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 a b s t r a c t

This paper delves into the issue of finite-time bipartite synchronization of neural networks (NNs) with signed 
graphs. A novel hybrid control approach, incorporating aperiodically intermittent control (AIC) and impulsive 
control (IC), is presented. This strategy significantly reduces the control costs and the duration of continuous 
input control in the networks. Firstly, the sufficient conditions and settling time for the system to reach finite-
time synchronization under AIC are presented using a Lyapunov function. Moreover, the integration of IC into 
the coupled NNs is explored. On the one hand, the synchronization speed of coupled NNs is accelerated by 
assuming that the IC occurs within the controlled segments of the AIC. On the other hand, when the IC occurs 
in the uncontrolled segments of the AIC, it can diminish the controlled periods of the AIC. Subsequently, based 
on the two hybrid controllers designed above, the synchronization criteria for the coupled NNs are established 
and the corresponding settling time is estimated. Finally, examples are provided to corroborate the efficacy of 
the designed AIC and IC.

1.  Introduction

The real-world applications of neural networks (NNs) in areas such as 
secure communication, signal processing and various other fields have 
garnered significant attention (Arik, 2000; He et al., 2020). Unlike tra-
ditional single network, coupled NNs involve multiple interconnected 
NNs, such as smart grids, social networks and transportation networks 
(Guimera & Amaral, 2005; Huang, Zhang, & Zhou, 2017; Sepehr, Gomis-
Bellmunt, & Pouresmaeil, 2022). Up to now, research on coupled NNs 
has predominantly concentrated on two primary areas: the internal char-
acteristics of the networks, including the coupling configuration among 
nodes (Ravasz & Barabasi, 2003; Strogatz, 2001), and the network’s clus-
ter behavior, encompassing network synchronization and control (Li, 
Cui, Cao, Qiu, & Sun, 2024; Zhang, Lu, Jiang, & Zhong, 2024a).

In general, the coupled NNs are characterized by a particular topol-
ogy that reflects the interplay of information among the nodes of the 
networks. However, the majority of current research tends to focus on 
unsigned graphs, where the nodes only exhibit cooperative relation-
ships (Lakshmanan et al., 2018; Lu, Ho, & Cao, 2010). In reality, net-
works frequently incorporate both cooperative and competitive inter-
actions, as seen in ecosystems and social networks. For instance, the 

∗ Corresponding author.
 E-mail addresses: qiancui97@163.com (Q. Cui), jdcao@seu.edu.cn (J. Cao), mabdelaty@zewailcity.edu.eg (M. Abdel-Aty).

two-peak alliance structure is commonly observed in many adversarial 
systems, including a country’s two-party political landscape and sports
competitions. As documented in Wasserman and Faust (1994), in such 
scenarios, the network naturally splits into two sharply contrasting fac-
tions. Furthermore, with respect to network synchronization, in net-
works modeled as signed graphs, the nodes are unable to achieve full 
synchronization because of the coexistence of both positive and negative 
edges. Instead, the bipartite synchronization can be achieved. In 2013, 
Altafini introduced the definition of bipartite consensus (BC) for signed 
graphs, which incorporate both cooperative and competitive interac-
tions (Altafini, 2013). Since then, some scholars have explored the issue 
of bipartite synchronization for NNs (Li & Zheng, 2020; Shen, Wang, 
Duan, Cao, & Wang, 2023; Yaghmaie, Su, Lewis, & Olaru, 2017). For 
instance, two concepts pertaining to the bipartite synchronization of 
network nodes were first defined. After that, by introducing a specific 
matrix 𝑀 , the criteria for the bipartite synchronization of networks ex-
hibiting cooperative and competitive relationships were deduced (Li & 
Zheng, 2020).

It is important to note that the bipartite synchronization of NNs 
considered above is asymptotic, which cannot guarantee the fast con-
vergence of the networks. However, in numerous real-world networks, 
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\begin {align*}\breve {V}(t)&\leq e^{\delta _{2}(1-\gamma )(t-s_{\mathfrak {N}(0,d_{0})}^{0})}\left [\breve {V}(s_{\mathfrak {N}(0,d_{0})}^{0}) -\frac {\delta _{1}}{\delta _{2}}\right ]+\frac {\delta _{1}}{\delta _{2}}\nonumber \\ &\leq \mu ^{1-\gamma } M_{0}^{\mathfrak {N}(0,d_{0})-1} e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )\nonumber \\ &\quad +(\mu ^{1-\gamma }-1)\frac {\delta _{1}}{\delta _{2}} e^{\delta _{2}(1-\gamma )(t-s_{\mathfrak {N}(0,d_{0})}^{0})}+\frac {\delta _{1}}{\delta _{2}}\nonumber \\ &\leq M_{0}^{\mathfrak {N}(0,d_{0})}e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}.\end {align*}


$t\in [0,d_{0})$


$\breve {V}(t)\leq M_{0}^{\mathfrak {N}(0,t)} e^{\delta _{2}(1-\gamma )t}(\breve {V}(0) -\frac {\delta _{1}}{\delta _{2}})+\frac {\delta _{1}}{\delta _{2}}$


$t\in [d_{0},t_{1})$


$V(t)\leq e^{\delta _{2}(t-d_{0})}V(d_{0})$


\begin {equation*}\breve {V}(t)\leq e^{\delta _{2}(1-\gamma )(t-d_{0})}\breve {V}(d_{0}) \leq M_{0}^{\mathfrak {N}(0,d_{0})}e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right ) +e^{\delta _{2}(1-\gamma )(t-d_{0})}\frac {\delta _{1}}{\delta _{2}}.\end {equation*}


$t\in [t_{1},t_{1}+d_{1})$


$t_{1}<s_{1}^{1}<\cdots <s_{\mathfrak {N}(t_{1},t_{1}+d_{1})}^{1}<t_{1}+d_{1}$


$t\in [t_{1},s_{1}^{1})$


\begin {equation*}\breve {V}(t)\leq e^{\delta _{2}(1-\gamma )(t-t_{1})}\left (\breve {V}(t_{1}) -\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}},\end {equation*}


$t\in [s_{1}^{1},s_{2}^{1})$


\begin {align*}\breve {V}(t)&\leq e^{\delta _{2}(1-\gamma )(t-s_{1}^{1})}\left (\breve {V}(s_{1}^{1})-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}\nonumber \\ &\leq M_{0}^{\mathfrak {N}(0,d_{0})}M_{1}e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right ) +\frac {\delta _{1}}{\delta _{2}}.\end {align*}


$t\in [s_{i}^{1},s_{i+1}^{1})$


$i\in \Lambda (1,\mathfrak {N}(t_{1},t_{1}+d_{1})-1)$


\begin {equation*}\breve {V}(t)\leq M_{1}^{i}M_{0}^{\mathfrak {N}(0,d_{0})}e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)- \frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}.\end {equation*}


$t\in [s_{\mathfrak {N}(t_{1},t_{1}+d_{1})}^{1},t_{1}+d_{1})$


\begin {align*}\breve {V}(t) &\leq e^{\delta _{2}(1-\gamma )(t-s_{\mathfrak {N}(t_{1},t_{1}+d_{1})}^{1})}\left [\breve {V} (s_{\mathfrak {N}(t_{1},t_{1}+d_{1})}^{1}) -\frac {\delta _{1}}{\delta _{2}}\right ]+\frac {\delta _{1}}{\delta _{2}}\nonumber \\ &\leq M_{1}^{\mathfrak {N}(t_{1},t_{1}+d_{1})}M_{0}^{\mathfrak {N}(0,d_{0})} e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}.\end {align*}


$t\in [t_{1},t_{1}+d_{1})$


$\breve {V}(t)\leq M_{1}^{\mathfrak {N}(t_{1},t)}M_{0}^{\mathfrak {N}(0,d_{0})}e^{\delta _{2}(1-\gamma )t}(\breve {V}(0) -\frac {\delta _{1}}{\delta _{2}})+\frac {\delta _{1}}{\delta _{2}}$


$t\in [t_{1}+d_{1},t_{2})$


$V(t)\leq e^{\delta _{2}(t-t_{1}-d_{1})}V(t_{1}+d_{1})$


\begin {align*}\breve {V}(t)&\leq e^{\delta _{2}(1-\gamma )(t-t_{1}-d_{1})}\breve {V}(t_{1}+d_{1}) \nonumber \\ &\leq M_{1}^{\mathfrak {N}(t_{1},t_{1}+d_{1})}M_{0}^{\mathfrak {N}(0,d_{0})}e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right ) +e^{\delta _{2}(1-\gamma )(t-t_{1}-d_{1})}\frac {\delta _{1}}{\delta _{2}}.\end {align*}


$t\in [t_{k},t_{k}+d_{k})$


$t_{k}<s_{1}^{k}<\cdots <s_{\mathfrak {N}(t_{k},t_{k}+d_{k})}^{k}<t_{k}+d_{k}$


\begin {equation}\label {equ19} \breve {V}(t)\leq M_{k}^{\mathfrak {N}(t_{k},t)}\prod _{l=0}^{k-1}M_{l}^{\mathfrak {N}(t_{l},t_{l}+d_{l})} e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}.\end {equation}


$k_{0}\in \mathbb {N}$


$V(t_{k_{0}})>0$


$V(t_{k_{0}}+d_{k_{0}})\leq 0$


$k_{0}=0$


$k_{0}>0$


$T_{1}\in (t_{k_{0}},t_{k_{0}}+d_{k_{0}})$


\begin {equation*}\breve {V}(t)\leq M_{k_{0}}^{\mathfrak {N}(t_{k},t)}\prod _{l=0}^{k_{0}-1}M_{l}^{\mathfrak {N}(t_{l},t_{l}+d_{l})} e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}=0.\end {equation*}


$T_{1}\leq \frac {1}{\delta _{2}(\gamma -1)}[\ln \prod _{l=0}^{k_{0}-1}M_{l}^{\mathfrak {N}(t_{l},t_{l}+d_{l})}+\ln \tilde {V}(0)]$


$V(t)\rightarrow 0$


$t\rightarrow T_{1}$


$T_{1}$


$T_{0}$


\begin {equation*}\hat {\omega }_{k}=\mu ^{1-\gamma }e^{\delta _{2}(\gamma -1)k(d+\eta )}(e^{\delta _{2}(1-\gamma )\eta }-1)>0,\end {equation*}


\begin {equation*}\hat {W}_{1k}=\frac {(1-\mu ^{1-\gamma })e^{\delta _{2}(\gamma -1)((k+h)d+k\eta )}-\hat {\omega }_{k}} {\tilde {V}(0)\prod _{l=0}^{k-1}\hat {M}_{l}^{\bar {N}}},\end {equation*}


\begin {equation*}\hat {W}_{k}=\frac {(1-\mu ^{1-\gamma })e^{\delta _{2}(\gamma -1)((k+\bar {N}h)d+k\eta )}} {\tilde {V}(0)\prod _{l=0}^{k-1}\hat {M}_{l}^{\bar {N}}},\end {equation*}


