 (x, 1)
_ 1 4030 Vhcyah + V30Vheg + 10bh _ 1 4030 Vheyah + V30Vheg + 10bh
30 he 30 he
2/30Vheya? 2/30Vh
+ @cotz (Vay (x - At +§,)), - @cothz (—v=ay (x + At + &),



Vy(x,t)
40V/30Vhcyah + V30Vheg + 10bh
" 30 hc
- Mcoth2 (=~ay (x = At + &),
(22)
where
_ L
30
(23)

\/-30ch (720a2y2ch? - 30ach - 10b*h + 3cg?)
. ch '

Case 3. Wheny = 0, ¢(&) = (—a + ﬁeﬁz)/ﬂ, the combined
formal single kink solutions of (1) are

Vi (o) = 30<5\/_\/_[3h+h\/_\/_g+10bh>
o

22 V30 Vhea

* ¢ (o + PePGrAst)
2230V ca?

c(-a+ ﬁeﬁ(x+At+§0))2’

Vo (ot) = 0(5\/_\/_ﬁh+hxc/_\/_g+10bh>

2BV
c (—0( + ﬁeﬁ(x*M*go))

2830 Vel
c(-a+ [Seﬁ(x—)\ﬁfo))z’

(24)
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where

| \-30ch (45B*ch® ~ 30ach — 106k + 3cg?)

_1 (25)
30 ch

Case 4. When 8% # 0 and §* = 4ay, ¢(&) =
the rational solutions of (1) are

“2a(BE+2)/ B8,

V. (x,t)

1(15\/_\/_/3h+\/—\/_g+10bh
30 ch )

_ﬁ3\/%\/ﬁ(x—}tt+fo)
c(B(x-At+&))+2)
ﬁ\/_\/_(x At+£0)
2c(ﬂ(x /\t+§0)+2)

Vg (x,t)

15v30Vhef?h + V30Vheg + 10bh
30( ch )

(26)

B V30Vhe (x + At + &)
(Bt At +E) +2)

ﬁ \/_\/_(x+)tt+fo)
2c(ﬁ(x+/\t+fo)+2)

where

1002
L \/-30ch (~30ach — 10b h+3cg) 27)

30 ch

Case 5. When B> < 4day and y # 0, ¢(§) =
(\/4ay — B tan((1/2)/4ay — 2£) - 3)/2y, the periodic solu-

tions of (1) are

Vo (x,t) = 30

. 28~\/30Vhca

hc

1<40\/_\/Eyah+5\/_\/_ﬁh+\/_\/_g+1obh)

. 24/30Vhea?

2y
: Vicy — B tan ((1/2) iy — B (e At +8,)) -

4)/2

<\ (Joar pron(@ i e ier8)) - p)

Vi (x,t) = ) <

40\/_\/Eyah+5\/_\/_ﬁh+\/_\/_g+1obh)
hc
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+ 230 Vhea 2y
¢ Vary - f tan ((1/2) Vdary = B (x = At + Eo)) -B
2+/30Vheo? ’
+

4y
c (\/Wtan<(1/z)\/W(x—)‘”fo)>_ﬁ>2

where

1 \/—30ch (72002y%ch? — 360ayB2ch? + 4584ch? — 30ach — 10b%h + 3cg?)
" 30 ch '

Case 6. When B> > 4ay and y # 0, ¢(&) =
(\/* — 4oy tanh((1/2)/8? — 4ay€) — PB)/2y, the periodic

solutions of (1) are

1 (40\/%Mycxh +5v30Vhc?h + V30Vheg + 10bh>

1% 1) = —
11 (%) 30 he

. 2330 Vhca

2y
¢ (ﬂﬁ24(xytanh<(l/2) \//32406Y(X+M+£0)>ﬁ>

. 24/30Vhea?

4)/2
© (VP —tartann (/) B -t (e h+8)) - )

Vo (at) 1 (40\/30\/hcyoch +5v30Vhef*h + V30 Vheg + 10bh>
12\X%1) = —
30 hc

. 230 Vhea

2y
¢ (Mtanh<(l/2) \lﬁ2‘4“Y(x_At+€o)>_ﬁ>

. 24/30Vhea?

4)/2
c (Mtanh((l/z)\/m(x_At+£0)>_ﬁ>2

where

1 \/—30ch (72002y%ch? — 360ayB2ch? + 4534ch? — 30ach — 10b%h + 3cg?)
" 30 ch '

(28)

(29)

(30)

(€))



Second Set

+
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dy

1 (40\/%\/%yoch +5v30Vhcf?h + V30 Vheg + 10bh)

30 hc
2BV3
a =t ﬁ\/_O\/%y’
c
2330VFey?
a = if’ (32)
a; =0,
a, =0,
. \/—30ch (72002y%ch? — 360ayB2ch? + 4584ch? — 30ach — 10b%h + 3cg?)
730 ch '
Case 1. When o = 0, ¢(&) = B/(—y + ﬁe_ﬁ‘f), the combined Vie (%, 1)
formal single kink solutions of (1) are
1 (40@\/%;04}1 + V30 Vheg + lobh)
Vo] (5\/%\/%/32h+ \/%\/Eg+10bh) 30 he
13(61) = =
30 hc
2+/30Vh
, 20Vheay, (vay (x - At +E,)),
2B*V30Vhey ¢
+ C(_Y + l;e—ﬁ(x+/\t+fo)) (35)
2/32 \/%\/KVZ where
¢ (—y + BeBrer&)?’ _ 1
(33) 30
1 (5V30VhcB*h + V30Vheg + 10bh 36)
Vig (1) = 30 e \/—30ch (720ay%ch? — 30ach — 10b?h + 3cg?)
’ ch ’
2> V30Vhey
c(=y + Pe-FOAurE) Case 3. When § = 0, « < O,andy > 0, ¢¢&) =
(v/—ay/y) tanh(-+/~ayé), the periodic solutions of (1) are
28*/30Vhey?
P Y Vi, (x,0)
Cc (—y + ﬁe_ﬁ(X—/\HEo))
1 40V30Vhcyah + V/30Vhcg + 10bh
where T30 hc
2
L \-30ch (45Bch? — 30ach - 106h + 3cg”) (349 , 2V30Vhe (v=ay)
" 30 ch ' ¢
-tanh? (—/=ay (x + Mt +&,)),
Case 2. When f = 0, > O,and y > 0, ¢(¢&) = ( v ) (37)
(v/oy/y) tan(/apé), the periodic solutions of (1) are Vig (5, 1)
Vis (1) _ 1 4030 Vhcyah + V30Vheg + 10bh
30 he
1 ( 40v30Vhcyah + \/30Vheg + 10bh )
" 30 hc + 2@%(\/_“)’)
c
2v/30Vh
+ @tanz (Vay (x+ At +&)), -tanh® (—=/=ay (x - At + &),
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where

1

A= —
30

(38)

\/-30ch (720ay2ch? - 30ach — 106 + 3cg?)

ch

Case4. Whena = 5 = 0,¢$(§) = —1/y¢, the rational solutions

of (1) are

V30Vheg + 10bh>

1
Vio (3,8) = —
1o (1) 30( he

N 2/30Vhey?
cly(x+ At +5))°

( V30 Vheg + 1obh>

1
Vyo (x,1) = —

30 hc

L 2V3Rey?
cly(x— At +5))°

V30vheg + 10bh>
hc

Vo1 (x,t) = % (
_ 2V30vhey?
c(y(x+/\t+£0))2’

V30vheg + 10bh>
hc

1
V,, (x,t) = —
2 (1) 30(

2/30Vhey?
c(y(x=At+&))"

h bh
V,, (0f) = _% ( \/%\/_;i+ 10 )
. 2v/30Vhey?
cly(x+At+&))
Vhe bh
Vialt) = - (LD 10
. 230Vhey’
cly(x— At +5))°
h bh
Ve (68) = _% ( \/%\/_;gcy+ 10 )
_ 2V30vhey?
cly(x+At+&))

1 [ \30Vhcg + 10bh
Vie (x,1) = —% (_g)

hc

iRy
cly(x-M+&))"

(39)

where

L1 \[-30ch (~30ach - 10b%h + 3cg?)
" 30 ch

(40)

Case 5. When 8% # 0 and 8% = 4ay, ¢(&) = —2a(BE +2)/ BE,
the rational solutions of (1) are

1 15V/30Vhef’h + 10bh + \30Vchg

V. (x.f) =
7 (6t =35 ch

BV30Veh (B (x - Mt +&) +2)
- c(x-AM+&)

N 4B30VCh (B (x - At + &) +2)°
c(x—At+&) )

(41)
1 15V/30Vhef’h + 10bh + V30Vchg
30 ch

Vig (x,1) =

BV30Veh (B (x + At + &) +2)
- c(x+At+&)

N 4BV30Veh (B (x + At + &) +2)°
c(x+At+&)

>

where

1 \-30ch (~30ach - 106k + 3cg?)
" 30 ch

(42)

Case 6. When B> < 4day and y # 0, ¢(&) =
(\/4ay — B* tan((1/2)/4ay — *E)~B)/2y, the periodic solu-

tions of (1) are

Vi (x,1)

1 <4o\/%\/%yah+5\/%\%ﬁ2h+ \/%x/;%gu()bh)
“ 30 hc

o B iy s 005)
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G (e (G ey e+ )
)

Vo (x,1)
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+ P (Y~ (e 40)
_[;)
5 (Vo = on (= e £0)

1 (40\@\/%yah+5\/%\/%/32h+ \/%\/ﬁgﬂoz:h) (43)
T30 he
where
1 \/—306h (72002y*ch? — 360ayB2ch? + 45B34ch? — 30ach — 10b%h + 3cg?) (44)
" 30 ch ’
Case 7 When B> > 4day and y # 0, ¢¢&) = Va (%,1)
(/B - 4ay tanh((1/2)? — 4ay§) — P)/2y, the periodic 1 (4030 heyah + 5v30Vheh + 30\heg + 10bh
solutions of (1) are T30 he
Vi (%, 1) BV30Vhe 2 1
+ T———— (\/B?*—daytanh | =/ —day (x - At + &
1 (40V30Vheyah + 5v30VheB2h + /30Vhcg + 10bh ¢ ( F ' (2 F P 0))
T30 he
V30 e )
30 1
+%(\lﬁz—zkxytanh(iﬂﬁz—4¢xy(x+/\t+fo)) oV 1
—,8) L (\lﬁz—4o¢ytanh(ixlﬁz—4ocy(x—/\t+.fo))
2
V30vhe 1 -B)>
L < (\lﬁz—4ocytanh(5\lﬁz—4o¢y(x+)tt+£0)) ) )
2
_B) g where
1 \/—30ch (72002y*ch? — 360ayB2ch? + 4534ch? — 30ach — 10b%h + 3cg?) (46)

" 30

4. Summary and Discussion

In conclusion, the improved generalized tanh-coth method is
proposed to obtain more general exact solutions of the sixth-
order solitary wave equations. It can be observed that the
method used is a powerful and more general tool for finding
the exact solutions. By using the method, we have obtained
new exact solutions in terms of the hyperbolic functions,
the trigonometric functions, the exponential functions, and
the rational functions. The results reveal that the improved
generalized tanh-coth method has significant effects on the
wave behavior and can also be applied to other NLEEs in
mathematical physics.

The solutions of generalized Riccati equation (7): there
are more than seven cases. We can extend the improved

ch

generalized tanh-coth method by considering expanding
solutions of generalized Riccati equation in this method.
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We consider the interaction of traveling curved fronts in bistable reaction-diffusion equations in two-dimensional spaces. We first
characterize the growth of the traveling curved fronts at infinity; then by constructing appropriate subsolutions and supersolutions,
we prove that the solution of the Cauchy problem converges to a pair of diverging traveling curved fronts in R* under appropriate

initial conditions.

1. Introduction

In the current paper, we consider the following Cauchy
problem:

a—u—Au+f(u),

= ,y) €eR%, >0,
P (%)

)

u(x9,0) =t (x,), ()R’

where u, € C'(R?) is a bounded initial function and the
function f is of bistable type. Concretely, we assume that f
satisfies the following:

(F1) f € C'(R) and f(0) = f(1) = 0, f'(0) < 0 and
(<o,

(F2) f(s) < Oandf'(s) <0fors>1; f(s) > Oandf'(s) <
0fors <0,

(E3) [ f(s)ds > o.

Such an example is

fw=u(l-u)(u-a), f0r0<a<%. (2)

Under assumptions (F1) and (F2), it is clear that there exists a
positive constant § (0 < § < 1/2) such that

fl(w) < -y, ue(-00,20)u(1-28,00), (3)

where y, = (1/2) min{—f’(O), —f'(l)} > 0.

We remark here that the steady states 0 and 1 of (1) are
asymptotically stable if (F1)-(F3) hold. In R!, by letting u(x —
ct) = ¢(§) and & = x — ¢t (¢ > 0), one has

—¢" (&) -’ ©) - f(p)=0, ¢' () <0, EeR),
Am @) =1, (4)

Elim ¢ (&) =0.

