
Signal Processing 213 (2023) 109187

Available online 15 July 2023
0165-1684/© 2023 Elsevier B.V. All rights reserved.

Short communication 

An incremental noise constrained LMS algorithm 

Muhammad Omer Bin Saeed a, Azzedine Zerguine *,b, Usman Hameed c, Sajid Gul Khawaja d, 
Oualid Hammi e 

a Faculty of Engineering Sciences, Ghulam Ishaq Khan Institute of Engineering Sciences and Technology, Topi, Pakistan 
b Department of Electrical Engineering and the Center for Communication Systems and Sensing (IRC-CSS), King Fahd University of Petroleum & Minerals, Dhahran, 
31261, Saudi Arabia 
c Department of Electrical & Computer Engineering, Air University, Islamabad, Pakistan 
d Computer Engineering Department, National University of Sciences & Technology, Islamabad, Pakistan 
e Department of Electrical Engineering, American University of Sharjah, Sharjah, UAE   

A R T I C L E  I N F O   

Keywords: 
Noise constrained LMS algorithm 
Incremental LMS algorithm 
Distributed estimation 

A B S T R A C T   

While a lot of research has focused on diffusion-based algorithms for distributed estimation over adaptive net
works, incremental algorithms have not been studied to that extent. Here we present an incremental scheme- 
based distributed least mean square algorithm that uses the variance of the additive noise as a constraint. The 
proposed algorithm is derived and then its theoretical performance analysis is presented. Simulation results for 
different scenarios are then presented and it is shown that the simulation results corroborate very well the 
theoretical findings. More importantly, our algorithm outperforms, a recently proposed algorithm, the variable 
step-size incremental-based LMS (VSSILMS) algorithm.   

1. Introduction 

Over the last decade, significant research has been dedicated to 
developing new distributed adaptive algorithms for the purpose of 
signal estimation over adaptive networks [1]. As part of this research 
effort, the incremental scheme-based Least Mean Squares (LMS) algo
rithm was presented in [2]. This scheme traverses the entire network in a 
cyclic manner and each node updates the estimate based on the data 
provided by the previous node in the cycle. The incremental scheme 
performs the best among all distributed schemes but it is prone to node 
failure and may not perform well enough for large networks. However, 
its performance compared with other schemes is such that this trade-off 
is acceptable under most scenarios. Then, a fully distributed 
diffusion-based LMS algorithm was proposed in [2]. As opposed to the 
incremental scheme, the neighboring nodes all share data with each 
other, which makes diffusion a fully distributed scheme. However, it has 
been shown that the incremental scheme outperforms the diffusion 
scheme under different scenarios [4–8]. The authors in [4] presented a 
consensus-based distributed approach, which incorporates the 
constraint that all nodes reach the same estimate at steady-state. How
ever, it was shown in [9] that the diffusion scheme outperforms the 

consensus-based scheme, in general. In order to cater for the trade-off 
that exists, for the conventional LMS algorithm, between the error per
formance and the speed of convergence [10], variable step-size 
distributed LMS algorithms were presented in [11] and [12]. The 
diffusion-based variable step-size LMS algorithm, presented in [11], was 
then extended in [13]. Several variants of the diffusion-based, variable 
step-size LMS algorithm have since been proposed in [14–18]. 

While constrained-based algorithms have found use in several ap
plications (for example [19]), the first use of a noise-constrained based 
distributed algorithm was in [20,21]. Capitalizing on the work of [22] a 
diffusion-based noise-constrained LMS algorithm was presented in [20] 
by exploiting the variance of the additive noise to improve the perfor
mance of the diffusion-based LMS algorithm of [3]. This algorithm was 
then further improved in [21], with its detailed analysis presented in 
[23]. Note that the noise-constrained LMS (NCLMS) algorithm of [22] 
discusses only the NCLMS algorithm involving no diffusion whatsoever. 
This improved algorithm belongs to the class of variable step-size 
algorithms. 

