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Abstract

This paper investigates the stabilization problem of neural networks with unbounded contin-
uously distributed delays via impulsive control. By establishing an impulsive infinite delay
differential inequality from the impulsive control point of view, some sufficient conditions en-
suring the existence and global exponential stabilizationof the unique equilibrium point are
derived. Our result shows that impulses can be used to globally and exponentially stabilize
the neural networks with unbounded continuously distributed delays if they are not originally
stable or exponentially stable. Finally, two examples withtheir simulations are given to show
the effectiveness of the proposed method.

Key words: Neural networks; Equilibrium point; Global exponential stabilization; Impulsive
control; Unbounded continuously distributed delays; Impulsive delay differential inequality.

1. Introduction

Impulsive effects on the stability and other dynamical behaviors of neural networks has
been extensively investigated in the literature because oftheoretical interest and applications,
see [1–4]. In fact, stimuli from the body or the external environmentis received by recep-
tors, the electrical impulses will be conveyed to the neuralnet and impulsive effects arise
naturally[5, 6]. Among the existing investigations, one problem is very interesting, namely the
problem that a given model in neural networks is originally stable, and it can remain stable
under some impulsive perturbations, which usually is called robustness of stability of neu-
ral networks. Recently, the robustness of stability of neural networks has been investigated
by many authors via different approaches, see [7–18]. For example, Gopalsamy [7] studied
the existence and asymptotic stability of a unique equilibrium for Hopfield neural network by
using a fixed point theorem and some analysis techniques. In [10], Stamova and Ilarionov in-
vestigated the global exponential stability of cellular neural networks with time-varying delays
by using piecewise continuous Lyapunov functions and the Razumikhin technique combined
with Young’s inequality. As is well known, neural networks usually have a spatial nature due
to the presence of parallel pathways with a variety of axon sizes and lengths. So it is desirable
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to model them by introducing unbounded distributed delays.Mixed-type time delays with
both time-varying and unbounded distributed delays are themost general case and more diffi-
cult to deal with. In [12], Xia investigated the dynamics of impulsive Cohen-Grossberg-type
BAM neural networks with continuously distributed delays via fixed point theory, Lyapunov-
Kravsovskii functional, homeomorphism theory and the matrix spectral theory. In particular,
Mohamad et al. [15] considered a model of neural networks with continuously distributed
delays and large impulses as follows:



























ẋi(t) = −ai xi(t) +
n

∑

j=1

bi j f j

( ∫ ∞

0
Ki j (s)xj(t − s)ds

)

+ ci, t , tk, t ≥ 0,

∆xi(tk) = Ik(xi(t−k )), i = 1, 2, · · · , n, k ∈ ℤ+.

(1)

Some sufficient conditions for the existence and global exponential stability of a unique equi-
librium point were obtained by using Lyapunov functions andHalanay inequalities techniques,
which can be applied to neural networks with persistent impulsive perturbations.

However, most of the results (e.g. [7–18]) focus on the robustness of stability of impulsive
neural networks and do not tackle the problem on impulsive stabilization of neural networks.
In fact, even if the corresponding model is originally unstable, the model can be stabilized by
utilizing impulsive control. Recently, there have been some initial studies on the impulsive
stabilization of neural networks with time delays [19–22]. For example, Yang and Xu [19] ini-
tially considered the impulsive control on stability of Cohen-Grossberg neural networks with
time-varying delays via inequality techniques. Wang and Liu [20] studied the exponential sta-
bility of impulsive cellular neural networks with time delays via Lyapunov functionals and
stability theory. However, one may note that the development methods in [19–22] are only
valid for neural networks with bounded delays and there is little work done on stabilization
problem of neural networks with unbounded delays. Hence, itis an very interesting and chal-
lenging work to develop and explore the method for stabilization problem of neural networks
with unbounded delays. Recently, from the impulsive perturbation point of view, we estab-
lished an impulsive infinite delay differential inequalityand studied the dynamics of impulsive
Cohen-Grossberg-type BAM neural networks with unbounded continuously distributed delays
[23]. Inspired by the work, our objective in the paper is to studythe stabilization problem of
neural networks models (1) by establishing a new impulsive infinite delay differential inequal-
ity from the impulsive control point of view. The differential inequality we obtained, which is
different from that in [23], can be applied to study impulsive stabilization of systems.

The rest of this paper is organized as follows: In Section 2, we introduce the model of
neural networks. In Section 3, some sufficient conditions ensuring the existence and global
exponential stabilization of the unique equilibrium pointare presented. Two examples with
their simulations are given to show the effectiveness of theproposed method in Section 4.
Finally, the paper is concluded in Section 5.