It is well known that (4) has a planar traveling wave front
¢(&) which is unique up to phase shift under assumptions
(F1)-(F3), with the unique positive traveling wave speed c.
The traveling wave fronts have been widely studied in many
fields, such as biology, chemistry, epidemiology, and physics.
One can refer to [1-8] for details. Traveling wave fronts are
special solutions of (1), which can be used to characterize the
invariant set with respect to transition in spaces.


https://doi.org/10.1155/2017/5328246

Without loss of generality, assume that the solution of (1)
travels towards x-direction and let

u(x, y,t)=V(z,pt), z=x-ct; (5)
then, we can rewrite (1) into

Vvt_sz_Vyy_CVz_f(V)=o>

(z,y) e R t>0, (6)

Vlieo =t (2,7) € R

For convenience, we denote the solution of Cauchy prob-
lem (6) with initial function V(z, y,0;u,) = uy(z,y) by
Viz, y,t;u).

Considering the traveling wave fronts u(x,y,t) =
D(z, y) (z = x — ct) of (1) with traveling wave speed ¢ in x-
direction, then

-0, -®,, —ch, — f(P)=0, inR” )

It is obvious that the solution of (7) is a stationary solution
of (6). Let ¢ > ¢; then ¢((c/c)(z + m, y)) is a solution of (7),
where ¢(-) is a solution of (4) and

o e (®)

* —

(o}

We call the solution @(z, y) of (7) traveling curved front, since
it is nonplanar. By using comparison principle, one has the
function

¢ (zy)

- max{¢<§ (z—m*y)),¢<§ (Z+m*y)>} 9)
~¢(SG-m D)

which is a subsolution of (7) with ¢, (z, y) < 0 on R?. By using
sub- and supersolutions method, Ninomiya and Taniguchi
[9, 10] proved the existence and global stability of traveling
curved fronts for (1).

Theorem 1 (see [9, 10]). Assume that (F1)-(F3) hold. For
any ¢ > ¢, there exists a traveling curved front u(x, y,t) =
D(z, y) (z = x —ct) of (1) such that

lim  sup
R—+00 24y >R

| (z,y) -9 (2 y)| =0, (10)

®(z,y)>9(zy),
0<®@(z,y) <1,

11
0. (217) <0, w

for (z,y) € R.

Furthermore, if 0 < 8, < 1/2, there is a constant y(§,) > 0
such that

O,(z,y)<-y(8,), ford,<®<1-6,. (12)
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Ifuy(z, y) satisfies

lim  sup
R—+00 24y >R

lug (z,y) = @ (2, y)| = 0, (13)

then

lim sup |u(x, y.t;uy) - @ (x—ct,y)| =0, (14)

t—+00 (x,y)G[Rz
where u(x, y, t;u,) is the solution of the Cauchy problem (1).

It follows from Theorem 1 that (1) has a unique trav-
eling curved front ®(x — ct,y) for each ¢ > ¢, which
is globally stable in the sense of (14). In fact, there are
many mathematical models arising in biology, population
dynamics, flame propagation, and disease spread which can
be described by traveling curved front. For example, Sheng
et al. [11] considered the stability of traveling curved fronts
(V-shaped) for Allen-Cahn equations, and they in [11] also
proved that the traveling curved fronts (V-shaped) are not
asymptotically stable under some perturbations. In another
paper, by using comparison principle, Sheng [12] studied
the existence and stability of time-periodic traveling curved
fronts about bistable reaction-diffusion equations in R°.
In [13], Wang and Bu considered traveling curved fronts
(nonplanar) for combustion and degenerate Fisher-KPP type
reaction-diffusion equations. Ninomiya and Taniguchi [9,
10] and Taniguchi [14, 15] showed the existence and the
stability of traveling curved fronts for Allen-Cahn equations.
Furthermore, by constructing some appropriate subsolutions
and supersolutions, Hamel et al. [16] considered the existence
and the global stability of traveling curved fronts for a model
about conical flames. They in [17] established the existence of
traveling curved fronts for bistable model by introducing the
conical-limiting conditions at infinity. For more interesting
results about the existence and stability of traveling curved
fronts, one can refer to [18-28].

In addition to the stability results about traveling fronts
mentioned above, the interaction between traveling fronts
is also an important topic for reaction-diffusion equations.
Here, the interaction of traveling fronts means that the
solutions of the Cauchy problem converge to a pair of
diverging traveling fronts. Recently, there are many results
about this problem. Particularly, Fife and McLeod [29, 30]
studied the interaction of traveling fronts in one-dimensional
space when t — +00. Indeed, they in [29, 30] proved that
the solutions of the Cauchy problem converge to a single
traveling front, a pair of diverging traveling fronts, and a
stacked combination of traveling fronts in R', respectively.
Based on comparison principle, Chen [3] developed the
squeeze technique to study the interaction and the exponen-
tial stability of traveling wave solution for bistable reaction-
diffusion equations. Furthermore, Roquejofire [31] expanded
the results in [29] to infinite cylinders. In another paper,
Bebernes et al. [32] proved that the solution converges to a
pair of diverging traveling fronts in cylindrical domains. We
also remark here that there is another form of interaction
between traveling fronts, which can be described by the so-
called entire solutions. Entire solutions can be used to imply
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the dynamics of two traveling frontsast — —0o; one can refer
to [33-37] for related works.

However, the interaction of traveling curved fronts of
reaction-diffusion equations in whole spaces R is still open.
Since two traveling curved fronts traveling towards opposite
directions always interact with each other, a natural issue is
that whether we can expect that the solution of (1) converges
to a pair of diverging traveling curved fronts in R* under
some appropriate initial conditions, which behaves as the
interaction of traveling curved fronts. The current paper
is devoted to resolving this problem for bistable reaction-
diffusion equations in R?.

In this paper, based on comparison principle, we first
construct appropriate sub- and supersolutions and then show
that the solution of (1) converges to a pair of diverging
traveling curved fronts, which will be done in Section 3.
Before doing those, by using the asymptotic decay of planar
traveling wave fronts, we give some asymptotic estimates for
traveling curved fronts at infinity and list the main result in
Section 2.

2. Preliminaries and Main Result

In this section, we first study the asymptotic behavior of
traveling curved front ®(z, y) of (1) as z — —oo by using
the result of the exponential convergence of one-dimension
traveling wave solution ¢ (&) of (4) at infinity. In fact, it follows
from [38] that there exist positive constants &/ and % such
that

¢(5)=de_ﬁ£+o(e_ﬁ£), as £ — +00,
} _ (15)
1-¢®) =B +0(c"), as&— oo,

where fi = (\[c> = 4f'(0)+¢)/2and X = (\/¢* — 4f'(1)-0)/2.
From [34], we see that the planar traveling wave front ¢ of (4)
satisfies

1-¢@E) <ke™, £<0 (16)

for some k > 0 and A defined above.
Under conditions (F1)-(F3) and (3), there exists a con-
stant y, with y, > y; > 0, such that

J@ <y A-u 17)

for 0 < 1 —u < § with § as in (3). Furthermore, by virtue of
(12), we have

D, (2,y) <-y(©0)=-y; <0 (18)

for § < ® < 1 - 4. Since the traveling wave front ¢(§) of
(4) possesses invariance up to translation, we assume that
traveling wave front ¢(&) satisfies

$(0) =6, 921—2, 19)

and the constant k in (16) satisfies

_nd 0 }

4(p-n) 4

We take three positive constants g, 4, and M satisfying

°
4

k < min { (20)

(SH e

<qp <

>

0<y§min{%,)&c}, (21)
M > max {M,, M,},

where
_ k(Ly+7y,)+(Ly+4)qo

Ml B >
Vs

M, = L2t B0

Vsl (22)
| @)l

max
—0<u<1-0

~
o
I

~
w
1]

max
—0<u<1+d

!
| ).
By a translation in the &-direction, we next take

$&) =¢E-M), (23)
where M is defined in (21). Then, we have

1-GE+M)=1-¢@&) <ke®, E<o0, (29

0

¢ (M) = ¢(0) =06, 621—5, (25)

by view of (16) and (19).

In the following, we consider planar traveling wave front
<E(E) satisfying (24) and (25) instead of the solution ¢ (&) of (4)
and assume that Theorem 1 holds with (E(f ) instead of ¢(&) in
the definition of ¢(z, y). For convenience, in the rest of the

paper we drop the tilde of ¢ and denote (&) also by ¢(&).
By using the asymptotic behavior of planar traveling wave
fronts of (4), we immediately obtain the following lemma.

Lemma 2. Assume that f satisfies (F1)-(F3). Then there exist
some positive constants A, k, and C, such that the traveling
curved front O(z, y) defined in Theorem 1 satisfies

0<1-®(z+M,y) < ke,

(26)
z<0, yeR,

|0, (z.9)|<C, (2y) € R, (27)
where M is defined in (21) and

e 4 m-T (28)

2c

A:: X:

o 1ol

Furthermore, there is

lim sup ®@,(z,y)=0. (29)

RoH0 m, yII>F



Proof. It follows from (9), (11), and (23) that

0<1-0(z+M,y)<1-¢(z+M,y)
=1—¢<§(z+M—m* |y|)> (30)

<1-9(S-m )+ m).

Thus (26) holds for z < 0 by (24).

Inequality (27) follows from the standard elliptic esti-
mates. Next, we prove that (29) holds. In fact, if (29) is not
true, there exist &; > 0 and {(z,, ¥,)} -, satisfying

nli_)rg)|z,, +m, |y,|| = oo,

(31)
D, (2,0 ) 2 &1
Define
D, (2,y)=@(z+2,y+y,), inB,  (32)
where
By={(z,y) e R*| 2+ y* < C}, (33)

with C > 0 a given constant. By extracting subsequence of ©,,
and denoting the subsequence also by ®,,, we have

®,(z,y) — ®*(2,5), inCjp, (Rz) , (34)

where ®*(z, y) is a solution of (7). On the other hand, by view
of (10) and (11), we have

Jlim sup |®,, (2, y) ~ 1| = 0,

0

(35)
limsup |f (@, (2, ))| = 0.
BO
Thus the strong maximum principle implies
9 (z,y) =0, in B,. (36)
0z
Then,
0
E(D” (z,y) — 0, asn— oo, (37)

which contradicts the assumption ®@,(z,, y,) = & > 0. Thus,
we complete the proof. O

Our main result is the following.

Theorem 3. For every c > ¢, let ®(:, y) be the traveling curved
front of (1) defined in Theorem 1 with speed c. Assume that
(F1)-(F3) hold. Then if uy(x, y) € (0, 1) satisfies

Uy (x,) 2 @ (Ixl, »),

lim — sup |ug (x,y) - @ (Ix], y)| =0, 9

R0 xX2+y?>R?
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there exist positive constants q, u > 0 and (, such that, for all
(x, y,t) € R?x[0, +00), the solution u(x, ¥, t;uy) of (1) satisfies

O(x—ct+0y)+O(~x—ct+{y)-1-ge*

<u(x, y,tuy)
(39)
SO(x—ct-0y)+@(-x—ct—-{y)-1
+ge ™,
Furthermore, one has
tim e, 7, t51) ~ 1] = 0 (10)

t—+00

locally uniformly with respect to (x, y) € R*.

Remark 4. Inequality (39) implies that the x-profile of
u(x, y,t;u,) approaches that of the traveling curved fronts.
In particular, it shows that the domain in which u is close to
1is expanding at the speed of ¢. The phase shift { is a positive
constant which will be defined in the proof of Theorem 3.
The similar stability about traveling curved front in cylinder
domain is treated in [32].

In the last of this section, we give the definitions of
subsolution and supersolutions for (1) in R? x (0, +00).

Definition 5. If a function u(x, y,t) € C*(R?* x (0, +00), R)
and satisfies

M <Au(x,,t) + f (u(x p.t)),
ot 4

(x,y) e R%, t>0,

then u(x, y,t) is called a subsolution for (1) in R? x (0, +00).
Similarly, by reversing the inequality in (41), we can define a
supersolution u(x, v, t) for (1).

3. Proof of Theorem 3

In this section, we prove the main result by constructing
appropriate sub- and supersolutions. In the following lemma,
we construct a subsolution for (1).

Lemma 6. Assume that (F1)-(F3) hold. Let ¢ > c. Then the
function

¢ (x, 3,t) =:<D(x—ct+M(1 —e_”t),y)
+<D(—x—ct+M(1 —e_“t),y)—l (42)
—qe
is a subsolution of (1) on t € (0, 00), where O(., y) is traveling

curved front of (1) defined in Theorem 1 and q,,pu > 0 are
constants defined in (21).
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Proof. Define

F(¢(xp:1)) = ?(xa)ty & Ap (% 3:1) (43)
- f(¢(x ).

By using the above prepared results, direct calculations give

9(9)=(Mye_”t—c)®z(x—ct+M(1—e_”t),y)
+(M‘ue_”t—c)®z(—x—ct+M(l—e_”t),y)
+q0ye_”t—<1>zz(x—ct+M(l—e_”t),y)

—CDZZ(—x—ct+M(1—eiﬂt),y)—(b (x—ct

yy

+M(1—e_”t),y)—®yy(—x—ct

+M(1—e7“t),y)
—f(o(x-ct+M(1-e),y)

+d>(—x—ct+M(1—e_”t),y)—l—qoe_’”)

(44)

= Mpe "0, (x—ct + M(1-¢*),y)

+ Mpe @, (-x —ct+ M (1-¢*), )
taoue ™ + (@ (x—ct+ M(1-¢™),y))
+f(0(-x-ct+M(1-e*),y))
~f(o(x—ct+M(1-e*),y)

+CD(—x—ct+M(1—e_”t),y —l—qoe_’”).

