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ARTICLE INFO ABSTRACT
Keywords: Redundancy analysis in structural systems has been typically approached under particular loading conditions.
Material distribution Structural systems that are found to provide adequate levels of redundancy in light of such an approach may face

Redundancy matrix
Member redundancy index
Static indeterminacy distribution

serious threats resulting from accidental loads. Additionally, determining the degree of redundancy of a system
as one unique global information ignores the spatial distribution of the redundancy in that system. Improper
Structural systems distribution of redundancy in the system may lead to the presence of superfluous material in parts of the system.
Structural redundancy One system measure that has been widely used to gage the level of redundancy in structures is the static in-
Indeterminacy determinacy. Hence, the redundancy matrix is an excellent tool that provides valuable insight into the distri-
bution of the static indeterminacy among the structural members in the system; independently from any loads
applied to the system. One of the essential components in the redundancy matrix is the distributed static in-
determinacy. While providing satisfactory levels of redundancy in a system is encouraged, it is also necessary to
optimize the material distribution in the system. Having members in the system that are highly, or even
completely, redundant indicates an inefficient distribution of material and should be avoided. In this paper, a
member redundancy index based on the distributed static indeterminacy is derived. This index can be used to
efficiently distribute the material in the system in order to optimize its redundancy distribution.

system behavior. All the well-established methods of determining the
degree of static indeterminacy dating back to Maxwell [8], and more
recently in Pellegrino and Calladine [9], unfortunately, provide little to
no information about the spatial distribution of static indeterminacy
[10].

Even though a system should possess a high degree of redundancy, it
is not desirable to have members that are highly redundant because that
indicates the presence of material that is inefficiently, or even unnec-
essarily, allocated in the system. It is therefore necessary to establish
indicators that efficiently measure the importance and contribution of
each member to the overall system redundancy, the sensitivity of the
system to the material distribution in the system, and the optimum
amount of material that should be allocated to each member. Such in-
formation can be effectively utilized in the design of new structures, and
in the repair, maintenance, and replacement of members of existing
ones.

1. Introduction

Ensuring a satisfactory degree of redundancy in structural systems is
evidently important; in order to provide adequate levels of assurance
against the collapse of the system in the event of losing one or more of its
members, partially or completely [1-3]. Integrating the concepts of
redundancy in design and maintenance is regarded as an effective way of
optimizing structures, since it reflects the geometric and topological
configuration of structures [4]. As a result, savings in material by its
proper distribution in the system can be achieved [5].

A commonly used conventional definition of redundancy is the de-
gree of static indeterminacy of the structural system [6]. However,
Frangopol and Curley [7] demonstrated how the degree of static inde-
terminacy by itself does not constitute an adequate measure of the
overall system behavior as it overlooks the member contributions to the
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Nomenclature
7 Diagonal entry of the redundancy matrix, R;;
yl‘:(a) Distributed static indeterminacy (DSI) for member i when

its cross-sectional area is set to A; = a

y]l:(a) DSI for members j # i when the cross-sectional area, A;, of
member i is set to an arbitrary value, a, which is the j%
element in the diagonal of the redundancy matrix, R, when
the i member has an area of a.

5]11((1) Change in the DSI for member j when A; changes from zero
toa
e Constant that relates the change in the DSI for member i to

that of member j as A; varies

pi(A;) Member redundancy index (MRI) for all members of the
system w.r.t. to introducing member i in the system

p} (A) MRI for member j w.r.t. to introducing member i in the
system

L, Target area A; for member i that causes p;(A;) to be 50 %.

A Equilibrium matrix

A; Cross-sectional area of member i

B Compatibility matrix

d Joint displacement vector

= Initial member elongation vector

€lastic Elastic member elongation vector

E; Modulus of elasticity of member i

€total Total member elongation vector

F An external force applied to a structure (Fig. 1).

F External force vector

f Internal force vector

fij Internal force in the member connected between nodes 1
and j

Fyq1 Components of force F applied to Node 1 in the x direction

Fy1 Components of force F applied to Node 1 in the y direction

Fi1 Components of force F applied to Node 1 in the z direction

G Diagonal matrix of axial stiffness, in which G; = AE/L;

L, Length of the member connected between nodes 1 and j

L; Length of member i.

R Redundancy matrix

X; x coordinate of node i

Yi y coordinate of node i

2 z coordinate of node i

Little in the literature has focused on theoretical studies regarding
distributed indeterminacy [11]. The concept of the redundancy matrix
was presented in several studies as a basis for offering additional insight
into system properties and distributed indeterminacy [10]. The redun-
dancy matrix describes the system behavior with no regard to the
loading conditions and is purely based on the inherent performance of
the structure, including its geometric configuration, material properties,
and member stiffnesses [12,13]. The unpredictability of accidental loads
makes it necessary to quantify the redundancy as such [14]. The first
version of the redundancy matrix appeared in Linkwitz [15], where it
was recognized as an idempotent matrix. Strobel and Singer [16] pro-
posed the concepts of elastic redundancy and geometric redundancy in
an attempt to study distributed indeterminacy. Wagner [17] conducted
a redundancy analysis on cable structures and truss structures using
similar concepts. Tibert [18,19], Eriksson and Tibert [20] and Zhou et al.
[11] presented analytical methods to determine the distributed static
indeterminacy (DSI). The redundancy matrix was also used to evaluate
structural sensitivity and robustness [11,14,16,18-26].