2. Preliminaries

Notations.Let ℝ denotes the set of real numbers,ℝ+ the set of nonnegative numbers,ℤ+ the
set of positive integers,ℝn the n-dimensional real spaces with the norm||x|| =

∑n
i=1 |xi | for

any x ∈ ℝn. Let [x]+ = (|x1|, |x2|, · · · , |xn|)T for any x ∈ ℝn. Let A be a matrix. The notation
A > 0(A < 0) means thatA is symmetric and positive (negative) definite. Moreover,A T and

2
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A −1 denote the transpose and the inverse ofA , respectively.I denotes the identity matrix with
appropriate dimensions. For any intervalJ ⊆ ℝ, setV ⊆ ℝk(1 ≤ k ≤ n),C(J,V) = {φ : J→ V
is continuous}, PC(J,V) = {ϕ : J → V is continuous everywhere except at finite number
of pointst, at whichϕ(t+), ϕ(t−) exist andϕ(t+) = ϕ(t)} andPCB(J,V) = {ϕ ∈ PC(J,V) : ϕ
is bounded}. Let ℂ

.
= PCB((−∞, 0],ℝn) and forφ ∈ ℂ, ||φ||∞ = sup−∞≤θ≤0 ‖φ(θ)‖. K = {h ∈

C(ℝ+,ℝ+)| h(0) = 0 andh(s) > 0 for s> 0 andh is strictly increasing ins}. The impulse times
tk, k ∈ ℤ+, satisfy 0≤ t0 < t1 < . . . < tk→ +∞ ask→ +∞. In addition, letΛ = {1, 2, · · · , n}.

Consider network model (1) endowed with initial value described by







































u̇i(t) = −aiui(t) +
n

∑

j=1

bi j f j

( ∫ ∞

0
Ki j (s)u j(t − s)ds

)

+ ci , t , tk, t ≥ t0,

∆ui(tk) = I ik(ui(t−k )), k ∈ ℤ+, i ∈ Λ,

ui(s) = φi(s), −∞ ≤ s≤ t0,

(2)

where (φ1, φ2, · · · , φn) ∈ ℂ,

∆ui(tk) = ui(tk) − ui(t
−
k ), ui(t

−
k ) = lim

t→t−k
ui(t), i ∈ Λ,

n ≥ 2 corresponds to the number of units in a neural network,ui corresponds to the state of the
ith neuron at timet, ai > 0 denotes the rate with which theith neuron will reset its potential
to the resting state when disconnected from the network and external inputs. Nowbi j denotes
the connection weight of the unitj on the uniti, ci denotes the input of the uniti, I ik shows the
impulsive perturbation of theith neuron at timetk and f j denotes the activation function which
is Lipschitz continuous, i.e., there exist positive constantsL j , j ∈ Λ, such that

| f j(u) − f j(v)| ≤ L j |u− v|, ∀ u, v ∈ ℝ, j ∈ Λ.

Ki j : ℝ+ → ℝ+, i, j ∈ Λ, denotes the delay kernel function which is piecewise continuous,
satisfyingKi j (s) ≤ K (s) for any i, j ∈ Λ, s ∈ ℝ+ and

∫ ∞

0
Ki j (s)ds

.
= κi j ,

∫ ∞

0
K (s)eλ0sds< ∞,

whereK (s) : ℝ+ → ℝ+ is continuous andκi j > 0, λ0 > 0 are two real constants.

Remark 2.1. In [15], the existence-uniqueness and global exponential stability of the equilib-
rium point of networks model (2) has been extensively investigated from the impulsive pertur-
bation point of view. In this paper, we further investigate the dynamics of networks model (2)
but from the impulsive control point of view.

Definition 2.1. A real matrixD = (di j )n×n is said to be anM-matrix if dii > 0, di j ≤ 0, i ,
j, i, j ∈ Λ, and the successive principle minors ofA are positive.

Before presenting the main result, we establish the following Lemma which gives an esti-
mate of the rate of decay of solutions to an impulsive infinitedelay differential inequality from
the impulsive control point of view.