$\delta _{1}=2\varsigma c_{1}c_{2}^{-\frac {v_{1}+v_{2}}{2v_{2}}}$


$c_{1}=\lambda _{\min }(P)$


$c_{2}=\lambda _{\max }(P)$


$\gamma =\frac {v_{1}+v_{2}}{2v_{2}}$


$\mu $


$\delta _{2}>0$


$\tilde {V}(0)$


$P>0$


$d$


$\eta >0$


$0<h<1$


$\hat {M}_{l}>1$


$\bar {N}\in \mathbb {N^{+}}$


$P>0$


$\delta _{2}>0$


$d>0$


$\eta >0$


$0<h<1$


$d_{k}=d$


$t_{k+1}-t_{k}-d=\eta $


$s_{i+1}^{k}-s_{i}^{k}=hd$


$\hat {M}_{k}>1$


$k\in \mathbb {N}$


\begin {equation}\label {equ10271} \hat {M}_{k}-\mu ^{1-\gamma }\leq \hat {W}_{1k}, \,\, t\in [s_{1}^{k},s_{2}^{k}),\end {equation}


\begin {equation}\label {equ10272} \hat {M}_{k}^{\bar {N}-1}(\hat {M}_{k}-\mu ^{1-\gamma })\leq \hat {W}_{k}, \,\, t\in [s_{\bar {N}}^{k},t_{k}+d),\end {equation}


$\bar {N}=\ulcorner (h^{-1}-1)\urcorner $


$\omega _{0}=0$


$\prod _{l=0}^{-1}\hat {M}_{l}^{\bar {N}}=1$


$k\leq k_{0}$


$k_{0}\in \mathbb {N}$


\begin {equation*}\hat {T}_{1}\leq \frac {1}{\delta _{2}(\gamma -1)}\left [\ln \prod _{l=0}^{k_{0}-1}\hat {M}_{l}^{\bar {N}}+\ln \tilde {V}(0)\right ].\end {equation*}


\begin {equation*}\left \{ \begin {array}{@{}l@{}} \dot {V}(t)\leq -\delta _{1}V^{\gamma }(t)+\delta _{2}V(t),\quad t\in [t_{k},t_{k}+d), \\ V(s_{i}^{k})=\mu V(s_{i}^{k-}),\quad t\neq s_{i}^{k},\quad k\in \mathbb {N}, i\in \mathbb {N},\\ \dot {V}(t)\leq \delta _{2}V(t),\quad t\in [t_{k}+d,t_{k+1}). \end {array} \right .\end {equation*}


$s_{i+1}^{k}-s_{i}^{k}=hd$


$\bar {N}$


$\bar {N}=\ulcorner (h^{-1}-1)\urcorner $


$t\in [t_{k},t_{k}+d)$


$t_{k}<s_{1}^{k}<\cdots <s_{\bar {N}}^{k}<t_{k}+d$


$k\in \mathbb {N}$


\begin {equation}\label {equ10292} \breve {V}(t)\leq \hat {M}_{k}^{\mathfrak {N}(t_{k},t)}\prod _{l=0}^{k-1}\hat {M}_{l}^{\bar {N}} e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}.\end {equation}


$k_{0}\in \mathbb {N}$


$V(t_{k_{0}})>0$


$V(t_{k_{0}}+d)\leq 0$


$k_{0}=0$


$k_{0}>0$


$T_{1}\in (t_{k_{0}},t_{k_{0}}+d)$


\begin {equation*}\breve {V}(t)\leq \hat {M}_{k_{0}}^{\mathfrak {N}(t_{k},t)}\prod _{l=0}^{k_{0}-1}\hat {M}_{l}^{\bar {N}} e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}=0.\end {equation*}


$\hat {T}_{1}\leq \frac {1}{\delta _{2}(\gamma -1)}[\ln \prod _{l=0}^{k_{0}-1}\hat {M}_{l}^{\bar {N}}+\ln \tilde {V}(0)]$


$V(t)\rightarrow 0$


$t\rightarrow \hat {T}_{1}$


$P>0$


$\delta _{2}>0$


$M>1$


\begin {equation}\label {equ20} M^{k}-M^{k-1}\leq \frac {\tilde {W}_{k}} {\tilde {V}(0)}, \,\, t\in [t_{k},t_{k}+d_{k}), k\in \mathbb {N_{+}},\end {equation}


$\tilde {W}_{k}\ =\ \mu ^{(\gamma -1)\ \sum _{l=0}^{k-1}\ \mathfrak {N}(t_{l}+d_{l},t_{l+1})}\ e^{\delta _{2}(\gamma -1)t_{k}}-\mu ^{(\gamma -1)\sum _{l=0}^{k-2} \mathfrak {N}(t_{l}+d_{l},t_{l+1})}\break e^{\delta _{2}(\gamma -1)(t_{k-1}+d_{k-1})}$


$k\leq k_{1}$


$k_{1}\in \mathbb {N}$


$\sum _{l=0}^{-1}\mathfrak {N}(t_{l}+d_{l},t_{l+1})=0$


\begin {equation*}T_{2}\leq \frac {1}{\delta _{2}(\gamma -1)}\left [\ln (M^{k_{1}}\mu ^{(1-\gamma )\sum _{l=0}^{k_{1}-1}\mathfrak {N}(t_{l}+d_{l},t_{l+1})})+\ln \tilde {V}(0)\right ].\end {equation*}


$V(t)=\sum ^{N}_{p=1}e_{p}^{T}(t)Pe_{p}(t)$


\begin {equation*}\left \{ \begin {array}{@{}l@{}} \dot {V}(t)\leq -\delta _{1}V^{\gamma }(t)+\delta _{2}V(t),\quad t\in [t_{k},t_{k}+d_{k}), k\in \mathbb {N},\\ \dot {V}(t)\leq \delta _{2}V(t),\quad t\in [t_{k}+d_{k},t_{k+1}), t\neq \theta _{j}^{k}, j\in \mathbb {N^{+}},\\ V(\theta _{j}^{k})=\mu V(\theta _{j}^{k-}). \end {array} \right .\end {equation*}


$t\in [0,d_{0})$


\begin {equation*}\breve {V}(t)\leq e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}.\end {equation*}


$d_{0}\geq T_{0}$


$d_{0}$


$d_{0}< T_{0}$


$t\in [d_{0},t_{1})$


$d_{0}<\theta _{1}^{0}<\cdots <\theta _{\mathfrak {N}(d_{0},t_{1})}^{0}<t_{1}$


$t\in [d_{0},\theta _{1}^{0})$


\begin {equation*}V(t)\leq e^{\delta _{2}(t-d_{0})}V(d_{0}).\end {equation*}


\begin {equation*}\breve {V}(t) \leq e^{\delta _{2}(1-\gamma )(t-d_{0})}\breve {V}(d_{0}) \leq e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}} e^{\delta _{2}(1-\gamma )(t-d_{0})}.\end {equation*}


$t\in [\theta _{1}^{0},\theta _{2}^{0})$


$t\in [\theta _{\mathfrak {N}(d_{0},t_{1})-1}^{0},\theta _{\mathfrak {N}(d_{0},t_{1})}^{0})$


\begin {equation*}\breve {V}(t)\leq \mu ^{(\mathfrak {N}(d_{0},t_{1})-1)(1-\gamma )}[e^{\delta _{2}(1-\gamma )t} \left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}e^{\delta _{2}(1-\gamma )(t-d_{0})}].\end {equation*}


$t\in [\theta _{\mathfrak {N}(d_{0},t_{1})}^{0},t_{1})$


\begin {equation*}\breve {V}(t)\leq \mu ^{\mathfrak {N}(d_{0},t_{1})(1-\gamma )}\Bigg [e^{\delta _{2}(1-\gamma )t} \left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}} e^{\delta _{2}(1-\gamma )(t-d_{0})}\Bigg ],\end {equation*}


\begin {equation}\label {equ22} \breve {V}(t_{1}^{-})=\breve {V}(t_{1})\leq \mu ^{\mathfrak {N}(d_{0},t_{1})(1-\gamma )} \Bigg [e^{\delta _{2}(1-\gamma )t_{1}}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right ) +\frac {\delta _{1}}{\delta _{2}}e^{\delta _{2}(1-\gamma )(t_{1}-d_{0})}\Bigg ].\end {equation}


$t\in [t_{1},t_{1}+d_{1})$


\begin {align*}\breve {V}(t)&\leq \mu ^{\mathfrak {N}(d_{0},t_{1})(1-\gamma )}e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right ) +\mu ^{\mathfrak {N}(d_{0},t_{1})(1-\gamma )}\frac {\delta _{1}}{\delta _{2}}e^{\delta _{2}(1-\gamma )(t-d_{0})}\nonumber \\ &\quad -\frac {\delta _{1}}{\delta _{2}}e^{\delta _{2}(1-\gamma )(t-t_{1})}+\frac {\delta _{1}}{\delta _{2}}\nonumber \\ &\leq M\mu ^{\mathfrak {N}(d_{0},t_{1})(1-\gamma )}e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right ) +\frac {\delta _{1}}{\delta _{2}}.\end {align*}


$t\in [t_{1}+d_{1},t_{2})$


$t_{1}+d_{1}<\theta _{1}^{1}<\cdots <\theta _{\mathfrak {N}(t_{1}+d_{1},t_{2})}^{1}<t_{2}$


$t\in [t_{1}+d_{1},\theta _{1}^{1})$


\begin {equation*}V(t)\leq e^{\delta _{2}(t-t_{1}-d_{1})}V(t_{1}+d_{1}).\end {equation*}


$t\in [\theta _{1}^{1},\theta _{2}^{1})$


$t\in [\theta _{\mathfrak {N}(t_{1}+d_{1},t_{2})}^{1},t_{2})$


$t\in [t_{k},t_{k}+d_{k})$


$k\in \mathbb {N}$


\begin {equation}\label {equ23} \breve {V}(t)\leq M^{k}\mu ^{(1-\gamma )\sum _{l=0}^{k-1}\mathfrak {N}(t_{l}+d_{l},t_{l+1})} e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}.\end {equation}


$k_{1}\in \mathbb {N}$


$V(t_{k_{1}})>0$


$V(t_{k_{1}}+d_{k_{1}})\leq 0$


$k_{1}=0$


$T_{0}$


$k_{1}>0$


$T_{2}\in (t_{k_{1}},t_{k_{1}}+d_{k_{1}})$


\begin {equation*}\breve {V}(t)\leq M^{k_{1}}\mu ^{(1-\gamma )\sum _{l=0}^{k_{1}-1}\mathfrak {N}(t_{l}+d_{l},t_{l+1})} e^{\delta _{2}(1-\gamma )t}\left (\breve {V}(0)-\frac {\delta _{1}}{\delta _{2}}\right )+\frac {\delta _{1}}{\delta _{2}}=0.\end {equation*}


$T_{2}\leq \frac {1}{\delta _{2}(\gamma -1)} [\ln (M^{k_{1}}\break \mu ^{(1-\gamma )\sum _{l=0}^{k_{1}-1}\mathfrak {N}(t_{l}+d_{l},t_{l+1})})+\ln \tilde {V}(0)]$


