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While a lot of research has focused on diffusion-based algorithms for distributed estimation over adaptive net-
works, incremental algorithms have not been studied to that extent. Here we present an incremental scheme-
based distributed least mean square algorithm that uses the variance of the additive noise as a constraint. The
proposed algorithm is derived and then its theoretical performance analysis is presented. Simulation results for

different scenarios are then presented and it is shown that the simulation results corroborate very well the
theoretical findings. More importantly, our algorithm outperforms, a recently proposed algorithm, the variable
step-size incremental-based LMS (VSSILMS) algorithm.

1. Introduction

Over the last decade, significant research has been dedicated to
developing new distributed adaptive algorithms for the purpose of
signal estimation over adaptive networks [1]. As part of this research
effort, the incremental scheme-based Least Mean Squares (LMS) algo-
rithm was presented in [2]. This scheme traverses the entire network in a
cyclic manner and each node updates the estimate based on the data
provided by the previous node in the cycle. The incremental scheme
performs the best among all distributed schemes but it is prone to node
failure and may not perform well enough for large networks. However,
its performance compared with other schemes is such that this trade-off
is acceptable under most scenarios. Then, a fully distributed
diffusion-based LMS algorithm was proposed in [2]. As opposed to the
incremental scheme, the neighboring nodes all share data with each
other, which makes diffusion a fully distributed scheme. However, it has
been shown that the incremental scheme outperforms the diffusion
scheme under different scenarios [4-8]. The authors in [4] presented a
consensus-based distributed approach, which incorporates the
constraint that all nodes reach the same estimate at steady-state. How-
ever, it was shown in [9] that the diffusion scheme outperforms the

* corresponding author.

consensus-based scheme, in general. In order to cater for the trade-off
that exists, for the conventional LMS algorithm, between the error per-
formance and the speed of convergence [10], variable step-size
distributed LMS algorithms were presented in [11] and [12]. The
diffusion-based variable step-size LMS algorithm, presented in [11], was
then extended in [13]. Several variants of the diffusion-based, variable
step-size LMS algorithm have since been proposed in [14-18].

While constrained-based algorithms have found use in several ap-
plications (for example [19]), the first use of a noise-constrained based
distributed algorithm was in [20,21]. Capitalizing on the work of [22] a
diffusion-based noise-constrained LMS algorithm was presented in [20]
by exploiting the variance of the additive noise to improve the perfor-
mance of the diffusion-based LMS algorithm of [3]. This algorithm was
then further improved in [21], with its detailed analysis presented in
[23]. Note that the noise-constrained LMS (NCLMS) algorithm of [22]
discusses only the NCLMS algorithm involving no diffusion whatsoever.
This improved algorithm belongs to the class of variable step-size
algorithms.

The incremental-based algorithms have generally been ignored
because of the inherent disadvantages of their internal incremental
scheme [1]. However, the advantages of using this incremental scheme
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Fig. 1. Incremental scheme based network of N nodes.

Table 1

Computational complexity per node per iteration for the different algorithms.
Algorithm Multiplications Additions
ILMS [2] 2M 2M
VSSILMS [8] 2M+ 3 2M+1
IVSLMS [25] 2M+ 2 2M+1
Proposed 2M+ 5 2M+ 3
ZNCILMS 2M+ 5 2M + 2

outweighs the disadvantages for small-scale networks [1]. As a result, a
recent study renewed interest that has been witnessed and seen in
further development and use of increment-based algorithms, such as in
[8,24,25]. Other algorithms that use the noise variance to develop a
variable step-size adaptive filters, such as the set-membership algo-
rithms, include [26] and [27].

More importantly, it is assumed in the adaptive network-based al-
gorithms that the noise level is the same for all nodes. This is not the case
in practice'. Hence, for an optimal performance, the adaptation scheme
should incorporate some local features, such as the noise statistical
behaviour, that are unique to each node. To address this vitally impor-
tant point, this work proposes to include the noise power of each node as
a constraint in the cost function of the algorithm used. To develop such
an algorithm, the authors have resorted to the noise-constrained LMS
algorithm of [22] so as to derive a new adaptive incremental algorithm.
Also, as will be shown in the simulation results section, our proposed
algorithm outperforms an algorithm recently developed in [8]. Note
here that our proposed algorithm and the one presented in [8] are both
of the variable-step size type which are known to outperform algorithms
with constant-step size.