3
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Lemma 2.1. Letα ∈ ℝ, β > 0,M > 1 andθk ≥ 0, k ∈ ℤ+ denote some constants, and function
f ∈ PC(ℝ,ℝ+) satisfies the following scalar impulsive infinite delay differential inequality























D+ f (t) ≤ α f (t) + β
∫ ∞

0
K(s) f (t − s)ds, t , tk, t ≥ t0,

f (tk) ≤ (1+ θk)M−1 f (t−k ), k ∈ ℤ+,
(3)

where D+ denotes the upper right-hand Dini derivative,K ∈ PC(ℝ+,ℝ+),
∫ ∞

0
K(s)eµ0sds< ∞

for some positive constantµ0 > 0. Suppose that there exist constantτ > 0 and function g∈ K
such that tk − tk−1 ≤ τ, M−1s≤ g(s) < s and

α + βM
∫ ∞

0
K(s)ds<

1
τ

inf
s>0

ln
s

g(s)
. (4)

Then

f (t) ≤ M f (t0)e
−λ(t−t0)

∏

t0<tk≤t

(1+ θk), t ≥ t0,

where f (t0) = sup−∞≤s≤t0 f (s), andλ ∈ (0, µ0] satisfies

λ <
1
τ

inf
s>0

ln
s

g(s)
− α − βM

∫ ∞

0
K(s)eλsds. (5)

Proof. First, assumption (4) implies that there exists a constantλ ∈ (0, µ0] small sufficiently
such that the inequality (5) holds.

Define

F (t) =

{

f (t) eλ(t−t0), t ≥ t0,
f (t), −∞ ≤ t ≤ t0.

It is obvious thatF (t) ≥ f (t), t ∈ ℝ andF (t) ≤ f (t0), t ∈ (−∞, t0].
We claim that

F (t) ≤ M f (t0)
n−1
∏

k=0

(1+ θk), t ∈ [tn−1, tn), n ∈ ℤ+.

whereθ0 = 0. Taking n = 1, we first claim thatF (t) ≤ M f (t0), t ∈ [t0, t1). Suppose on the
contrary. Then in view ofF (t) ≤ f (t0), t ∈ (−∞, t0], we know that there exists at⋆ ∈ (t0, t1)
such that

F (t⋆) = M f (t0), F (t) ≤ M f (t0), t ∈ (−∞, t⋆]. (6)

ConsideringM−1s ≤ g(s) < s, we getF (t⋆) = M f (t0) > g(M f (t0)), F (t0) ≤ f (t0) ≤
g(M f (t0)), which implies that there exists at⋆⋆ < t⋆ such thatF (t⋆⋆) = g(M f (t0)) andF (t) >
g(M f (t0)), t ∈ (t⋆⋆, t⋆]. This together with (6) andg ∈ K yield g−1(F (t)) ≥ M f (t0) > F (t −

4
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s), s ∈ [0,∞), t ∈ [t⋆⋆, t⋆]. Then calculating the upper right derivativeF along the solutions
of (3) on [t⋆⋆, t⋆], we get

D+F (t) ≤

[

α f (t) + β
∫ ∞

0
K(s) f (t − s)ds

]

eλ(t−t0)
+ λ f (t)eλ(t−t0)

= (λ + α) f (t)eλ(t−t0)
+ β

∫ ∞

0
K(s)eλs f (t − s)eλ(t−s−t0)ds

≤ (λ + α)F (t) + β
∫ ∞

0
K(s)eλsF (t − s)ds

≤ (λ + α)F (t) + β
∫ ∞

0
K(s)eλsg−1(F (t))ds

≤ F (t)

[

λ + α + β

∫ ∞

0
K(s)eλsds

g−1(F (t))
F (t)

]

≤ F (t)

[

λ + α + βM
∫ ∞

0
K(s)eλsds

]

, t ∈ [t⋆⋆, t⋆],

in view of M−1s≤ g(s) < s. Integrating the above inequality fromt⋆⋆ to t⋆, we get
∫ t⋆

t⋆⋆

dF (t)
F (t)

≤ τ

[

λ + α + βM
∫ ∞

0
K(s)eλsds

]

. (7)

On the other hand, by (4) we note
∫ t⋆

t⋆⋆

dF (t)
F (t)

=

∫

F (t⋆)

F (t⋆⋆)

ds
s
=

∫ M f (t0)

g(M f (t0))

ds
s
≥ inf

s>0
ln

s
g(s)
> τ

[

λ + α + βM
∫ ∞

0
K(s)eλsds

]

, (8)

which is a contradiction with (7) and thusF (t) ≤ M f (t0), t ∈ [t0, t1).
Now we assume that

F (t) ≤ M f (t0)
N−1
∏

k=0

(1+ θk)
.
= Γ(N − 1), t ∈ [t0, tN), for some N ∈ ℤ+.