Interactive designs require multiple calculations of the redundancy
matrix, which can be computationally expensive. In order to replace the
recalculation of the redundancy matrix by a simpler updating procedure
that enables faster optimization loops, Krake et al. [27] proposed generic
algebraic formulations for efficiently updating the redundancy matrix.
Gade et al. [28] extended the concept of discrete redundancy matrices to
redundancy operators in continuous representations of structures.

Although the redundancy matrix and the DSI can provide relative
measures of the redundancy of members in a structural system, the
values they offer provide little information regarding the material dis-
tribution in the system. In order to use these concepts in design opti-
mization, maintenance, repair, or replacement during the life-cycle of a
structure, it is important to have an indicator that measures the system
redundancy caused by a given material distribution versus the loss of
one of the members. In this paper, the mathematical derivation for such
an indicator, namely the Member Redundancy Index (MRI) will be
proposed. It will also be shown how this index can be used to establish
target material distributions that satisfy desired levels of system
redundancy with efficient material distribution.

2. Redundancy matrix

The derivation of the equation for the redundancy matrix can be

illustrated in the example of the 3D system shown in Fig. 1. Node 1 is
connected to four neighboring nodes (2, 3, 4, 5) by four axial members
and an external force F is applied to the system at Node 1. The equi-
librium equations that relate the internal forces in the members to the
cartesian components of the external force F can be written in matrix
form as follows [29].

(r=x) —x) (-—x) (@ —x)
I I i l
1,2 1,3 14 1,5 ﬁ,Z F
=) O1—y) =y Or—vs)||fis o
Fy,l (1)
ll.2 11.3 11.4 11,5 .fl,4 F‘l
-2 @-2) @-2) (@-z) |
ll.Z 11.3 ll.4 ll.5

where x;, y;, and z; are the 3D coordinates of nodei=1, 2, ... 5, f1 j is
the internal force in the member connected between nodes 1 and j, I j is
the length of the member connected between nodes 1 and j, such that j =
2,3,4,5,and Fy 1, F) 1, and F; ; are the components of the force F applied
to Node 1 in the x,y, and y directions, respectively.

By applying the concepts in Equation (1) to all the joints and bars
comprising a system, the equilibrium equation is written as follows.

Af =F (2)

2

Fig. 1. An illustrative example of a structure with four members connected at
a Node.
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where A is the equilibrium matrix, f, and F are the internal and
external force vectors, respectively.

By minimizing the total complete system potential energy function
with respect to different variables produces the compatibility, and
constitutive equations shown in Equations (3) and (4), respectively [14].

Bd = ey 3

Geasic = £ 4

where B is the compatibility matrix, d is the (infinitesimal) joint
displacement vector, e, and eqsic are the total and elastic member
elongation vectors, respectively, and G is a diagonal matrix of axial
stiffness, in which G = A;Ei/L;, such that A;, E; and L; are the cross-
sectional area, modulus of elasticity, and length of member i, respec-
tively. The compatibility matrix, B, is related to the equilibrium matrix,
A, as follows [30].

B=A" (5)

The total elongation eyq can be decomposed into the elastic part
€clasticy Which is caused by the force F, and an initial part ey, which is
usually caused by fabrication error or thermal strains [31].

€1otal= €elasiic T €0 (6)

Substituting Equation (3) in Equation (6) and then in Equation (4) to
provide.

G(Bd—e¢) =1 @
Substituting Equations (5) and (7) in Equation (2) to obtain.

(AGAT)d — AGey=F (8)
which can be solved for the unknown displacements, d as follows.

d = (AGA”)'[F + AGe,] ©)

Since the redundancy distribution is a structural property that is
independent of the external loads, only the part that is independent of F
is considered [10]. Now, by substituting Equations (5) and (9) in
Equation (3) then substituting the result in Equation (6) gives.

Cotasic = [AT (AGA”) 'AG — I}e0 — —Re (10)

where R is known in the literature as the redundancy matrix
[10,11,14,20] because it maps the initial elongations, e, to the negative
elastic elongations, €jqgic, and is determined as.