The incremental-based algorithms have generally been ignored 
because of the inherent disadvantages of their internal incremental 
scheme [1]. However, the advantages of using this incremental scheme 

* corresponding author. 
E-mail addresses: m.binsaeed.1981@ieee.org (M.O.B. Saeed), azzedine@kfupm.edu.sa (A. Zerguine), usman.hameed@mail.au.edu.pk (U. Hameed), sajid.gul@ 

ceme.nust.edu.pk (S.G. Khawaja), ohammi@aus.edu (O. Hammi).  

Contents lists available at ScienceDirect 

Signal Processing 

journal homepage: www.elsevier.com/locate/sigpro 

https://doi.org/10.1016/j.sigpro.2023.109187 
Received 4 October 2022; Received in revised form 21 June 2023; Accepted 11 July 2023   

mailto:m.binsaeed.1981@ieee.org
mailto:azzedine@kfupm.edu.sa
mailto:usman.hameed@mail.au.edu.pk
mailto:sajid.gul@ceme.nust.edu.pk
mailto:sajid.gul@ceme.nust.edu.pk
mailto:ohammi@aus.edu
www.sciencedirect.com/science/journal/01651684
https://www.elsevier.com/locate/sigpro
https://doi.org/10.1016/j.sigpro.2023.109187
https://doi.org/10.1016/j.sigpro.2023.109187
https://doi.org/10.1016/j.sigpro.2023.109187
http://crossmark.crossref.org/dialog/?doi=10.1016/j.sigpro.2023.109187&domain=pdf


Signal Processing 213 (2023) 109187

2

outweighs the disadvantages for small-scale networks [1]. As a result, a 
recent study renewed interest that has been witnessed and seen in 
further development and use of increment-based algorithms, such as in 
[8,24,25]. Other algorithms that use the noise variance to develop a 
variable step-size adaptive filters, such as the set-membership algo
rithms, include [26] and [27]. 

More importantly, it is assumed in the adaptive network-based al
gorithms that the noise level is the same for all nodes. This is not the case 
in practice1. Hence, for an optimal performance, the adaptation scheme 
should incorporate some local features, such as the noise statistical 
behaviour, that are unique to each node. To address this vitally impor
tant point, this work proposes to include the noise power of each node as 
a constraint in the cost function of the algorithm used. To develop such 
an algorithm, the authors have resorted to the noise-constrained LMS 
algorithm of [22] so as to derive a new adaptive incremental algorithm. 
Also, as will be shown in the simulation results section, our proposed 
algorithm outperforms an algorithm recently developed in [8]. Note 
here that our proposed algorithm and the one presented in [8] are both 
of the variable-step size type which are known to outperform algorithms 
with constant-step size. 

Apart from its slightly higher computational complexity, the ex
pected higher performance of the proposed algorithm is supported by 
the facts that the transient behaviour of the weights of the adaptive al
gorithm depends on the statistics of the channel noise, as pointed out in 
[22]. This therefore suggests the usefulness of exploiting the noise sta
tistics when finding the optimal weight at each node of the adaptive 
network. Thus the use of the statistical knowledge of the channel noise 
in LMS-type adaptive algorithms, including the one we propose here, 
would therefore be justifiably expected to lead to an improvement in the 
convergence performance. 

The contributions of this work are summarized as follows:  

1) Incorporating the noise constrained strategy in the incremental 
scheme to formulate the proposed incremental noise constrained 
LMS algorithm.  

2) Performing the mean and mean square analysis, the latter includes 
the transient analysis (with the learning behavior) and the steady 
state analysis.  

3) Complexity comparison presented for an accurate estimate of the 
complexity-performance trade-off.  

4) Simulation results presented for varying scenarios to demonstrate 
the performance enhancement of the proposed algorithm over the 
existing variable step-size algorithms. 

The remainder of this paper is organized as follows. Section 2 in
troduces the system model and then derives the proposed algorithm. The 
complete mathematical analysis is presented in Section 3, with the 
experimental results and discussions presented in Section 4. Finally, 
Section 5 concludes this work. 