If x > 0, we consider two cases ®(x—ct+M(1—e ), y) €
[0,6]U[1-6,1] and ©(x —ct + M(1 - e_“t),y) €[8,1-4],
respectively.

Case A (D(x —ct + M(1 -e ), y) € [1 -8, 1]). By virtue of
(3), (21), and (25), we have

f(@(x—ct+M(1-e*),y))
~f(o(x-ct+M(1-¢"),y)
+O(~x—ct+M(1-e™),y)~1-ge ™) (45)
< (1-0(-x-ct+M(1-e™),y)

—ut
+ qpe ”),

since 0 < 1 — ®(—x —ct + M(1 —e ), y) + qee™ < 1 -
¢(M) + q, < 6. By using (17) and (25) and the fact that 0 <

5

1-®(-x—ct+M(1—-e*),y)<1-¢(M)<8/2forx >0,
we have

f((D(—x—ct+M(1 —e_"t),y))

(46)
£y2(1—®(—x—ct+M(1—e_”t),y)).
Thus, we have
7(¢)
S—yl(l—CD(—x—ct+M(1—e_’”),y)+qoe_”t)
+y2(1—<D(—x—ct+M(1—ef"t),y))
—ut
+qome (47)

< (yz—yl)(l—®(—x—ct+M(1—e””),y))
— (1 — 1) qoe ™
<k(p,=n) @V — (3 — ) goe
<k(r=y)e™ = (n - ae™ <0.
In the last inequality, we have used the facts (20), (21), and
(26)].3}7 a similar argument, we have F (?) < 0 for O(x — ct +

M(1-e ), y) € [0,8] with x > 0.

Case B (O(x —ct + M(1 — e_‘”t),y) € [0,1-0]). In a similar
way as above, for x > 0, we have

F(@(x-et+ 2 (1-6),))
—f(o(x-ct+M(1-¢"),y)
+0(-x—ct+M(1-e™),y)~1-ge ™) (48)
<Ly(1-0(-x-ct+M(1-e),y)
+q0e ),

where L, = max_g_,.;_s| f' ()|. Particularly, we have (46) in
this case. Lastly, due to (18), we have

®'Z(x—ct+M(1—ef"t),y)
(49)
+®;(—x—ct+M(1 —e_”t),y) < -y
Combining (46), (48), and (49), we have
F (f) < —p;Mue™™ + L, (1
-0 (—x —ct+M (1 - e‘*‘t) ,y) + qoe_“t) +7, (1

- d)(—x— ct+M(1 - e_”t),y)) + qope ™



< -y Mpe " + (L, +7y,) (1
—<D(—x—ct+M(1 —e_“t),y))+(L2+‘u)
“goe M < —pMue ™ + k(L + ;) et (L,
+ ) goe
(50)

Consequently, (21) implies F(¢p) < 0 for this case.

Similarly, we can prove %(¢) < 0 when x < 0. Thus,
we have showed that ¢(x, y,t) is a subsolution of (1) on t €
[0, 00). a O

In order to construct a supersolution for (1), we introduce
the following lemmas.

Lemma 7. Assume that (F1)-(F3) hold. Let ¢ > ¢; then for any
given constant N > 0, the function

oy (x, y,1) = (D(x—ct—M(l —e_“t)—N,y)
(51)
+gpe ™
is a supersolution of (1) on t € (0,+00), where O(-, y) is
traveling curved front of (1) as in Theorem I and q, u > 0 are
constants defined in (21).

Proof. As the proof of Lemma 6, we need only to prove
that the right hand of (43) is nonnegative for the function
¢Il\,(x, y,t) for (x, y,t) € R?% (0, +00). By a similar argument,
direct calculations give

7 (¢v)
= (-Mpe ™ —c) @, (x—ct-M(1-e™) =N, y)
—qope ™ @, (x—ct-M(1-e*)-N,y)
0, (x-at-M(1-eM) - N.y)
—f(@(x—ct-M(1-e™)=N,y) +qe*) (2)

= -Mue ", (x—ct-M(1-¢*)-N,y)

= Gope™*
+f(<D(x—ct—M(1—e_’”)—N,y))
—f(CD(x—ct—M(l—ef’”)—N,y)+qOe7”t).

To complete the proof, we consider two cases O (x — ct —
M(1-e*)-N,y) €[0,8]U[1-6,1] and ®(x —ct — M(1 -
e ")~ N, y) € [8,1 - 8], respectively.

For ®(x —ct—M(1-e*)-N,y) € [0,8]U[1-8, 1], we
just consider the case O(x—ct—M(1—-e*)-N, y) € [1-4,1].
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Since ®(x —ct — M(1—e*)=N, y)+ qoe”“ €[1-6,1+6],
it follows from (3) that

f(CD(x—ct—M(l —ef’”)—N,y)+q0e”‘t)

—f(®(x—ct—M(1_e-w)_N,y)) (53)

< —pgee .
By virtue of (11) and (21), we have

7 (9v)

> -Mpe @, (x—ct-M(1-e™)=N,y) (54
—qope ™ + y1g0e 2 g0 (1 —p) e 2 0.
For ®(x —ct — M(1-e )~ N, y) € [8,1 - 8], we have
f(@(x-ct-M(1-¢")-N,y))

—f(O(x-ct-M(1-e*) =N, y)+qpe ) (55)
> —Liqee ',

where Lj := max_s_,,,s| f (u)|. Particularly, (18) implies

!
z

) (x—ct—M(l—ef"t)—N,y) < -y (56)

Therefore, by (21) we get

F (ﬁbzlv) > y;Mue ™™ — qope ™ — Lygpe ™ 5
iy o (57)
> psMpe ™™ — (L + ) goe ™™ = 0.

Thus, (/)Il\,(x, y,t) defined by (51) is a supersolution of (1).
O

In a similar way, we prove the following lemma.

Lemma 8. Assume that (F1)-(F3) hold. Let ¢ > ¢; then for any
given constant N > 0, the function

ér (x, 9,1 ::d)(—x—ct—M(l—e_”t)—N,y)

t

(58)
+qpe ”

is a supersolution of (1) on t € (0,+00), where O(-, y) is
traveling curved front of (1) as in Theorem 1 and q,, 4 > 0 are
constants defined in (21).

Remark 9. Let ¢ > cand N > 0; it follows from Lemmas 7
and 8 that the function

by (x, 3,1) ::CD(lxl—ct—M(l—e_“t)—N,y)

+qpe M

(59)

is a supersolution of (1) on ¢ € (0, +00).

To complete the proof of Theorem 3, we establish the
following comparison result.
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Lemma 10. Let ¢(x, y,t) and ¢ (x, y,t) be defined by (42)
and (59), respectively, and uy(x, y) € (0, 1) satisfies (38). Then,
there exists N > 0 such that

¢ (x, 3,t) <u(x ytsup) < by (x, 9.t) (60)
forall (x, y,t) € R? x [0, +00).

Proof. By (38) and the definition of (42), when t = 0, direct
calculations give

$(x,0.0)=2(x,y) +P(-x,y) - 1-¢, <D (x,)

(61)
< 1y (%, )
for x > 0. Similarly, we have ¢(x, y,0) < uy(x, y) for x <
0. Therefore, the maximum principle for parabolic equations
shows ¢(x, y,t) < u(x, y,t;u,) for (x, y,t) € R? x [0, +00).
Similarly, by the definition of (59), when t = 0

$N(x’y’0):®(|x|_N,y)+q0. (62)

By (38), we have that, for ¢ = gy and N, > 0, there exists A > 0
such that

(%, y) <@ (|x|, y) +qo < @ (Ix| = Ny, y) + g

_ (63)
< éy, (x,,0)

in {(x, ) | X+ y2 > A%}, since D,(z,y) <0.

In the range of {(x, y) | x+ y2 < A%}, we have |x| < A.
Thus, by choosing N, > A — M and using (20), (21), and (26),
we have

$N2 (%,9,0) =1 - e MH=M-No=myl) @

S 1 keMA-M-(A-M)-m, 1y (64)

= 4o
>1-k+qgy>1
for (x, y) € {(x,y) | x* + y* < A*}. Consequently, we have
¢N2 (x, ¥,0) = uy(x, y) € (0,1) in this range.
Combining (63) and (64) and taking N > max{N;, N,},
we conclude that uy(x, y) < ¢, (x, y,0) for (x, y) € R2. Then

the maximum principle for parabolic equations derives that
(60) holds. O

Proof of Theorem 3. It follows from Lemma 10 that (60) holds
with N > max{N;, N,}. Thus, by (11), we obtain

By) =0 (x et M (1) )
+@(-x-ct+M(1-e*),y)-1
" (65)

>P(x—ct+{,y)+@(-x—ct+{,y)

—1-gpe ™

forall (x, y,t) € R? x [0, +00), if {; > M. On the other hand,
for x > 0, we have

by (6 y,t) =@ (x-ct-M(1-e")-N,y)

+qee ™

<O(x-ct-M(1-¢")-N,y)
+@(-x-ct-M(1-¢*)-N,y)
—1+qe ™ +1
~0(-x-ct-M(1-e*)-N,y)

<®(x-ct-M(1-¢*)-N,y)
+®(-x-ct-M(1-¢*)-N,y)

1+ qoe—yt + ke)t(—x—ct—M—N—m*lyl) (66)

SCD(x—ct—M(l—ef"t)—N,y)

+(I)(—x—ct—M(1—e_“t)—N,y)

—1+qpe ™ +ke™

<®(x-ct-M(1-e*)-N,y)
+®(-x—ct-M(1-e*")-N,y)
—1+(gy+k)et

SO(x—ct =3 p) + @ (~x—ct =05 p)

~1+ge™

if{, > M + N and q > (g, + k). By a similar argument, for
x < 0, (66) also holds.

Thus, if uy(x, y) € (0,1) satisfies (38), by taking { =
max{({},{,} and g > (g, + k), we obtain that (39) holds, where
qo and y > 0 are defined in (21).

The asymptotic behavior (40) immediately follows from
(39). This completes the proof of Theorem 3. O

4. Discussion

In the current paper, we have proved that the solutions of
the bistable reaction-diffusion equations converge to a pair
of diverging traveling curved fronts in R?. It means that the
solution u(x, y,t, u,) of (1) with initial function u,(x, y) sat-
isfied (38) behaving as two traveling curved fronts traveling
towards opposite directions and approaching each other. Our
result is different from the stability results in [9-11, 22, 26, 27].
Indeed, the interaction between traveling wave fronts plays an
important role in the study of reaction-diffusion equations
in R?, which is crucially related to the pattern formation
problem, and there are important applications in chemical,
physical, biological systems; see, for example, [39-41].



Atlast, we note here that the global exponential stability of
traveling curved fronts in the sense of Theorem 3 is a difficult
problem, since the level set of the traveling curved fronts
®(z, y) of (1) have two asymptotic directions as |z|] — +00,
and both directions make an angle with the negative y-axis,
which is different from the case of planar traveling fronts
(see [20]). We will leave it for a further study. Moreover, how
the solution of (1) approaches a “stacked” combination of
traveling curved fronts just as the study in Fife and McLeod
[29] is also an interesting problem but remains open.
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In this paper, we investigate a mixed discontinuous Galerkin approximation of time dependent convection diffusion optimal
control problem with control constraints based on the combination of a mixed finite element method for the elliptic part and a
discontinuous Galerkin method for the hyperbolic part of the state equation. The control variable is approximated by variational
discretization approach. A priori error estimates of the state, adjoint state, and control are derived for both semidiscrete scheme
and fully discrete scheme. Numerical example is given to show the effectiveness of the numerical scheme.

1. Introduction

The objective of this paper mainly focuses on developing
a mixed discontinuous Galerkin scheme for the following
control constrained optimal control problem governed by a
transient convection diffusion equation:

min ] (y,u)

1

T 2
= L L (y (5 1) = ya (x,1)) dx dt

y (T
+—j J u* (x,t) dx dt
Q

2 Jo
@)
. 9y
subject to E—sA}/—V‘(ﬁ)’)JF‘XJ’:f*'“’
anT:QX(O;T))
y=0, onTl;=0Qx(0,T),

y(x,0) = y,(x), in Q.
More details will be specified later.

This kind of problem plays an important role in many
fields, such as air pollution ([1]) and waste water treatment
([2]). In recent years the research of numerical method for

this kind of problem forms a hot topic. Lots of literatures
are devoted to developing effective numerical methods for
this kind of problem. In [3-6] the stabilization method
such as local projection stabilization, SUPG, and continuous
interior penalty method are investigated. The discontinuous
Galerkin approximation including primary discontinuous
Galerkin method and local discontinuous Galerkin method
is addressed in [7-12]. In [13] the authors discuss the charac-
teristic finite element approximation of transient convection
diffusion optimal control problem. For more references, one
can refer to [14].