R=1-AT(AGA")'AG 1n

The redundancy matrix, R, in Equation (10) can be interpreted as the
response of a member due to an initial ‘unit’ elongation. In Equation
(10), ep can be viewed as the prescribed initial elongation of the un-
constrained member before assembly, and e.jqsc is the elastic part of the
resulting elongation. In this manner, the redundancy matrix, R, in
Equation (10) describes the constraint of the surrounding structure on
the members of the system. Furthermore, the trace of the redundancy
matrix, R, is equal to the degree of static indeterminacy [20].

3. Distributed static indeterminacy

The diagonal entry of the redundancy matrix, y; = R;;, demonstrates
the contribution of member i to the degree of static indeterminacy and is
called the Distributed Static Indeterminacy (DSI) of member i
[11,14,20]. The range of each DSI is between zero and one [11]. A value
of y; = 1.0 indicates that element i is restrained from elongation because
it is either fixed between two rigid supports, or surrounded by infinitely
stiffer members in the system. Thus, an element i with y; = 1.0 is said to
have a high degree of redundancy, i.e. its removal from the system will
cause no effects on its load-bearing behavior. On the contrary, when y; =
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0.0, element i is free to elongate. The low redundancy for this element
highlights its importance to the structure, which will (partially) fail if
this element is removed. Smaller values for y; indicate that a fabrication
error in member i will lead only to small forces in the structure. On the
other hand, higher values for y; indicate that elongations in member i
will cause larger forces [10].

4. Effect of material distribution on DSI

In order to study the effect of material distribution in a structure on
the DSI of its members, the cross-sectional area of one member can be
varied while the remaining members have their cross-sectional areas
unchanged. Accordingly, the MRI is formulated with respect to the
member having its cross-sectional area varied.

When the cross-sectional area, A;, of member i is set to an arbitrary
value a, the DSI for members j # i in the system will be denoted as y;(a),
which is the j* element in the diagonal of the redundancy matrix, R,
when the i member has an area of a. Also, the DSI for member i itself
when its cross-sectional area is set to A; = a will be denoted as ri(a).

As the value of A; varies between zero and infinity, some observa-
tions regarding the DSI values can be intuitively expected. As A; is
reduced, the stiffness of member i is decreased relative to the remaining
members in the system. When A; approaches zero, the stiffness of the
surrounding members becomes infinitely larger than that of member i.
Therefore, elongation of member i is restricted and its DSI when A; =
0 should be y{(0) = 1.0. This indicates that member i is redundant to the
system if its cross-sectional area is zero and can be removed or ignored
since it does not contribute to the static indeterminacy of the system. On
the other hand, when A4; is increased and approaches infinity, the stiff-
ness of member i becomes infinitely larger than the surrounding mem-
bers. Accordingly, these surrounding members can no longer restrain the
elongations that may develop in member i. In such case, one can expect
that y!(c0) = 0.0. This value indicates that member i is not redundant and
its removal from the system can be detrimental to the system. Hence as
A is increased from 0 to oo, the value of y}(A;) decreases from 1.0 to 0 as
depicted in the sketch shown in Fig. 2(a). Clearly, despite the rational
basis for the preceding observation, achieving maximum levels of
member redundancy by providing an infinitely large cross-section to a
member is feasibly unacceptable. Accordingly, the DSI cannot be used in
such form in material distribution optimization.

The intuitive prediction of the values of the remaining members in
the system is not as simple. However, each of the remaining members in
the system j # i will have a value y}(O) that corresponds to its DSI if
member i did not exist in the system, i.e., A; = 0. On the other hand, each
of the remaining members j # i will have a value y]l( o) that corresponds
to its DSI if member i has infinite cross-sections, i.e., A; = . As will be
explained next, the values y}(O) and y}(oo) are the two minimum and
maximum extremes for y}(Ai), respectively, for member j as A; varies.
The variation in y}(A;) from y{(0) to y}(co) is depicted in Fig. 2(b).

Fig. 2(a) and (b) showed a difference in the redundancy of the
members when the cross-sectional area of one of the members, i, be-
comes infinitely large, A; = co. First, the same member i becomes too
strong to be restrained by the remaining members in the system.
Accordingly, member i cannot be removed from the system and thus its
redundancy is yi(co0) = 0. Second, the redundancy of a different member j
in such a case cannot be predicted as easily. This is because the sum of
the redundancy of the remaining members in the system, j i, is equal to
the degree of static indeterminacy of the system. For any member, j # i,
the redundancy in such a case is then equal to the DSI of that member
when A; = o, which can be any value between 0.0 and 1.0.

The change in the DSI denoted here as 61‘?(a), for member j when A;
changes from zero to a can be calculated as.



N.M. Okasha et al.

1.0
S 0s
=
0.0
(b)
1.0
i y{(a) 7}(00)
/ >
. L “
< i
= i 0
= 5)(a) )
N
7;(0)
0.0
a o]
Cross-Sectional Area of Bar i, 4,
v
© 100 //
I N
| 50 pia)
< W
= |/
0o Lb—
Tso a 0

Cross-Sectional Area of Bar i, 4;

Fig. 2. A graphical depiction of the variation in DSI w.r.t the change in cross-
section of member i, A; for: (a) Member i, y:: (A;), (b) Member j # i, y} (Ai), and (c)
variation of the MRI w.r.t. A;.