Note thatθk ≥ 0, k ∈ ℤ+, implies

F (t) ≤ Γ(N − 1), t ∈ (−∞, tN). (9)

ThusF (tN) = f (tN)eλ(tN−t0) ≤ (1+θN)M−1 f (t−N)eλ(tN−t0) ≤ (1+θN)M−1
Γ(N−1) ≤ M−1

Γ(N).We
shall show thatF (t) ≤ Γ(N), t ∈ [tN, tN+1). Suppose on the contrary. Then there exists at∗ > tN

such thatF (t∗) = Γ(N) andF (t) ≤ Γ(N), t ∈ (−∞, t∗], in view of (9). Using the condition
M−1s≤ g(s) < sagain, we getF (t∗) = Γ(N) > g(Γ(N)), F (tN) ≤ M−1

Γ(N) ≤ g(Γ(N)), which
implies that there exists at∗∗ < t∗ such thatF (t∗∗) = g(Γ(N)) andF (t) > g(Γ(N)), t ∈ (t∗∗, t∗].
This, together with the fact thatF (t) ≤ Γ(N), t ∈ (−∞, t∗], yieldsg−1(F (t)) ≥ Γ(N) > F (t −
s), s ∈ [0,∞), t ∈ [t∗∗, t∗]. Then applying exactly the same argument as in (7) and (8) yields a
contradiction and thusF (t) ≤ Γ(N), t ∈ [tN, tN+1). By the method of induction, we conclude

F (t) ≤ M f (t0)
n

∏

k=0

(1+ θk), t ∈ [tn, tn+1), n ∈ ℤ+,

5
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which implies
f (t) ≤ M f (t0)e

−λ(t−t0)
∏

t0<tk≤t

(1+ θk), t ≥ t0,

whereλ satisfies (5). The proof of Lemma 2.1 is therefore complete. ■

Corollary 2.1. Let α ∈ ℝ, β > 0 and M > 1 denote some constants, and function f∈
PC(ℝ,ℝ+) satisfies the following scalar impulsive infinite delay differential inequality























D+ f (t) ≤ α f (t) + β
∫ ∞

0
K(s) f (t − s)ds, t , tk, t ≥ t0,

f (tk) ≤ M−1 f (t−k ), k ∈ ℤ+,

whereK ∈ PC(ℝ+,ℝ+),
∫ ∞

0
K(s)eµ0sds< ∞ for some positive constantµ0 > 0. Suppose that

there exists a constantτ > 0 such that tk − tk−1 ≤ τ and

α + βM
∫ ∞

0
K(s)ds<

ln M
τ
.

Then
f (t) ≤ M f (t0)e

−λ(t−t0), t ≥ t0,

where f (t0) = sup−∞≤s≤t0 f (s), andλ ∈ (0, µ0] satisfies

λ <
ln M
τ
− α − βM

∫ ∞

0
K(s)eλsds.

Proof. Let g(s) = M−1sandθk ≡ 0, k ∈ ℤ+ and by Lemma 2.1, we can easily derive the above
result. ■

Remark 2.2. Recently, we have derived an exponential estimate of the rate of decay of solu-
tions to inequality (3) with α < 0, see [23] for details. The result is given from the impulsive
perturbation point of view, that is, the estimate still holds when there is no impulsive effects
(i.e., f (tk) = f (t−k )). Note in this paper, an exponential estimate for inequality (3) with α ∈ ℝ
is established from the impulsive control point of view, that is, the solutions of (3) without
impulsive effects may be divergent, but it admits an effective exponential estimate via proper
impulsive control. Such result can be applied to the stabilization problems of unstable systems.

3. Main results

In this section, based on Lemma 2.1, some conditions ensuring the existence and global
exponential stabilization of the unique equilibrium pointof system (2) are obtained. First, we
present some conditions for the existence and uniqueness ofthe equilibrium point, which are
different from those in [15].

Theorem 3.1.System(2) has at least one equilibrium point if I− A−1B⋆L is an M-matrix,
where A=diag(a1, a2, · · · , an), B⋆ = (|bi j |κi j )n×n and L=diag(L1, L2, · · · , Ln).

6
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Proof. Suppose thatu⋆ = (u⋆1 , u
⋆
2 , · · · , u

⋆
n ) ∈ ℝn is an equilibrium point of system (2). Then it

satisfies

−aiu
⋆
i +

n
∑

j=1

bi j f j

( ∫ ∞

0
Ki j (s)u

⋆
j ds

)

+ ci = 0, i ∈ Λ,

i.e.,

aiu
⋆
i −

n
∑

j=1

bi j f j

(

κi j u
⋆
j

)

− ci = 0, i ∈ Λ.