In this paper, we investigate a mixed discontinuous
Galerkin approximation of transient convection diffusion
optimal control problem with control constraints. This
scheme is based on the combination of a discontinuous
Galerkin method for the hyperbolic part and a mixed finite
element method for the elliptic part of the state equation.
Variational discretization approach is utilized to approximate
the control variable. The work of this paper is motivated by
[8, 15] where a similar scheme was proposed for convec-
tion diffusion equations and stationary convection diffusion
optimal control problems, respectively. Similar to other
discontinuous Galerkin methods, this scheme is also locally
conservative, which makes it much suitable for problems
where conservation is important, for example, for time
dependent convection diffusion problems. Moreover, when
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the diffusion coeflicient tends to zero, this scheme reduces to
the classical discontinuous Galerkin method. Thus it inherits
the stabilizing features of discontinuous Galerkin methods.
We derive a priori error estimates of the state, adjoint state,
and control for both semidiscrete scheme and fully discrete
scheme. Numerical experiment is carried out to show the
performance of our scheme.

The rest of the paper is organized as follows: In Sec-
tion 2, semidiscrete and fully discrete mixed discontinuous
Galerkin scheme are defined for control constrained optimal
control problems governed by the time dependent convection
diffusion equations. In Section 3, a priori error estimates
of the semidiscrete scheme are derived. In Section 4, we
derive a priori error estimates of the fully discrete scheme.
Finally numerical example is given to illustrate the theoretical
findings.

2. Mixed Discontinuous Galerkin Scheme

Consider the following optimal control problem with control
constraints:

min ] (y,u)

%)
subject to a_{_sAy‘V'(ﬁy)”y:fW’

. 2)
in Qr=Qx(0,T),

y=0, onl;=0Qx(0,T),

y(x,0) = y,(x), in Q,

where () is a convex polygon with piecewise smooth bound-
ary 0Q). Here K is the admissible set defined by

K = {qe L*(Q):a<qxt)
(3)
<bae. in Qp with a,b € R, asb}.

a and f are given functions, ¢ > 0 is a constant, and f is a
given vector valued function, which satisfies « — (1/2)V - 8 >
y > 0 with a constant y > 0.

To define a mixed discontinuous Galerkin scheme for (2),
we introduce a new variable:

q=-¢"vy. (4)
Then the optimal control problem (2) can be rewritten as

min ] (y,u)

uek

y+ V() -V -(By) tay = f+u,
in Qr, ®)

q= —sl/ZVy, in Q,

y=0, onlIjy.
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Let T" be a regular triangulation of Q with element 7 and Q =
Uyern T- Let h = max,puh,, where h_ denotes the diameter
of the element 7. We define the following spaces:

v={ve (LZ(Q))Z:V-VELZ(Q)},
W={wel’(@:w,eH (), vreT"}, (6
U=1L1*Q).
For simplicity, we set
A(q,v)=(qV), qveV,

B(q,w) = (div(sl/zq),w), qeV, weWw,

(7)
D(y,w)= ) <j yﬁ-Vw—J Vs [w]n-ﬁds)
reTh T ot
+(ay,w), yweWw,
where
or_={leor, n-ﬁ|l<0}, (8)
n is the outward norm direction on 907,
[w] =w, —w_,
w, (x) = tlifg{w (x+1pB), 9)

w_(x) = tli%l_w (x+1tB),

and [w] = w, on d7 when d7_ ¢ 9Q. Then the weak formu-
lation for the optimal control problem (5) reads as follows:
finding (q, y,u) ¢ V x W x K such that

min ] (y,u) (10)

subject to  (y,,w) + B(q,w) + D(y,w)

=(f+uw), YweWw

(11)
A(qVv)-B(v,y)=0, VveV,
y(x,0) =y, (x), VxeQ.

Standard arguments techniques imply that optimal con-
trol problem (10)-(11) admits a unique solution and the
following first-order optimality condition holds:

(ypw) +B(qw) + D (y,w) = (f +u,w),
Yw e W,

A(q,v)-B(v,y)=0, WYveV,
~(zoy)-B(py)+D(v.2) = (¥~ yar ¥),
Yy e W,

A(p.9) +B(p,2) =0, VpeV,

T
J (yu+z,v-u)dt >0, VveKk,
0
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)’(X>0) =Y (X))
z(x,T) =0,

Vx € Q.
(12)

Let V, x W, ¢ V x W denote the Raviart-Thomas
element space of the lowest order associated with a triangular
or rectangular mesh T" of Q (see [16] for details). Then
the approximation scheme of (10)-(11) is as follows: finding
(@ Yo ty,) € V, x W), x K such that

min ] (y,u)
subject to (o wy) + B(qy wy) + D (yp wy)
=(f+upw,), Yw, €W, (13)
A(Qp V) =B (Vi y) =0, Vv, €V,
v, (x,0) =¥, VxeQ.

Here 7, is an approximation of the initial value y,(x).
Variational discretization approach is used for the control wu.

Similar to continuous case we derive the following
semidiscrete optimality conditions:

(Ve wy) + B (@ wy,) + D (v wy) = (f + o wy),s
th € Wh’

A(Qyvy) =BV y) =0, Vv, €V,

— (2> ¥i) = B(Prs ¥) + D (W>21) = (W = Yar Vi) »
Yy, € W,

A(pp @) + B(9),2) = 0, (14)
Vo, €V,

T
J- (}/Llh + Zh,vh - Mh) dt > 0, VT/h € K,
0

Vn (%,0) = ¥,
Zh (X, T) = O,
Vx € Q.

To define a fully discrete scheme we introduce a time
partition. Let 0 = ¢, < t; < --- < fy_; < ty = T be a time
gridwithk =t,-t,,, n=1,2,...,N.Let I, = (t,_,,t,] be
a half-open interval. We write ¢,, := ¢(t,,) for a smooth ¢.

We use backward Euler scheme for time discretization.
Then a fully discrete scheme of (10)-(11) is characterized as
follows: finding (qy,, yp,, u},) € V;, x W), x K such that

. n n
min u
min Tige (Vi )

1 N
= 5 2 k(i = yiloa + v 14ills)

n=1

3
yn _ yn—l
subject to (%, wh) + B(qp, wy,)
+ D (ypowy) = (f" +upwy),
th € Wh’
A(qp Vi) = B(Vi ;) =0, Vv, €V,
yZ =¥ VxeQ.
(15)

To obtain the fully discrete first-order optimality condi-
tion we define a Lagrange functional as follows:

L(Y 1 Qp Z 1y P Uy,)

N n_ n-l
= kz |:(fn + UZ - —yh kyh ,ZZ_I)
n=1

(16)
-B(qy2, ) -D ¥z ') +B(ph )

n _n-1 n o n
- A(‘lh»Ph )] + Tnge (V> 1) -
Here %, = (y;l,,yi,-T..,y;l,\])T, G, = (q;l,x‘If,’---»thN)T
Z, = (Zhzzy DS Py = (PhPh----P, ), and
U, = (upll, uﬁ,...,u,l:r)T. Then we derive the discrete first-
order optimality condition:

Yh— I
(22 ) B + DO

>

= (fn + UZ, wh) N th € Wh’

A(qpvi) =BV yy) =0, Vv, €V,

ZZ_I —ZZ n—1 n—-1
<T>%) -B(pi yn) + D (v 2 ')

=(h = Vpvn)s VYL €W, 17)
ARy )+ B(pnz ') =0, Y, eV,
(yup+2p '\ v-uy) 20, Viek,
)’2 = Yo
z,l:] =0,

Vx € Q.

3. Semidiscrete Error Estimate

The goal of this section is to prove the semidiscrete error
estimates for the state, the adjoint state, and the control. We
firstly decompose y — y;, and z — z;, as

Y=Y =y W)=y, W)+ y, (W) = yp,
(18)

z -z, =z () -z, () + 2, (U) - zp»



where y, (1) and z;,(u) satisfy the following auxiliary prob-
lems:

(Vne @), wy) + B(qy, (1), wy,) + D (y, (1), wy,)
=(f+uuw,),

A(q, (W), v,) = B(vp y (W) = 0,

= (2 W), 9,) = B(p (W), ¥1,) + D (¥ 2, (W)
= (7 W) = yar W) »

A(pr, (1), 9p) + B9y 2, (W) = 0,

yn (W) (x,0) = %,

2, ) (x,T) = 0.

(19)

For the following analysis we introduce a new norm:

b =7bka+3 Y [

el

()’ |n- B ds

T_

(20)
v |n- Bl ds.

2 J‘a oT.
+ —

Following [8] we have D(y, y) > IIyIIi.
Let (¥,q9) € W, x V, and (Z,p) € W, x V, be the
projections defined by

B(q-qw,) +D(y-jrwy) =0, Vw, €W, an
A(Q-3v,) -B(vpy-7) =0, Vv, €V,
D(y4,z2-2)-B(p-Pyp) =0, Yy, € W, 22
Alp-D-9y) + B(@,2-2) =0, Yo, €V,

According to [8] we have the following.

Lemma 1. If (¥,q) and (Z,p) satisfy (21)-(22), respectively,
then we have

la-aleq + 1y - 712 < Ch(lal pa + 17150)
Ip—plsq + Iz =212 < Ch(lpl ng + 1213 4) -

Lemma 2. If (7,q) and (Z,p) satisfy (21)-(22), respectively,
then the following estimates hold:

— 2 2 2 2
la; - ‘lt"(m + |y = 7], <Ch (“thI/Z,Q + "yt”m)’

Ip: = Belloq + Iz — ZI2 < Ch(IpIE 00 + 11215 ) -

Proof. Differentiating (21) about t, we have

B(q; — Gpwy) + D(y, — Jowy,) =0, Vw, € W, (25)
A (qt - (lt’Vh) -B (Vh>J’t - )7t) =0, Vv,eV,
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Set P, : W — W, and II;, : V — V,, to be the interpolation
operators for the standard RT element space (see, e.g., [17])
such that

(v =By, w,) =0, Vw, €W,

(26)
(div (¢ — M), wy) =0, Yw, € W,
Then we have the following approximation properties:
I = Puvloa < Ch7 W0
s=0,1, Yy € H) (Q),
(27)
6 - Tllyq < CH'I¢,0
1 y 2
5SV<1’ V¢ € (H) ().
Let
q-q=q-IL,q+I,q-q =1+
_ _ (28)
y-y=y-Py+Py-y=n,+§,
Then we derive
B (”q,t’wh) +B (Eq,t’ wh) +D (ny,t’ wh)
+D (&, w,) =0, Vuw, €W,
(29)

A (ﬂq,t’vh) +A (Eq,t’vh) -B (Vh’ ’7y,t)
~B(vi,,,) =0, Vv, €V,

By the definition of interpolation operators P, and II, we
obtain

B (nq,t,wh) =0, Yw,eW,

(30)
B(Vip,) =0, Vv, €V,
Setting wy, = §,,, and v;, = §, leads to
A&y 8ae) + D (§080)
(31)

=A (’7q,t’ _Eq,t) +D (’7y,t’ _Ey,t) >

namely,

2
[Eadlo + €.

Since the function in W), is piecewise constant, using the
definition of D(:,-), we have for allw € W and 0 ¢ W,

D (w,0) = gh (j
+ (aw, 0) (33)

zo_zj

TeT" or.

i <A (’7q,t’ _fq,t) +D (’7y,t’ ‘fy,t) . (32)

wp - Vo - J-ar_er [G]n'ﬁds>

w, [0]n- Bds+ (aw,0).
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Therefore, we get the estimate as follows:

lealo * 1sell <€ (lradlia + Il

+COY LL (1)’ In- Blds+Co (Il%lli,o (34)

i+ [, (el - plas)

Note that

la - m,q]l,,q < " llall 0

(35)
”)’ - Phy”o,o <Ch ”)’”1,0 >
and according to [18] we have
Z J (”y,t)i In-plds<C Z ||;1}V’t“§ar
rerh 19T TeT ’
(36)
<CY el Iyl < Chllyilia-
TeTh
Then we derive
0l + 18 < C@n(laclh i+ Il 0) o
37

)

+ G (€l * 165

By setting § small enough we obtain

/
(Jealin 16" = ' (lalya + Il ) 39

Using triangle inequality we have

la: =@lsq + Iy - 7l

2 2 2
A ailon + 8l

2
<
< [racloe + e

which implies the first theorem result. Similar to the above
proof we have

lp: - ﬁt”(z),g + ||z, - Et"i <Ch ("Pt"f/z,o + ||zt||f0) . (40)
Using the above estimates we can derive the following. [

Theorem 3. Let (y,q, z, p) and (y,(u), q,,(1), z;, (1), pp(11)) be
the solutions of (12) and (19), respectively. Then we have

(= y4 ). q - @, @)][, < Ch". (41)

Here

2 2 T 2 T 2
IO @I = Dl + [ Il e+ [ laulia e 2

and the constant C depends on the norms of y and q.

