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A B S T R A C T   

The present study investigates the rate of heat and mass transfer in MHD Williamson nanofluid 
flow over an exponentially porous stretching surface subject to the heat generation/absorption 
and mass suction. The analysis has been carried out for the two different conditions of heat 
transfer stated as prescribed exponential order surface temperature (PEST) and prescribed 
exponential order heat flux (PEHF). Moreover, an exterior magnetic field is applied with an in
clined angle along the stretched surface. Mathematically, the existing flow problem has been 
configured in accordance with the fundamental laws of motion and heat transfer. The similarity 
transformations have been used to transform the governing equations into the nonlinear ordinary 
differential equations (ODEs). The numerical solution to the resulting nonlinear ODEs with the 
associated boundary conditions have been obtained with the utilization of bvp4c package in 
MATLAB. The behavior of the resulting equations of the problem is checked graphically under the 
influence of various flow parameters which ensures that the rate of heat transfer decreases with 
the increase of Brownian motion parameter as well as it increases with the increase of thermo
phoresis parameter. Moreover, the Sherwood number increases with the rising values of the 
Prandtl number and Lewis number.   

1. Introduction 

In several realistic conditions, it is not essential that the surface must be linear, such as in the stretching of plastic sheet. The 
evaluation of heat transfer across a boundary layer flow through a continuous stretched surface subject to the prescribed heat flux and 
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surface temperature has been reached to a significant interest in view of its importance in industrial processing of glass fiber, metal 
wires, polymer sheets, paper production and plastic films. In polymer, the rate of cooling is highly dependent on the feature of the 
resulting product in manufacturing of plastic and glass. The flow of the boundary layer across a continuous stretched surface was 
initially studied by Sakiadis [1] by providing the boundary layer equations in two dimensions. The assessment of heat transfer across a 
boundary layer flow subject to the stretched surface was explored by Tsou et al. [2]. The same work was extended by Erickson et al. [3] 
to check the mass transfer with the consideration of suction and injection. In this way, multiple scholars have shown their interest in 
the flow of boundary layer across a linear stretched surface [4–6]. Khan M. R. et al. [7] planned the flow of CNTs water nanofluid for 
the comparative study of heat transfer across a curved stretching surface. Nadeem et al. [8] investigated the features of heat transfer in 
the flow of nanofluid including an oblique stagnation point with oscillatory stretching/shrinking surface. The study of mass transfer 
and Newtonian heating for the flow of mixed convection Walters-B nanofluid subject to the stretched surface was projected by Qaiser 
D. et al. [9]. Khan M. R. et al. [10] determine the dual solution for the flow of hybrid nanofluid assuming the existence of mixed 
convection along a curved stretching/shrinking surface. 

Initially, the study of magneto-hydrodynamics (MHD) was reported in geophysical and astrophysical problems. During the last 
several years, this topic has come to the special focus based on their variety of applications in the medical, engineering, and petroleum- 
refining sectors. The existence of MHD in the nanofluid flow of three-dimensional coordinate was planned by Sheikholeslami and 
Ellahi [11]. It was detected that the presence of MHD raises the resistive (drag) force and minimize the convection current. Addi
tionally, the heat transfer rate is visible to be developed. The thermophysical properties of carbon nanotubes in MHD flow across a 
moving sheet have been addressed by Haq et al. [12]. It seems that the strength of the magnetic field escalates the fluid temperature. 
The channel flow of the rotating fluid describing the effect of the transversal magnetic field was recently studied by Mehmood et al. 
[13], which declares that the force of the magnetic field decays the wall flux. The oblique stagnation point flow with steady MHD forces 
was addressed by Borrelli et al. [14]. It was highlighted that if the strength of the electric field disappears, at that time the magnetic 
field occupies the plane of the stream rather than in the parallel direction to the flow. Additionally, the flow of the oblique stagnation 
point occurs solely when the applicable magnetic field is in the direction of dividing streamlines. Nadeem et al. [15] investigated the 
two-dimensional viscous flow of a nanofluid relating to the effect of magnetic field across a curved surface. The flow investigations of 
an electrically conductive liquid with the existence of a magnetic field is of great importance in the current metallurgic industrial 
processes that lying in the refinement of melted metals, nuclear reactors cooling and in several more manufacturing systems. Pal and 
Mandal [16] investigated an electrically conducting MHD boundary layer flow of a nanofluid across a nonlinear stretching/shrinking 
surface considering the existance of Ohmic heating, thermal radiation as well as heat generation/absorption. They determined the 
existence of dual solutions for the greater values of heat generation/absorption parameter. Although they have restricted their studies 
for the deliberation of combined influence of magnetic field and thermal radiation on the flow of nanofluid across a porous stretched 
surface. Some other studies regarding MHD flows are [17–22]. 