$-\varsigma e_{p}^{v_{1}/v_{2}}(t), t\geq 0$


$P>0$


$\delta _{2}>0$


$d>0$


$\eta >0$


$0<\tilde {h}<1$


$d_{k}=d$


$t_{k+1}-t_{k}-d=\eta $


$\theta _{j+1}^{k}-\theta _{j}^{k}=\tilde {h}\eta $


$\check {M}>1$


\begin {equation}\label {equ10281} \check {M}^{k}-\check {M}^{k-1}\leq \frac {\check {W}_{k}} {\tilde {V}(0)},\quad t\in [t_{k},t_{k}+d), k\in \mathbb {N_{+}},\end {equation}


$\check {W}_{k}=\mu ^{(\gamma -1)(k-1)\tilde {N}}e^{\delta _{2}k(\gamma -1)(d+\eta )} [\mu ^{(\gamma -1)\tilde {N}}-e^{\delta _{2}(1-\gamma )\eta }]$


$k\leq k_{1}$


$k_{1}\in \mathbb {N}$


$\tilde {N}=\ulcorner (\tilde {h}^{-1}-1)\urcorner $


\begin {equation*}\check {T}_{2}\leq \frac {1}{\delta _{2}(\gamma -1)}\left [\ln (\check {M}^{k_{1}}\mu ^{(1-\gamma )(k_{1}-1)\tilde {N}})+\ln \tilde {V}(0)\right ].\end {equation*}


$\mathcal {G}^{s}$


$N=7$


$n=3$


$c=2.5$


$f(x_{p}(t))=(0.5(|x_{p1}(t)+1|-|x_{p1}(t)-1|),0.5(|x_{p2}(t)+1|-|x_{p2}(t)-1|),0.5(|x_{p3}(t)+1|-|x_{p3}(t)-1|))^{T}$


$H=I_{3}$


$K=\begin {bmatrix} 1.2 & -1.6 & 0\\1.25 & 1 & 0.9\\0 & 2.2 & 1.5\\ \end {bmatrix}$


$\mathcal {G}^{s}$


$\mathcal {V}_{1}=\{1,2,3\}$


$\mathcal {V}_{2}=\{4,5,6,7\}$


$s(0)=(0.9,0.7,-0.8)^{T}$


$x_{1}(0)=(1.1,1.1,-1.5)^{T}$


$x_{2}(0)=(1.2,1.0,-1.3)^{T}$


$x_{3}(0)=(1.0,1.2,-1.1)^{T}$


$x_{4}(0)=(-1.6,-1.3,1.1)^{T}$


$x_{5}(0)=(-1.1,-1.0,1.3)^{T}$


$x_{6}(0)=(-1.2,-1.5,1.5)^{T}$


$x_{7}(0)=(-1.5,-1.3,1.1)^{T}$


$u_{p}(t)=0$


$x_{p}(t), p\in \Lambda (1,7)$


$s(t)$


$(a)$


$u_{p}(t)$


$\varsigma =7.5$


$v_{1}=3$


$v_{2}=5$


$\nu =0.6$


$t_{1}=0.5$


$t_{2}=1.1$


$d_{0}=0.2$


$d_{1}=0.3$


$d_{2}=0.5$


$s_{1}^{0}=0.1$


$s_{2}^{0}=0.15$


$s_{1}^{1}=0.55$


$s_{2}^{1}=1.15$


$\delta _{2}=4.6$


$M_{0}=2.2$


$M_{1}=1.7$


$P=\begin {bmatrix}0.6254 & 0.0201 & 0.1522\\0.0201 & 0.6491 & -0.1506\\0.1522 & -0.1506 & 0.4757\\ \end {bmatrix}$


$T_{1}\leq 1.58$


$(b)$


$(c)$


$(b)$


$\varsigma =7.5$


$v_{1}=3$


$v_{2}=5$


$d_{k}=0.2$


$(a)$


$t_{1}=0.5$


$t_{2}=1.1$


$d_{0}=0.05$


$d_{1}=0.1$


$d_{2}=0.9$


$(a)$


$(b)$


$\check {u}_{p}(t)$


$\nu =0.6$


$\theta _{1}^{0}=0.25$


$\theta _{2}^{0}=0.3$


$\theta _{1}^{1}=0.65$


$\theta _{2}^{1}=0.7$


$\theta _{3}^{1}=0.8$


$\delta _{2}=4.6$


$M=1.5$


$T_{2}\leq 1.88$


$(c)$


$(a)$


$(c)$
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Author

particularly in engineering systems (Galicki, 2015), the realization of 
bipartite synchronization is required within a finite time frame, i.e., 
finite-time bipartite synchronization (FTBS). Moreover, the objective of 
research into network synchronization is to engineer a suitable control 
strategy that facilitates the attainment of the desired goal state within 
the networks. Consequently, several scholars have delved into the in-
vestigation of the FTBS problems of coupled NNs under various control 
strategies (Chang, Park, & Yang, 2023; Meng, Jia, & Du, 2016; Zhang, 
Yang, Yang, & Alsaedi, 2021). For example, in reference (Meng et al., 
2016), the authors achieved finite-time BC of systems by devising a con-
trol strategy incorporating a sign function. To mitigate the undesirable 
chattering phenomenon stemming from the sign function, a negative 
feedback controller utilizing a saturation function was subsequently pro-
posed and the criteria for FTBS in memristive NNs were also established 
in Chang et al. (2023). However, these control strategies necessitate 
continuous control and continuous communication among the network 
nodes, which are very costly to implement. Furthermore, some scholars 
have also investigated the potential of discontinuous control (Liu, Cao, 
& Xie, 2019; Mao, Liu, Cao, & Hu, 2022; Zhang, Zhu, Wen, & Huang, 
2024b). For instance, the finite-time BC of multiple signed networks was 
achieved through implementation of aperiodically intermittent control 
(AIC) and the node-Lyapunov method (Zhang et al., 2024b). Although 
the AIC designed in Zhang et al. (2024b) can significantly reduce con-
trol time, it still required the use of sign functions and strict negative 
feedback control components within the control intervals, which im-
pose stringent conditions. Hence, the primary challenge we address in 
this paper is to explore how to remove these constraints and design more 
appropriate AIC.

In recent years, another form of discontinuous control, known as im-
pulsive control (IC), has garnered significant attention. Different from 
traditional control methods, IC causes sudden changes in the network’s 
state at specific discrete moments (Liang, Gu, Li, & Tao, 2025; Yang, 
Li, & Song, 2022). This approach eliminates the need for continuous 
information exchange between network nodes during intervals between 
these impulsive instants. The structural simplicity of IC and its effective-
ness in significantly reducing network information transmission have 
made it a popular choice in both engineering and ecological systems 
(Gopalsamy, 1992; Jiang, Lu, & Liu, 2020). Recently, researchers have 
explored the potential of combining the benefits of AIC and IC to en-
hance the stability and consensus of complex systems (Wang, Wang, Liu, 
Wu, & Sun, 2024; Yang, Li, Lu, & Cheng, 2020; You, Wu, & Li, 2025). 
For instance, a novel hybrid control strategy, which integrates AIC and 
IC, has been presented to address the finite-time boundedness issue of 
nonlinear systems in You et al. (2025). However, this study only con-
sidered IC within the uncontrollable intervals of intermittent control, 
limiting the ability of systems to reach finite-time boundedness, which 
may be insufficient for practical applications. Further, the finite-time 
BC issue of multi-agent systems under intermittent communication and 
IC has been investigated in Wang et al. (2024). However, this approach 
necessitates strong negative feedback control and restricts IC to occur 
only within the intervals of intermittent control. Therefore, how to im-
plement FTBS under conditions where the intensity of the intermittent 
control and the timing of the IC are reduced is an urgent problem to 
be addressed. In essence, the key challenge we confront is to design the 
appropriate hybrid controllers that combine AIC and IC. Moreover, the 
criteria for FTBS of coupled NNs under such hybrid control, together 
with an estimate of the settling time (ST), are other issues we have to
consider.

Based on the above discussion, the FTBS of coupled NNs under a new 
hybrid control is the main research problem in this paper. The main 
contributions are as follows.

1. In this paper, we design a novel hybrid control strategy that inte-
grates AIC and IC. The fusion of the two forms of discontinuous 
control significantly reduces control cost and accelerates the con-
vergence pace of the coupled NNs towards synchronization.

2. This study separately addresses two scenarios of impulsive control 
within the AIC framework: one where IC acts within the controlled 
segments and another where it operates in the uncontrollable seg-
ments. In the first scenario, the IC enhances the synchronization pro-
cess of the networks, that is, IC can synchronize networks that are 
unstable under AIC. In the second case, the inclusion of the IC com-
presses the control periods of the AIC, thereby substantially reducing 
the duration of continuous information exchange.

3. This paper explores signed graphs, where cooperative and compet-
itive relationships among network nodes coexist, reflecting a more 
realistic scenario. The criteria for FTBS of coupled NNs with signed 
graphs are elucidated under the above two hybrid control strategies, 
accompanied by an estimation of the associated ST.

Notations: Let ℝ, ℝ+, ℝ𝑛, ℝ𝑛×𝑛, ℕ and ℕ+ be the sets of real numbers, 
positive real numbers, 𝑛 dimensional vectors, 𝑛 × 𝑛 dimensional matri-
ces, natural numbers and positive integers, respectively. sign(⋅) is the 
sign function. | ⋅ | represents the absolute value. Λ(1, 𝑁) ≜ {1,⋯ , 𝑁}. 
𝐾 = diag{𝑘1,⋯ , 𝑘𝑁} ≜ diag(𝑘𝑙)𝑙∈Λ(1,𝑁) ∈ ℝ𝑁×𝑁  is a diagonal matrix. 
⌜𝑀⌝ denotes the value of 𝑀 rounded up.

2.  Preliminaries

2.1.  Signed graph theory

𝑠 = { ,  , 𝐴𝑠} is a signed graph with node set  , edge set  and 
adjacency matrix 𝐴𝑠 = (𝑎𝑠𝑝𝑞)𝑁×𝑁 ∈ ℝ𝑁×𝑁 . In signed graph 𝑠, 𝑎𝑠𝑝𝑝 = 0, 
𝑎𝑠𝑝𝑞 = 0 means that (𝑝, 𝑞) ∉  , otherwise, 𝑎𝑠𝑝𝑞 ≠ 0, 𝑝 ≠ 𝑞 ∈  . Furthermore, 
if the relationship between nodes 𝑝 and 𝑞 is cooperative, then 𝑎𝑠𝑝𝑞 >
0; if it is competitive, then 𝑎𝑠𝑝𝑞 < 0. The corresponding signed Lapla-
cian matrix is 𝐿𝑠 = (𝑙𝑠𝑝𝑞)𝑁×𝑁 = diag(

∑𝑁
𝑞=1 |𝑎

𝑠
𝑙𝑞|)𝑙∈Λ(1,𝑁) − 𝐴𝑠. It should be 

noted that the row sum of matrix 𝐿𝑠 is not 0 since 𝑎𝑠𝑝𝑞 may be less 
than 0. For the corresponding unsigned graph 𝑢, the adjacency ma-
trix is 𝐴𝑢 = (𝑎𝑢𝑝𝑞)𝑁×𝑁 = (|𝑎𝑠𝑝𝑞|)𝑁×𝑁 , and the Laplacian matrix is 𝐿𝑢 =
(𝑙𝑢𝑝𝑞)𝑁×𝑁 = diag(

∑𝑁
𝑞=1 |𝑎

𝑠
𝑙𝑞|)𝑙∈Λ(1,𝑁) − 𝐴𝑢.