Apart from its slightly higher computational complexity, the ex-
pected higher performance of the proposed algorithm is supported by
the facts that the transient behaviour of the weights of the adaptive al-
gorithm depends on the statistics of the channel noise, as pointed out in
[22]. This therefore suggests the usefulness of exploiting the noise sta-
tistics when finding the optimal weight at each node of the adaptive
network. Thus the use of the statistical knowledge of the channel noise
in LMS-type adaptive algorithms, including the one we propose here,
would therefore be justifiably expected to lead to an improvement in the
convergence performance.

The contributions of this work are summarized as follows:

! Note here that this scheme will not work for noises with a pathological
distribution, such as Cauchy or Lorentz noise, for which both the mean and the
variance are undefined. It may also not work for alpha-stable type of noises
which, like Cauchy’s distribution, have slow-decaying fat tails.
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1) Incorporating the noise constrained strategy in the incremental
scheme to formulate the proposed incremental noise constrained
LMS algorithm.

2) Performing the mean and mean square analysis, the latter includes
the transient analysis (with the learning behavior) and the steady
state analysis.

3) Complexity comparison presented for an accurate estimate of the
complexity-performance trade-off.

4) Simulation results presented for varying scenarios to demonstrate
the performance enhancement of the proposed algorithm over the
existing variable step-size algorithms.

The remainder of this paper is organized as follows. Section 2 in-
troduces the system model and then derives the proposed algorithm. The
complete mathematical analysis is presented in Section 3, with the
experimental results and discussions presented in Section 4. Finally,
Section 5 concludes this work.

2. The proposed algorithm

Let us consider a network with N nodes, connected through a
Hamiltonian cycle, as shown in Fig. 1. Each node k attempts to estimate
a vector of unknown parameters of interest w® € RM*!, by using a scalar
measurement, y (i), which is connected with w® as follows:

yi(i) = x{ (OW° + i (i), 1)

where x;(i) € RM*1 is the regressor input vector for node k, n(i) is a
zero-mean additive white noise with variance 62, and i denotes the
iteration.

The incremental LMS (ILMS) algorithm from [2] is derived by
minimizing the following cost function:

1
Ji(wi) = 7 IE“YI: - kawkH ; 2)

where wy is the estimate for w® at node k. The resulting algorithm is
given by [2]

D(i) = w(i—1), 3)
) = (i) = x ()P (i), “
D(i) = () +pxe(i)ed), ©)
w(i) = @), (6

where ® (i) is the intermediate update at node k for the i" iteration and
Uy is its fixed step-size.

2.1. Proposed algorithm

For the proposed algorithm, the noise variance is incorporated into
the cost function as a constraint and the cost function per node is
modified as follows”:

Jinew(We) = Je(Wi) + 7k [Jk (wi) — ﬁﬁ‘k} — Vs @)

where J is the Lagrangian multiplier for node k and y, is a positive
control parameter. The cost function has been adopted from [22] and
modified for the current application. The algorithm is derived using the
following recursions:

2 The noise power at node k, ‘fﬁ,k’ can be estimated using the method of [28].
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Fig. 3. Performance comparison for varying values of y.

Wi (i) = Wk(i)*ak%-’k,nm(wk) (8)

0
il
Mt = At B T(w), ©
k

where o, and ;. are the respective step-size parameters for the two re-
cursions. Drawing a parallel with (3)-(6) and solving (8)-(9) yields the
proposed noise constrained incremental LMS (NCILMS) algorithm

(i) = w(i—1), (10)
a()) = (i) = x ()P (0), amn
(i) = wll+rd(D), 12)
Qi) = B () + a()xi(Dei), a3

10 12 14 16 18 20
Nodes

Fig. 2. The variances of the noise.

By

(1= Ba(0) + 5 () — o2, a4

Ali+1) =

w(i) = dy(i), (15)

and as shown in (12), a is a time-varying step-size parameter.
3. Theoretical analysis

This section presents the mathematical analysis. Before presenting
the analysis, a weight-error is introduced and is given by

(16)

Wk(l) = WU - Wk(l)
3.1. Mean analysis

Inserting (1) into (11) and then (16) and (11) into (13), with some
simplifications, results in

(I)k(l) = [IM — (ZA(I)X/(([)X]{([)] (I)](,l (l) — ak(z)xk(t)m(t) (17)
Now, taking the expectation of both sides of (17) results in the analysis
of the mean. Since the noise term, ny (i) is independent and zero-mean,
the expectation of the last term of (17) becomes zero. Also, using the
assumption of data independence [10] and simplifying yields

