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This article presents the approximate numerical solutions of the novel constructed Difference Caputo Order
Cancer (DCOC) model utilizing the iterative numerical method combined with the neural network approach.
The DCOC model is systemized for five variables and is further classified into four stages for investigation.
Various fractional orders are considered to study the different scenarios of the DCOC model. The iterative
systems of the DCOC model have been formulated by the iterative numerical method with neural networks
associated with the computational operation of the Bayesian Regularization (BR), referred to as ENNs-BR. All

the results of the DCOC model are compared by their performance. For the statistical study, the data of the
model considered is partitioned into 75% and 25% in two parts. Finally, the results for performance, training
state, error histogram, regression, and fit are illustrated graphically.

1. Introduction

Breast cancer, one of the most predominant types of cancer affecting
women globally, is indicated by four distinct stages that reveal the
extent of its development and spread within the body [1]. Each stage
characterizes a different level of severity and manages treatment based
on factors such as metastasis, tumor size, and lymph node involve-
ment [2]. In the first stage, known as carcinoma in situ, the cancerous
cells are restricted to the lobules or ducts of the breast tissue and have
not infected surrounding healthy tissue. This stage is often proposed
non-invasive and highly treatable with surgery, such as mastectomy or
lumpectomy to eliminate the abnormal cells. In the second stage, breast
cancer indicates that the tumor is quite small, less than 2 centimeters in
diameter, and has not spread elsewhere in the breast. It may or may not
contain nearby lymph nodes. Treatment typically includes surgery keep
on by chemotherapy or radiation therapy to eliminate any remaining
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cancer cells and decrease the risk of return [3]. In the third stage, the
cancer is a tumor between 2 to 5 centimeters or has spread to near
lymph nodes. This stage is divided into Stage 2A and Stage 2B based on
the size of the tumor and level of lymph node envelopment. Treatment
decisions may contain a combination of radiation therapy, surgery,
targeted therapy, and chemotherapy, personalized to the particular
features of the tumor and the individual patient. In the third stage,
breast cancer is measured as locally advanced, where the tumor is
larger and may have spread more lengthily to nearby lymph nodes
and tissues, such as the chest wall or skin. We can see Fig. 1, different
affecting areas of the breast.

This stage is further considered into stages 3A, 3B, and 3C based on
the extent of tumor size and lymph node involvement [5]. Treatment
typically contains a combination of chemotherapy, radiation therapy,
surgery, and targeted therapy to shrink the tumor and control its
spread. In 4th stage, breast cancer, also known as metastatic breast
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Fig. 1. Different effecting zones [4].

cancer, shows that the cancer has spread beyond the breast and nearby
lymph nodes to other organs of the body, such as the lungs, liver, bones,
or brain [6]. This stage is considered advanced and incurable, fixing on
managing symptoms, refining the quality of life, and extending survival
through systemic treatments like targeted therapy, chemotherapy, oc-
casionally surgery or radiation, and hormonal therapy to control the
disease’s progression [7].

Mathematical modeling of breast cancer has occurred as a piv-
otal tool in understanding the complex mechanisms fundamental to
its response to treatment, progression, and development [8]. These
models employ mathematical equations to study the biological pro-
cesses particular to breast cancer, including factors such as genetic
mutations, tumor growth kinetics, interactions, and hormone receptor
status with the immune system [9]. By computing these variables,
mathematical models deliver insights into tumor dynamics over time,
from the original stages of tumor construction to metastasis [10]. For
example, compartmental models classify breast cancer into distinct
parts based on disease stages and biological characteristics, enabling
the study of disease progress and treatment consequences. Benzekry
et al. [11] presented computational simulations for effectively curbing
primary tumor growth but showed limited efficacy in removing micro-
metastatic disease progression after surgery and treatment cessation.
Different machine learning approaches, counting support vector ma-
chines, random forests, and artificial neural networks, complete the
absence of definitive biomarkers, underscoring the importance of pre-
clinical modeling to expect potential clinical limitations and enhance
treatment strategies.