Definition 1. (Altafini, 2013) If the set  of the graph 𝑠 can be divided 
into {1,2} such that 1 ∩ 2 = ∅ and 1 ∪ 2 =  . Further, it holds that 
𝑎𝑠𝑝𝑞 > 0, 𝑝, 𝑞 ∈ 𝑑′  (𝑑

′ ∈ {1, 2}), and 𝑎𝑠𝑝𝑞 < 0, 𝑝 ∈ 𝑑′ , 𝑞 ∈ 𝑑′′  (𝑑
′ ≠ 𝑑′′ , 

𝑑′ , 𝑑′′ ∈ {1, 2}). Then, the graph 𝑠 is structurally balanced.

2.2.  Model description

Consider the coupled NNs with signed graph 𝑠 as follows: for 𝑝 ∈
Λ(1, 𝑁),

𝑥̇𝑝(𝑡) = −𝐻𝑥𝑝(𝑡) +𝐾𝑓 (𝑥𝑝(𝑡)) + 𝑐
∑

𝑞∈𝑝

|𝑎𝑠𝑝𝑞|(sign(𝑎
𝑠
𝑝𝑞)𝑥𝑞(𝑡) − 𝑥𝑝(𝑡))

+ 𝑢𝑝(𝑡), 𝑡 ≥ 0, (1)

where 𝐻 = diag(ℎ𝑙)𝑙∈Λ(1,𝑛) and 𝐾 ∈ ℝ𝑛×𝑛 are proper real matrices. 𝑥𝑝(𝑡) ∈
ℝ𝑛 is the 𝑝-th neuron’s state. 𝑓 (⋅) is an odd activation function. 𝑐 > 0, 
𝑝 = {𝑞|(𝑝, 𝑞) ∈ } and 𝑢𝑝(𝑡) is control input.

In cooperative-competition model, the cooperation relationship be-
tween nodes 𝑝 and 𝑞 can be shown as 𝑥𝑞(𝑡) − 𝑥𝑝(𝑡), and the competition 
relationship can be represented as 𝑥𝑞(𝑡) + 𝑥𝑝(𝑡) (Li & Zheng, 2020). Then, 
combining the above theory of signed graphs can have
∑

𝑞∈𝑝

|𝑎𝑠𝑝𝑞|(sign(𝑎
𝑠
𝑝𝑞)𝑥𝑞(𝑡) − 𝑥𝑝(𝑡))

=
∑

𝑞∈𝑝

𝑎𝑠+𝑝𝑞 (𝑥𝑞(𝑡) − 𝑥𝑝(𝑡)) +
∑

𝑞∈𝑝

𝑎𝑠−𝑝𝑞 (𝑥𝑞(𝑡) + 𝑥𝑝(𝑡))

= −
∑

𝑞∈𝑝

𝑙𝑠𝑝𝑞𝑥𝑞(𝑡) − 𝑙𝑠𝑝𝑝𝑥𝑝(𝑡) = −
𝑁
∑

𝑞=1
𝑙𝑠𝑝𝑞𝑥𝑞(𝑡), (2)
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where 𝑎𝑠+𝑝𝑞  means 𝑎𝑠𝑝𝑞 > 0, and 𝑎𝑠−𝑝𝑞  represents 𝑎𝑠𝑝𝑞 < 0. Therefore, the cou-
pled NNs (Eq. 1) can be rewritten as

𝑥̇𝑝(𝑡) = −𝐻𝑥𝑝(𝑡) +𝐾𝑓 (𝑥𝑝(𝑡)) − 𝑐
𝑁
∑

𝑞=1
𝑙𝑠𝑝𝑞𝑥𝑞(𝑡) + 𝑢𝑝(𝑡), 𝑡 ≥ 0. (3)

Moreover, the leader of the NNs (Eq. 1) is expressed as 
𝑠̇(𝑡) = −𝐻𝑠(𝑡) +𝐾𝑓 (𝑠(𝑡)), 𝑡 ≥ 0. (4)

Based on the above consideration of the NNs model, some the nec-
essary assumptions and preparatory knowledge are presented below.
Assumption 1. For any 𝔵, 𝔷 ∈ ℝ𝑛, there is 𝑅 ∈ ℝ𝑛×𝑛 such that (𝑓 (𝔵) −
𝑓 (𝔷))𝑇 (𝑓 (𝔵) − 𝑓 (𝔷)) ≤ (𝔵 − 𝔷)𝑇𝑅𝑇𝑅(𝔵 − 𝔷).

Remark 1. The nonlinear function 𝑓 within the NNs (Eq. 1) considered 
in this paper satisfies the Lipschitz condition, as stated in Assumption 1. 
This assumption is both widely adopted and highly reasonable in rele-
vant research contexts. First, it guarantees the existence and uniqueness 
of the system solution 𝑥(𝑡). Second, it ensures that the rate of change of 
𝑓 is bounded by a fixed constant within any interval, which promotes 
function smoothness. Moreover, in many natural systems, including the 
Lorenz and Rössler systems, there exist nonlinear terms that adhere to 
the global Lipschitz condition.

Assumption 2. The graph 𝑠 is connected and structurally balanced.

Lemma 1  (Altafini 2013). If 𝑠 is structurally balanced, then, there is a 
matrix 𝑍 = diag(𝑧𝑙)𝑙∈Λ(1,𝑁) such that 𝑍𝐿𝑠𝑍 = 𝐿𝑢, where 𝑧𝑝 = 1 if 𝑝 ∈ 1
and 𝑧𝑝 = −1 if 𝑝 ∈ 2.

Definition 2  (Meng, Jia, and Du 2015). The coupled NNs (Eqs. 1 and 
4) can reach the FTBS, if there exist set 𝔒 ⊆ ℝ𝑛 and constant  > 0 such 
that for any 𝑥𝑝(0) − 𝑧𝑝𝑠(0) ∈ 𝔒, lim𝑡→ ||𝑥𝑝(𝑡) − 𝑧𝑝𝑠(𝑡)|| = 0 and ||𝑥𝑝(𝑡) −
𝑧𝑝𝑠(𝑡)|| = 0, 𝑡 ≥  , 𝑝 ∈ Λ(1, 𝑁).

Lemma 2  (Khalil 2022). Suppose 𝜛1,⋯ , 𝜛𝑛 ≥ 0, and 0 < 𝛾 ≤ 1, then, one 
gets 
𝑛
∑

𝑖=1
𝜛𝛾

𝑖 ≥

( 𝑛
∑

𝑖=1
𝜛𝑖

)𝛾

. (5)

Lemma 3. If 𝛿1, 𝛿2 > 0, 0 < 𝛾 < 1, and the continuous positive definite 
function 𝑉 (𝑥(𝑡)) ≜ 𝑉 (𝑡) satisfy
{

𝑉̇ (𝑡) ≤ −𝛿1𝑉 𝛾 (𝑡) + 𝛿2𝑉 (𝑡), 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑𝑘), 𝑘 ∈ ℕ,
𝑉̇ (𝑡) ≤ 𝛿2𝑉 (𝑡), 𝑡 ∈ [𝑡𝑘 + 𝑑𝑘, 𝑡𝑘+1),

then, we get
𝑒−𝛿2(1−𝛾)𝑡

(

𝑉 (𝑡) −
𝛿1
𝛿2

)

≤ 𝑉 (0) −
𝛿1
𝛿2

, 0 ≤ 𝑡 ≤ 𝑇0, (6)

where 𝑡0 = 0, 𝑉 1−𝛾 (0) ≜ 𝑉 (0) < 𝛿1
𝛿2
, 𝑉 1−𝛾 (𝑡) ≜ 𝑉 (𝑡), 𝑇0 =

ln(1− 𝛿2𝑉 (0)
𝛿1

)

𝛿2(𝛾−1)
, and 

for 𝑡 ≥ 𝑇0, 𝑉 (𝑡) = 0.

Proof.  Let 𝜃(𝑡) = 𝑒−𝛿2(1−𝛾)𝑡
(

𝑉 (𝑡) − 𝛿1
𝛿2

)

, 𝑡 ≥ 0, and 𝑌 = 𝑉 (0) − 𝛿1
𝛿2

 is a con-
stant. Then, we will prove that (Eq. 6) holds. Firstly, when 𝑡 = 0, (Eq. 6) 
is obviously true.

Next, for 𝑡 ∈ (0, 𝑑0), we get
𝑄01(𝑡) = 𝜃(𝑡) − 𝜉𝑌 +

𝛿1
𝛿2

𝑒−𝛿2(1−𝛾)𝑡 < 0, (7)

where 0 < 𝜉 < 1. Then, suppose that (Eq. 7) is false, that is, there exists 
𝑡0 ∈ (0, 𝑑0) such that 𝑄01(𝑡0) = 0, 𝑄̇01(𝑡0) ≥ 0, and 𝑄01(𝑡) < 0, 𝑡 ∈ (0, 𝑡0). 
Moreover, it holds that
𝑄̇01(𝑡0) = 𝜃̇(𝑡0) − 𝛿1(1 − 𝛾)𝑒−𝛿2(1−𝛾)𝑡0

= −𝛿2(1 − 𝛾)𝑒−𝛿2(1−𝛾)𝑡0𝑉 (𝑡0) + 𝛿1(1 − 𝛾)𝑒−𝛿2(1−𝛾)𝑡0

− 𝛿1(1 − 𝛾)𝑒−𝛿2(1−𝛾)𝑡0 + 𝑒−𝛿2(1−𝛾)𝑡0 (1 − 𝛾)𝑉 −𝛾 (𝑡0)𝑉̇ (𝑡0)

≤ −𝛿1(1 − 𝛾)𝑒−𝛿2(1−𝛾)𝑡0 < 0,

which is a contradiction. Hence, (Eq. 7) holds. Further, one gets 𝜃(𝑡) <
𝜉𝑌 − 𝛿1

𝛿2
𝑒−𝛿2(1−𝛾)𝑡 < 𝜉𝑌 .

For 𝑡 ∈ [𝑑0, 𝑡1), we claim that 

𝑄02(𝑡) = 𝜃(𝑡) − 𝜉𝑌 +
𝛿1
𝛿2

𝑒−𝛿2(1−𝛾)(𝑡−𝑑0) < 0. (8)

Then, suppose that (Eq. 8) is false, that is, there is 𝑡0 ∈ [𝑑0, 𝑡1) satisfy-
ing that 𝑄02(𝑡0) = 0, 𝑄̇02(𝑡0) ≥ 0, and 𝑄02(𝑡) < 0, 𝑡 ∈ [𝑑0, 𝑡0). Moreover, it 
holds that
𝑄̇02(𝑡0) = 𝜃̇(𝑡0) − 𝛿1(1 − 𝛾)𝑒−𝛿2(1−𝛾)(𝑡0−𝑑0)

≤ 𝛿1(1 − 𝛾)𝑒−𝛿2(1−𝛾)𝑡0 (1 − 𝑒𝛿2(1−𝛾)𝑑0 ) < 0,

which is a contradiction. Hence, (Eq. 8) holds. Further, we have 𝜃(𝑡) <
𝜉𝑌 − 𝛿1

𝛿2
𝑒−𝛿2(1−𝛾)(𝑡−𝑑0) < 𝜉𝑌 .