8i(a) = 7i(a) —7/(0) (12)

The change in DSI for member i, 5i(a) can be calculated in a similar
manner. Accordingly, the maximum change in the DSI, 6}‘:(00), for
member j when A; changes from zero to co can be calculated as.

8)(c0) = 1}(o0) = £(0) a3)

The magnitude of (Sj(oo) can be interpreted as the maximum gain in
redundancy for member j if member i is introduced to the system. The
changes in DSI, 6(A;) and 5} (A;), with changing A; are illustrated in Fig. 2
(a) and (b), respectively.
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If a system of n members is indeterminate to the first degree in the
presence of member i, then it should be expected that y}(O) =0, because
the system without member i is statically determinate and Z}I%iy}(O) =
the degree of static indeterminacy of the system without member i,
which is equal to 0 in this case, and y}(O) cannot be negative for any j # i.
However, if the system is indeterminate to a degree of two or more, the
value of y}(O) can be any value between 0.0 and 1.0. In addition, since
Z??’; (A;) = the degree of static indeterminacy of the system, which is
constant regardless of the material distribution in the system, the
reduction in yi(A;), i.e 6i(A;), will be distributed to the remaining
members and thus 5} (A;) and therefore }/} (A;) will increase. Accordingly,
the following equation must be valid.

|5i(A)| = 8(A)) 14)
J#

In other words, the DSI of each member j receives a fraction of the
DSI lost by member i. Therefore, as the importance of member i increases
by increasing its A;, the importance of the remaining members j # i
decreases in the system relatively. The absolute value on the left side of
Equation (14) is used since the magnitude of the change 6!(A;) is what is
relevant (note that 5(4;) is always negative while 61‘:(Ai) is always pos-
itive). In some cases, as will be shown in the following examples, y}(A,-)
may remain constant, i.e., ﬁj(Ai) = 0, for some members as A; increases.
This occurs when member i has no bearing on the restraint of member j.

Since the values of y]i (A;) and yi(A;) result from solutions of the same
linear system where only one parameter is varied, namely the cross-
sectional area of member i, and given the constraint in Equation (14),
it can be concluded that 5;: (A;) is proportional to 5!(A;) and the following
equation is valid.

5(A) = 05,(4)) as)

where 0}‘ is a constant that relates the change in the DSI for member i
to that of member j as A; varies. Similarly, the DSI’s of any two members j
and k are also proportional and related as follows.
5}(/“:’) = 9,]-(52(/41') (16)

where 01" is a constant that relates the change in the DSI for member k
to that of member j as A; varies.

As was previously explained, a member i with A; = 0 can be deemed
to be redundant in a system and its DSI is at the maximum value of 1.0.
However, member i having A; = a can be viewed to have lost an amount
in its DSI from its maximum value of 1.0, which is equivalent to 5i(a) =
7i(a) —7}(0) = yi(a) —1.0, as shown in Fig. 2(a). To maintain the same
degree of static indeterminacy, this 5!(a) loss must be distributed to the
remaining members. Accordingly, the presence of member i having A; =
a in the system will cause a member j to gain an amount to its DSI
equivalent to 5j(a) = 7i(a) —7}(0), as shown in Fig. 2(b). The magnitude
of 6}(a) is the difference in the DSI of member j between having member i
with A; = a in the system and not having member i in the system. At this
stage, it is apparent that introducing a new member into a system or
increasing the cross-sectional area of an existing member will benefit
that specific member by reducing the degree to which it is redundant to
the system. However, this change will have a negative impact on the
remaining members within the structure, as it will increase their level of
redundancy within the system. It should also be emphasized that
structural systems benefit from having redundant members. However,
on one hand, a structural member can be completely redundant to the
system, such as a column on top of the roof of a building carrying no
loads and not supporting other members, and on the other hand, a
member can be redundant but still contribute to the structural system,
such as the double diagonal bar 6 in the truss shown in Fig. 3. Clearly,
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the distribution of material such that redundant members still add value
to the system is more efficient. This does require achieving a balance
between maximizing the redundancy of the system, while minimizing
the redundancy of each member within the system.

5. Member redundancy index

One of the shortcomings of the previous analysis approach is that it
takes no account of the range of DSI member j can gain between not
having member i in the system and having it with A; = oo, namely 5}(00).
Such range of 5}(00) can be larger for some members in some systems
than others. One way to meaningfully account for such a range is to
calculate a normalized measure of the amount gained in the DSI for a
member due to the introduction of another member in the system.
Accordingly, the MRI for member j w.r.t. introducing member i in the
system, denoted as p}(Al-), is proposed as follows.

i 9 (A7)
P (A) 5; (c0)

The MRI p}? (Ai), as shown from Equation (17) is a relative measure of
improvement in DSI for a member j caused by the presence, or intro-
duction, of member i, that has an area A;, to the system. By substituting
Equations (12) and (13) in (17), the following can be obtained for
calculating pi(A;) as.