2. The proposed algorithm 

Let us consider a network with N nodes, connected through a 
Hamiltonian cycle, as shown in Fig. 1. Each node k attempts to estimate 
a vector of unknown parameters of interest w0 ∈ RM×1, by using a scalar 
measurement, yk(i), which is connected with w0 as follows: 

yk(i) = xT
k (i)w

0 + nk(i), (1)  

where xk(i) ∈ RM×1 is the regressor input vector for node k, nk(i) is a 
zero-mean additive white noise with variance σ2

n,k and i denotes the 
iteration. 

The incremental LMS (ILMS) algorithm from [2] is derived by 
minimizing the following cost function: 

Jk(wk) =
1
2

E
[⃒
⃒yk − xT

k wk
⃒
⃒2
]
, (2)  

where wk is the estimate for w0 at node k. The resulting algorithm is 
given by [2] 

Φ0(i) = w(i − 1), (3)  

ek(i) = yk(i) − xT
k (i)Φk− 1(i), (4)  

Φk(i) = Φk− 1(i) + μkxk(i)e(i), (5)  

w(i) = ΦN(i), (6)  

where Φk(i) is the intermediate update at node k for the ith iteration and 
μk is its fixed step-size. 

2.1. Proposed algorithm 

For the proposed algorithm, the noise variance is incorporated into 
the cost function as a constraint and the cost function per node is 
modified as follows2: 

Jk,new(wk) = Jk(wk) + γkλk

[
Jk(wk) − σ2

n,k

]
− γkλ2

k , (7)  

where λk is the Lagrangian multiplier for node k and γk is a positive 
control parameter. The cost function has been adopted from [22] and 
modified for the current application. The algorithm is derived using the 
following recursions: 

Fig. 1. Incremental scheme based network of N nodes.  

Table 1 
Computational complexity per node per iteration for the different algorithms.  

Algorithm Multiplications Additions 

ILMS [2] 2M 2M 
VSSILMS [8] 2M+ 3 2M+ 1 
IVSLMS [25] 2M+ 2 2M+ 1 
Proposed 2M+ 5 2M+ 3 
ZNCILMS 2M+ 5 2M+ 2  

1 Note here that this scheme will not work for noises with a pathological 
distribution, such as Cauchy or Lorentz noise, for which both the mean and the 
variance are undefined. It may also not work for alpha-stable type of noises 
which, like Cauchy’s distribution, have slow-decaying fat tails. 2 The noise power at node k, σ2

n,k, can be estimated using the method of [28]. 
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wk+1(i) = wk(i) − αk
∂

∂wk
Jk,new(wk) (8)  

λk+1 = λk + βk
∂

∂λk
Jk(wk), (9)  

where αk and βk are the respective step-size parameters for the two re
cursions. Drawing a parallel with (3)-(6) and solving (8)-(9) yields the 
proposed noise constrained incremental LMS (NCILMS) algorithm 

Φ0(i) = w(i − 1), (10)  

ek(i) = yk(i) − xT
k (i)Φk− 1(i), (11)  

αk(i) = μk[1 + γkλk(i)], (12)  

Φk(i) = Φk− 1(i) + αk(i)xk(i)ek(i), (13)  

λk(i + 1) = (1 − βk)λk(i) +
βk

2

(
e2

k(i) − σ2
n,k

)
, (14)  

w(i) = ΦN(i), (15)  

and as shown in (12), αk is a time-varying step-size parameter. 

3. Theoretical analysis 

This section presents the mathematical analysis. Before presenting 
the analysis, a weight-error is introduced and is given by 

w̃k(i) = w0 − wk(i). (16)  

3.1. Mean analysis 

Inserting (1) into (11) and then (16) and (11) into (13), with some 
simplifications, results in 

Φk(i) =
[
IM − αk(i)xk(i)xT

k (i)
]
Φk− 1(i) − αk(i)xk(i)nk(i). (17)  

Now, taking the expectation of both sides of (17) results in the analysis 
of the mean. Since the noise term, nk(i) is independent and zero-mean, 
the expectation of the last term of (17) becomes zero. Also, using the 
assumption of data independence [10] and simplifying yields 