Nanofluid is a combination of base fluid like water with the nanometer-sized particles. It is widely acknowledged that the existence 
of nanoparticles modifies the transport properties as well as refines the performance of heat transfer of nanofluids. The features of heat 
transfer of a nanofluid is dependent on the volume fraction and the thermophysical properties of a nanoparticles, as well as it depends 
on the base fluid thermophysical properties. The existence of magnetic field in the boundary layer flow of a nanofluid possess large 
number of real-world applications in multiple industrial and engineering fields such as in oil survey, metal extrusion, fiber glass, 
polymer processing, hot rolling, stretching of plastic foil, and geothermic energy extraction. The nanofluid incorporated with a 
permeable medium yields good potential in boosting thermal capacity. An excellent procedure for the development of heat transfer 
rate is the utilization of nanoparticles distributed in the base liquids, such as oil, water, and ethylene glycol [23]. This pioneering 
approach was initially presented by Choi [24] employing the suspension of nanoparticles in the base liquid for the purpose of 
improving the heat transfer rate in a nanofluids. Subsequently, Boungiorno [25] explained the cause of heat transfer augmentation of a 
nanofluids and determined that the influence of Brownian diffusion and thermophoresis are especially accountable for the 
enhancement of heat transfer. As a result of this new concept, Kuznetsove and Nield [26] and Nield and Kuznetsove [27] have 
established the double diffusive boundary layer flow of a nanofluid with natural convection across a smooth surface. These in
vestigations have produced the efficient thermal features based on the concentration and volume fraction of the nanoparticles. 
Recently, several researchers have considered the nanofluid boundary layer flow with various geometries mentioned in the [28–32]. 

The flow over a porous medium is particularly significant in the material processing, fuel cell machineries, drying processes, 
geothermal energy, dribble bed chromatography, oil recovery as well as in several more. The joint effect of mass and heat transfer 
associated with the magnetohydrodynamic boundary layer flow of a nanofluid across a porous medium is an active technique to 
advance the thermal performance. In this regard, Chamkha et al. [33] investigated the influence of porous medium and natural 
convection on the boundary layer flow across an inclined surface concerning to the thermal radiation as well as the non-uniform 
porosity. The mass and heat transfer investigation of Hadidi et al. [34] through a porous inclined enclosure designated that the 
average Nusselt number and the flow structure is greatly affected by the permeability of the porous media. The buoyancy-induced flow 
containing the features of non-Newtonian nanofluids following the model of a third-grade fluid near a porous vertical stretched surface 
was considered by Khan et al. [35]. They executed the numerical results for the joint phenomenon of heat and mass transfer depending 
on the convective boundary conditions and the partial slip velocity condition. Moreover, the study of free convective laminar flow of a 
magnetohydrodynamics nanofluid across a porous vertical stretched surface excluding the influence of thermal radiation has been 
provided by Freidoonimehr et al. [36]. 

On the basis of foregoing indicated studies, it is determined that the rate of heat and mass transfer in Williamson nanofluid flow 
over an exponentially porous stretching surface subject to the exponential order surface temperature and heat flux is not yet studied 
under the influence of an exterior aligned magnetic field, mass suction and heat generation/absorption. Therefore, to address this gap, 
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it is our intension to examine the influence of aligned magnetic field, and heat generation/absorption on the Williamson nanofluid flow 
over an exponentially porous stretching surface subject to the exponential order surface temperature and heat flux. In this regard, the 
research work of Shazwani Md Razi et al. [37] and Nadeem et al. [38] have been extended by adding the aligned magnetic field and 
heat generation/absorption along a permeable stretched surface. Mathematically, the existing flow problem has been configured in 
accordance with the fundamental laws of motion and heat transfer. The similarity transformations have been used to transform the 
governing equations into the nonlinear ODEs. The numerical solution to the resulting nonlinear ODEs with the connected boundary 
conditions have been found with the utilization of the bvp4c package in MATLAB. The behavior of the resulting equations of the 
problem is checked graphically under the influence of various flow parameters. These graphical outcomes have been obtained in terms 
of velocity, temperature, skin friction coefficient, local Nusselt number and the Sherwood number for various physical flow parameters 
unless the required accuracy level is achieved. It is anticipated that the outcomes of the existing work will prove advantageous in the 
forthcoming research to upgrade the development in scientific and engineering fields. 