7(A) = 7(0)
()~ 70)

Similarly, the MRI for member i w.r.t. to itself being introduced in the
system can be calculated as.

oy YilA) —ri(0)
PiAD) = ey —7(0)

By using Equation (19), and recalling that y/(0) = 1.0 and yi(c0) =

x 100 a7

piA) x 100 (18)

x 100 (19)

0.0, the following form for pi(A;), can be obtained.
PiA) = [1—7i(A))] x 100 (20)

Equation (20) shows that MRI for member i with A; w.r.t. its own
introduction in the system only depends on its DSI with A;. To arrive at

1 2

5
1 5
A 4 O

=77 =77
—— 180cm —

Fig. 3. An example of a statically indeterminate system to the 1st degree: A six-
bar truss.
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similar conclusions for other members in the system, one can substitute
Equation (15) in Equation (17) and set A; = o in the denominator to
obtain.

_ga(a)
051(c0)

pi(AL) x 100 1)

The constant 6} can only be equal to 0 if member j has infinitely more
stiffness than the remaining members in the system. By considering that
such case is unlikely, 6’} can be cancelled out from Equation (21). By
substituting Equations (12) and (13) in Equation (21), the following is
obtained.

_1n(A) =70
7i(e0) —7i(0)
By using Equation (22), and recalling again that y/(0) = 1.0 and
7i(c0) = 0.0, the following form for pi(a), can be obtained.

PiAY) x 100 (22)

pi(A) = [1 = 7i(4)] x 100 23)
Comparing Equations (23) and (20) shows that.
pi(A1) = pi(A)) 24

Equations (20), (23), and (24) provide multiple important observa-
tions. First, the MRI for all members in the system will be the same w.r.t
the presence, or introduction, of one of its members. At any value of A;
for member i, the relative improvement in DSI, i.e. p} (A;), for all other
members j is equal. Second, at any value of A; for member i, the relative
improvement in DSI for any member j, pi(A;), is equal to the relative loss

in DSI for member i, pi(A;). Third, the relative measure of improvement,
or loss, in DSI for any member in a system, due to the presence, or
introduction of a member in the system, only depends on the DSI of
member i. Fourth, since pi(A;) and pi(A;), only depend on the DSI of
member i and are the same for all members in the system, the superscript
is irrelevant and thus is dropped from the notation of the MRI from this
point forward. These equations show that the MRI for each member in a
system can be determined in a very simple manner. As explained in
Equation (17), the MRI is a relative index, p;(A;) = pi(A) = pj(A),
expressed as a percentage, which varies between 0 % when A; = 0.0 and
100 % when A; = oo as shown in Fig. 2(c).

The MRI can shed some light on the relationship between the ma-
terial distribution in the system and the distribution of redundancy and
static indeterminacy. A repair regime for a system can benefit from such
a concept to optimize the material usage in the system. It was explained
that strengthening a member increases that member’s DSI but decreases
the DSI for the other members. Accordingly, when a member i is
considered for repair or replacement, it may be of interest to provide a
cross-sectional area to that member that provides a balanced relative
improvement or deterioration in DSI of the members, i.e. provide A; that
causes p;(A;) to be 50 %. Such target cross-sectional area can be denoted
as L, which satisfies the following equation.

pilts) = 50% (25)

By substituting Equation (25) in Equation (23), the following can be
found.

7i(ehy) = 0.5 (26)

Fig. 2(a) and (c) show 7i,, and the corresponding values in p;(a) and
yjﬁ(a), i.e., 50 % and 0.5, respectively. In a case in which certain reasons
give rise to the importance of a member relative to the other members in
the system, the target cross-sectional area of that member can be
increased, say to 7., and the corresponding DSI and MRI can be ob-
tained in a similar fashion.
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6. Application to statically determinate systems

Since the sum of the DSI values is the degree of static indeterminacy,
such sum is O in statically determinate systems. In addition, DSI are
strictly positive quantities. Accordingly, all values of y{(A;) and y]l: (A;) are
zero in a statically determinate system. Therefore, the presented con-
cepts of the MRI cannot be applied to statically determinate systems.

7. Application to a statically indeterminate system to the 1st
degree

To analyze an example of a statically indeterminate structure to the
1st degree, the cross-sectional area for one of the members, A;, in the six-
bar truss shown in Fig. 3 is varied while maintaining the cross-sectional
area of the remaining membersj # i at 1.0 cm?. The modulus of elasticity
for all members is 10,000 kN/cm?.