E[@(i)] = [T — Elo (i) Roi] E[@i1 (1)), (18)

where Ry = E[x(i)x] (i)] is the input data autocorrelation matrix for
node k. Here, we assume, that the input regressor data at each node has
the same statistical characteristics, therefore, Ryx = Ry. Next, we
decompose the matrix R, using R, = GAGT, where A is a diagonal
matrix containing the eigenvalues of Ry and G contains the corre-
sponding eigenvectors. Also, GGT = G'G = I Using G, we get ®; =
G'®y. Thus, pre-multiplying (18) by G and simplifying results in

E[@.(i)] = [Ty — Ela (i) A]E[®;_, (7). 19)

The matrices in (19) are all diagonal so each term in E[®(i)] is indi-

vidually linked with E[®y_; (i)] and is given by
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Fig. 4. Performance comparison between VSSILMS [8], IVSLMS [25] and the proposed NCILMS and its zero noise variance version for white input data.
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Fig. 5. Performance comparison between VSSILMS [8], IVSLMS [25] and the proposed NCILMS and its zero noise variance version for correlated input data.

E[®e(1)] = [1 = Flaw () in] E[Bi10(0)] (20)

wherem =1,2,..., M. Eventually, we can prove that the mean stability of
the proposed algorithm is conditioned by the following bound:

|1 = Ela(1)Zem]| < 1. 1)

Inserting (12) into (21) and simplifying gives the stability bounds for the
step-size parameter value for the proposed algorithm, given by

2
0<py <=

e 22
ﬂmax(l +yk|E[ﬂk(l)]) ( )

where /.« is the maximum eigenvalue of Ry.

3.2. Mean square analysis

It is clear from (15) that the final estimate of an iteration is defined
by the estimate of node N. Thus, the analysis for the network can be
easily denoted by the analysis of the result of node N. Thus, (17) is
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Fig. 7. Theory versus simulation performance for the proposed algorithm.

rewritten for node N after applying the transformation with G as in the
previous section to give

[Ly — an (i) X ()X ()] @1 (i) — an (D)Xn (i) (i) (23)

The first step is to take a weighted I,-norm of (23) and then take the
expectation. The cross products that include the noise value ny(i) will
disappear when expectation is applied because the noise is independent
and zero-mean. Assuming, the data as circular Gaussian, the remaining
terms simplify to give

E[I®x(i)E] =

6N(i) =

E[I@y-1 ()2 ] + 0} E[ory Tr{AZ}, @4

where X is a general weighting matrix, 62 , is the noise variance at node

N and X is given by
T = T Eay(i)|[EA +AZ] + E[a ()] [ATA{SA} + kAZA], (25)
where « is 1 for complex data and 2 for real data. The interested reader
can go through the details of the analysis available within [10], [13-23].

Following the analysis developed in [8], recursion (24) is simplified
further by using the diag{} operator, resulting in

ENBN@IE] = E[I@u ()l 5] + AV, 26)
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where 6 = diag{Z}, v = diag{A} and Fy(i) is given by

Fu(i) = Ly — 205 (i)A + 3, (i) [v" +xA?], 27)

where ay(i) = E[an(i)] and g(i) = Fla(i)] ~ an2(i). The iterative up-
date for ay(i) is given by

ay(i) = uy[1 +ryEAv @], (28)
with

ﬁN

Efdy (i + D] = (14 By) Eldn ()] 5Cn (D), (29

and ¢y (i) = E[|| @n(D) H;] being the excess mean square error (EMSE) at
node N for iteration i when ¢ = v.

3.3. Learning behavior

Recursion (26) is not proper because of two reasons. First, the iter-
ation updates the estimate from node (N — 1) to node N. A proper iter-
ative update would improve the estimate of node N from iteration (i — 1)
to i. Secondly, the weighting matrices on the two sides of (26) are T and

Y, which are transformed using the diag{} operator. A proper iterative
update should work with the same weighting matrix on both sides. Such
a proper update equation is known as the learning behavior of the
algorithm.

For this purpose, we need to follow the iterations from the beginning.
Initializing with E[|| W(0) ||2] = || w° Hé
1 as follows:

E[ll @ (1) |2]

, the first iteration begins at node

E[IW(0) 1}, 16] + 2107 (1)v'S

2 (1)V's.