Seth(x) = (h1(x), h2(x), · · · , hn(x))T , x = (x1, x2, · · · , xn)T ∈ ℝn, where

hi(x) = xi −

n
∑

j=1

bi j

ai
f j

(

κi j xj

)

−
ci

ai
, i ∈ Λ.

Obviously, system (2) has an equilibrium pointu⋆ if and only if h(u⋆) = 0. Thus we now only
need to show that equationh(x) = 0 has at least one solution. Consider a homotopic mapping

H(x, λ) = λh(x) + (1− λ)x, λ ∈ [0, 1].

It follows that

[H(x, λ)]+ = [λh(x) + (1− λ)x]+

≥ [x]+ − λ
(

n
∑

j=1

|b1 j |

a1
| f j(κ1 j xj)|,

n
∑

j=1

|b2 j |

a2
| f j(κ2 j xj)|, · · · ,

n
∑

j=1

|bn j|

an
| f j(κn jxj)|

)T
− λc

≥ [x]+ − λ
(

n
∑

j=1

|b1 j |

a1
κ1 jL j |xj |,

n
∑

j=1

|b2 j |

a2
κ2 jL j |xj |, · · · ,

n
∑

j=1

|bn j|

an
κn jL j |xj |

)T

−λ
(

n
∑

j=1

|b1 j |

a1
| f j(0)|,

n
∑

j=1

|b2 j |

a2
| f j(0)|, · · · ,

n
∑

j=1

|bn j|

an
| f j(0)|

)T
− λc

= [x]+ − λA−1B⋆L[x]+ − λA−1B[ f (0)]+ − λc

= (1− λ)[x]+ + λ
{

(I − A−1B⋆L)[x]+ − A−1B[ f (0)]+ − c
}

, (10)

where

B = (|bi j |)n×n, c =
( |c1|

a1
,
|c2|

a2
, · · · ,

|cn|

an

)T
.

SinceI −A−1B⋆L is an M-matrix, there exists aT ∈ Rn
+

such that (I −A−1B⋆L)T > 0. Note that
(I − A−1B⋆L)−1 ≥ 0. Then one may define a non-empty set

Π =

{

x ∈ Rn : [x]+ ≤ T + (I − A−1B⋆L)−1
(

A−1B[ f (0)]+ + c
)}

.

For anyx ∈ ∂Π, it follows from (10) that

[H(x, λ)]+ ≥ (1− λ)[x]+ + λ(I − A−1B⋆L)T > 0, λ ∈ [0, 1],

7
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which implies that [H(x, λ) , 0, for anyx ∈ ∂Π andλ ∈ [0, 1],where∂Π denotes the boundary
of Π. ThusH(x, λ) is a nonsingular continuous deformation betweenh(x) and x on ∂Π. By
employing topological degree invariance theory [24], we get

deg(h(x),Π, 0) =deg(H(x, 1),Π, 0) =deg(H(x, 0),Π, 0) = 1.

Thus equationh(x) = 0 has at least one solution onΠ, which implies that system (2) has at
least one equilibrium point, completing the proof. ■

Theorem 3.2.System(2) has at least one equilibrium point if fj, j ∈ Λ are bounded onℝ.

Proof. Suppose that| f j | ≤ M j , j ∈ Λ. Consider a mappingΨ(v) = (Ψ1(v),Ψ2(v), · · · ,Ψn(v))T ,

wherev = (v1, v2, · · · , vn)T ∈ △, and

Ψi(v) =
n

∑

j=1

bi j

ai
f j

(

κi j vj

)

+
ci

ai
, i ∈ Λ, △ =

{

x ∈ ℝn : ‖x‖ ≤ ρ =
n

∑

i=1

n
∑

j=1

|bi j |

ai
M j +

n
∑

i=1

|ci |

ai

}

.

It is easy to check that△ is an invariant set ofΨ. Moreover,Ψ : △ → △ is continuous. By
employing the well-known Brouwer’s fixed point theorem, there exists av∗ ∈ △ such that
Ψ(v∗) = v∗, which implies that system (2) has at least one equilibrium point. The proof is
complete. ■

Theorem 3.3.System(2) has at least one equilibrium point if there exists vector(δ1, δ2, · · · , δn)T

∈ ℝn such that

n
∑

j=1

bi j f j

(

κi j
cj + δ j

a j

)

= δi , i ∈ Λ.