2. Basic equations 

Consider the steady two-dimensional Williamson nanofluid flow over a stretched porous exponential surface. It was recognized that 
the sheet is exponentially stretched with the varying velocity Uw in the x-direction as well as the fluid which is occupied in y-direction 
is governed by the velocity Uw. Moreover, an exterior aligned magnetic field of intensity B0 is applied with angle β along the stretched 
surface as well as the suction vw phenomenon and the existence of heat generation/absorption is considered. With these preconditions, 
the main boundary layer MHD equations for the continuity, momentum, energy, as well as concentration are respectively defined as 
[38,39]. 

∂u
∂x

+
∂u
∂y

= 0, (1)  

u
∂u
∂x

+ v
∂u
∂y

= ν ∂2u
∂y2 +

̅̅̅
2

√
νΓ

∂u
∂y

∂2u
∂y2 − ν u

k1
−

σB2

ρ sin 2 βu, (2)  

u
∂T
∂x

+ v
∂T
∂y

=α ∂2T
∂y2 +

Q0(
ρCp

)

f

(T − T∞) +

(
ρCp

)

p(
ρCp

)

f

[

DB
∂T
∂y

∂C
∂y

+
DT

T∞

(
∂T
∂y

)2]

. (3)  

u
∂C
∂x

+ v
∂C
∂y

= DB

(
∂2C
∂y2

)

+
DT

T∞

(
∂2u
∂y2

)

. (4) 

The boundary conditions connected to (1–4) are 

u = uw = U0e

(
x
l

)

, vw = − γ(x), T = Tw, C = Cw at y = 0
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⎫
⎪⎬

⎪⎭
(5) 

Here u and vw individually mark the two parts of velocity in x and y path. Further k1, ν, ρ, σ, T,T∞, C,C∞, Q0 separately provides 
the permeability of the porous medium, kinematic viscosity, density, electrical conductivity, temperature, ambient fluid temperature, 
concentration, ambient nanoparticles volume fraction and the initial value of heat generation coefficient (heat source). Similarly, Γ,α,
(ρCp)p, (ρCp)f , DBand DT delivers the shear stress, thermal diffusivity, heat capacity, fluid heat capacity, coefficient of Brownian and 
thermophoresis diffusion respectively. 

2.1. Similarity solution of the governing equations 

The governing equations (1)–(4) are non-linear PDE’s. We use the similarity transformation given below to convert the non-linear 
PDE’s into a non-linear ODE’s 
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The boundary conditions for the two cases of PEHF and PEST associated with the above equations (1)–(4) are given as. 

2.2. PEST case 

T =T∞ +(Tw − T∞)e
x
2lθ(η), h=
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. (7) 
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2.3. PEHF case 
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In view of the similarity transformation defined above, equation (1) fulfills in identical manner as well as equations (2)–(4) are 
reduced to the subsequent set of non-linear ODE’s 
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2.5. PEHF case 
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Using the similarity transformation into boundary conditions (5), we obtain 

f (0) = vw, f ′

(0) = 1
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}

. (14) 

Boundary conditions for PEST case 

θ(0) = 1, h(0) = 1,
θ(η) → 0, h(η) = 0 as η → ∞.

}

. (15) 

Boundary conditions for PEHF 
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}
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The similarity parameters appeared in above Eqs. 9–16 are Nt , Nb, Le, Pr, M, λ, K, Q and Re which respectively represents the 
thermophoresis and Brownian motion parameter, Lewis number, Prandtl number, Hartmann number, Williamson parameter, porosity 
parameter, heat source/sink parameter and the Reynolds number. These parameters are defined as 
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The friction drags (skin friction coefficient), the heat transfer rate (local Nusselt number) and the Sherwood number have been 
defined as [39]. 
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where τw constitute local wall shear stress, qw is the local heat flux, and qm is the mass flux which can be determined as 
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Taking advantage of the similarity variables, the combination of system (18) and (19) provides system (20) as given below 
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Fig. 1. Temperature θ(η) and φ(η)for different Pr values in (a) PEST and (b)PEHF case.  

Fig. 2. Temperature θ(η) and φ(η)for different Nt values in (a) PEST and (b)PEHF case.  

Fig. 3. Temperature θ(η) and φ(η)for different Q values in (a) PEST and (b) PEHF case.  
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Fig. 4. Concentration h(η) for different Le values in (a) PEST case and (b) PEHF case.  

Fig. 5. Concentration h(η) for different Nb values in (a) PEST case and (b) PEHF case.  

Fig. 6. Velocity f ′

(η) for different β values.  
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(20)  

3. Results and discussion 

This section provides the numerical solution to the resulting nonlinear ODEs (9–13) with the associated boundary conditions 
(14–16) utilizing the bvp4c package in MATLAB. The behavior of the resulting equations of the problem is checked graphically under 
the influence of various flow parameters like Pr, Nt ,Nb, Le, β, M, λ, Qand K which respectively represents the Prandtl number, ther
mophoresis and Brownian motion parameter, Lewis number, aligned magnetic field angle, Hartmann number, Williamson parameter, 

Fig. 7. Friction drag Cf for different K values.  