Fig. 4(a) shows the reduction in DSI for member 1, y}(A;), as A; is
increased. The vertical axis in the figure ends at 0.6 to provide visual
clarity, even though 71 (0) is actually 1.0. The figure also shows how the
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DSI, yjl (A1), for the remaining members increases, starting from 0.0, as
71(A1) decreases, starting from 1.0, when member 1 is introduced to the
system. As a system that is indeterminate to the 1st degree in the pres-
ence of member 1, it is expected that yjl (0) = 0, because the system

without member 1 is determinate and Zje:zyjl (0) = the degree of static
indeterminacy of the system without member 1, which is equal to 0 in
this case, and yjl (0) cannot be negative. As A; approaches infinity, each of
the 7/ (A1) will reach a terminal value y}(co), while y{(A;) arrives at
71(o0) = 0.0. Interestingly, all the curves in the figure appear to flatten
out after a certain value of A;. In other words, the effect of increasing A;
tends to diminish as A; approaches certain values. Therefore, the in-
crease in A; beyond some thresholds is clearly inefficient to the redun-
dancy distribution in the system. Owing to the symmetry of members 5
and 6, their curves overlap. Similarly, the lowest curve in the figure
presents the overlapping behavior of bars 3 and 4. Fig. 4(b) shows the
reduction in DSI for member 2, y% (Az), starting from 1.0, as Az is
increased, while the DSI for the remaining members, y]-z (A2), increases,
starting from 0.0. It is interesting to observe from comparing Fig. 4(a)

(b)
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Fig. 4. The variation in DSI for all bars of the six-bar truss w.r.t the change in cross-section of members: (a) 1, (b) 2, (¢) 3, (d) 4, (e) 5, and (f) 6.
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and (b) how the curves for the two symmetrical members 1 and 2 switch
in an identical manner, while the curves of the remaining members are
the same in both figures. The same observations can be made for
members 3 and 4 in Fig. 4(c) and (d), respectively, and members 5 and 6
in Fig. 4(e) and (f), respectively.

The values for /7]1 (A1) where also calculated for all members j # 1
using both Equations (18) and (23) and the results were found to be
identical from both equations and for all bars. These results, represented
as p; (A1), are shown in Fig. 5(a). As expected, the MRI for all bars w.r.t.
varying A; is the same as their curves overlap. As expected, the figure
shows that p, (A1) increases with A;, starting from 0 % when A; = 0.0
and asymptotically approaches 100 % when A; approaches infinity.
Moreover, the change in p, (A;) tends to decrease as A; exceeds 1.6 cm?,
where p; (A1) =90 %. However, p; (A1) = 50 % is reached at roughly A;
=0.17 cm? Therefore, 73, = 1.6 cm? and 7, = 0.17 cm Depending on
other conditions, such as the importance of member 1 to a certain
loading case, a target cross-sectional area of 7} can be adopted in order
to determine the cross-sectional area of a member that is required to be
repaired or replaced whenever necessary. Fig. 5(b) shows the variation
in the MRI of the members as the cross-sectional area of that member is
varied from 0.0 to 2.0. For instance, the curve for p,(Az) shows the
variation in the MRI of Member 2 as its cross-sectional area is varied
from 0.0 to 2.0. As expected, due to symmetry, p; (A1) and p,(A2) are
identical. The same observation can be made in Fig. 5(b) for p;(A3) and
p4(A4) that are identical and p5(As) and pg(As) that are also identical.
The choice to end the curves at 2.0 is purely based on the visual clarity of
the figures that this provides. As explained in Fig. 2(c), all MRIs
approach 100 % when the cross-sectional area of the member is A; = co.

(@)
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Fig. 5. The variation in MRI in the six-bar truss w.r.t the change in cross-
section of members: (a) 1, and (b) all bars.
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8. Application to statically indeterminate system to the 2nd
degree

As an example of a statically indeterminate system to the second
degree, the 4-cable-1-strut 3D system adopted from Maurin et al. [32]
and shown in Fig. 6 is considered. Member 5 is a compression strut,
while the remaining members are cables. The cross-sectional area for
one of the members, A;, is varied while maintaining the cross-sectional
area of the remaining members at 1.0 cm? The modulus of elasticity
for all members is 10,000 kN/cm?.