Proof. Note thatu⋆ = (u⋆1 , u
⋆
2 , · · · , u

⋆
n ) is an equilibrium point of system (2), which satisfies

− aiu
⋆
i +

n
∑

j=1

bi j f j

(

κi j u
⋆
j

)

+ ci = 0, i ∈ Λ.

Let ui =
ci+δi

ai
, i ∈ Λ, then we can derive the above result, completing the proof. ■

Theorem 3.4.Under the conditions in Theorem3.1, 3.2 or 3.3, system(2) has a unique equi-
librium point if there exists a i∈ Λ such that|bi j |κi j L j < ai for all j ∈ Λ.

Proof. By Theorem 3.1, 3.2 or 3.3, system (2) has at least one equilibrium point. For the sake
of uniqueness, suppose thatu⋆ = (u⋆1 , u

⋆
2 , · · · , u

⋆
n ) ∈ ℝn andv⋆ = (v⋆1 , v

⋆
2 , · · · , v

⋆
n ) ∈ ℝn are the

different equilibrium points of system (2). Then it can be deduced that

n
∑

i=1

|u⋆i − v⋆i | =
n

∑

i=1

∣

∣

∣

∣

n
∑

j=1

bi j

ai
f j

(

κi j u
⋆
j

)

−

n
∑

j=1

bi j

ai
f j

(

κi j v
⋆
j

)

∣

∣

∣

∣

≤

n
∑

i=1

n
∑

j=1

|bi j |κi j L j

ai
|u⋆j − v⋆j |

Obviously, it follows from our assumption that there is a contradiction in the above inequality.
Thus the uniqueness is proved and the proof is complete. ■

8
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Assume thatu⋆ = (u⋆1 , u
⋆
2 , · · · , u

⋆
n )T is an equilibrium point of system (2). As usual, the

impulsive operator is viewed as a perturbation of the equilibrium pointu⋆ defined by

ui(tk) − ui(t
−
k ) = I ik(ui(t

−
k )) = −γik(ui(t

−
k ) − u⋆i ), i ∈ Λ, k ∈ ℤ+, (11)

whereγik denote some real numbers. Letzi = ui − u⋆i , then system (2) becomes















































żi(t) = −αizi(t) +
n

∑

j=1

bi j g j

( ∫ ∞

0
Ki j (s)zj(t − s)ds

)

, t , tk, t ≥ 0,

zi(tk) = (1− γik)zi(t−k ), k ∈ ℤ+, i ∈ Λ,

ϕi(s) = φi(s) − u⋆, −∞ ≤ s≤ 0,

(12)

where (ϕ1, ϕ2, · · · , ϕn) ∈ ℂ and

g j

( ∫ ∞

0
Ki j (s)zj(t − s)ds

)

= f j

( ∫ ∞

0
Ki j (s)zj(t − s)ds+ u⋆j κi j

)

− f j

(

u⋆j κi j
)

.

Obviously, the impulsive stabilization of the equilibriumpoint u⋆ of (2) can now be trans-
formed to the impulsive stabilization of the trivial solutionz= 0 of (12). SetΥk = (γ1k, γ2k, · · · ,

γnk)T and denote by (tk,Υk)k∈ℤ+ the impulsive controller that describes the fact that system (2)
will encounter the impulsive effects in terms of (11) at timetk. Next we shall present some con-
ditions to design the impulsive controller (tk,Υk)k∈ℤ+ such that the unstable (non-exponential
stable) system (2) becomes globally exponentially stable.

Theorem 3.5. Under the conditions in one of Theorems3.1-3.4, assume that there exist M>
1, τ > 0, Υk = (γ1k, γ2k, · · · , γnk)T ∈ ℝn, k ∈ ℤ+, and function g∈ K such that tk − tk−1 ≤ τ,

M−1s≤ g(s) < s, s ∈ ℝ+,

−minai +

n
∑

i=1

(

max
j∈Λ
|bi j |L j

)

M
∫ ∞

0
K (s)ds<

1
τ

inf
s>0

ln
s

g(s)
,

and
∞

∏

k=1

max{1,Ωk} < ∞, Ωk = M max
i∈Λ
|1− γik|.