A fractional-order cancer model incorporates principles of fractional
calculus better to understand the dynamics of cancer growth and
treatment response. This technique recognizes the non-integer order
derivatives that illustrate complex biological systems and presents a
more nuanced view related to traditional integer-order models. By in-
cluding fractional operators, the model presents the memory and hered-
itary properties inherent in biological models, giving details for more
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accurate predictions of tumor growth and response to therapies. Arti-
ficial intelligence (AI) and neural networking techniques improve the
model’s predictive power by optimizing estimation and simulating com-
plex dealings within the tumor microenvironment. Neural networks,
specifically, aid in processing large datasets and classifying patterns
that may not seem through conservative methods, thereby refining
the model’s accuracy in predicting treatment results and considering
the fundamental mechanisms of cancer progression. Combining Al and
neural networking with fractional-order cancer models helps tailor
medicine approaches, modifying treatments based on different patient
types and tumor behavior. This approach holds promise for progressing
cancer research and therapy development, potentially important to
more effective treatments and developed patient results in the future.
Arshad et al. [12] used the Laplace Variational Iterational technique to
study the complex behavior of the cancer model with chemotherapy
treatment. The results obtained were illustrated by graphs. Chavada
et al. [13] presented a cancer model with smoking considered with
fractional-order designed with seven variables. The Adams—Bashforth—
Moulton technique was employed for the numerical results and the
existence solution of the model was obtained by Banach’s fixed-point
approach. Finally, stability is discussed by Hyers—Ulam criterion. The
results were expressed in 2D and 3D graphs for various fractional
orders, combined with parameters. Mohammadpoor et al. [14] studied
the breast cancer model with chemotherapy by considering the model
in the Caputo-Fabrizio operator. Hyers-Ulam stability was used for
stability analysis. Numerical visualization is presented for all com-
partments of the model. Aldwoah et al. [15] presented the breast
cancer model by considering the model in the ABC fractional operator.
The stability of the model was investigated by Hyers—Ulam stability.
The obtained results were graphically demonstrated. For more details
see [16-21]. This article, organized in such way given in Fig. 2,

« This article deals with numerical approximate solutions for the
newly constructed DCOC model employing an iterative numerical
method associated with neural networks.
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1. DCOC model description
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Fig. 2. Flow chart article organization.

» The DCOC model is formulated with five variables and three
cases with different fractional order has been investigated for
dynamical behavior.

» An iterative method for the DCOC model, denoted as ENNs-BR, is
developed utilizing the iterative numerical technique with neural
networks and the Bayesian Regularization (BR).

+ Performance of the model is investigated by partitioned the ob-
tained data into 75% training and 25% testing, with graphical
demonstration provided for fit, performance, regression, training
state, and error histogram.

2. Preliminaries results

This section introduces the basic definitions and main concepts
correlated to fractional sum and difference operators. It is desirable
to consult the recommended resources for more thorough knowledge,
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which propound detailed clarifications and widespread information on
these topics. Can be found here [22-26].
The Caputo-like difference operator CAg'P(r) of a function ¥ (r) is
characterized as:
r—(1-3)

C 40 _ 4-(1-0) _ 1 -5
AP =470 = T r=1=0704%().

T-o &

Here, Aaa is the &-th fractional sum, which is formulated as:

1

A% (z) = ®

r=0a

Dr—1-20Dy(z),

z=0

with 8 > 0. The term (r — 1 — 2)®~1 denotes the falling function, which
is defined as:

I'(r—2z)

_pe-n__ =2
(r=1-2 Tr—z-0+1)
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3. Model DCOC formulation

The DCOC model formulated for breast cancer [27-29]. This model
is constructed for five classes of breast cancer patients. Each class is
denotes by 7', @, #, #, and & variables in the model. The class #
denotes patients effected of cancer, stage 1, 2%, and 2@. The class @
represents patients at stage 37 and 2@. The class & denotes cancer
patients at stage 4. The class . cancer patients with chemotherapy
stage. With disease-free, with no cancer. The class & cancer patients
with cardiotoxicity.

CASW(V) =01 = (Mg + )W (r —1-0)
CAG() = 0y + oy (r = 1 =) + iyl (r = 1 = )
—(Hpa + Hpe + Hpe +72)Q(r — 1 - 0)

CRL(r) = 03 + pp Q(r = 1 = 0) + pge M(r — 1 = 0)
~(Heq + Hee +73)ZL(r— 1= 0)
CMMT) = poqW (=1 =0) + py @r = 1 =) + g L(r — 1 - 9)

—(tgp + Hye + Hge) M (r — 1 —0)
CRPW) = pgoll(r =1 =0) + pee L(r — 1 -0)
+up, Qr—1-090) -y P(r—1-09).
With ICs
W(0) > 0,8(0) > 0, Z2(0) > 0, 4(0) > 0,and P(0) > 0.