Proof. Using (12) and (19) we derive the following error
equations:

()G - )’hJ’(ll): UJh) +B ((l'_ q (ll), U)h)
+D(y =y, (W), w,) =0, Vw, € W,

(43)
A(q-q, W), V) = B(vp y =y, (W) = 0,
Vvh € Vh'
We split the errors y — y;, (1) and q — q;,(«) into
Y@=y =J+y =y, W),
(44)

9-9: () =q-q+q-q, 1),
where (7, q) is defined in (21). Then we have
(e = Fown) + (71 = s (W) s wy)
+B(q-qy, ), w,) +D(¥ -y, (W), w,) (45)
+A(q-q, @), v,) = B (Vi J =y () = 0.
Setting ¥ = ¥ — y,,(#) and 0 = q — q;,(u) gives
(Xewy) + B(0,wy) + D (x,wy) + A(0,v) (46)
=BV x) == (3 = Fowy).
Choosing w;, = y and v;, = ¢ in the above equation leads to
o) +D(LxY) +A@.0) =~ (3~ Fux).  (47)

Since D(y, x) = |l Xlli, then we deduce by Young inequality
that

1d 2 2 2
N I ”

<9 "X”gn +CO|y: - 7t"§,0 .
By setting § small enough we derive

1d 1 —
S Wloa + 5 Il + 1ol < Clye = Fillsa- @49

Note that x(0) = 0. Integrating (49) from 0 — t leads to

t t t
I @la+ | I+ [ 1080 =c | bi-ska. G0

Similarly, integrating (49) from 0 — T yields

T T
e loa+ | I+ [ 1ot
0 0
(51)

T ~ 12
<c| In-lias

which implies

T ) T 5 T 5
[ e+ [ wolasc| y-sla 62



Combining (50) and (52) we deduce that

T T
I @la+ | Il + | otk

(53)
T 2
<c| -7l
By Lemma 2 we further derive
2 L
I @la+ | Il + | ol
T T (54)
<on( [ ol [ Inkia)-
Then by triangle inequality and Lemma 1 we obtain
16 = 5009 = @ @I < k(I + I
T T T
+ 1 lallip0 + "y"uz + "‘lt “1/2,0 (55)
0 0 0
T
o[ Inlia).
0
This implies the theorem result. O

Theorem 4. Let (y,q, z, p) and (y,(u), q, (), z,(u), p,(u)) be
the solutions of (12) and (19), respectively. Then we have

ll(z - 2, @), p - P, @)]], < Ch">. (56)
Here the constant C depends on the norms of y, z and q, p.

Proof. Using (12) and (19) we derive the following error
equations:

= (2 = 25 (W) y3,) = B(p— Py (W) y5,)
+ D (v, 2 =2, W) = (v = 3 (W), ),
Yy, € Wy, (57)
A(p-p,(),9,) +B(gy,z -2, ) =0,
Ve, € V.
We rewrite the errors z — z,, (1) and p — py(u) as

z-z,(u)=2z-z+z-2z,(u),

o (58)
P-Pn)=p-P+Pp—py1),
where (Z, p) is defined in (22). Then we have
- (Zt —-Zp 1/’h) -(z - 2y (), 1/’h)
~B(P-pu@),y) + D (v, 2 - 2, ()
(59)

+ AP -p, W), 9,)+B(e,Z -z, ()
==y, y).
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Setting £ = Z — z,(u) and p = p — p;,(u) we have
= €own) = B(py) + D (v §) + Alps 9p)

(60)
+B(91:§) = (2 = Zoyn) + (v = 7u (), ) -
Taking y;, = £ and ¢, = p yields
~(:8)+ D& + Alp.p)
(61)

=(z-Z.)+(y -y W), 8.
Since D(&, &) > ||E||i, then

1d 2 2 2
EROR KL,
<|(z =2 )|+ |(y = yu ), )|
Using Holder inequality and Young inequality we derive
1d
e O o+ I ok
<8[&loa +CO ez - Zlhq (©

+C@® |y -y @i g-

Choosing 6 small enough we obtain

1d 2 L2 2
2O+ 5 1L + ol o
<CO e ~alha + €@ 1y = 0l
Integrating (64) with respect to t from t — T yields
2 Tz (Mo
e Olia+ [ 181+ | Dok
(65)

T T
sc| la-zlha+C | Iy-mwla.

where £(T) = 0 was used. In an analogue way, integrating (64)
from 0 — T results in

1 T
SO+ [ 1l

2 T 2
2o ] el

(66)
T ~ 112 T 2
sc| la-zha+c| Iy-n0l.
We further have
T 2 T 2 T —~ 2
J, 1+ [ lelia=c ] le-zlia
(67)
T 2
+C [ Iy =50l
Combining (65) and (67) we deduce that
2 T 2 T 2
e Ol + [ 11 + | ol
(68)

T T
<c| fa-zka+c| Ir-nwlo.
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Then we can derive the theorem result by using Lemmas 1and
2 and Theorem 8 and triangle inequality. O

Lemma 5. Let (y;, Qp, 23, Pp,) and (y,(w), qi, (), 2, (1), pp(w))
be the solutions of (14) and (19), respectively. Then we have

T
103~ 3m 00205~ a5 @I <€ | o= n g

. (69)
24~ 24 6.1~ G < C [ -l

Proof. Using (19) along with (14) leads to
(Wht = Yne @) wp) + B(qy, — qp, (1), wy,)
+D (yy, — yp (), wy,) = (w, —u,wy,),
th € Wh’ (70)
A(qn —q, @), vy,) = B(Vip, vy — v () = 0,
vVh € Vh'

Setting Y, = y, — y,(u) and Q;, = q;, — q;, (1) and choosing
wy, =Y, and v, = Q, lead to

(Yo Yi) + A(Qup Q) + D (Y, V) = (wy —wY3,) . (71)
By Young inequality we have

1d
Wl QR + il

(72)
SCO fu-wloq + Ol -
Similar to the proof of Lemmas 1 and 2 we have
2 T 2 T
Willo + [ IQulia+ [ 1l
(73)
g 2
<c| Ju-ulio.
By (17) and (19) we derive
= (s = 2ne W), y1,) = B (P, = P (W), 1)
+ D (Y2, = 2, W) = (Yo ¥) Yy, € W,
(74)

A(p, —pn () >‘Ph) -B (‘Ph’zh -z, (W) =0,
V(Ph € Vh‘

Setting Z;, = z;, — z;,(u) and P;, = p;, — p,(u) and choosing
Yy, = Z;, and @, = P, yield

= (Zni Z1) + APy, Py) + D(Z),, Z3) = (Y Zy) . (75)
Furthermore, we derive by Young inequality

2
®

1
= 1Zloq + IPullsq + 12

(76)
<C© IWillza + C312Zuli0-

7

Similar to the proof of Lemmas 1 and 2 we have

2 T 2 T 2 T 2
IZloa+ | IPulia+ | 12k <C [ ki
(77)
T 2
<c| fu-ulio.

Then the theorem result follows from (73) and (77). O

Lemma 6. Assume that (y,q,z,p,u) and (yy,, Q> Zp> Pr> Up)
be the solutions of (11) and (14), respectively. Let

T

],:(u)(v—u)=J. (yu+z, (w),v-u), (78)

0

where z;,(u) is the solution of (19). Then the following estimate
holds:

T (v =u) =y ) v=1) 2y v - ul 2oz - (79)

Proof. By the definitions of (y;,(u), q;,(1)), (z,,(1), pp(11)) we
have

(yh,t V) = Ype (W), wy,) + B(q,, (v) - q; (w) , wy,)

+D (y, () =y, W), wy,) = (v -, wy,),

th € Wh’
A(q, (v) = q;, (W), v,) = B(Vip, 3, (v) = 3, (W) = 0, (50)
Vv, € Vy,
(2 (W) = 21 (V) s w,) = B(pp, (v) = py, (W), y,)
+D (Y2, (v) = 2, W) = (3, (V) = 3, W), 9,) s
A(py (V) = pp, (W), 9,) + B(@y 2, (V) — 2, () = 0.
Note that
Iy ) (v=u) = T () (v - u)
T T
= J (yv+2,(v),v-u) —J (yv +z), (u),v—u)
0 0
T
= L (yv-u),v-u)
(81)

T
+ Jo (Zh(V)—Zh(u)aV_u)
_ 2
=y v = vz )

T
+J (2, (V) =z, (u),v—u).
0



By setting wy, = z,(v) — z,(1), v;, = pp(v) — pp(u) and y;, =
(V) = y(w), ¢, = q,(v) — q;, () in the above equations,
respectively, we can prove

T T
L (2, V) =z, (w),v—u) :J (v-uz, ()

0

-z, (1))

T
A RCCAC A EACEEA®)

’ (82)
+B(q, (V) —q, (1),2,(v) — 2, ()

+ (Yot (V) = Yo t (W) 2, (V) — 25, (1))
+A(q, () - q, W), p, (v) — py (1))
= B(p, () = pp (W), y, (V) =y, ()] .
Since (y,(v) — y,(1))(0) = 0, (2,(v) — z;,(w))(T) = 0, and

T
J-o Vpe ) = vy W), 2, (v) — 25, (u))

T
= - J (W ) =y, W), 24 (v) = 2, (W) (83)

0
T
+ (7 (V) =y (W), 2, (V) = 2, (W))| =0
0

we can prove that

T
J (2, V) =z, (u),v—u)
’ (84)

T
- [ 040305 0 - @) 20
Therefore, we derive

T w=u) = I @) (v =) = yIv = ulborzay - (85)
O]

Lemma 7. Let (y,q,2,p,u) and (¥, Q> Zn> P> Uy) be the
solutions of (11) and (14), respectively. Then we have

flu - ”h"LZ(o,T,LZ(Q)) < Ch'". (86)

Proof. By Lemma 6 we have

¥ - uh"iz(o,T,Lz(Q)) s (];’1 () = Ty, () st = ”h)

T
=J (o + zp, (u) ,u — uy,) dt
0

T
- Jo (o, + 2 u — uy,) dt

T
= Jo (au+z,u—uwy,)dt

T
+J (2, W) —z,u—uy,)dt
0
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T
+ J (ouy, + z, wy, — 1) dt
0

T
SO+J (2, W) —z,u—uy)dt +0
0

< |lzn () - 2 ||L2(0,T,L2(9)) Jloe - ”h”LZ(o,T,LZ(Q)) :

(87)
Using the result of Theorem 4 yields
e - uh“Lz(O,T,LZ(Q)) <Clz, () -2 "LZ(O,T,LZ(Q))
(88)
<Ch'".
O

Theorem 8. Let (y,q, z, p) and (y,(u), q;, (1), z;,(w), p,(11)) be
the solutions of (12) and (14), respectively. Then we have

"M - uh”Lz(O,T,Lz(Q)) + |||()’ ~Ywdq- qh)“l+

» (89)
+|[(z =z p —pu)l, < Ch 2
Proof. By Lemma 2 and (88) we derive
G =y a=an)llls < 10 = 3 )9 - @, @)
+ | (vn @) = ypo @, () - %)"ﬁ <Ch ("q"f/z,o
T T 90
Dlia) ) -l v on( [ tatnn O
T 2 T aq 2 T ay 2
+ L ||y||1,g + L ; . + L 3t )
Combining Lemma 5 and (90) yields
1z = 2P =PI < [z - 2, @), p ~ B W)
116z @0 - 230 6 = P < O (19l
2 T 2 T 2
Flelin+ [ e+ [ 12t0) o
Tlop|? ozl (T
+Ch (L el [N 5 I

T 2 T 2
[ blia) e -l

Combining (88)-(91) we can derive the theorem result.  [J
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4. Fully Discrete Error Estimate

In this section we will prove the error estimates for the fully
discrete scheme. For this purpose we firstly introduce the
following auxiliary problems:

n -1
(M,%) + B(q) (1), wy,)

+D(yZ (u),wh) = (fn +un, wh), th € Wh’

A(qy (1),v,) =B (v yp, (W) =0, Vv, €V,

n—1 _n
A RICRCED
+D(yzy " (W) = (v (W) - Y v)» 02)
V‘l//h € Wh’

A (pZ"1 () ,(ph) +B (¢h,zZ_1 (u)) =0, Ve,eV,
J’E (1) = Yo»
zy (W) =0,

Vx € Q.

Lemma9. Let (y,q,z,p) and (y},(u), q;, (), ZZ_I (w), pZ‘l (u))
be the solutions of (12) and (92), respectively. Then we have

Ny =y w.a-aq, )], <C(h"*+k), (93)

where

N N
[[C20] [ P P S I  F CE0
n=1 n=1

Proof. Using (12) and (92) we derive the following error
equations:

n n _ a1
(aL _ M»%) +B(q" - q (1), w,)

ot k
+D(y" =y, ), w,) =0, Vw, €W, (95)
A(q" - q;, (W), v,) = B(vi, " =y, W) = 0,
Vq € Vh'

Setting y = ¥ — y,(u), p = y — y,and 0 = q — q,(u) and
combining the definition of ¥ and q we have

n__  n-l
(%,w;) +B(a",wy,) + D (x", wy)

a n n_  n-1 n__ n-1 (96)
:_<%_%,wh)_(%,wh),

A(0"v) = Bv (") = 0.

Testing (96) with wy, = " and v, = ¢” yields

n n—1
X =X n n o n n .n
(55 0) +atme + DG )

A A A W L A B L)
- (at kX kNt

=D, + D,.