Then system(2) has a unique equilibrium point which can be globally exponentially stabilized
via the impulsive controller(tk,Υk)k∈ℤ+ . Also, the approximate exponential convergent rate
λ ∈ (0, λ0] is derived, which satisfies

λ <
1
τ

inf
s>0

ln
s

g(s)
+minai −

n
∑

i=1

(

max
j∈Λ
|bi j |L j

)

M
∫ ∞

0
K (s)eλsds. (13)

Proof. It follows from Theorems 3.1-3.4 that the equilibrium pointof the system (2) exists.
For anyϕ = (ϕ1, ϕ2, · · · , ϕn)T ∈ ℂ, let z(t) = (z1, z2, · · · , zn)T be a solution of system (12)

9
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through (t0, ϕ). Calculating the upper right derivativeD+|zi(t)| along the solutions of system
(12), we get

D+|zi(t)| =















−αizi(t) +
n

∑

j=1

bi j g j

( ∫ ∞

0
Ki j (s)zj(t − s)ds

) 













sgn(zi(t))

≤ −ai |zi(t)| +
n

∑

j=1

bi j L j

∫ ∞

0
Ki j (s)|zj(t − s)|ds, t , tk, t ≥ t0, k ∈ ℤ+. (14)

Choose a Lyapunov function

V(t) = ‖z(t)‖ =
n

∑

i=1

|zi(t)|, t ∈ ℝ,

and define

V(t) = sup
−∞≤s≤t

V(s) = sup
−∞≤s≤t















n
∑

i=1

|zi(s)|















, t ≥ t0.

Then by (14), we obtain the time derivative ofV along the solutions of (12), for t ∈ [tk, tk+1),
k ∈ ℤ+,

D+V(t) =
n

∑

i=1

D+|zi(t)| ≤ −
n

∑

i=1

ai |zi(t)| +
n

∑

i=1

n
∑

j=1

bi j L j

∫ ∞

0
Ki j (s)|zj(t − s)|ds

≤ −min
i∈Λ

ai

n
∑

i=1

|zi(t)| +
n

∑

i=1

(

max
j∈Λ

bi j L j

)

∫ ∞

0
K (s)

n
∑

j=1

|zj(t − s)|ds

= −min
i∈Λ

aiV(t) +
n

∑

i=1

(

max
j∈Λ

bi j L j

)

∫ ∞

0
K (s)V(t − s)ds. (15)

On the other hand,

V(tk) =
n

∑

i=1

|zi(tk)| =
n

∑

i=1

|1− γik||zi(t
−
k )| ≤ ΩkM−1V(t−k ) ≤ max{1,Ωk}M

−1V(t−k ). (16)

It then follows from (15), (16) and Lemma 2.1 that

V(t) ≤ MV(0)e−λ(t−t0)
∞

∏

k=1

max{1,Ωk}, t ≥ t0,

i.e.,
n

∑

i=1

|zi(t)| ≤M||φ||∞e−λ(t−t0), t ≥ t0,

whereM =
∏∞

k=1 max{1,Ωk}M andλ ∈ (0, λ0] satisfies (13). The proof is complete. ■

Corollary 3.1. Under the conditions in Theorem3.5, assume that there exist M> 1 andτ > 0
such that tk − tk−1 ≤ τ, |1− γik| ≤ M−1 and

−minai +

n
∑

i=1

(

max
j∈Λ
|bi j |L j

)

M
∫ ∞

0
K (s)ds<

ln M
τ
.

10
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Then system(2) has a unique equilibrium point which can be globally exponentially stabilized
via the impulsive controller(tk,Υk)k∈ℤ+ . Also, the approximate exponential convergent rate
λ ∈ (0, λ0] is derived, which satisfies

λ <
ln M
τ
+minai −

n
∑

i=1

(

max
j∈Λ
|bi j |L j

)

M
∫ ∞

0
K (s)eλsds.

Proof. Note thatΩk = |1−γik|M ≤ 1 and letg(s) = M−1s, then we can derive the above result.
■

Remark 3.1. By Theorems 3.1-3.3, it should be noted that the equilibriumpoint of system (2)
exist but it is not always unique. Theorem 3.5 provides the conditions for global exponential
stabilization of the equilibrium point of system (2), which implies the uniqueness of the equi-
librium point. Hence, Theorem 3.5 can be applied to not only the global stabilization problem
but also the uniqueness problem of the equilibrium point.