B

For r € N'"9, where N'™0 = {1 -06,2-0,3-0,...},0 < 9, < 1,
j = 1,2,3 denotes fractional orders. The Caputo difference operator
CAgtD(r). Where, all the parameters of the model are defined as, 6, the
new patients whose are at stage 1 and 2 diagnosed, 6, patients at stage
3 diagnosed, 65, patients diagnosed at stage 4 diagnosed, increased rate
Uy, at stage 1 or 2 with 3, the rate of patients yu,, at stage 1 or 2,
the rate u,, at stage 3, the rate u,, at stage 3 to stage 4, the rat of
patients y,, at stage 3 with chemotherapy who experience cardiotoxic,
the rate u,, at stage 4 with experience complete response, the rate
H.. at stage 4 with chemotherapy patients who experience cardiotoxic,
The rate y,, of patients disease-free at stage 3, the rate yu,. patients of
disease-free relapse back at stage 4, the rate y,, patients disease-free
with experience cardiotoxic, the death rate y, of cardiotoxic patients,
the death rate y, at stage 3 cancer, the death rate y; at stage 4.

4., Numerical scheme of DCOC model

In this context, the DCOC model, using the Caputo fractional or-
der, is numerically investigated using first-order convergent numerical
techniques as given in [30,31]. These techniques are known for their
accuracy, convergence, and conditional stability when operated on
linear or nonlinear fractional-order models.

Consider a delta difference system having an autonomous nature:

CAW(r) = g(r+,— 1y(r+9, — 1) “4.1)

APy =y, z=[8]+1, m=0,1,...,z—1, i=1,27345. (42

The unique solution of this initial value problem (3.1) is given by:

r=9;
¥(r) = “'0(’)+r(a) Z (r—a(r»@ lg(r+0,— LW(r+3,- 1)), reN,.,
T=a+z—
(4.3)
where
o(r) = Z Ton +1>“ ¥ (a). (4.4)

where ¥ = (vl, 02,03, v4,05) € Ri is a real-valued continuous vector
function. The Aaa fractional-order sum operator. By considering equally
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spaced integration intervals over [0, T] with a fixed step size h, for the
simulation), where h = % and n € N, we approximate ¥ (r) at ¢ = 1, for
q=0,1,...,n Let

I

=0 — (Haq + Map)W (r—1-0)

=0, + Uy, Wr—1-0)+ py, Mr—1-09)—
+7,)Q(r—1-10)

E3 =05+ Qr—1=0)+ py M(r—1-09)

1 ~(Heg + Hee +173)ZL(r —1-0)

Ey = UggW (r—1=0)+ ppy Q(r — 1 =0) + p g £ (r —

—(Hap + Hae + Ha) A (r — 1 = 0)
E5 = Hgo Ml (r =1 = 0) + oy L(r — 1 =) + pp, @(r — 1 — )
-y P@r—1-0).

53]

(kpa + Hpe + Hpe

1-9)

(4.5)

The numerical scheme for the DCOC model by the Caputo fractional
operator is given by:

70wl B IS,
a(r) = 60) + % Z W@,
P = 2O) + % m;(i—:;)m53,
M) = (0)+ W m;(i—:;;a)f“’
P(r) = P(0) + % g [r=j=1+0) ;(Jr - ;;“ 9z,

The discrete difference sense suggests that we are analyzing the
differences between consecutive terms in the sequences, multiplied by
the fractional power terms. This supports with the discrete construc-
tion of fractional calculus where sums substitute integrals and finite
differences replace operators.

We now discuss the numerical results obtained for the model con-
cerning the approximate solutions. To achieve this, we utilized the
efficient Euler method under the Caputo fractional operator.