E[Φk(i)] =
[
IM − E[αk(i)]Rx,k

]
E[Φk− 1(i)], (18)  

where Rx,k = E[xk(i)xT
k (i)] is the input data autocorrelation matrix for 

node k. Here, we assume, that the input regressor data at each node has 
the same statistical characteristics, therefore, Rx,k = Rx. Next, we 
decompose the matrix Rx using Rx = GΛGT, where Λ is a diagonal 
matrix containing the eigenvalues of Rx and G contains the corre
sponding eigenvectors. Also, GGT = GTG = IM. Using G, we get Φk =

GTΦk. Thus, pre-multiplying (18) by GT and simplifying results in 

E[Φk(i)] = [IM − E[αk(i)]Λ]E[Φk− 1(i)]. (19)  

The matrices in (19) are all diagonal so each term in E[Φk(i)] is indi
vidually linked with E[Φk− 1(i)] and is given by 

Fig. 3. Performance comparison for varying values of γ.  

Fig. 2. The variances of the noise.  
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E
[
Φk,m(i)

]
=

[
1 − E[αk(i)]λk,m

]
E
[
Φk− 1,m(i)

]
, (20)  

where m = 1,2,…,M. Eventually, we can prove that the mean stability of 
the proposed algorithm is conditioned by the following bound: 
⃒
⃒
[
1 − E[αk(i)]λk,m

]⃒
⃒ < 1. (21)  

Inserting (12) into (21) and simplifying gives the stability bounds for the 
step-size parameter value for the proposed algorithm, given by 

0 < μk <
2

λmax(1 + γkE[λk(i)])
, (22)  

where λmax is the maximum eigenvalue of Rx. 

3.2. Mean square analysis 

It is clear from (15) that the final estimate of an iteration is defined 
by the estimate of node N. Thus, the analysis for the network can be 
easily denoted by the analysis of the result of node N. Thus, (17) is 

Fig. 4. Performance comparison between VSSILMS [8], IVSLMS [25] and the proposed NCILMS and its zero noise variance version for white input data.  

Fig. 5. Performance comparison between VSSILMS [8], IVSLMS [25] and the proposed NCILMS and its zero noise variance version for correlated input data.  
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rewritten for node N after applying the transformation with G as in the 
previous section to give 

ΦN(i) =
[
IM − αN(i)xN(i)xT

N(i)
]
ΦN− 1(i) − αN(i)xN(i)nN(i). (23) 

The first step is to take a weighted l2-norm of (23) and then take the 
expectation. The cross products that include the noise value nN(i) will 
disappear when expectation is applied because the noise is independent 
and zero-mean. Assuming, the data as circular Gaussian, the remaining 
terms simplify to give 

E
[
‖ΦN(i)‖2

Σ

]
= E

[
‖ΦN− 1(i)‖2

Σ
’
]
+ σ2

n,N E
[
α2

N

]
Tr{ΛΣ}, (24)  

where Σ is a general weighting matrix, σ2
n,N is the noise variance at node 

N and Σ
′ 
is given by 

Σ
’

= Σ − E[αN(i)][ΣΛ + ΛΣ] + E
[
α2

N(i)
]
[ΛTr{ΣΛ} + κΛΣΛ], (25)  

where κ is 1 for complex data and 2 for real data. The interested reader 
can go through the details of the analysis available within [10], [13–23]. 

Following the analysis developed in [8], recursion (24) is simplified 
further by using the diag{} operator, resulting in 

E
[
‖ΦN(i)‖2

σ
]

= E
[
‖ΦN− 1(i)‖2

FN (i)σ

]
+ σ2

n,Nα2
N(i)v

T σ, (26)  

where σ = diag{Σ}, v = diag{Λ} and FN(i) is given by 

FN(i) = IM − 2αN(i)Λ + α2
N(i)

[
vvT + κΛ2], (27)  

where αN(i) = E[αN(i)] and α2
N(i) = E[α2

N(i)] ≈ αN
2(i). The iterative up

date for αN(i) is given by 

αN(i) = μN [1+ γNE[λN(i)]], (28)  

with 

E[λN(i+ 1)] = (1+ βN)E[λN(i)]
βN

2
ζN(i), (29)  

and ζN(i) = E[‖ ΦN(i) ‖
2
σ] being the excess mean square error (EMSE) at 

node N for iteration i when σ = v. 