By Taylor expansion with integral reminder we deduce that

n n—1
1

Y Y-y fn o'y
A zj (£ tyea) Szt

(98)

t" a

n n—1 P
D —p = _dt'
J;ml ot

By Hélder inequality we obtain

|

2 .
<k j
0,Q) [

tn

n n—1 2

o Yy
ot k

82)/

Frel

0,Q

(99)
op |

dt.
ot

o= oo < |

tn—l

0,0
Then by Young inequality we derive

tn

Dy <COk| dt+ I

by 0

2
0,0

e
t2

(100)
2

tn

D, sC(&)%L

i
ot o

dt + 81" [0
,Q

Choosing § to be small enough leads to

a0 hg) + 1l + 3 I

1 (%
dt+C—J
k tnfl

2
®

, (101)

dt.
0,0

t,

i %

t2

op

< Ck
J.t ot

2
0,0

n—1

Multiplying (114) by 2k and summing up with respect to n
from 1 to m yield

my 2 < n|2 < ny2

0,Q 0,Q *

1" loq + 72 16" loq + 721X
n=1 n=1

(102)
2

tm tm

7y
2

t

il

0,0

kaZJ

0

dt+CJ

0

2
0,Q

Multiplying (101) by 2k and summing up with respect to n
from1to N lead to

N 2 & n|2 al ny2
[ e+ K Z N + KX I
- . (103)
2

dt.
0,0

T aZ T b
kazj a—tf dt+CJ %
0

0

2
0,Q
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Collecting above estimates we have

N N
"I+ k- oI5 + k3 X"
n=1 n=1
(104)
T aZy 2

T b} 2
2 P
< Ck JO ﬁ -—

dt + CJ
0,Q 0

Using above estimates, Lemmas 1 and 2, and triangle inequal-
ity we deduce that

dt.

tllo,q

(v =y ), q=q, )],

< Ch'"? (|Iq"L°°(0,T;H”2(Q)) + ”)’||L°°(0,T;H1(Q))

+ ||qt"L2(O,T;H1/2(Q)) + "yt”LZ(O,T;Hl(Q))) (105)
2
+ Ck 9 a7 .
Ot || 202
O

Lemma 10. Let (y,q,z,p) and (y,(u),q,w), szl(u),
Z‘l(u)) be the solutions of (12) and (92), respectively. Then we
have

Iz -2z, @), p—py W)]|, <C (K> +K).  (106)

Proof. Using (12) and (92) we derive the following error
equations:

_zZ‘l (W) —z; () 0z
p ar Y

-B(p"" —p W), y)

+D(y2" =2 ) == (h @) =" vn) o)

+ ()’ )’Z_l"//h)> Yy, € W,
AP =P W),w,)
+B (vh,z"*1 -z (u)) =0, Vv, €V,

Setting & =Z — z,(u), 7y = z — Z,and ¢ = p — p,,(u) and using
the definitions of Z and p give

(S ) +8(o )+ ()

~(pw -y + (5 -

azn—l Zn—l_Zn -
+< o Tt

n-1 n
_ Ui -n n—1
< k )E )’

A(O'nil,Vh) - B(Vh,gnil) = 0, Vvh € Vh'

yZ’l,wh)

(108)
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Choosing w;, = &' and v;, = ¢” in (108) yields

(En_ k_ gn,gnl) + A (o,n—l)o,n—l) +D (En—l,En—l)

_ (y]r; (u) _ yn—l’ fn—l) + (}’Z _ ys—l’ En—l)
azn—l zn—l _ Zn 1
i ( o TR ¢ )

n-1 _ _n 4
_(n : n ’En_l):ZTi.
i=1

Using Holder inequality and Young inequality we obtain

(109)

n n||2 tn a)/ ?
T, <CO) | |y @) -y ”o,o+kj Ia— dt
th1 t 0,Q
a2
) A 9
n ayd ? n-1||2
ek |3 arol Tl g
]| 9%z | R
rec@k| |22 drvslefr,
tn—l t 0,Q ’
1 (5 (o) 12
T,<CO 5 L o L S
Then by setting & small enough we have
1 n—11|2 n||2 n-1|2 n—1||2
2 (e oo = I T50) + o o+ I
b lo 2
<Clyiw-ylavok| |2 a
n—1 0>Q
. , ol (111)
vk | Ya dt + Ck | i [
too Il Ot llog ta 11087 {00
1 (% |lon|?
+C% Jtn_l a Oth.

Multiplying (111) by 2k and summing up with respect to n
from m to N yield

N N
m-1]2 n—1||2 n—1||2
& oe 2 Jo™ o + 2 181
n=m n=m

N 2 2 (Mo
< Ckn:zm “yh (u) -y HO,Q +Ck jm E 0,Q d
(112)
T 2
+ckzj 2 s Ckzj B_z .
b 0,Q b a
T 2
L C J il
tm at 0,Q
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Multiplying (111) by 2k and summing up with respect to n
from 1 to N give

2

N
kz En—l
=1

N
Toatx2 b l;
€100+ &2 Jo™ o +
n=1

*

2

0
< CKY 15 00—y +CF J ll% L
" ’ (113)
T 2 T (32, |1
vk | Y dt + K | i [
0 0,Q o ||ot 0,Q
T 2
+C J o dt.
o Il ot o
Collecting (112) and (113) we obtain
N
n-1|2 n—11|2 n-11|2
€ o+ 22 I o+ K2 6,
N T a 2
<Ok -y la+ ok [ |2]
n=1 ’ 0 ot 0,Q
(114)
T 2 T 3212
rok? | Y d + K | i
o |l ot 0,0 o || Ot 0.0
T 2
+C J o dt.
o 10t lloq
By Lemmas 1 and 2 and triangle inequality we derive
l(z = 2, &) p = P W)l
< Ch'"? (||CI||L°°(0,T;H1/2(Q)) + “y“L‘X‘(O,T;Hl(Q))
+ "qt”LZ(o,T;Hl/Z(Q)) + "yt“LZ(O,T;Hl(Q)))
+ Ch' (Pl ooy + 120 ey
(115)
+ "Pt"LZ(o,T;Hl/Z(Q)) + Hzt”Lz(o,T;Hl(Q)))
e 1 I
Ot |l 20,1512 () L2(0,T:L3(Q
iy i )
08 || 20,1200
O

Lemmall. Let (y,,q), zZ"l, pz_l) and (y;,(u), q;, (), zZ_l (u),
pZ‘l(u)) be the solutions of (12) and (92), respectively. Then we
have

1

NG = v @) @i — @ @)

N
< CkY Juy - u'lq

n=1

(116)

(2, = 21, @), Py — P (”))"Io < CkZ oay, — Ilon

=
Proof. Using (92) along with (17) leads to

< = yh @) = (= ) )
k > L

+B(q; -

q; (1), wy) 117)

+D(y, = vy ), wy) = (4, —u"wy,),
A(qy —q, W), vy,) = B(vi, vy = vy () =

Choosing wy, = y, — y,(u) and v;, = qj, — q;,(14) in the above
equations and adding the resulting equations together yield

=y - - w)
s Vn = Y ()

k
q, W), y, = v, W)
Vi W), yp, = vy (W)

+B(q; -
+D (y, -
+A(q, -
- B(q;, -

= (w, —u", yy =y, W)

Setting %}, = y, — yp(u) and @, = q,
equation leads to

(118)
q, (), q, - q, ()

q, W), y, =y, W)

— qp,(u) in the above

?n B ?rkl n n n n mn
(% Y |+ DY 1) + Al@, @)
(119)
= (up =" 73)
and then
?Z - Z_l n) n|2 n|2
e + +]@
(L)t el
< (uy — " 7).
Furthermore, we have
e 2T 0 WO R 7 el Lo
121)
<CO |y~ "0+ 81%hlo0 -
Similar to the proof of Lemmas 9 and 10 we have
2 ol 2 N 2
1300 + k2 NZAL + kY 1@3loq
n=1 n=1 (122)

al 2
< Ck Yy = loq»
n=1
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Similarly, by (17) and (92) we derive

(z — a5 ) - (5 - 2 W) )
k Vi,
-B(p, ' -py " (W), )
+D 2y -~z (W) (123)

= (" = @),

APy —ph @) on) + B(owz -2 ()
=0.
Taking y;, = z;l’_l - zZ"l(u) and ¢, = pz_l - pZ‘l(u) in the

above equation, setting Z7' = 2" — 2/ '(u) and P} =
PIZH - pZ’l(u), and using similar argument to (124) give

N
[ Toe + kX N5 |
ko llo,0 ] b« 0,0
P

(124)
& n n 2 & n ny2
<CkY Iy =y g < kY Juy — "l

n=1 n=1

Then the theorem result follows from (122) and (124). O

Lemmal2. Let(y,q,z,p,u) and (¥}, q}, 2z} ', p}y ', u}) be the

solutions of (12) and (92), respectively. Let

N
T W) (v—u) = kz (yu" + ZZ_I (u),v" - u") , (125)

n=1

where z} ' (u) is the solution of (92). Then the following esti-
mate holds:

(T ) =Tr @), v—1) = yllv-uloriy . (126)
Here |Iv = ulll g 7120y = K Yoot IV =
Proof. Note that
(7 ) = Ty, (), v = u)
N
= kz (yv" +z2p ) -y =2 W),V - u")
n=1
N
= kZ (pV" —pu" V" = u")
=1
’ (127)

+k

Mz

(ZZ_1 (v) - ZZ_I (u),v" - u")

Il
—

n

2
=Y |||V - u” |L2(0)T)L2(Q))

+k

Mz

(zZ_1 ) - ZZ_I (uw),v" - u") .

Il
—

n
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- qZ(u)) Z;/l:l =
Yw), by the

Setting Y;' = y,(v) — y,(w), Q; = q,(v)
Ty - ZZ_I(M), and PZ‘I = pZ"l(v) - py
definition of yj, (1) and zZ"l (u) we have

Yr_y" 1
(=) + B@un) +D (7w
="' -u"w,),

A(QZ’Vh) -
Z ! _Zn n n—
(%Wk) - B(Ply) + D(I/’hs Zy 1)

= (Y ),
A (PZ_I’ ‘Ph) +B (‘Ph’ ZZ_I) =

Choosingwy, = Z} ', v, = P} and y, = Y}, ¢, = Q}. in the
above equations, respectively, we can easily prove that

B(v,Yy) =0, w0s)
128

N
kz (zZ_1 W) -z W),V u") > 0. (129)
n=1
Therefore, we derive
(T ) =Ty @), v—u) 2 yllv—ullforqy - (130)
O

Lemmal3. Let(y,q,z,p,u)and (v}, q}, 2z}, p) ', u}) bethe
solutions of (12) and (92), respectively. Then we have

0z

3% (131

e - ”h|||L2(0TL2(Q) < Ch'+Ck| =

L*(0,T,L%(Q2)) .

Proof. Following Lemma 12 we derive

¥l - uh"liz(o,T,Lz(Q)) £ (T;l (u) - E’ () 1 = ”h)

N
= kz (yu" +zp (), - uZ)U
N
- kz (yu +z - uZ)
Up)y

N
= kz (yu" + 2" u" -
n=1

T -2 - uZ)
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N
- kz (zz_1 W -2 - uZ)
n=1
N
+ kz (" =2t - ).
n=1
(132)
Using Young inequality we obtain
[l — ”h"lLZ(o T2(Q) = Ch'"* + Ck 0z (133)
' ot L2OTQ)
O

Theorem 14. Let (y,q,z,p,u) and (y},q}, 2 ,p} ' ul) be
the solutions of (11) and (17), respectively. Then we have

s - ”hllle(o,T,Lz(Q)) +1(y =y a =l

(134)
+||(z =z p—Pu)lll, < C(h”2 +k).

Proof. By Lemma 9 and using triangle inequality we derive

N = ywa=-a)lls < 10y -y 0. a - q, @)|[5
+ G @) = v @i @) - a2

<Ch (”q”i‘x’(o,T;H”z(Q)) +ly ”i“"(O,T;Hl(Q))

(135)
2 2
+ ”‘lt"Lz(o,T;Hl/z(Q)) + ”yt"LZ(O,T;Hl(Q)))
0* y 2
+Ck? % +C||lu - uhl“iz(O,T;Lz(Q)) :
12(0,T5L2(0))
By Lemma 10 we deduce that
Iz =z p =Pl < [z = 2, ), p = P @),
+ 1z @) — 230 b () = B[
<Ch (”P"im(o,T;H‘“(m) + ”Z"iw(o,T;Hl(m)
2 2
+ ||Pt||L2(o,T;H1/2(Q)) + "Zt"LZ(O,T;Hl(Q))
(136)
+ "y”i‘”(o,T;Hl(Q))) +C||u - uh"liz(o,T;Lz(Q))
0
e (D | 2],
L2(0,T5L2())
=
0t || 20120 .

13

Combining Lemma 13, (135), and (136) we arrive at

et = vl 202,020 + N = 0 @ = @)l
{1z = 212 =~ Plls < CH" (oo pi ey
+ W0z @y + 1920 rane)
+ “yt||L2(0,T;H1(Q))) +Ch'? (||P"L°°(0,T;H”2(ﬂ)>

+ |2l oo o, ) + l|pt”L2(O,T;H1/2(Q)) (137)

+ “Zt“LZ(O,T;Hl(Q))) +Ck ("yt||L2(O,T;L2(Q))

aZ

” 2
o

L2(0,T5L%( Q)) 2(0,T;L2(€2))

oz
ot?

>

L2(0,T;L2(QY)) )

which completes the theorem. O
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Analysis of predator-prey dynamical systems that have the functional response which generalizes the other types of functional
responses in two dimensions is mainly studied in this paper. The main problems for this study are to detect the if and only if
conditions for attaining the periodic solution of the considered system and to find the condition for global asymptotic stability of
this solution for some different types of predator-prey systems that are obtained from that system. To get the desired results, some
aspects of semigroup theory for stability analysis and coincidence degree theory are used.