Fig. 7(a) through (e) show the variation in DSI for members 1
through 5, as the cross-sectional areas A; through As, are increased,
respectively. In each of these curves, it is clear that when the cross-
sectional area of a member is increased from 0 onward, its DSI de-
creases from 1.0 downward. It should be noted that the analysis,
although not shown in the figures, did affirm that when the cross-
sectional area of a member approaches infinity, the DSI for that mem-
ber approaches zero. On the other hand, while the DSI decreases for a
member whose cross-sectional area increases, the DSI for the remaining
members increases. However, unlike in the previous example, the figure
shows that when the cross-sectional area of a member is zero, the DSI for
the remaining members is not necessarily zero. As an indeterminate
system to the second degree, when the cross-sectional area of a member,
i, is 0, the sum of the DSI’s for the remaining members must be 1.0 in
order to satisfy ZJ-S%I-;/}(O) = the degree of static indeterminacy of the
system without member i, which is 1.0. Interestingly, the DSI of member
4 starts at 0.0 when A3 = 0 in Fig. 7(c), and the DSI of member 3 starts at
0.0 when A4 = 0 in Fig. 7(d). This can be attributed to the fact that the
absence of member 4 provides freedom of elongation to member 3, and
vice versa. Due to the symmetry between members 1 and 2, the behavior
of the DSI curves for each of members 3, 4, and 5 is identical in Fig. 7(a)
to their counterparts in Fig. 7(b). In other words, the effect of increasing
the cross-sectional area of member 1 on the restraint of members 3, 4
and 5 is the same as the effect of increasing the cross-sectional area of
member 2. Furthermore, in Fig. 7(c), (d), and (e), the curves of members
1 and 2 overlap. Fig. 7(c) and (d) show that varying the cross-sectional
area of neither member 3 nor 4 has any effect on the DSI of members 1
and 2 as it is constant throughout both figures. Moreover, Fig. 7(e)
clearly shows that the variation of the cross-sectional area of member 5
has no bearing on the DSI’s of members 3 and 4, because the elongation

«— 100 cm —>‘
A

Fig. 6. An example of a statically indeterminate system to the 2nd degree: 4-
cable-1-strut 3D system.
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Fig. 7. The variation in DSI for all bars of the 4-cable-1-strut 3D system w.r.t the change in cross-section of members: (a) 1, (b) 2, (c) 3, (d) 4, and (e) 5.

of either members 3 or 4 will only cause a free body rotation of member
5. If members 1 or 2 were not present in the system, then elongation of
either member 3 or member 4 will cause free body rotation of member 5
without any resistance. In the presence of members 1 and 2, the elon-
gation of either members 3 or 4 will cause member 5 to rotate freely
around the x-axis. The only resistance to the elongation of members 3
and 4 will come from either each other or from members 1 and 2, which
is confirmed by Fig. 7. This can also be confirmed by noticing that the
off-diagonal elements of the redundancy matrix that relate the
constraint of member 5 to members 3 and 4 are Rs53 =Rs5 4 =R35=R45
= 0.0. An off-diagonal element R;; in the redundancy matrix is an in-
dicator of the effect of an initial elongation in element j on element i
[10].

Fig. 8 shows the variation in each of the MRI’s, p;(A;), in the system
as A; varies. As expected, each p;(A;) increases from 0 % to 100 % as A;

increases from zero to infinity. However, the increase in p;(A;) begins to
slow down rapidly as A; increases.

9. Application to statically indeterminate system to the 24th
degree

The 72-bar 3D truss shown in Fig. 9 is analyzed as an example of an
indeterminate structure with a high degree of indeterminacy, namely
24. Due to the large number of members in the structure, the MRI w.r.t
only two members, namely 1 and 35 will be considered as an example.
The cross-sectional area for each of members 1 and 35, A; and Ass, are
varied, respectively, while maintaining the cross-sectional area of the
remaining members at 1.0 cm? The modulus of elasticity for all mem-
bers is 200,000 MPa.

Fig. 10(a) and (b) show the variation in DSI for all the members in the
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Fig. 8. The variation in MRI in the 4-cable-1-strut 3D system w.r.t the change
in cross-section of member i, A;.

— 150 cm —+— 150 cm —+— 150 cm —+— 150 cm —ﬁ

Fig. 9. An example of a statically indeterminate system to the 24th degree: A
72-bar 3D truss.

truss, as A; and Ass, are increased, respectively. The vertical axis in the
figure is terminated at 0.6 to provide visual clarity, even though y1(0),
732(0) are actually 1.0. Once again, the figures clearly show the inverse
relationship between the DSI of the member with an increasing cross-
sectional area and the DSI of the remaining members in the system.
However, it is clear from both figures that the variation in the DSI of the
remaining members in such a system with large numbers of members is
very small compared to the variation noticed in the systems with fewer
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Fig. 10. The variation in DSI for all bars of the 72-bar 3D truss w.r.t the change
in cross-section of members: (a) 1, and (b) 35.

members. This is because the loss in DSI in the member with the
increasing cross-sectional area is distributed in this system to a large
number of members, and therefore the share for each of these members
is small compared to systems with fewer members. At the start of the
curves, where the decline in DSI is most pronounced, there appears to be
some improvement in a small number of adjacent members. These
members are located near the member where the cross-sectional area
has been increased, and whose restraint is affected the most by such
cross-sectional area increase.