3.3. Learning behavior 

Recursion (26) is not proper because of two reasons. First, the iter
ation updates the estimate from node (N − 1) to node N. A proper iter
ative update would improve the estimate of node N from iteration (i − 1)
to i. Secondly, the weighting matrices on the two sides of (26) are Σ and 

Σ
’

, which are transformed using the diag{} operator. A proper iterative 
update should work with the same weighting matrix on both sides. Such 
a proper update equation is known as the learning behavior of the 
algorithm. 

For this purpose, we need to follow the iterations from the beginning. 
Initializing with E[‖ w(0) ‖2

σ] = ‖ w0 ‖
2
σ, the first iteration begins at node 

1 as follows: 

E
[
‖ Φ1(1) ‖

2
σ
]

= E
[
‖ w(0) ‖2

F1(1)σ

]
+ σ2

n,1α2
1(1)v

T σ

= ‖ w0 ‖
2
F1(1)σ + σ2

n,1α2
1(1)v

T σ.

For node 2, we get 

E
[
‖ Φ2(1) ‖

2
σ
]

= ‖ w0 ‖
2
F1(1)F2(1)σ + σ2

n,1α2
1(1)v

T F2(1)σ + σ2
n,2α2

2(1)v
T σ

= ‖ w0 ‖
2
F1(1)F2(1)σ + gT

1 (1)F2(1)σ + gT
2 (1)σ,

where gk(i) = σ2
n,kα2

k(i)v. Thus, for node N we get 

E
[
‖ΦN(1) ‖

2
σ
]

= ‖w0 ‖
2∏N

m1=1
Fm1 (1)σ

+gT
N(1)σ+

[
∑N− 1

m=1
gT

m(1)
∏N

m2=m+1
Fm2 (1)

]

σ

= ‖w0 ‖
2
FN (1)σ +BN(1)σ,

where FN(1) =
∏N

m1=1Fm1 (1) and BN(1) = gT
N(1)IM +

∑N− 1
m=1gT

m(1)
∏N

m2=m+1Fm2 (1). For iteration 2, we have 

E
[
‖ ΦN(2) ‖

2
σ
]

= ‖ w0 ‖
2
FN (1)FN (2)σ + [BN(2) + BN(1)FN(2)]σ

= ‖ w0 ‖
2
AN (2)σ + CN(2)σ,

where AN(2) = FN(1)FN(2) = AN(1)FN(2) and CN = BN(2)+
BN(1)FN(2) = BN(2)+ CN(1)FN(2). Generalizing this for the ith iteration 
and realizing that the update for node N is in fact the final update for the 
network, we can write 

E
[
‖ w(i) ‖2

σ
]
= ‖ w0 ‖

2
AN (i)σ + CN(i)σ. (30)  

Similarly, for iteration (i+ 1), we have 

E
[
‖ w(i + 1) ‖2

σ
]
= ‖ w0 ‖

2
AN (i+1)σ + CN(i+ 1)σ. (31)  

Subtracting (30) from (31) and simplifying, we get 

Fig. 6. Performance comparison between NCDLMS algorithm [23] and the 
proposed algorithm. 

Fig. 7. Theory versus simulation performance for the proposed algorithm.  
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E
[
‖ w(i + 1) ‖2

σ
]

= E
[
‖ w(i) ‖2

σ
]
+ ‖ w0 ‖

2
AN (i)[FN (i+1)− IM ]σ

+CN(i)[FN(i + 1) − IM ]σ + BN(i + 1)σ.
(32)  

The result in (32) defines the mean square transient learning behavior 
for the proposed algorithm. From this result, setting σ = diag{IM} and σ 
= v in (32) result in the Mean Square Deviation (MSD) and in the Excess 
Mean Square Error (EMSE), respectively. 

3.4. Steady state analysis 

At steady-state, the behavior needs to be looked at using (26). 
Following the learning behavior, it can be seen that the overall update 
for the network is given by 

E
[
‖ w(i + 1) ‖2

σ
]
= E

[
‖ w(i) ‖2

FN (i+1)σ

]
+ BN(i+ 1)σ. (33) 

Fig. 10. Steady-state MSD for varying SNR values.  