1. Introduction

Predator-prey dynamic systems mainly investigate the rela-
tionships between the species and the relation of the species
with the outer environment. Analysis of such kind of math-
ematical models is really important because, by using these
analytical results, one can see the future of the species.
The analytical results for these systems change according to
two main issues. The first one is the functional response,
which shows the effect of predator on prey and the effect of
prey on predator. The second one is being in the periodic
environment. In this study, by using these two issues, the
necessary and sufficient conditions to have globally attractive
or globally asymptotically stable solution for some different
types of predator-prey systems are found.

First, let us give some information about the meaning of
functional response and the types of functional responses.
As it is remembered above, functional responses show how
and how much predator gets benefit from the prey and how
and how much prey is affected by predator. There are many
types of functional responses. Some of them are Holling type,
Beddington-DeAngelis type, ratio type, monotype, semiratio
type, and so on. The following studies are some examples
about predator-prey models with Holling type functional
response: [1-3]. Studies that are about Beddington-DeAngelis

type functional response are [4-9]. Predator-prey systems
with other types of functional responses are studied in [10-
13]. In this study, the main aim is to formulize the functional
responses in a general form. In other words, the essential
object for this study is to be able to express different types of
functional responses in one functional response. Therefore,
the dynamical properties that are valid for this system become
also valid and useful for the other types.

The second issue in that study is to be in a periodic
environment. In nature, periodicity can be seen in many
different circumstances. For example, many animals ovu-
late periodically or many insects have periodic life cycle.
Therefore, the analysis of the predator-prey dynamic system
in a periodic environment is very significant. On the other
hand, in population growth model, the significantly studied
problem is the stability and global existence of a positive
periodic solution in that system. In an autonomous model,
the globally stable equilibrium point is the same as the notion
globally asymptotically stable positive periodic solution in
a nonautonomous system. Hence, the main problem in
this study is to determine under which conditions globally
attractive positive periodic solution is attained for the systems
with different functional responses that are obtained from the
system with generalized functional response. Additionally
the importance of this issue can be seen from previous
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studies, since this subject is investigated in those ones. Some
of the examples can be given as follows: [3, 10-20].

In study [21], some kinds of impulsive predator-prey
systems have been investigated on time scales. Nevertheless,
the functional response that affects predator is not used in
[21]. Only its effect on prey is considered. Hence, the results
of that paper only related to generalized type of semiratio
dependent functional responses. However, in this study, the
main aim is to obtain a model with a generalized functional
response both on prey and on predator. Because of the above
reason, this study has important contributions.

On the other hand, the systems with Holling type I and
II functional responses which are obtained from the system
with generalized functional response are also studied. For the
system with Holling type I functional responses, in paper
[22], an if and only if condition has been found to obtain the
permanence of the given system. However, by using the main
result of our study, an if and only if condition can be given
for the globally asymptotically stable periodic solution of the
considered system. Also in the study of [22], in the predator
part, to bound the solution of predator from above an extra
term has been used, but we can get rid of that extra term in
this study. These are some points that show the importance of
our study.

As a result, the primary objective of that study is to
generalize the functional responses that act both on predator
and on prey. Additionally, the second aim is to find the
if and only if condition for the globally asymptotically
stable periodic solution of the considered systems with some
different types of functional responses.

2. Preliminaries

As preliminary, we use Definition 1, Lemma 1, Theorem 1, and
necessary information that is needed for Theorem 1 from [4].

3. Main Result

The following is the main equation for this study:
M) =a®)x@t)-b@E)X (F)
—®, (LX), (1) 7O, M

7 () =-d®)y)+ D, (X (), 7)) X (t).

In system (1), @, satisfies the following: ®,(¢,0,y) =

0, is continuous and w-periodic, and satisfies the following
inequality:

Vo) X™ () + -+ 9, . () x () < Oy (£,x (1), y (1)) :

(2

Sop () x™ (8) + - e,y () x ().

Assumptions on @, are as follows: @, (¢, x,0) = 0, is contin-
uous and w-periodic, and satisfies the following inequality:

D, (tx (), y () <o)y 4+ B () y (1) (3)

For the above inequalities, a;, 3;, and y; are positive, w-
periodic coefficient functions fori = 1,2,...,m, —land j =
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1,2,...,m, — 1. Also, @, (t, x(t), y(t)) and D, (¢t, x(t), y(t)) >
0 if x(¢) and y(t) > 0. In addition to these conditions,

D, (t, exp(x), exp(y)) — dO,(t, exp(x),exp(y))/dy > 0 and
a(t), b(t), and d(t) are positive and w-periodic coefficient
functions.

(1) a(®)x(t) - b(H)7*(t) is the specific growth rate of the
prey in the absence of predator;

(2) d(¢) is the death rate of predator;

(3) =D, (t, x(t), y(t))¥(t) is generalized effect of predator
on prey;

(4) ©,(t, %(t), y(t))x(t) is the generalized effect of prey on
predator.

Assume that y(f) = exp(y(t)) and X(t) = exp(x(t)).
Therefore, system (1) becomes equal to the following system:

x ()
=a(t)-b(t)exp (x(t))
- @ (t,exp (x (), exp (y (1)) exp (¥ (1) = x (1)) ,
y (1)
.0

(4)

+ @, (t, exp (x (t)), exp (y (1)) exp (x () = y (1))

Theorem 1. In system (4), all of the coefficient functions satisfy
the above conditions. System (4) has at least one w-periodic

solution if and only ifJ:U a(t)dt > 0 and _[(;U d(t)dt > 0.

Proof. When there is at least one w-periodic solution for
system (4), then it is apparent that J(;U a(t)dt > 0 and

[ d(t)dt > 0. Since

Jw a(t)dt = Jw b (t) exp (x (t))
0 0

+ @, (£, exp (x (1)), exp (y (1))
~exp (y (£) - x (1)) dt >0, (5)

L d(t)dt = L @, (t, exp (x (1), exp (y (1))
~exp (x (1) - y (1)) dt > 0,

now, for the converse part, assume that fow a(t)dt, J;U dt)dt >
0 and try to find the fact that system (4) has at least one w-
periodic solution.

Let X,Y be the normed vector spaces and let the operators
L, N be the same as they are defined in the proof of Theorem 2
in [4]. By using the similar proof techniques of Theorem 2
from [4], then for any open bounded set Q) ¢ X, we can obtain
that N is L-compact on Q.
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The below system is investigated by using the application
of Theorem 1 from [4]:
x' (1) = Aa(t) - b(t) exp (x (t))
- @, (t,exp (x (1)), exp (y (1)) exp (¥ (8) -
y () =2A[-d ()

x ()],
(6)

+ @, (t,exp (x (1), exp (y (1)) exp (x (t) — y (1))] .

Let [} ] € X solve system (6). If system (6) is integrated
from 0 to w, then

j a(t)dt = I b (8) exp (x (£))
0 0
+ @, (texp (x (1), exp (y (1))
cexp (y (t) — x (1)) dt, ™)
L d(t)dt = L @, (t, exp (x (£)), exp (y (1))

y(t))dt.
By using the first equations of (6) and (7), we get

-exp (x (£) -

Jow I (0)] dt < A [z Lwa(t) dt] <s, ®)

where §; =2 Iow a(t)dt.
By using the second equations of (6) and (7), we have

Lw Iy (0)]dt <2 [z Lwd(t)dt] <5y ©)

here S, =2 Iow d(t)dt.

On compact sets, continuous functions attain its maxi-
mum and minimum. Therefore, there exist v;,0,, i = 1,2, for
[7] € X such that

x(6;) = min x(t),

te[0,w]
(10)
x(y1) = maxx(t),
y(6,) = in y (£),
(11

y (y,) = max y (t).

te[0,w]

The following is obtained by using the first equations of (7)

and (11):
[ adt
[Ybwat )

Using the first inequality in Lemma 1 from [4] and inequality
(8) we have

x(t) <x(6,)+ Lw |x' (t)| dt

x(0,) <1, wherel, = ln<

» (13)
<x(6,)+ <2[ a(t)dt> <P =1 +8,.
0

Using the first equation of (7), the below result is obtained:

J a(t)dt> j [0 () exp (x (£)™ +
0 0
+ Yy, () exp (x (t))] exp (y () — x (t))dt

z L Yoy —1 (B) exp (y (£) = x (1)) dt (14)
> exp (y(6,)) L Vo, 1 (®) At > exp (v (6,))

| a0
0
Therefore,

[, d @ adt

S U (15)
[ Yy 0t

exp (y (6,)) <

Using the first inequality in Lemma 1 from [4] and inequality
(9), we get

y() <y(6,) J |y (0)]dt
(16)

<y(6,)+ <2 L d(t)dt> <P=1-8,.

From the second equation of (7), we have

[[awars [ (8@ ew(r@)”+
+ Buy-1 exp (y ()] exp (x (0) — y (1)) dt
SLW [Bo M exp (y (@)™ "+ + B, 4] (7)
-exp (x () dt < exp (x (v,))

. Jow [ﬁo ) €xp (PZ)mZ_1 teoeet ﬁmz*l] dt.

Hence,

x(y1)
( j d(t)dt
[y [Bo ) exp (R)™ " +
=T,

-+ ,Bmz,l] dt> (18)



Using the second inequality in Lemma 1 from [4] and
inequality (8), we have

x(t) = x(y,) + Lw |x' ()| dt
(19)

>x(yy) + <2J a(t)dt) >Py=15+85,.
0
Again by using the first equations of (7) and (13), we get
J a(t)dt < J [b(t) exp (x (£))
0 0

+ay () exp(x ()™ +---+ o, 1 (t) exp (x (t))]

~exp (y (t) - x (1)) dt

< JO [y () exp (x ()™ + -+

+ (@1 () +0.(0))] exp (v (1)) dt (20)
<exp(y (1)) [ [ao @ exp ()" 4o

+ (0 )+ b (®))] dt < exp (¥ (v))

: Lw [ (£)exp (P)™ 7 + -+

+ (0,1 () +b(®))] dt.

N([] e0-tepw-o
o~
J—d(s)+(132(t,exp(x),exp(y))exp(x—y)ds

0

The operator ] : ImV — KerL is taken as the identity

operator and the homotopy is defined as

H,=v(JQN)+ (1 -G, (25)

-e* Lw b(s)ds

A, (t,exp (x),exp (y))
dx

Jw e [q;z (trexp (x),exp(y)) +

0

} ds — Jw P [@2 (t,exp (x), exp (y))
0
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Therefore the following is obtained:

exp (¥ (v2))
[ adt
Jo [oo )y exp (B)™ ™ 4o+ (g, (1) + () | dt

\%

(1)

=T,

Using the second inequality in Lemma 1 from [4] and (9),
we get

y ()= y(y,) - Lw |y )]t
(22)

> y(y,) - (2 JO d(t)dt) >P,=1,-S,.

By (13) and (19), we have SUPte(0,] |x(#)] < C, = max{|P,],
|P5|} and by (16) and (22), we have sup,(o,|7(t)| < C, =
max{|P,|, |P,|}. Here, C, and C, are independent from A. Let
S =C, +C, + 1. In addition to these,

N
y
Suppose that O = {[}] € X : |[[}]]| < S} verifies the first

requirement of Theorem 1 from [4]. When [} ] € Ker LN 0Q,
then we have ||[ } ]| = S, where S is a constant. Thus,

max <S. (23)

te[0,w]

1 (s, exp (x), exp (y)) exp (y - x) ds

(24)

Jw a(s)—b(s)exp(x)ds
_ 0

[ 4@ - exp e () exp (- )as |
(26)

Let D] be the determinant of the Jacobian of G. We know
that [} ] € Ker L; then the Jacobian of G is

0

dD, (texp (x), exp (¥)) - (@7)

& ds
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Here sign DJ; is always positive and this is obtained by
the assumption of the theorem. Hence

deg (JN,QnKerL,0) = deg(G,QnKerL,0)

= )  signDJg ( [X] ) #0. (28)
[3]ec 8D Y

y

Thus, all the conditions of Theorem 1 from [4] are
satisfied. Therefore, system (1) has at least one positive w-
periodic solution. O

3.1. Predator-Prey Systems with Different Types of Functional
Responses

3.1.1. Predator-Prey System with Holling Type Functional

Response. One of the applications of the above result for

Theorem 1 is the Holling type functional response from [1].
System (3.13) from [1] for continuous case is

P O E1 (054 0)
(=0 -bOF - T Y
fOFOEE)

y () =-d@®)y @)+ TmOx0

When X(¢) = exp(x(¢)) and ¥(¢) = exp(y(t)), we obtain the
transformed form of this system as

x' (t) = a(t) - b(t)exp (x(t))

_cWexp(y®)
1+m(t)exp (x () (30)

f () exp (x (1))
1+m(t)exp (x (b))

Y (1) =-d(t)+

After assuming the system has positive coefficient functions,
it is obvious that we can take

c(t)x(t)
l+m@)x ()

f@®) y()
1+mt)x(t)

O, (tx(t),y () =
(31)
O, (t,x (1), y(t)) =

It is also apparent that @, (¢, x(t), y(¢)) < c(t)x(t) and D, (¢,
x(t), y(t)) < f(t)y(t). Here if prey does not go to extinction,
then there exists k € N such that for sufficiently large k, ®, (z,
x(t), y(t)) = (1/k)c(t)x(t), since c(t)x(t)/(1 + m(t)x(t)) > 0.
Therefore, Theorem 1 has equal statement with the following
remark for the system with Holling type functional response.