Fig. 11 shows the variation in each of the MRI’s w.r.t members 1 and
35, p1 (A1) and p45(Ass), as Aj and Ass vary, respectively. As usual, each
MRI increases from 0 % to 100 % as A; increases from zero to infinity.
However, the increase in p;(A;) begins to slow down rapidly as either A;
or Ags increases. The figure shows that the 50 % target area for member
35, 733 = 1.05 cm? and the 90 % target area for member 1 is onlyz, =
0.65 cm?.

The MRI can be incorporated into an automated design optimization
process in order to achieve an efficient material allocation that provides
an optimum spatial redundancy distribution. Moreover, the MRI can be
incorporated into reliability-based design optimization problems. One
way to achieve this goal is to impose constraints in the optimization
problem formulation with minimum MRI values allowed for the mem-
bers in the system. In this 72-bar truss example, this can be accom-
plished with the following simple design optimization problem
formulation.

minimize:

72
V=> AL
1
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Fig. 11. The variation in MRI in the 72-bar 3D truss w.r.t the change in cross-
section of members 1 and 35.

subject to:
p;(A;) > 50.0 for all i € {1, 2,.., 72}.

Pys > 3.0

where V is the total volume of the truss, L; is the length of member i,
where the minimum allowed value of the MRI is 50 for all members, and
Psys is the system reliability index for the truss with a set minimum value
of 3.0. In this problem, the 72 bars are assigned into 16 groups.
Accordingly, there are 16 design variables such that each design variable
represents the cross-sectional area of the members in one of the groups.
These design variables are discrete and can only take one of the
following values {0.1; 0.3; 0.5; 0.7; 0.9; 1.1; 1.3; 1.5; 1.7; 1.9; 2.1; 2.3;
2.5; 2.7; 2.9; 3.1; 3.3; 3.5; 3.7; 3.9; 4.1; 4.3; 4.5} cm> The nodal co-
ordinates, member connectivity, and group assignment for this problem
can be found in Okasha [33]. The truss is subjected to two load effects
acting on nodes 1 and 2 in the y direction. Nodes 1 and 2 are located at
the top of the truss as shown in Fig. 9. The applied forces are treated as
statistically independent normally distributed random variables with
mean and coefficient of variation of 5 kN and 15 %, respectively. The
moduli of elasticity of the bars are also treated as normally distributed
random variables with mean and coefficient of variation of 200,000 MPa
and 15 %, respectively. Table 1 shows the solution obtained for the areas
of each group. The total volume of the optimum truss is 5841.5 cm® and
its system reliability index is 3.46. Fig. 12 shows the MRI for each
member in the truss. Within each group, the MRI is the same for the
members of that group. It is clear from the figure that incorporating the
MRI into the optimization problem formulation has guided the solution

Table 1
Solution of the design optimization problem for the 72-bar truss.

Group id Cross Sectional Area (cm?)
1 1.1
2 0.7
3 0.5
4 0.9
5 0.7
6 0.9
7 0.7
8 1.1
9 0.9
10 0.7
11 0.9
12 1.1
13 0.7
14 0.9
15 0.7
16 1.1
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Fig. 12. Values of the MRI for the optimally designed members of the 72-
bars truss.

into delivering an efficient allocation of material with a good special
redundancy distribution.

10. Conclusions

To ensure an efficient distribution of material in a system, proper
quantification of its effect on structural redundancy is essential. The
common measures of redundancy, powerful as they are, do not provide
insight into the spatial distribution of redundancy in the system. In this
paper, the member redundancy index was derived as a means to achieve
this goal. The logic for deriving this indicator is built upon concepts of
the redundancy matrix, and its byproduct of distributed static
indeterminacy.

It was found that the MRI is capable of providing a logical means for
measuring the level of redundancy built into structural members, due to
the presence of one of these members, relative to the loss of that
member. The MRI is a function of the cross-sectional area of the struc-
tural member in question. Therefore, it offers a convenient instrument
for the optimization of material distribution in a system.

Several examples were analyzed using the MRI, and the results
indicated that the MRI values for a given member are identical across all
members within the system. These results, also show that the MRI in-
creases with the increase in the cross-sectional area of the member in
question, starting from O % when the cross-sectional area of that
member is 0.0 and asymptotically approaches 100 % when the cross-
sectional area approaches infinity. Moreover, the change in MRI tends
to diminish as the cross-sectional area of the member in question ex-
ceeds a certain value. Depending on other factors, such as the member’s
significance in a particular loading scenario, a specific target area may
be selected to determine the required cross-sectional area of a member
that should be repaired or replaced.

This study shows the results based on the cross-sectional area be-
tween 0 and infinity for illustrative purposes. For practical applications,
the minimum and maximum cross-sectional areas of members should be
determined based on the design requirements and loading conditions.
The approach presented here is specifically aimed at analyzing struc-
tural systems consisting of axial members. Further investigations are still
needed to apply the proposed approach to other types of structures.
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