2
I w’ ”F.(])E + ”i,]
For node 2, we get

E[l®:(1) 2] =

or, @ ()WV'Fo(1)5 + 07,3 (1)V'G

I w° H%,(l Fa (1
+g1( )F»(1)6 + g, (1)s,

2
I w’ Hf,(l Fa

where g; (i) = 02, kak( i)v. Thus, for node N we get

—_ 2
E[l@n(1)[l5] = Hw“l\n s T e (1) + ngu H F,,(1
my=m+1
2 —
= HWOHFN(])E+BN(1)67
where Fy(1) =TI 1 Fm, (1) and By(1) = gh(1)Iy +

S 1gh (DTTN, st Fmy (1). For iteration 2, we have

E[l@v2) l7] = W gy mes + By(2) + By(1)Fy(2))6

= W [l3,5 + Cr ()8,
where AN(Z) = FN(l)FN(2) = AN(l)FN(Z) and Cy = BN(2) +
By(1)Fn(2) =By(2) + Cyn(1)Fn(2). Generalizing this for the i iteration

and realizing that the update for node N is in fact the final update for the
network, we can write

2 -
E[l w() 5] = I W 3,05 + Cn (D)5 (30)
Similarly, for iteration (i+ 1), we have

—. 2 . —
El WG+ 1) 1] = | W” [lyem + Ca(i +1)5. (€1)

Subtracting (30) from (31) and simplifying, we get
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. — 2
Efl w6+ D 1] = E[I W6 5]+ 11w sy omyien e (32)

+CN(i)[FN(i + 1) — IM]E + BN(i + 1)6.

The result in (32) defines the mean square transient learning behavior
for the proposed algorithm. From this result, setting ¢ = diag{In} and ¢
= vin (32) result in the Mean Square Deviation (MSD) and in the Excess
Mean Square Error (EMSE), respectively.

3.4. Steady state analysis

At steady-state, the behavior needs to be looked at using (26).
Following the learning behavior, it can be seen that the overall update
for the network is given by

E[I WG+ 1) 2] = E[I W) ] + Buli+ 15 33)

-10

—O— Theoretical
=—>¢— Simulation

MSD (dB)

0 5 10 15 20 25
SNR (dB)

Fig. 10. Steady-state MSD for varying SNR values.

Table 2
Steady-state MSD vs varying u.
SNR Step-Size Theory Simulation
0.0001 — 66.45 — 66.35
30 0.001 — 56.45 — 56.48
0.01 — 46.40 —46.39
0.1 — 3477 — 3477
0.0001 —56.45 — 56.50
20 0.001 — 46.45 —46.43
0.01 — 36.40 —36.35
0.1 —24.77 —24.71
0.0001 — 46.45 — 46.49
10 0.001 —36.45 —36.49
0.01 —26.40 —26.40
0.1 —14.77 —13.94
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At steady-state, (33) can be solved to give

E [H ‘_vss ”3] = BN.S.& [IM - FN,.&x} _167 (34)

3

where the subscript ss denotes steady-state, Bys = gh Iv +
N-1 N = ) N %

Zm:l gzrwl,ssnmz:MJrl sz.ss’ 8mss — Grzl‘mazmw“v: Fyss = Hm1:1le S8 and

Fog =Ty — 20, 4A,, + 02,5 [V + &AL (35)

The steady-state value for the step-size @, is governed by the
steady-state value of the Lagrangian multiplier, which evolves according

to (29). Realizing that the EMSE is a very small number at steady-state,

we can safely assume that the Lagrangian multiplier goes to zero at

steady-state. As a result, the steady-state step-size value is given by
am,ss = Hn and azm‘ss = /431

For the case where the noise variance is unavailable, (29) changes to

B

Efan i+ 1)] = (1= 4, Eldn(0)] + 22 [£,() + 02,

> (36)

which, at steady-state, evolves into
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E[Anss] = 15 (37)
s ) )

which is not zero. Thus, the steady-state step-size now becomes @, s =

:um { 1 + %ymgrzl.m } .
3.5. Complexity analysis

Finally, comparing the computational complexity of the proposed
algorithm with those of the ILMS algorithm [2] and the VSSILMS algo-
rithm [8], it was found that the proposed algorithm has five extra
multiplications and three extra additions over the ILMS algorithm and
two extra multiplications and two extra additions over the VSSILMS
algorithm. The computational comparison is shown in Table 1. The table
also includes the computational complexity for the IVSLMS algorithm
[25]. The computations for the zero noise version (ZNCILMS) of the
proposed algorithm are also shown. The ZNCILMS assumes that the
noise variance value is unavailable and proceeds without incorporating
the value of a,zl_k in (14). The ZNCILMS algorithm is considered as the
worst case scenario for the proposed algorithm. In case of a mismatch in
the estimation of the noise variance value, the performance of the pro-
posed algorithm exhibits a performance between that of the ideal
NCILMS algorithm and that of the ZNCILMS algorithm.