5. Analysis by artificial intelligence of DCOC model

The analysis of discrete fractional order cancer models in the sense
of the Caputo operator has taken a momentous leap forward with
the use of artificial intelligence neural networking. By leveraging the
Caputo operator, researchers can efficiently handle the complexities
connected with fractional calculus, which is important in accurately
modeling the irregular diffusion and various behaviors observed in
cancer dynamics [32-42]. The integration of Al neural networks Fig. 4,
into this structure offers a powerful tool for improving the model’s pre-
dictive capabilities. Neural networks, with their facility to learn from
large datasets and recognize intricate patterns, afford a sophisticated
means to examine and predict the progression of cancer with high
accuracy. In this study, the discrete fractional cancer model established
and trained exhausting neural networks to approximate the behavior of
cancer cells under numerous conditions. The Caputo operator is associ-
ated with the discrete operator, providing a more precise mathematical
demonstration of the cancer dynamics assessed to traditional integer-
order models. The neural network was trained on a dataset comprising
different parameters important to cancer progression, such as cell
proliferation rates, mutation frequencies, and treatment responses. The
dataset was distributed into 75% for training and 25% for testing to
guarantee a robust validation of the model (see Figs. 4 and 7).
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In Fig. 3, we investigate MSEs and training tests for Case 1, Case
2, and Case 3 for different fractional orders of the DCOC model (3.1).
In Fig. 5, we investigate training fit and training histogram for Case 1,

(6.3).
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Fig. 3. MSE and training test illustration for different fractional order of the DCOC model (3.1).

Case 2, and Case 3 for different fractional orders of the DCOC model
(3.1). In Fig. 6, we investigate training regression for Case 1, Case 2,
and Case 3 for different fractional orders of the DCOC model (3.1). The
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Output Layer

Fig. 4. Neural network of the system (3.1), FFPPV model.

neural network’s performance was assessed using numerous metrics,
containing mean squared error, regression analysis, and model fit as-
sessment. Error histograms are produced to visualize the distribution
of prediction errors, emphasizing the model’s accuracy and areas for
prospective improvement. Regression investigations provided visions of
the relationship between predicted and actual results, while training
states and model fit calculations offered a comprehensive estimation
of the neural network’s learning process. One of the key benefits
of consuming neural networks in this framework is their ability to
handle non-linearities and complex relations within the data, which
are common in cancer progression. The neural network’s architecture
deliberates in capturing these complexities, with multiple layers and
stimulation functions tailored to optimize performance. Moreover, reg-
ularization methods check overfitting, guaranteeing that the model
generalizes well to new, unseen data.

6. Numerical discussion of DCOC model

We considered the DCOC model to study their dynamics in the
fractional derivate, we developed a numerical scheme for the approxi-
mate results. For different fractional orders, we check the dynamical
behavior of the Eq. (3.1) , DCOC model. The graphs Fig. 7, show
that the fractional order behaves like an integer order and closely
goes. By utilizing the variable class values and parametric values we
see the graphs. Three cases for the fractional order discussed Case:1
The impact of d,,= 0.9, on the #',@, &, #, and & classes, of the
DCOC model. Using the parametric values of the suggested model.
such, 8, = 14000,0; = 90,4, = 0.034,4,, = 03,4, = 01,7, =
0.0256,y; = 0.0256, upy = 04,0, = 0.80, up, = 0.01, p,; = 0.03, u;, =
0.03, py, = 0.2,7, = 0.0256, p,. = 0.03, .4 = 0.01, and with initial values
(7" = 30000, @ = 12300, & =783, M =334, = 11).

CANT (1) =0y = (g + Hap)W (r =1 =)

CAY Q) = 0y + pgy W (r — 1 = 0)) + pgypll(r — 1 = 3)
—(Upg + Hpe + Hpe +172)Q(r — 1 —8))

CAY L) = 03+ ppe @(r = 1 = 0)) + g ll(r — 1 = )

3 ~(fey + Mo +73)L(r—1-0))

CAN M) = W (=1 =8)) + g @r = 1 = 0)) + g Z(r — 1= 3y)
—(Hap + Hae + Hg) M (r —1—3))

CAYP(U) = pggl(r =1 =0)) + pee L(r = 1= 0))
FHp O —1=8)) =y, P(r—1-3)).