By mathematical induction, for any 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑𝑘), 𝑘 ∈ ℕ,

𝑄𝑘1(𝑡) = 𝜃(𝑡) − 𝜉𝑌 +
𝛿1
𝛿2

𝑒−𝛿2(1−𝛾)(𝑡−𝑡𝑘) < 0,

and for 𝑡 ∈ [𝑡𝑘 + 𝑑𝑘, 𝑡𝑘+1),

𝑄𝑘2(𝑡) = 𝜃(𝑡) − 𝜉𝑌 +
𝛿1
𝛿2

𝑒−𝛿2(1−𝛾)(𝑡−𝑡𝑘−𝑑𝑘) < 0.

Therefore, let 𝜉 → 1−, it holds that 𝜃(𝑡) ≤ 𝑌 , that is, (Eq. 6) holds. In 
addition, according to (Eq. 6), let

𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)𝑡(𝑉 (0) −
𝛿1
𝛿2

) +
𝛿1
𝛿2

= 0.

Then, it holds that 𝑇0 =
ln(1− 𝛿2𝑉 (0)

𝛿1
)

𝛿2(𝛾−1)
. ∎

2.3.  Hybrid controller design

Firstly, let 𝑒𝑝(𝑡) = 𝑥𝑝(𝑡) − 𝑧𝑝𝑠(𝑡). Then by simple calculation, the error 
network is expressed as follows:

𝑒̇𝑝(𝑡) = −𝐻𝑒𝑝(𝑡) +𝐾𝑓 (𝑒𝑝(𝑡)) − 𝑐
𝑁
∑

𝑞=1
𝑙𝑠𝑝𝑞𝑒𝑞(𝑡) + 𝑢𝑝(𝑡), 𝑡 ≥ 0, (9)

where 𝑓 (𝑒𝑝(𝑡)) = 𝑓 (𝑥𝑝(𝑡)) − 𝑓 (𝑧𝑝𝑠(𝑡)).
In this paper, the hybrid controller 𝑢𝑝(𝑡) has two design forms, that 

is, intermittent control and IC occur simultaneously or not. The specific 
mathematical expressions are as follows.

(1) AIC and IC occur in the same time periods: 𝑢𝑝(𝑡) = 𝑢̄𝑝(𝑡) + 𝑢̂𝑝(𝑡),
where 

𝑢̄𝑝(𝑡) =

{

−𝜍𝑒
𝑣1
𝑣2
𝑝 (𝑡), 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑𝑘),

0, 𝑡 ∈ [𝑡𝑘 + 𝑑𝑘, 𝑡𝑘+1), 𝑘 ∈ ℕ,
(10)

and

𝑢̂𝑝(𝑡) =
+∞
∑

𝑖=1
(𝜈 − 1)𝑒𝑝(𝑠𝑘−𝑖 )𝛿(𝑡 − 𝑠𝑘𝑖 ), 𝑘 ∈ ℕ, 𝑠𝑘𝑖 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑𝑘). (11)

𝜍 > 0 is a tunable constant, 0 < 𝑣1 < 𝑣2 are odd numbers, {𝑡𝑘}𝑘∈ℕ
is aperiodically intermittent time sequence satisfies 0 = 𝑡0 < 𝑡1 <
𝑡2 < ⋯. Aperiodically intermittent width sequence {𝑑𝑘}𝑘∈ℕ satis-
fies 𝑡𝑘+1 − 𝑡𝑘 > 𝑑𝑘 > 0. 𝜈 > 0 is the impulsive intensity. Impulsive 
sequence {𝑠𝑘𝑖 }𝑖,𝑘∈ℕ satisfies 𝑡𝑘 = 𝑠𝑘0 < 𝑠𝑘1 < ⋯ < 𝑠𝑘𝔑(𝑡𝑘 ,𝑡𝑘+𝑑𝑘)

< 𝑡𝑘 + 𝑑𝑘. 
And 𝔑(𝑡𝑘, 𝑡𝑘 + 𝑑𝑘) denotes the number of impulsive instants on 
[𝑡𝑘, 𝑡𝑘 + 𝑑𝑘).

(2) AIC and IC occur in different time periods: 𝑢𝑝(𝑡) = 𝑢̄𝑝(𝑡) + 𝑢̌𝑝(𝑡), where

𝑢̌𝑝(𝑡) =
+∞
∑

𝑗=1
(𝜈 − 1)𝑒𝑝(𝜃𝑘−𝑗 )𝛿(𝑡 − 𝜃𝑘𝑗 ), 𝑘 ∈ ℕ, 𝜃𝑘𝑗 ∈ [𝑡𝑘 + 𝑑𝑘, 𝑡𝑘+1). (12)

In addition, impulsive sequence {𝜃𝑘𝑗 }𝑗,𝑘∈ℕ satisfies 𝑡𝑘 + 𝑑𝑘 = 𝜃𝑘0 <
𝜃𝑘1 < ⋯ < 𝜃𝑘𝔑(𝑡𝑘+𝑑𝑘 ,𝑡𝑘+1)

< 𝑡𝑘+1. And 𝔑(𝑡𝑘 + 𝑑𝑘, 𝑡𝑘+1) represented the 
number of impulsive instants on [𝑡𝑘 + 𝑑𝑘, 𝑡𝑘+1).
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Then, based on the above controller design, we can get the corre-
sponding error NNs as follows. When AIC and IC occur in the same time 
periods, we have 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑒̇𝑝(𝑡) = −𝐻𝑒𝑝(𝑡) +𝐾𝑓 (𝑒𝑝(𝑡)) − 𝑐
∑𝑁

𝑞=1 𝑙
𝑠
𝑝𝑞𝑒𝑞(𝑡) − 𝜍𝑒

𝑣1
𝑣2
𝑝 (𝑡),

𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑𝑘), 𝑡 ≠ 𝑠𝑘𝑖 ,
𝑒𝑝(𝑡) = 𝜈𝑒𝑝(𝑡−), 𝑡 = 𝑠𝑘𝑖 , 𝑘 ∈ ℕ, 𝑖 ∈ ℕ+,
𝑒̇𝑝(𝑡) = −𝐻𝑒𝑝(𝑡) +𝐾𝑓 (𝑒𝑝(𝑡)) − 𝑐

∑𝑁
𝑞=1 𝑙

𝑠
𝑝𝑞𝑒𝑞(𝑡), 𝑡 ∈ [𝑡𝑘 + 𝑑𝑘, 𝑡𝑘+1).

(13)

When AIC and IC occur in different time periods, one has 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑒̇𝑝(𝑡) = −𝐻𝑒𝑝(𝑡) +𝐾𝑓 (𝑒𝑝(𝑡)) − 𝑐
∑𝑁

𝑞=1 𝑙
𝑠
𝑝𝑞𝑒𝑞(𝑡) − 𝜍𝑒

𝑣1
𝑣2
𝑝 (𝑡),

𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑𝑘), 𝑘 ∈ ℕ,
𝑒̇𝑝(𝑡) = −𝐻𝑒𝑝(𝑡) +𝐾𝑓 (𝑒𝑝(𝑡)) − 𝑐

∑𝑁
𝑞=1 𝑙

𝑠
𝑝𝑞𝑒𝑞(𝑡), 𝑡 ∈ [𝑡𝑘 + 𝑑𝑘, 𝑡𝑘+1), 𝑡 ≠ 𝜃𝑘𝑗 ,

𝑒𝑝(𝑡) = 𝜈𝑒𝑝(𝑡−), 𝑡 = 𝜃𝑘𝑗 , 𝑗 ∈ ℕ+.

(14)

Remark 2. In most of the previous works on finite-time synchro-
nization problems, scholars often used continuous controls (Du, He, 
& Cheng, 2014; Shen & Xia, 2008), such as finite-time control term 
(−𝜍𝑒𝑣1∕𝑣2𝑝 (𝑡), 𝑡 ≥ 0). Later, some researchers began to consider discontin-
uous controls, such as IC and intermittent control. However, the inter-
mittent control here is always assumed to be periodic (Jiang, Li, Tu, 
& Feng, 2019; Mei, Lu, Hu, & Fan, 2022), which seems unreasonable. 
Therefore, the problem of finite-time synchronization under AIC is stud-
ied in Lemma 3. By constructing auxiliary functions and mathematical 
induction, we obtain the criterion and ST of finite-time synchronization 
for the systems under AIC.
Remark 3. Two new hybrid controllers are designed in this paper. The 
first type of AIC occurs simultaneously with IC. Compared with a single 
AIC, the addition of IC may stabilize a previously unstable system (see 
Example 1). The second is to inject IC in the intervals without AIC, that 
is, the intervals [𝑡𝑘 + 𝑑𝑘, 𝑡𝑘+1), 𝑘 ∈ ℕ. Then, we can significantly reduce 
the time of continuous control (see Example 2), that is, the intervals 𝑡 ∈
[𝑡𝑘, 𝑡𝑘 + 𝑑𝑘), 𝑘 ∈ ℕ. In general, the two hybrid controllers designed above 
can effectively avoid the shortcomings of single intermittent control or 
IC.

3.  Main results

Two types of hybrid control will be discussed in this section. For 
the first circumstance, we assume that the IC occurs in the controlled 
intervals of the AIC. In the second case, the IC occurs in the uncontrolled 
intervals of the AIC. Theorems 1 and 2 respectively give the sufficient 
conditions for FTBS of coupled NNs in the above two cases. In addition, 
in Corollaries 1 and 2 we give the criteria of FTBS of coupled NNs under 
periodically intermittent control and IC respectively.

3.1.  AIC and IC occur in the same time periods

Based on the design considerations outlined in the second part for 
the first form of hybrid controller and the associated error NNs (Eq. 13), 
we are able to derive the sufficient conditions for achieving FTBS of the 
coupled NNs, as detailed in the subsequent theorem. Before giving the 
main theorem of this section, we will first introduce some notations for 
convenience. Denote

𝑉 (0) = 1 −
𝛿2𝑉 (0)
𝛿1

> 0,

𝜔𝑘 = 𝜇1−𝛾 (𝑒𝛿2(𝛾−1)(𝑡𝑘−1+𝑑𝑘−1) − 𝑒𝛿2(𝛾−1)𝑡𝑘 ) > 0,

𝑊1𝑘 =
(1 − 𝜇1−𝛾 )𝑒𝛿2(𝛾−1)𝑠

𝑘
1 − 𝜔𝑘

𝑉 (0)
∏𝑘−1

𝑙=0 𝑀𝔑(𝑡𝑙 ,𝑡𝑙+𝑑𝑙 )
𝑙

,

𝑊𝑘 =
(1 − 𝜇1−𝛾 )𝑒

𝛿2(𝛾−1)𝑠𝑘𝔑(𝑡𝑘,𝑡𝑘+𝑑𝑘 )

𝑉 (0)
∏𝑘−1

𝑙=0 𝑀𝔑(𝑡𝑙 ,𝑡𝑙+𝑑𝑙)
𝑙

,

where the constants 𝛿1 = 2𝜍𝑐1𝑐
− 𝑣1+𝑣2

2𝑣2
2 , 𝑐1 = 𝜆min(𝑃 ), 𝑐2 = 𝜆max(𝑃 ), 𝛾 =

𝑣1+𝑣2
2𝑣2

, 𝜇 = 𝜈2, 𝑉 (0) = 𝑉 1−𝛾 (0), 𝛿2 > 0, 𝑀𝑙 > 1 and matrix 𝑃 > 0 are later 
given in Theorem 1.