4. Numerical examples

Example 4.1.Consider an impulsive neural networks model

(

u̇1(t)
u̇2(t)

)

=

(

−0.1 0
0 −0.1

) (

u1(t)
u2(t)

)

+

(

0.5 0.1
−0.1 0.5

)































∣

∣

∣

∣

∣

∫ ∞

0
e−su1(t − s)ds− 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫ ∞

0
e−su2(t − s)ds+ 2

∣

∣

∣

∣

∣































+ c, (17)

subject to
(

∆u1(tk)
∆u2(tk)

)

=

(

−γ1k 0
0 −γ2k

) (

u1(t−k ) − 1
u2(t−k ) + 2

)

, k ∈ ℤ+, (18)

whereγ1k = γ2k =
1
3 −

2
3k2 , tk = 0.25k, k ∈ ℤ+, Ki j (s) = e−s, i, j = 1, 2, c = (0.1,−0.2)T. Then

f1(u) = |u− 1|, f2(u) = |u+ 2|, L1 = L2 = 1, K (s) = Ki j (s) = e−s, τ = 0.25, λ0 < 1. Choose
δi = 0, i ∈ Λ. By Theorem 3.3, it is easy to check that system (17) has an equilibrium point
(1,−2)T . Numerical result shows that the equilibrium point (1,−2)T of system (17) without
impulsive effects is unstable (see Fig.1.(a)).

Now we claim that system (17) has a unique equilibrium point (1,−2)T which can be
globally exponentially stabilized by impulses (18). In fact, one may chooseM = 1.5 > 1 such
that

−minai +

n
∑

i=1

(

max
j∈Λ
|bi j |L j

)

M
∫ ∞

0
K (s)ds= 1.4 < 1.6219≈

ln M
τ
,

∞
∏

k=1

max{1,Ωk} =

∞
∏

k=1

1+
1
k2
< ∞.

Then it is easy to check that all conditions of Theorem 3.5 aresatisfied. Therefore, the unique
equilibrium point (1,−2)T of system (17) can be globally exponentially stabilized by impulses

11
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(18), which is shown in Fig.1.(b). Also, the approximate exponential convergent rateλ is
derived as follows:λ ∈ (0, 1) satisfies

λ < 1.7219− 1.5
∫ ∞

0
e−(1−λ)sds.

Remark 4.1. One can observe that condition (3.2) in [15] is not satisfied for model (17), which
means that the theorems in [15] cannot be used to ascertain the existence and stability of the
equilibrium point of model (17).

Example 4.2.Consider another impulsive neural networks model

(

u̇1(t)
u̇2(t)

)

=

(

−0.3 0
0 −0.2

) (

u1(t)
u2(t)

)

+

(

−1 0.3
0.1 1

)

































tanh

( ∫ ∞

0
0.65e−su1(t − s)ds

)

tanh

( ∫ ∞

0
0.65e−su2(t − s)ds

)

































, (19)

subject to
(

∆u1(tk)
∆u2(tk)

)

=

(

−1
6 0

0 −1
5

) (

u1(t−k )
u2(t−k )

)

, k ∈ ℤ+, (20)

wheretk = 0.12k, k ∈ ℤ+, Ki j (s) = 0.65e−s, i, j = 1, 2. Then f1(u) = f2(u) = tanh(u), L1 =

L2 = 1, K = 0.65e−s, τ = 0.12, λ0 < 1. By Theorem 3.2, it is obvious that system (19) has an
equilibrium point (0, 0)T . Numerical result shows that the equilibrium point (0, 0)T is unstable
(see Fig.2.(a)).

Now we claim that system (19) has a unique equilibrium point (0, 0)T which can be globally
exponentially stabilized by impulses (20). In fact, one may chooseM = 1.2 > 1 such that

−minai +

n
∑

i=1

(

max
j∈Λ
|bi j |L j

)

M
∫ ∞

0
K (s)ds≈ 1.36< 1.5193≈

ln M
τ
.

Note that|1− γik|M ≤ 1 and by Corollary 3.1, the unique equilibrium point (0, 0)T of system
(19) can be exponentially stabilized by impulses (20), which is shown in Fig.2.(b). Also, the
approximate exponential convergent rateλ is derived as follows:λ ∈ (0, 1) satisfies

λ < 1.7193− 1.56
∫ ∞

0
e−(1−λ)sds.

5. Conclusion

From the impulsive control point of view, we have studied thestabilization problem of
neural networks with unbounded continuously distributed delays by establishing a new impul-
sive infinite delay differential inequality. Some conditions for the existence, uniqueness and
global exponential stabilization of the equilibrium pointhave been presented. The criteria can
be applied to exponentially stabilize the neural networks with unbounded delays if they are not
originally stable or exponentially stable. To the best of our knowledge, so far few authors have
considered the dynamics of neural networks with unbounded delays via impulsive control.
Two numerical examples have illustrated the effectivenessof the proposed method.
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Fig.1. (a) State trajectories of system (17) without impulsive effects.
(b) State trajectories of impulsive system (17)-(18).
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Fig.2. (a) State trajectories of system (19) without impulsive effects.
(b) State trajectories of impulsive system (19)-(20).
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