4. Simulation results

This section presents the performance behaviour of the proposed
algorithm in different scenarios. In all experiments, the unknown vector
length is chosen as M = 5 and the network size is N = 20. The noise
values ny (i) are zero-mean i.i.d. Gaussian random variables with vari-
ances oik. The noise profiles for the two cases are shown in Fig. 2.

Initially, a sensitivity analysis is performed to test the performance of
the proposed algorithm for varying values of the parameter y. Fig. 3
shows this effect. As can be seen, the algorithm reaches the same steady-
state in each case. However, the speed of convergence increases as the
value of y increases. It should be noted here that a very large value for y
is not always recommended as this could result in the algorithm
diverging instead of converging to the steady-state value. For our ex-
periments, unless otherwise stated, the value for y is chosen to be 300.

The first experiment gives a comparison in performance of the pro-
posed algorithm with the VSSILMS algorithm [8], the IVSLMS algorithm
[25] and the ZNCILMS algorithm for two scenarios, one where the input
data is white and the second where the input data is correlated with a
correlation factor 0.6. The parameter values are chosen such that they
ensure that the speed of convergence for the algorithms is similar for
both cases of the noise. Fig. 4 depicts the results for both cases of the
noise for white input data. Fig. 5 depicts the results for both cases of the
noise for correlated data with correlation factor 0.6. The plots indicate
two important points. Firstly, the proposed algorithm clearly out-
performs the other VSS algorithms in both scenarios. Secondly, the
deterioration in performance for the second case is much less for the
proposed algorithm compared with the other algorithms. This clearly
shows that the absence of the noise variance value is undesirable and
some estimate of the noise variance should be used instead. This is also
showcased in the performance of the ZNCILMS algorithm, which de-
grades in a manner similar to that of the two VSS algorithms.

As for the comparison between the noise-constrained diffusion-based
LMS (NCDLMS) algorithm [23] and the proposed algorithm, Fig. 6 re-
ports the findings of this comparison. The results clearly show that the
proposed algorithm outperforms the NCDLMS algorithm for different
SNR values. Almost a 6 dB gain in favor of our proposed algorithm for an
SNR of 30 dB.

The third experiment presents a comparison between theory and
simulation. The theoretical results, (32) and (34), are compared with the
simulation results and are found in close agreement as shown in Fig. 7.
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Similarly, Fig. 8 compares the theoretical steady-state step-size values
for different SNR values with their counterparts obtained through sim-
ulations. Here too, as reported by this figure, the two results are closely
matched. To assess more this issue, Figs. 9 and 10 ascertain more of the
findings. In both figures, the theory corroborates very well the simula-
tion results. Lastly, as can be seen from Table 2, the simulation results
corroborate the theory very well.

Next, a comparison between the proposed algorithm, the VSSILMS
algorithm [8] and the IVSLMS algorithm [25] is given in two scenarios
with variations during the simulation. First is a scenario where the SNR
changes after every 3000 iterations. The initial SNR value is 20 dB,
which then changes to 0 dB after 3000 iterations, 30 dB after 6000 it-
erations and 10 dB after 9000 iterations. The parameter values are the
same as in the first experiment, in order to have a sense of how the al-
gorithms perform under changing scenarios. As depicted in Fig. 11,
knowledge of the noise variance helps the proposed algorithm in per-
forming consistently, whereas the performances of the VSSILMS and
IVSLMS algorithms fluctuate with varying SNR values.

Finally, the algorithm’s performance when there is an abrupt change
in the unknown system coefficients (time-varying system) is presented.
Here, a scenario where the unknown parameter vector w® changes after
half the number of iterations. The result is depicted in Fig. 12. As can be
seen, the proposed algorithm consistently performs better than the other
algorithms, despite the change during the simulation. A consistency in
performance is achieved with the proposed algorithm in all the scenarios
considered for assessment.

5. Conclusion

This work proposes a noise-constrained LMS algorithm for distrib-
uted estimation in wireless sensor networks based on the incremental
scheme. The algorithm uses the variance of the additive noise as a
constraint to develop a specific type of variable step-size for the LMS
algorithm that improves performance at the cost of some extra compu-
tations. More importantly, the algorithm derivation is followed by a
detailed theoretical analysis. Simulation results show that the proposed
algorithm clearly outperforms the VSSILMS algorithm, particularly
when some nodes have poor SNR compared to the rest of the network.
Finally, the theoretical results corroborate very well the simulation
results.
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