Theorem 1. Under Assumptions 1–2, the coupled NNs (Eqs. 1 and 4) can 
achieve FTBS, if there exist matrix 𝑃 > 0 and constant 𝛿2 > 0 such that 
(

𝐼𝑁 ⊗ 𝜒 − 2𝑐(𝐿𝑠 ⊗ 𝑃 ) 𝐼𝑁 ⊗ 𝑃𝐾
∗ −𝐼𝑁 ⊗ 𝐼𝑛

)

< 0, (15)

where 𝜒 = −2𝑃𝐻 + 𝑅𝑇𝑅 − 𝛿2𝑃 . Moreover, constants 𝑀𝑘 > 1, 𝑘 ∈ ℕ
satisfy 
𝑀𝑘 − 𝜇1−𝛾 ≤ 𝑊1𝑘, 𝑡 ∈ [𝑠𝑘1 , 𝑠

𝑘
2), (16)

and

𝑀𝔑(𝑡𝑘 ,𝑡𝑘+𝑑𝑘)−1
𝑘 (𝑀𝑘 − 𝜇1−𝛾 ) ≤ 𝑊𝑘, 𝑡 ∈ [𝑠𝑘𝔑(𝑡𝑘 ,𝑡𝑘+𝑑𝑘)

, 𝑡𝑘 + 𝑑𝑘), (17)

where 𝜔0 = 0, ∏−1
𝑙=0 𝑀

𝔑(𝑡𝑙 ,𝑡𝑙+𝑑𝑙 )
𝑙 = 1 and 𝑘 ≤ 𝑘0, 𝑘0 ∈ ℕ is a constant.

In addition, the ST is 

𝑇1 ≤
1

𝛿2(𝛾 − 1)
[ln

𝑘0−1
∏

𝑙=0
𝑀𝔑(𝑡𝑙 ,𝑡𝑙+𝑑𝑙 )

𝑙 + ln𝑉 (0)]. (18)

Proof.  Let 𝑉 (𝑡) =
∑𝑁

𝑝=1 𝑒
𝑇
𝑝 (𝑡)𝑃𝑒𝑝(𝑡) = 𝑒𝑇 (𝑡)(𝐼𝑁 ⊗ 𝑃 )𝑒(𝑡). Then, for 

𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑𝑘), 𝑡 ≠ 𝑠𝑘𝑖 , that is, the intervals [𝑡𝑘, 𝑠𝑘1), [𝑠𝑘1 , 𝑠
𝑘
2), ⋯, 

[𝑠𝑘𝔑(𝑡𝑘 ,𝑡𝑘+𝑑𝑘)
, 𝑡𝑘 + 𝑑𝑘), it follows from Assumption 2 and (Eq. 13) that

𝑉̇ (𝑡) = 2
𝑁
∑

𝑝=1
𝑒𝑇𝑝 (𝑡)𝑃

[

−𝐻𝑒𝑝(𝑡) +𝐾𝑓 (𝑒𝑝(𝑡)) − 𝑐
𝑁
∑

𝑞=1
𝑙𝑠𝑝𝑞𝑒𝑞(𝑡) − 𝜍𝑒

𝑣1
𝑣2
𝑝 (𝑡)

]

≤
𝑁
∑

𝑝=1
𝑒𝑇𝑝 (𝑡)(−2𝑃𝐻 + 𝑃𝐾𝐾𝑇 𝑃 + 𝑅𝑇𝑅)𝑒𝑝(𝑡)

− 2𝑒𝑇 (𝑡)(𝑐𝐿𝑠 ⊗ 𝑃 )𝑒(𝑡) − 2𝜍
𝑁
∑

𝑝=1
𝑒𝑇𝑝 (𝑡)𝑃𝑒

𝑣1
𝑣2
𝑝 (𝑡), (19)

where 𝐿𝑠 = (𝑙𝑠𝑝𝑞)𝑁×𝑁 = diag(
∑𝑁

𝑞=1 |𝑎
𝑠
𝑙𝑞|)𝑙∈Λ(1,𝑁) − 𝐴𝑠 is the signed Lapla-

cian matrix. According to (Eq. 15), we have 
𝐼𝑁 ⊗ (𝜒 + 𝑃𝐾𝐾𝑇 𝑃 ) − 2𝑐(𝐿𝑠 ⊗ 𝑃 ) < 0, (20)

where 𝜒 = −2𝑃𝐻 + 𝑅𝑇𝑅 − 𝛿2𝑃 . Combined with Lemma 2, one has

2𝜍
𝑁
∑

𝑝=1
𝑒𝑇𝑝 (𝑡)𝑃𝑒

𝑣1
𝑣2
𝑝 (𝑡) ≥ 2𝜍𝜆min(𝑃 )

𝑁
∑

𝑝=1
(𝑒𝑇𝑝 (𝑡)𝑒𝑝(𝑡))

𝑣1+𝑣2
2𝑣2

≥ 2𝜍𝑐1𝑐
− 𝑣1+𝑣2

2𝑣2
2 (𝑒𝑇 (𝑡)(𝐼𝑁 ⊗ 𝑃 )𝑒(𝑡))

𝑣1+𝑣2
2𝑣2 , (21)

where 𝑐1 = 𝜆min(𝑃 ) and 𝑐2 = 𝜆max(𝑃 ). Then, substituting (Eqs. 20 and 21) 
into (Eq. 19) implies
𝑉̇ (𝑡) ≤ 𝑒𝑇 (𝑡)[𝐼𝑁 ⊗ (−2𝑃𝐻 + 𝑃𝐾𝐾𝑇 𝑃 + 𝑅𝑇𝑅)

− 2𝑐(𝐿𝑠 ⊗ 𝑃 )]𝑒(𝑡) − 2𝜍𝑐1𝑐
− 𝑣1+𝑣2

2𝑣2
2 𝑉

𝑣1+𝑣2
2𝑣2 (𝑡)

≤ −𝛿1𝑉 𝛾 (𝑡) + 𝛿2𝑉 (𝑡), (22)

where 𝛾 = 𝑣1+𝑣2
2𝑣2

 and 𝛿1 = 2𝜍𝑐1𝑐
− 𝑣1+𝑣2

2𝑣2
2 . When 𝑡 = 𝑠𝑘𝑖 , 𝑖 ∈ ℕ+, 𝑘 ∈ ℕ, it 

holds that

𝑉 (𝑠𝑘𝑖 ) =
𝑁
∑

𝑝=1
𝑒𝑇𝑝 (𝑠

𝑘
𝑖 )𝑃𝑒𝑝(𝑠

𝑘
𝑖 ) = 𝜈2𝑉 (𝑠𝑘−𝑖 ) ≜ 𝜇𝑉 (𝑠𝑘−𝑖 ).

Then, (Eqs. 19 and 20) imply 
𝑉̇ (𝑡) ≤ 𝛿2𝑉 (𝑡), 𝑡 ∈ [𝑡𝑘 + 𝑑𝑘, 𝑡𝑘+1). (23)
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Further, for 𝑡 ∈ [0, 𝑑0), we have 0 < 𝑠01 < ⋯ < 𝑠0𝔑(0,𝑑0)
< 𝑑0. Specifi-

cally, for 𝑡 ∈ [0, 𝑠01),

𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

.

For 𝑡 ∈ [𝑠01, 𝑠
0
2),

𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)(𝑡−𝑠
0
1)
(

𝑉 (𝑠01) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

≤ 𝑒𝛿2(1−𝛾)(𝑡−𝑠
0
1)
[

𝜇1−𝛾
(

𝑒𝛿2(1−𝛾)𝑠
0
1

(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

)

−
𝛿1
𝛿2

]

+
𝛿1
𝛿2

= 𝜇1−𝛾𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

(𝜇1−𝛾 − 1)𝑒𝛿2(1−𝛾)(𝑡−𝑠
0
1) +

𝛿1
𝛿2

≤ 𝑀0𝑒
𝛿2(1−𝛾)𝑡

(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

.

By parity of reasoning, for 𝑡 ∈ [𝑠0𝑖 , 𝑠
0
𝑖+1), 𝑖 ∈ Λ(1,𝔑(0, 𝑑0) − 1), one gets

𝑉 (𝑡) ≤ 𝑀 𝑖
0𝑒

𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

,

and

𝑉 (𝑠0
−

𝔑(0,𝑑0)
) ≤ 𝑀𝔑(0,𝑑0)−1

0 𝑒
𝛿2(1−𝛾)𝑠0𝔑(0,𝑑0)

(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

.

Further, for 𝑡 ∈ [𝑠0𝔑(0,𝑑0)
, 𝑑0), one has

𝑉 (𝑡) ≤ 𝑒
𝛿2(1−𝛾)(𝑡−𝑠0𝔑(0,𝑑0)

)
[

𝑉 (𝑠0𝔑(0,𝑑0)
) −

𝛿1
𝛿2

]

+
𝛿1
𝛿2

≤ 𝜇1−𝛾𝑀𝔑(0,𝑑0)−1
0 𝑒𝛿2(1−𝛾)𝑡

(

𝑉 (0) −
𝛿1
𝛿2

)

+ (𝜇1−𝛾 − 1)
𝛿1
𝛿2

𝑒
𝛿2(1−𝛾)(𝑡−𝑠0𝔑(0,𝑑0)

)
+

𝛿1
𝛿2

≤ 𝑀𝔑(0,𝑑0)
0 𝑒𝛿2(1−𝛾)𝑡

(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

.

Therefore, for 𝑡 ∈ [0, 𝑑0), 𝑉 (𝑡) ≤ 𝑀𝔑(0,𝑡)
0 𝑒𝛿2(1−𝛾)𝑡(𝑉 (0) − 𝛿1

𝛿2
) + 𝛿1

𝛿2
. Then, 

for 𝑡 ∈ [𝑑0, 𝑡1), (Eq. 23) represents that 𝑉 (𝑡) ≤ 𝑒𝛿2(𝑡−𝑑0)𝑉 (𝑑0). That is,

𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)(𝑡−𝑑0)𝑉 (𝑑0) ≤ 𝑀𝔑(0,𝑑0)
0 𝑒𝛿2(1−𝛾)𝑡

(

𝑉 (0) −
𝛿1
𝛿2

)

+ 𝑒𝛿2(1−𝛾)(𝑡−𝑑0)
𝛿1
𝛿2

.

Similarly, for 𝑡 ∈ [𝑡1, 𝑡1 + 𝑑1), we have 𝑡1 < 𝑠11 < ⋯ < 𝑠1𝔑(𝑡1 ,𝑡1+𝑑1)
< 𝑡1 + 𝑑1. 