Fig. 8. Nusselt number Nu for different Nb values.  
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heat source/sink parameter and the porosity parameter. The graphical results are obtained in the form of temperature θ(η) and φ(η), 
concentration h(η), velocity f ′

(η), skin friction coefficient (friction drag), local Nusselt number (heat transfer rate) and local Sherwood 
number (mass transfer rate) plotted in Figs. 1–9. 

The physical appearance of temperature distribution θ(η) and φ(η) is obtained respectively under the influence of various values of 
Prandtl number Pr as shown in Fig. 1. This result is obtained for the two different cases of PEST and PEHF respectively elaborated by 
θ(η) and φ(η). It is determined that rising values of the Prandtl number Pr improves the temperature profiles for both cases of PEST and 
PEHF, although Pr is more effective in case of PEHF as compared to the PEST case. Figs. 2 and 3 are plotted to observe the charac
teristics of temperature distribution θ(η) under the influence of various values of Nt and Q respectively, whereas the rest of the pa
rameters are chosen to be unvarying. The results have been obtained individually for both PEST and PEHF case represented by θ(η) and 
φ(η) Both θ(η) and φ(η) respectively rises with the scaling up of Nt as determined in Fig. 2. It is least for the value zero of Nt and rises 
extremely for the higher values of Nt = 1.5. The similar influence of the parameter Q is detected in Fig. 3, where both θ(η) and φ(η)
boosts with the magnifying values of Q. 

The concentration profiles h(η) for the different values of Le and Nb have been obtained respectively in Figs. 4 and 5. Both in case of 
PEST and PEHF, it appears that h(η) boosts with the ever-increasing values of Le respectively reported in Fig. 4a and b. The reverse of 
this case is detected in Fig. 5a and b where h(η) profile declines with the improvement of Nb. The graphical output of the flow velocity 
for the several values of the β have been plotted in Fig. 6. This result does not depend on the choice of PEST and PEHF case, because the 
momentum equation is not coupling with the heat and concentration equations. It has been found that f ′

(η) declines with the escalating 
values of both β which confirms that the flow speed is minimum when the magnetic field is fixed at the right angle. 

The friction drags Cf is obtained for the different values of K with respect to the increasing rate of mass suction graphically por
trayed in Fig. 7. This figure clarifies that Cf controls with the strength of porosity parameter K. It is maximum when K is neglected (K =

0). At the same time, it continuously decreases with the strength of the suction and vice versa. The heat transfer rate Nu is checked for 
the different values of Nb against the continuous variation of suction as shown respectively in Fig. 8. It appears that Nu decreases with 
the increase of Nb. Moreover, it continuously increases with the increasing rate of suction, since it causes heat drain which conse
quently rises the rate of heat transfer. Thus, suction could be applied to manage the temperature of different processes. Fig. 9 addresses 
the characteristics of Sherwood number Sh for the different values of Le which are plotted with the continuous variation of the suction. 
This figure certifies that Sh increases with the rising values of Le. It also increases with the continuous increment of mass suction. In 
order to verify our numerical solutions with the solutions of Nadeem et al. [Aa], we have determined the numerical values of the skin 

Fig. 9. Sherwood number Sh for different Le values.  

Table 1 
Comparative values of Cf for different values of λ and vw.  

Present result Nadeem et al. [39] 

λ  vw = 0.1  vw = 0.2  vw = 0.1  vw = 0.2  
0.0 1.23638 1.19298 1.23638 1.19298 
0.1 1.20711 1.16468 1.20710 1.16468 
0.2 1.17481 1.13364 1.17482 1.13365 
0.3 1.13825 1.09880 1.13825 1.09881  
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friction coefficient which are comparatively presented in Table 1. These numerical values of Cf are obtained for the same parametric 
values of both studies which coveys these studies towards the same situation. In view of this table we can say that our results are in 
excellent agreement with the results of Nadeem et al. [39]. 

4. Conclusion  

• For both PEST and PEHF case, the temperature rises with the scaling up of Nt , Pr and Q.  
• Both in case of PEST and PEHF, h(η) boosts with the increasing values of Le and declines with the improvement of Nb.  
• The velocity f ′

(η) declines with the escalating values of both β and K.  
• The friction drags Cf controls with the strength of magnetic field and the higher values of K.  
• The heat transfer rate Nu reduces with the rising values of Nb as well as it enhances with the rising values of Nt.  
• The Sherwood number Sh enhances with the rising values of Pr and Le. 
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