(6.1)

Case:2 The impact of 3,,= 0.7, on the #', @, &, #, and & classes, of
the DCOC model. Using the parametric values of the suggested model.
such, 8, = 14000,0; = 90,4, = 0.034,4,, = 03,4, = 01,7, =
0.0256,7; = 0.0256, 4y = 04,0, = 0.80, 4, = 0.01, u,y = 0.03, iy,
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0.03, py, = 0.2, 7, = 0.0256, py. = 0.03, .4 = 0.01, and with initial values
(7" = 30000, @ = 12300, & =783, M =334, P = 11).
CAZT (r) = 0y — (fgq + 1) W (r = 1 = 3))
CAL () = 0y + Uy W (r = | = 3y) + gyl (r — 1 = 3y)
—(Hpa + Mpe + Mpe +72)Q(r — 1 = 3y)
CAZ L) = 03 + Hpe O — 1 = 0y) + e M (r — 1 = 3y)
~(Heq + Hee +73)ZL(r — 1= 0y)
CAgZ%(r) =Ugg W (r =1 =0,) + pp Qr =1 =9) + .y L(r—1-29,)
—(Ugp + Hye + Ha) M (r —1—0,)
CARLP() = pgell (r =1 =) + oo L(r — 1 = 3y)
Fup, Qr—1-090,)) =y P(r—1-09,).

(6.2)

Case:3 The impact of 3;,= 0.5, on the 7', @, &, ./, and & classes, of
the DCOC model. Using the parametric values of the suggested model.
such, 6, = 14000,0; = 90,4, = 0.034,4,, = 03,4, = 01,7, =
0.0256,7; = 0.0256, upy = 04,6, = 0.80, 41, = 0.01, 4,y = 0.03, pp,
0.03, py, = 0.2, 7, = 0.0256, p,, = 0.03, ., = 0.01, and with initial values
(7" = 30000, @ = 12300, L = 783, # =334, P = 11).

APV () = 0 = (toq + M)W (r = 1= 03)
CAPO() = 0y + oy W (r = 1 = 8) + pgpoll (r = 1~ 33)
—(Hpg + Hpe + Hpe T 173)Q(r — 1 =0,)
CAP L) = 03 + e O(r — 1 = 03) + g Ml (r — 1 = 33)
(g + e + 1)L (r = 1= 35)
CAB M) = pag W (r =1 =) + pypg Or = 1 = 83) + og L (r — 1 = 3)
—(ugp + Hae + Hg )M (r — 1 —83)
CAPP) = pgell (r =1 = 3) + jige L(r — 1 = 33)
FUpQ(r —1=0,) =y P(r—1-293).

(6.3)

7. Conclusion

This work studied DCOC and the numerical iterative technique
utilized to analyze the obtained results with different fractional orders.
This study proposes a quick approximation approach to the discrete
fractional cancer model by using the Caputo operator. Further, com-
paring outcomes for different orders evaluates their performance by
artificial intelligence. Performance metrics contain error histograms,
regression analyses, training states, and model fit assessments. For
statistical data, the dataset utilized in the study is divided into 75%
for training functions and 25% for testing. In Fig. 3, we studied MSEs
and training tests for Case 1, Case 2, and Case 3 for different fractional
orders of the DCOC model (3.1). In Fig. 5, we investigated training fit
and training histogram for Case 1, Case 2, and Case 3 for different
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Fig. 5. Training fit and histogram training for different fractional order of the DCOC model (3.1).

fractional orders of the DCOC model (3.1). In Fig. 6, we examined
training regression for Case 1, Case 2, and Case 3 for different fractional
orders of the DCOC model (3.1). This splitting ensures robust estimation
of the model’s predictive competencies.

Future research directions could include exploring alternative frac-
tional operators and including more complex datasets to further
confirm and enhance the model’s capabilities. Furthermore, researchers
might examine the impact of varying the training and testing data
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Fig. 6. Training regression for different fractional order of the DCOC model (3.1).

proportions to establish the optimal split for different types of datasets.
Developing the model to contain multi-dimensional data could also
afford deeper insights into its applicability in real-world scenarios.
Another potential area of investigation is the development of hybrid
models that combine the Caputo operator with another numerical
method to improve accuracy and efficiency. By concentrating on these
avenues, future researchers can build on the foundational work ob-
tainable here, evolving the understanding and application of discrete
fractional cancer models without depending on Al-generated content.
This approach will lead to the development of more sophisticated
and reliable analytical mathematical models in the field of cancer
research, ultimately supporting the early detection and treatment of the
disease.
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