Specifically, for 𝑡 ∈ [𝑡1, 𝑠11), one has

𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)(𝑡−𝑡1)
(

𝑉 (𝑡1) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

,

and

𝑉 (𝑠1
−

1 ) ≤ 𝑀𝔑(0,𝑑0)
0 𝑒𝛿2(1−𝛾)𝑠

1
1

(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

+ 𝑒𝛿2(1−𝛾)(𝑠
1
1−𝑑0)

𝛿1
𝛿2

−𝑒𝛿2(1−𝛾)(𝑠
1
1−𝑡1)

𝛿1
𝛿2

.

For 𝑡 ∈ [𝑠11, 𝑠
1
2), one gets

𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)(𝑡−𝑠
1
1)
(

𝑉 (𝑠11) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

≤ 𝑀𝔑(0,𝑑0)
0 𝑀1𝑒

𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

.

By parity of reasoning, for 𝑡 ∈ [𝑠1𝑖 , 𝑠
1
𝑖+1), 𝑖 ∈ Λ(1,𝔑(𝑡1, 𝑡1 + 𝑑1) − 1), we 

have

𝑉 (𝑡) ≤ 𝑀 𝑖
1𝑀

𝔑(0,𝑑0)
0 𝑒𝛿2(1−𝛾)𝑡

(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

.

Further, for 𝑡 ∈ [𝑠1𝔑(𝑡1 ,𝑡1+𝑑1)
, 𝑡1 + 𝑑1), one gets

𝑉 (𝑡) ≤ 𝑒
𝛿2(1−𝛾)(𝑡−𝑠1𝔑(𝑡1 ,𝑡1+𝑑1)

)
[

𝑉 (𝑠1𝔑(𝑡1 ,𝑡1+𝑑1)
) −

𝛿1
𝛿2

]

+
𝛿1
𝛿2

≤ 𝑀𝔑(𝑡1 ,𝑡1+𝑑1)
1 𝑀𝔑(0,𝑑0)

0 𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

.

Therefore, for 𝑡 ∈ [𝑡1, 𝑡1 + 𝑑1), it holds that 𝑉 (𝑡) ≤
𝑀𝔑(𝑡1 ,𝑡)

1 𝑀𝔑(0,𝑑0)
0 𝑒𝛿2(1−𝛾)𝑡(𝑉 (0) − 𝛿1

𝛿2
) + 𝛿1

𝛿2
. Then, for 𝑡 ∈ [𝑡1 + 𝑑1, 𝑡2), 

(Eq. 23) implies that 𝑉 (𝑡) ≤ 𝑒𝛿2(𝑡−𝑡1−𝑑1)𝑉 (𝑡1 + 𝑑1). That is,
𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)(𝑡−𝑡1−𝑑1)𝑉 (𝑡1 + 𝑑1)

≤ 𝑀𝔑(𝑡1 ,𝑡1+𝑑1)
1 𝑀𝔑(0,𝑑0)

0 𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+ 𝑒𝛿2(1−𝛾)(𝑡−𝑡1−𝑑1)
𝛿1
𝛿2

.

By mathematical induction, for 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑𝑘), and 𝑡𝑘 < 𝑠𝑘1 < ⋯ <
𝑠𝑘𝔑(𝑡𝑘 ,𝑡𝑘+𝑑𝑘)

< 𝑡𝑘 + 𝑑𝑘, 

𝑉 (𝑡) ≤ 𝑀𝔑(𝑡𝑘 ,𝑡)
𝑘

𝑘−1
∏

𝑙=0
𝑀𝔑(𝑡𝑙 ,𝑡𝑙+𝑑𝑙 )

𝑙 𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

. (24)

Suppose that there is constant 𝑘0 ∈ ℕ such that 𝑉 (𝑡𝑘0 ) > 0 and 𝑉 (𝑡𝑘0 +
𝑑𝑘0 ) ≤ 0. If 𝑘0 = 0, then, the network (Eq. 1) does not need intermittent 
control, and can achieve FTBS under appropriate IC. If 𝑘0 > 0, there is 
𝑇1 ∈ (𝑡𝑘0 , 𝑡𝑘0 + 𝑑𝑘0 ), which is the ST. According to (Eq. 24), let

𝑉 (𝑡) ≤ 𝑀𝔑(𝑡𝑘 ,𝑡)
𝑘0

𝑘0−1
∏

𝑙=0
𝑀𝔑(𝑡𝑙 ,𝑡𝑙+𝑑𝑙 )

𝑙 𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

= 0.

Then, the ST is 𝑇1 ≤ 1
𝛿2(𝛾−1)

[ln
∏𝑘0−1

𝑙=0 𝑀𝔑(𝑡𝑙 ,𝑡𝑙+𝑑𝑙 )
𝑙 + ln𝑉 (0)], which means 

that 𝑉 (𝑡) → 0 when 𝑡 → 𝑇1. Therefore, the coupled NNs (Eqs. 1 and 4) 
can achieve FTBS under hybrid controllers (Eqs. 10 and 11). ∎

Remark 4. Different from Lemma 3, which only considers the finite-
time synchronization of network under AIC, we also add IC to improve 
the network synchronization performance. The criteria for FTBS of cou-
pled NNs (Eq. 1) are derived by designing suitable AIC (Eq. 10) and 
IC (Eq. 11) in Theorem 1. Moreover, the ST 𝑇1 is significantly reduced 
compared to 𝑇0 of Lemma 3.

Further, if both intermittent control and IC occur periodically, the 
result of the following Corollary 1 can be derived by Theorem 1. We 
will first give the following notations for convenience. Denote
𝜔̂𝑘 = 𝜇1−𝛾𝑒𝛿2(𝛾−1)𝑘(𝑑+𝜂)(𝑒𝛿2(1−𝛾)𝜂 − 1) > 0,

𝑊̂1𝑘 =
(1 − 𝜇1−𝛾 )𝑒𝛿2(𝛾−1)((𝑘+ℎ)𝑑+𝑘𝜂) − 𝜔̂𝑘

𝑉 (0)
∏𝑘−1

𝑙=0 𝑀̂𝑁̄
𝑙

,

𝑊̂𝑘 =
(1 − 𝜇1−𝛾 )𝑒𝛿2(𝛾−1)((𝑘+𝑁̄ℎ)𝑑+𝑘𝜂)

𝑉 (0)
∏𝑘−1

𝑙=0 𝑀̂𝑁̄
𝑙

,

where the constants 𝛿1 = 2𝜍𝑐1𝑐
− 𝑣1+𝑣2

2𝑣2
2 , 𝑐1 = 𝜆min(𝑃 ), 𝑐2 = 𝜆max(𝑃 ), 𝛾 =

𝑣1+𝑣2
2𝑣2

, 𝜇, 𝛿2 > 0, 𝑉 (0) and matrix 𝑃 > 0 are the same as Theorem 1. Con-
stants 𝑑, 𝜂 > 0, 0 < ℎ < 1, 𝑀̂𝑙 > 1 and 𝑁̄ ∈ ℕ+ are later given in Corol-
lary 1.

Corollary 1. Under Assumptions 1–2, the coupled NNs (Eqs. 1 and 4) can 
achieve FTBS, if there are 𝑃 > 0 and 𝛿2 > 0 such that (Eq. 15) holds. Suppose 
that there exist 𝑑 > 0, 𝜂 > 0 and 0 < ℎ < 1 such that 𝑑𝑘 = 𝑑, 𝑡𝑘+1 − 𝑡𝑘 − 𝑑 =
𝜂, and 𝑠𝑘𝑖+1 − 𝑠𝑘𝑖 = ℎ𝑑. Moreover, constants 𝑀̂𝑘 > 1, 𝑘 ∈ ℕ satisfy 
𝑀̂𝑘 − 𝜇1−𝛾 ≤ 𝑊̂1𝑘, 𝑡 ∈ [𝑠𝑘1 , 𝑠

𝑘
2), (25)

and 
𝑀̂𝑁̄−1

𝑘 (𝑀̂𝑘 − 𝜇1−𝛾 ) ≤ 𝑊̂𝑘, 𝑡 ∈ [𝑠𝑘
𝑁̄
, 𝑡𝑘 + 𝑑), (26)

where 𝑁̄ = ⌜(ℎ−1 − 1)⌝, 𝜔0 = 0, ∏−1
𝑙=0 𝑀̂

𝑁̄
𝑙 = 1 and 𝑘 ≤ 𝑘0, 𝑘0 ∈ ℕ is a con-

stant.

Moreover, the ST is

𝑇̂1 ≤
1

𝛿2(𝛾 − 1)

[

ln
𝑘0−1
∏

𝑙=0
𝑀̂𝑁̄

𝑙 + ln𝑉 (0)

]

.
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Proof.  Firstly, by Theorem 1, one has
⎧

⎪

⎨

⎪

⎩

𝑉̇ (𝑡) ≤ −𝛿1𝑉 𝛾 (𝑡) + 𝛿2𝑉 (𝑡), 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑),
𝑉 (𝑠𝑘𝑖 ) = 𝜇𝑉 (𝑠𝑘−𝑖 ), 𝑡 ≠ 𝑠𝑘𝑖 , 𝑘 ∈ ℕ, 𝑖 ∈ ℕ,
𝑉̇ (𝑡) ≤ 𝛿2𝑉 (𝑡), 𝑡 ∈ [𝑡𝑘 + 𝑑, 𝑡𝑘+1).

Further, since the impulses occur periodically, satisfying 𝑠𝑘𝑖+1 − 𝑠𝑘𝑖 = ℎ𝑑, 
then, it holds that 𝑁̄ impulses occur in each intermittently controlled 
interval, where 𝑁̄ = ⌜(ℎ−1 − 1)⌝. Similarly, by mathematical induction, 
for 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑), 𝑡𝑘 < 𝑠𝑘1 < ⋯ < 𝑠𝑘

𝑁̄
< 𝑡𝑘 + 𝑑, 𝑘 ∈ ℕ, one has 

𝑉 (𝑡) ≤ 𝑀̂𝔑(𝑡𝑘 ,𝑡)
𝑘

𝑘−1
∏

𝑙=0
𝑀̂𝑁̄

𝑙 𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

. (27)

Suppose that there is 𝑘0 ∈ ℕ such that 𝑉 (𝑡𝑘0 ) > 0 and 𝑉 (𝑡𝑘0 + 𝑑) ≤ 0. If 
𝑘0 = 0, then, the network (Eq. 1) does not need intermittent control, and 
can achieve FTBS under appropriate IC. If 𝑘0 > 0, there is 𝑇1 ∈ (𝑡𝑘0 , 𝑡𝑘0 +
𝑑), which is the ST. According to (Eq. 27), let

𝑉 (𝑡) ≤ 𝑀̂𝔑(𝑡𝑘 ,𝑡)
𝑘0

𝑘0−1
∏

𝑙=0
𝑀̂𝑁̄

𝑙 𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

= 0.