Table 2 
Steady-state MSD vs varying μ.  

SNR Step-Size Theory Simulation  

0.0001 − 66.45 − 66.35 
30 0.001 − 56.45 − 56.48  

0.01 − 46.40 − 46.39  
0.1 − 34.77 − 34.77  
0.0001 − 56.45 − 56.50 

20 0.001 − 46.45 − 46.43  
0.01 − 36.40 − 36.35  
0.1 − 24.77 − 24.71  
0.0001 − 46.45 − 46.49 

10 0.001 − 36.45 − 36.49  
0.01 − 26.40 − 26.40  
0.1 − 14.77 − 13.94  

Fig. 8. Theory versus simulation steady-state step-size values.  

Fig. 9. Steady-state MSD for varying step-size for different SNR values.  
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At steady-state, (33) can be solved to give 

E
[
‖ wss ‖

2
σ
]
= BN,ss

[
IM − FN,ss

]− 1σ, (34)  

where the subscript ss denotes steady-state, BN,ss = gT
N,ssIM +

∑N− 1
m=1gT

m,ss
∏N

m2=m+1Fm2 ,ss, gm,ss = σ2
n,mα2m,ssv, FN,ss =

∏N
m1=1Fm1 ,ss and 

Fm,ss = IM − 2αm,ssΛm + α2
m,ss

[
vvT + κΛ2

m

]
. (35) 

The steady-state value for the step-size αm,ss is governed by the 
steady-state value of the Lagrangian multiplier, which evolves according 

to (29). Realizing that the EMSE is a very small number at steady-state, 
we can safely assume that the Lagrangian multiplier goes to zero at 
steady-state. As a result, the steady-state step-size value is given by 
αm,ss = μm and α2

m,ss = μ2
m. 

For the case where the noise variance is unavailable, (29) changes to 

E[λm(i+ 1)] = (1 − βm)E[λm(i)] +
βm

2

[
ζm(i)+ σ2

n,m

]
, (36)  

which, at steady-state, evolves into 

Fig. 12. Proposed algorithm versus VSSILMS algorithm [8] and IVSLMS algorithm [25] for an abrupt change in the unknown system coefficients.  

Fig. 11. Proposed algorithm versus VSSILMS algorithm [8] and IVSLMS algorithm [25] for varying SNR values.  
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E
[
λm,ss

]
=

1
2
σ2

n,m, (37)  

which is not zero. Thus, the steady-state step-size now becomes αm,ss =

μm

{
1 + 1

2γmσ2
n,m

}
. 

3.5. Complexity analysis 

Finally, comparing the computational complexity of the proposed 
algorithm with those of the ILMS algorithm [2] and the VSSILMS algo
rithm [8], it was found that the proposed algorithm has five extra 
multiplications and three extra additions over the ILMS algorithm and 
two extra multiplications and two extra additions over the VSSILMS 
algorithm. The computational comparison is shown in Table 1. The table 
also includes the computational complexity for the IVSLMS algorithm 
[25]. The computations for the zero noise version (ZNCILMS) of the 
proposed algorithm are also shown. The ZNCILMS assumes that the 
noise variance value is unavailable and proceeds without incorporating 
the value of σ2

n,k in (14). The ZNCILMS algorithm is considered as the 
worst case scenario for the proposed algorithm. In case of a mismatch in 
the estimation of the noise variance value, the performance of the pro
posed algorithm exhibits a performance between that of the ideal 
NCILMS algorithm and that of the ZNCILMS algorithm. 

4. Simulation results 

This section presents the performance behaviour of the proposed 
algorithm in different scenarios. In all experiments, the unknown vector 
length is chosen as M = 5 and the network size is N = 20. The noise 
values nk(i) are zero-mean i.i.d. Gaussian random variables with vari
ances σ2

n,k. The noise profiles for the two cases are shown in Fig. 2. 
Initially, a sensitivity analysis is performed to test the performance of 

the proposed algorithm for varying values of the parameter γ. Fig. 3 
shows this effect. As can be seen, the algorithm reaches the same steady- 
state in each case. However, the speed of convergence increases as the 
value of γ increases. It should be noted here that a very large value for γ 
is not always recommended as this could result in the algorithm 
diverging instead of converging to the steady-state value. For our ex
periments, unless otherwise stated, the value for γ is chosen to be 300. 