Remark 2. For system (3.13) from [1] for continuous case,
there exists at least one w-periodic solution if and only if the
prey does not become extinct.

Remark 3. Here by using proof techniques of Lemma 3 from
[4], it can be seen that if predator does not become extinct,
then prey also does not become extinct. Therefore, Remark 2

becomes as follows: system (3.13) from [1] for continuous
case has w-periodic solution if and only if predator does not
become extinct.

Lemma 4. For system (3.13) from [1] for continuous case,
predator becomes extinct if and only if

Y f®)x" ()
- _ 32
L YOt o o =" (2
where x™ (t) = (1-exp(- '[:J a(s)ds))/ Iow b(t—s) exp(— J; a(t-
7)dt)ds. Here x™ (t) is the globally attractive unique solution of
the system

x(t)=a(®)xt)-b)x* (). (33)

Proof. Assume that predator goes to extinction. The first
equation of the predator-prey system with Holling type
functional response is

cOX®)y @)

.y _ = =2
Xt)=al®)x@)-b@)x (t) Lm0

(34)

Since as t tends to infinity, predator or ¥(¢t) = exp(y(t))
tends to zero. Hence, equality (34) tends to the following
equation as t tends to infinity:

X(t)=a@®x(t)-bt)X(1). (35)
This means that as t tends to infinity the solution of X(¢) tends
to x™(t).

Since predator goes to extinction, when we take
exp(y(t)) = ¥(t), then from the second equation of this
transformed version of the system with Holling type
functional response the following inequality is obtained as

Y f (#) exp (x (1))

y®= L A e = 9

Since t tends to infinity, the solution of X(¢) = exp(x(t)) tends
to x*(¢). Thus, equality (36) tends to

y(f):Jw—d(t)+ f(t)x* (t)

0 1+m(t)x* () (37)

Since j(;u —d(t) + f(t) exp(x(t))/(1 +m(t)exp(x(t))) < 0, then
also L;U —=dt)+ f@t)x"()/(1 + m()x* () < 0.
For the converse, let us assume that Iow —d(t) +

F@&)x™(#)/(1 + m(£)x™ (¢)) < 0. Consider the first equation of
the system with Holling type functional response, then we
obtain

cOX® )

~! _ X — X -
*O=aOIOPOXO-TE0F0 oy

<a®)x(O)-bOF@).

About the solution of prey, the result exp(x(t)) = X(¢) < x™(¢)
is obtained by the comparison theorem for ODEs.

Since [, =d(t)+ f(£)x" (6)/(1+m(t)x" () < 0, then y(¢) <
0, which means predator goes to extinction. Hence the proof
follows. O



Lemma 5. In system (3.13) from [1] take T = R; then this
system has at least one w-periodic solution if and only if

f@®x*(t) -0 (39)

L A or o

where x™ (t) = (1—exp(- L;U a(s)ds))/ _[(;U b(t—s) exp(— j; a(t-
T)dT)ds.

Proof. By using Lemma 4 and Remarks 2 and 3, one can prove
Lemma 5. O

The permanence definition is taken from [19].

Corollary 6. For system (3.13) from [1] for continuous case,
the solution is permanent if and only if (39) is satisfied.

Proof. Let us take (39) as satisfied. Therefore, from Lemma 4,
predator does not become extinct and from Remark 3, prey
does not become extinct also which means that both X(t)
and y(t) are bounded from below with a positive number.
From [22] (Proposition 3.1), the solution of the prey X(t)
is bounded from above. Assume that (39) is satisfied and
y(t) is not bounded from above which means that as t
tends to infinity ¥(¢) also tends to infinity. Consider the first
equation of transformed version of the system with Holling
type functional response, which is

x' (t) =a(t)-b(t)exp (x(t))

_ cWexp(y®) (40)
1+m(t)exp (x (b))

Because of the assumption, as ¢ tends to infinity y(¢) =
exp(y(t)) also tends to infinity; then also y(¢) tends to infinity.
Since we have found above that X(t) = exp(x(t)) is bounded
from above and below with positive constants, then x(t) is
bounded from above and below with constants from real
numbers. Hence, for sufficiently large T, x'(t) tends to —oco
as t tends to infinity. Therefore, X(t) tends to 0 as t tends
to infinity. This is a contradiction with the boundedness of
X(t) from below with a positive constant. Therefore, y(¢) is
bounded from above. Hence the solution of the considered
system is permanent.

For the converse, let us assume that the system is per-
manent. Then prey and predator do not go to extinction;
then by Remark 2 the considered system has at least one
w-periodic solution. Thus, by using Lemma 5 obviously, the
system satisfies (39). O

Theorem 7. Assume that (39) holds true. Then, the w-periodic
solution of system (3.13) from [1] for continuous case is globally
attractive or globally asymptotically stable.

Proof. Proof is similar with the proof of Lemma 5in [4]. [

Corollary 8. Consider the same conditions for the coefficient
functions of system (3.13) from [1]. There exists w-periodic

Journal of Mathematics

globally attractive solution for this system if and only if (39)
is satisfied.

Proof. The result is obtained from Theorem 7 and Lemma 5.
O

3.1.2. Predator-Prey System with Holling Type II Functional
Response. As a second case, consider the following predator-
prey system with Holling type II functional response which
is the same as system (3.14) from [1] for continuous case:

~2 —
() =a®)x()-bt)x () - C(t)x—(t)jz’(t)
L+m(t) X" (t) (an

y () =-d®)y)+ tmO20

When y(t) = exp(y(t)) and Xx(t) =
transformed form of this system is gotten as

exp(x(t)), the

x'(t) =a(t) - b(t)exp (x (1))

_c(t)exp (y(t)+x(@))
1+m(t)exp (2x () (42)

S (t) exp (2x (1))
1+m(t) exp (2x ()

Y (8) = —d (t) +

Assume that all the coefficient functions are positive for the
above systems. Then

c(t) X2 (b)
1+m@t)x2(t)

Hx)y(t
0, (1x(0,y ) = LOXO20

D, (tx (), y(1) =

D, (t,x@), y(t)) < c(t)x*(t) and O,(t, x(t), y(t) <
f(t)M, y(t), where M, is the maximum of the solution of
system (41) for prey which can be found from Proposition 3.1
in [22]. Here if prey does not go to extinction, then there exists
k € N such that, for sufficiently large k, @, (¢, x(t), y(t)) >
(1/k)c(t)x3(t), since c()x*(£)/(1 + m(t)x(t)) > 0. Therefore,
Theorem 1 has equal statement with the following remark for
the systems with Holling type II functional response.

Remark 9. For continuous case of system (3.14) from [1] it has
atleast one w-periodic solution if and only if the prey does not
go to extinction.

By using similar techniques of Lemma 3 from [4], it can
be found that if predator does not go to extinction, then prey
also does not go to extinction. Therefore, the statement of
Remark 9 is the same as the following one: system (3.14) from
[1] for continuous case has at least one w-periodic solution if
and only if predator does not go to extinction.
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Lemma 10. For system (3.14) from [1], take T = R. Then
predator becomes extinct if and only if

JIOE0)

TemOel0 S (44

>

Lw —d(t) +

where x* (t) = (1—exp(- j(;u a(s)ds))/ J(;U b(t—s) exp(— j; a(t-
1)dt)ds. Here x™ (t) is the unique globally attractive solution of
the system

x()=a®)x ) -bt)x*(1). (45)
Proof. Proof is similar to the proof Lemma 4. O

Lemmall. Insystem (3.14) from [1] when itistakenasT = R,
the system has at least one w-periodic solution if and only if

f@®x* @)

A 6
Lm0 @) (4

Lw —d(t) +

where x* (t) = (1—exp(-— j(;u a(s)ds))/ '[(;U b(t—s) exp(— j: a(t-
T)dT)ds.

Proof. Thislemma can be proven by Lemma 10 and Remark 9.
O

Corollary 12. In system (3.14) from [1] when it is taken as T =
R, the solution of the considered system is permanent if and
only if (46) is satisfied.

Proof. The proof is similar to the proof of Corollary 6. O

Theorem 13. Assume that (46) holds true. Hence, the w-
periodic solution of system (3.14) from [1] for continuous case
is globally attractive or globally asymptotically stable.

Proof. This has a similar proof with the proof of Lemma 5 in

[4]. O

Corollary 14. Assume that the same conditions for the coeffi-
cient functions of system (3.14) from [1] hold. There exists w-
periodic globally attractive solution for this system if and only
if (46) is satisfied.

Proof. By Theorem 13 and Lemma 11, one can get the desired
result. 0

3.1.3. Predator-Prey System with Beddington-DeAngelis Type
Functional Response. Consider the following system which is
taken from [4]:

W) =a®)x@t)-b@)X (t)

B c(t)y ()X ()

a(t)+BO)EE)+mt)y(t) (47)
fOx®)y@)

a®)+BOEH+m)y ()

7 @) =-d®)y(t)+

If we take exp(x(t)) = X(t), then we have the following
transformed system:

x'(t) = a(t)-b(t)exp (x (1)

B c(t)exp (y (1)
a(t)+ B ) exp(x () +m(t)exp (¥ (1)

Y (t)=-d(t)

(48)

N S (t) exp (x (1))
a)+p)exp(x(t)+m@t)exp(y ()

For the above systems, all the coefficient functions are
positive. It is obvious that when we take

c(t)x(t)
a(t)+BE)xt)+m(t)y(t)

f®y@
a)+pE)xt)+m) y(t)

O, (1, x(1), Y1) < (c(O)/a(t)x(t) and D, (¢, x(¢), y(t) <
(f(®)/a(t)) y(t). Here if prey does not go to extinction, then
there exists k € N such that, for sufficiently large k,
O, (t, x(t), y(£)) = (1/k)(c(t)/e(t))x(t), since c(t)x(t)/(a(t) +
B)x(t) + m(t)y(t)) > 0. Hence, Theorem 1 is true for system
(47). These findings are the same as the ones in [4].

O, (t,x(t),y(t) =

D, (tx(t),y(t) =

4. Examples
Example 1.
! 2
x (t) =3 —(cos (t) +2) exp (x(t)) — exsx(i%’
(50)
exp (x (¢))

Y )=~ 15in () +05) + ZEEOL

By doing some simple calculations, it can be seen that
x* > 1; therefore (39) is satisfied for Example 1, since

2n x*
J —(0.1sin (t) + 0.5) + > 0. (51)
0 x*+1
Figure 1 supports this result.
Even if we have changed the initial conditions, after a
while still we obtain the same solution which shows the global
attractivity of the solutions. Figure 2 supports this result.

Example 2.

2exp (y (1))

x' () = 3 — (cos (t) + 2) exp (x (t)) — exp(x (1) +1°

(52)
exp (x (1))

y' (t) = = (0.1sin (£) + 4) + exp (x(t) +1°

Example 2 does not satisfy inequality (39). This is easily
seen by doing some simple calculations. Hence predator
goes to extinction which satisfies Lemma 4. This result is
supported by Figure 3.
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FIGURE 2: x(0) = 2 and y(0) = 1.
Example 3. Example 4.
x' (t) = 3 = (cos (t) + 2) exp (x ()
x' (t) = 3 — (cos (t) +2) exp (x ()
_2exp (y@®) +x(t))
2exp(y() +x(1) exp (2x (1)) + 1 (55)

exp(2x () +1 (53)

3exp (2x (t))

YO == 0dsn O+ D+ O+ 1

By doing some simple calculations it can be seen that x* >
1; therefore (46) is satisfied by Example 3, since

3(x*)

(x*)* +1 G

2
J —(0.1sin(t)+1) + > 0.5.
0

This is supported by Figure 4.

Even if we have changed the initial conditions, after a
while, we still obtain the same solution which shows the
global attractivity of the solutions. Figure 5 supports this.

3exp (2x (t))

y (1) == 0 Lsin(t)+6)+ )+ 1

Example 4 does not satisfy inequality (46) and this can
be easily seen by doing some simple calculations. Therefore,
predator goes to extinction which satisfies Lemma 10 and this
is supported by Figure 6.

For the examples of the system with Beddington-
DeAngelis functional response, look at the study [4].

5. Discussion

In that study, two important analytical results are found. First,
for the periodic solution of the system with generalized func-
tional response, the if and only if condition is able to be found.
Therefore, we are able to extend the study in [21] for continu-
ous case. The second one is to be able to find an if and only if
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FIGURE 5: x(0) = 1 and y(0) = 1.

condition for the globally periodic solution of the predator-
prey models with Holling type I and II functional responses.
Additionally, the results of that paper is consistent with the
findings of the paper [4] when the Beddington-DeAngelis
type functional response is considered as an application.

Hence, the allover work in this study is important, since
by using the results of that paper, the if and only if condition
for at least one periodic solution and the globally attractive
periodic solution can be found and these results can be
generalized in many different types of functional responses.
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FIGURE 6: x(0) = 0.3 and y(0) = 0.5.

The suggested problem for the future works is to find the
if and only if condition for the globally attractive periodic
solution of the discrete predator-prey dynamic systems.
Semigroup theory has been used in the analysis of the
system when it has globally attractive periodic solution of the
continuous system. For the discrete case, for further studies,
the result that is related to the global attractivity of the system
is another open problem.
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