The first experiment gives a comparison in performance of the pro
posed algorithm with the VSSILMS algorithm [8], the IVSLMS algorithm 
[25] and the ZNCILMS algorithm for two scenarios, one where the input 
data is white and the second where the input data is correlated with a 
correlation factor 0.6. The parameter values are chosen such that they 
ensure that the speed of convergence for the algorithms is similar for 
both cases of the noise. Fig. 4 depicts the results for both cases of the 
noise for white input data. Fig. 5 depicts the results for both cases of the 
noise for correlated data with correlation factor 0.6. The plots indicate 
two important points. Firstly, the proposed algorithm clearly out
performs the other VSS algorithms in both scenarios. Secondly, the 
deterioration in performance for the second case is much less for the 
proposed algorithm compared with the other algorithms. This clearly 
shows that the absence of the noise variance value is undesirable and 
some estimate of the noise variance should be used instead. This is also 
showcased in the performance of the ZNCILMS algorithm, which de
grades in a manner similar to that of the two VSS algorithms. 

As for the comparison between the noise-constrained diffusion-based 
LMS (NCDLMS) algorithm [23] and the proposed algorithm, Fig. 6 re
ports the findings of this comparison. The results clearly show that the 
proposed algorithm outperforms the NCDLMS algorithm for different 
SNR values. Almost a 6 dB gain in favor of our proposed algorithm for an 
SNR of 30 dB. 

The third experiment presents a comparison between theory and 
simulation. The theoretical results, (32) and (34), are compared with the 
simulation results and are found in close agreement as shown in Fig. 7. 

Similarly, Fig. 8 compares the theoretical steady-state step-size values 
for different SNR values with their counterparts obtained through sim
ulations. Here too, as reported by this figure, the two results are closely 
matched. To assess more this issue, Figs. 9 and 10 ascertain more of the 
findings. In both figures, the theory corroborates very well the simula
tion results. Lastly, as can be seen from Table 2, the simulation results 
corroborate the theory very well. 

Next, a comparison between the proposed algorithm, the VSSILMS 
algorithm [8] and the IVSLMS algorithm [25] is given in two scenarios 
with variations during the simulation. First is a scenario where the SNR 
changes after every 3000 iterations. The initial SNR value is 20 dB, 
which then changes to 0 dB after 3000 iterations, 30 dB after 6000 it
erations and 10 dB after 9000 iterations. The parameter values are the 
same as in the first experiment, in order to have a sense of how the al
gorithms perform under changing scenarios. As depicted in Fig. 11, 
knowledge of the noise variance helps the proposed algorithm in per
forming consistently, whereas the performances of the VSSILMS and 
IVSLMS algorithms fluctuate with varying SNR values. 

Finally, the algorithm’s performance when there is an abrupt change 
in the unknown system coefficients (time-varying system) is presented. 
Here, a scenario where the unknown parameter vector w0 changes after 
half the number of iterations. The result is depicted in Fig. 12. As can be 
seen, the proposed algorithm consistently performs better than the other 
algorithms, despite the change during the simulation. A consistency in 
performance is achieved with the proposed algorithm in all the scenarios 
considered for assessment. 

5. Conclusion 

This work proposes a noise-constrained LMS algorithm for distrib
uted estimation in wireless sensor networks based on the incremental 
scheme. The algorithm uses the variance of the additive noise as a 
constraint to develop a specific type of variable step-size for the LMS 
algorithm that improves performance at the cost of some extra compu
tations. More importantly, the algorithm derivation is followed by a 
detailed theoretical analysis. Simulation results show that the proposed 
algorithm clearly outperforms the VSSILMS algorithm, particularly 
when some nodes have poor SNR compared to the rest of the network. 
Finally, the theoretical results corroborate very well the simulation 
results. 
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