Then, the ST is 𝑇̂1 ≤ 1
𝛿2(𝛾−1)

[ln
∏𝑘0−1

𝑙=0 𝑀̂𝑁̄
𝑙 + ln𝑉 (0)], which means that 

𝑉 (𝑡) → 0 when 𝑡 → 𝑇̂1. Therefore, the coupled NNs (Eqs. 1 and 4) can 
achieve FTBS under hybrid controllers (Eqs. 10 and 11). ∎

3.2.  AIC and IC occur in different time periods

Next, we derive the criteria of FTBS of coupled NNs (Eq. 1) when the 
IC occurs in the uncontrolled intervals of AIC, and give the estimation 
of the corresponding ST. In other words, based on the design consid-
erations outlined in the second part for the second form of the hybrid 
controller and the error network (Eq. 14), we can establish the suffi-
cient conditions for achieving FTBS of the coupled NNs and provide an 
estimate of the ST, the details are as follows.
Theorem 2. Under Assumptions 1–2, the coupled NNs (Eqs. 1 and 4) 
can achieve FTBS, if there are matrix 𝑃 > 0 and constant 𝛿2 > 0 such that 
(Eq. 15) holds. Moreover, constant 𝑀 > 1 satisfies 

𝑀𝑘 −𝑀𝑘−1 ≤
𝑊̃𝑘

𝑉 (0)
, 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑𝑘), 𝑘 ∈ ℕ+, (28)

where 𝑊̃𝑘 = 𝜇(𝛾−1)
∑𝑘−1

𝑙=0 𝔑(𝑡𝑙+𝑑𝑙 ,𝑡𝑙+1) 𝑒𝛿2(𝛾−1)𝑡𝑘 − 𝜇(𝛾−1)
∑𝑘−2

𝑙=0 𝔑(𝑡𝑙+𝑑𝑙 ,𝑡𝑙+1)

𝑒𝛿2(𝛾−1)(𝑡𝑘−1+𝑑𝑘−1), 𝑘 ≤ 𝑘1, 𝑘1 ∈ ℕ is a constant, and ∑−1
𝑙=0 𝔑(𝑡𝑙 + 𝑑𝑙 , 𝑡𝑙+1) = 0.

In addition, the ST is

𝑇2 ≤
1

𝛿2(𝛾 − 1)

[

ln(𝑀𝑘1𝜇(1−𝛾)
∑𝑘1−1

𝑙=0 𝔑(𝑡𝑙+𝑑𝑙 ,𝑡𝑙+1)) + ln𝑉 (0)
]

.

Proof.  Let 𝑉 (𝑡) =
∑𝑁

𝑝=1 𝑒
𝑇
𝑝 (𝑡)𝑃𝑒𝑝(𝑡). Then, Combining Theorem 1 and 

(Eq. 14), one gets
⎧

⎪

⎨

⎪

⎩

𝑉̇ (𝑡) ≤ −𝛿1𝑉 𝛾 (𝑡) + 𝛿2𝑉 (𝑡), 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑𝑘), 𝑘 ∈ ℕ,
𝑉̇ (𝑡) ≤ 𝛿2𝑉 (𝑡), 𝑡 ∈ [𝑡𝑘 + 𝑑𝑘, 𝑡𝑘+1), 𝑡 ≠ 𝜃𝑘𝑗 , 𝑗 ∈ ℕ+,
𝑉 (𝜃𝑘𝑗 ) = 𝜇𝑉 (𝜃𝑘−𝑗 ).

Further, for 𝑡 ∈ [0, 𝑑0), by Lemma 3, it holds that

𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

.

If 𝑑0 ≥ 𝑇0, then, the coupled NNs (Eqs. 1 and 4) have achieved FTBS be-
fore 𝑑0. If 𝑑0 < 𝑇0, then, for 𝑡 ∈ [𝑑0, 𝑡1), we have 𝑑0 < 𝜃01 < ⋯ < 𝜃0𝔑(𝑑0 ,𝑡1)

<

𝑡1. Specifically, for 𝑡 ∈ [𝑑0, 𝜃01 ),

𝑉 (𝑡) ≤ 𝑒𝛿2(𝑡−𝑑0)𝑉 (𝑑0).

That is,

𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)(𝑡−𝑑0)𝑉 (𝑑0) ≤ 𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

𝑒𝛿2(1−𝛾)(𝑡−𝑑0).

For 𝑡 ∈ [𝜃01 , 𝜃
0
2 ), one has

𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)(𝑡−𝜃
0
1 )𝜇1−𝛾𝑉 (𝜃0

−

1 ) ≤ 𝜇1−𝛾

[

𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

𝑒𝛿2(1−𝛾)(𝑡−𝑑0)
]

.

By parity of reasoning, for 𝑡 ∈ [𝜃0𝔑(𝑑0 ,𝑡1)−1
, 𝜃0𝔑(𝑑0 ,𝑡1)

),

𝑉 (𝑡) ≤ 𝜇(𝔑(𝑑0 ,𝑡1)−1)(1−𝛾)[𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

𝑒𝛿2(1−𝛾)(𝑡−𝑑0)].

For 𝑡 ∈ [𝜃0𝔑(𝑑0 ,𝑡1)
, 𝑡1), we have

𝑉 (𝑡) ≤ 𝜇𝔑(𝑑0 ,𝑡1)(1−𝛾)

[

𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

𝑒𝛿2(1−𝛾)(𝑡−𝑑0)
]

,

and 

𝑉 (𝑡−1 ) = 𝑉 (𝑡1) ≤ 𝜇𝔑(𝑑0 ,𝑡1)(1−𝛾)

[

𝑒𝛿2(1−𝛾)𝑡1
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

𝑒𝛿2(1−𝛾)(𝑡1−𝑑0)
]

.

(29)

Similarly, for 𝑡 ∈ [𝑡1, 𝑡1 + 𝑑1),

𝑉 (𝑡) ≤ 𝜇𝔑(𝑑0 ,𝑡1)(1−𝛾)𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+ 𝜇𝔑(𝑑0 ,𝑡1)(1−𝛾)
𝛿1
𝛿2

𝑒𝛿2(1−𝛾)(𝑡−𝑑0)

−
𝛿1
𝛿2

𝑒𝛿2(1−𝛾)(𝑡−𝑡1) +
𝛿1
𝛿2

≤ 𝑀𝜇𝔑(𝑑0 ,𝑡1)(1−𝛾)𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

.

For 𝑡 ∈ [𝑡1 + 𝑑1, 𝑡2), we have 𝑡1 + 𝑑1 < 𝜃11 < ⋯ < 𝜃1𝔑(𝑡1+𝑑1 ,𝑡2)
< 𝑡2. Specifi-

cally, for 𝑡 ∈ [𝑡1 + 𝑑1, 𝜃11 ),

𝑉 (𝑡) ≤ 𝑒𝛿2(𝑡−𝑡1−𝑑1)𝑉 (𝑡1 + 𝑑1).

That is,

𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)(𝑡−𝑡1−𝑑1)𝑉 (𝑡1 + 𝑑1) ≤ 𝑀𝜇𝔑(𝑑0 ,𝑡1)(1−𝛾)𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

𝑒𝛿2(1−𝛾)(𝑡−𝑡1−𝑑1).

For 𝑡 ∈ [𝜃11 , 𝜃
1
2 ), one has

𝑉 (𝑡) ≤ 𝑒𝛿2(1−𝛾)(𝑡−𝜃
1
1 )𝜇1−𝛾𝑉 (𝜃1

−

1 ) ≤ 𝑀𝜇(1−𝛾)[𝔑(𝑑0 ,𝑡1)+1]𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+𝜇1−𝛾 𝛿1
𝛿2

𝑒𝛿2(1−𝛾)(𝑡−𝑡1−𝑑1).

By parity of reasoning, for 𝑡 ∈ [𝜃1𝔑(𝑡1+𝑑1 ,𝑡2)
, 𝑡2), one gets

𝑉 (𝑡) ≤ 𝑀𝜇(1−𝛾)[𝔑(𝑑0 ,𝑡1)+𝔑(𝑡1+𝑑1 ,𝑡2)]𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+𝜇(1−𝛾)𝔑(𝑡1+𝑑1 ,𝑡2)
𝛿1
𝛿2

𝑒𝛿2(1−𝛾)(𝑡−𝑡1−𝑑1).

By mathematical induction, for 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑𝑘), 𝑘 ∈ ℕ

𝑉 (𝑡) ≤ 𝑀𝑘𝜇(1−𝛾)
∑𝑘−1

𝑙=0 𝔑(𝑡𝑙+𝑑𝑙 ,𝑡𝑙+1)𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

. (30)

Suppose that there is constant 𝑘1 ∈ ℕ such that 𝑉 (𝑡𝑘1 ) > 0 and 𝑉 (𝑡𝑘1 +
𝑑𝑘1 ) ≤ 0. If 𝑘1 = 0, then, the network (Eq. 1) does not need IC, and can 
achieve FTBS before ST 𝑇0. If 𝑘1 > 0, there is 𝑇2 ∈ (𝑡𝑘1 , 𝑡𝑘1 + 𝑑𝑘1 ), which 
is the ST. According to (Eq. 30), let

𝑉 (𝑡) ≤ 𝑀𝑘1𝜇(1−𝛾)
∑𝑘1−1

𝑙=0 𝔑(𝑡𝑙+𝑑𝑙 ,𝑡𝑙+1)𝑒𝛿2(1−𝛾)𝑡
(

𝑉 (0) −
𝛿1
𝛿2

)

+
𝛿1
𝛿2

= 0.

Then, we can obtain that the ST is 𝑇2 ≤
1

𝛿2(𝛾−1)
[ln(𝑀𝑘1

𝜇(1−𝛾)
∑𝑘1−1

𝑙=0 𝔑(𝑡𝑙+𝑑𝑙 ,𝑡𝑙+1)) + ln𝑉 (0)]. Therefore, the coupled NNs (Eqs. 1 
and 4) can achieve FTBS under hybrid controllers (Eqs. 10 and 12). ∎
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Fig. 1. The signed graph 𝑠.

Fig. 2. The trajectory of leader network (4) in Example 1.

Remark 5. By designing AIC and IC in different intervals, we propose 
the criteria of FTBS of coupled NNs, which is easy to verify. In addition, 
Theorem 2 shows that by adding IC, we can reduce the control time of 
AIC in coupled NNs. In other words, the appropriate IC can effectively 
reduce the time of finite-time control (i.e., −𝜍𝑒𝑣1∕𝑣2𝑝 (𝑡), 𝑡 ≥ 0 ), which is 
different from the previous single intermittent control and hybrid IC 
(Jiang et al., 2019; Xi, Liu, & Li, 2024).

Further, if both intermittent control and IC occur periodically, the 
following theoretical results can be derived by Theorem 2.

Corollary 2. Under Assumptions 1–2, the coupled NNs (Eqs. 1 and 4) can 
reach FTBS, if there are 𝑃 > 0, and 𝛿2 > 0 such that (Eq. 15) holds. Suppose 
that there exist 𝑑 > 0, 𝜂 > 0 and 0 < ℎ̃ < 1 such that 𝑑𝑘 = 𝑑, 𝑡𝑘+1 − 𝑡𝑘 − 𝑑 =
𝜂, and 𝜃𝑘𝑗+1 − 𝜃𝑘𝑗 = ℎ̃𝜂. Moreover, constant 𝑀̌ > 1 satisfies 

𝑀̌𝑘 − 𝑀̌𝑘−1 ≤
𝑊̌𝑘

𝑉 (0)
, 𝑡 ∈ [𝑡𝑘, 𝑡𝑘 + 𝑑), 𝑘 ∈ ℕ+, (31)

where 𝑊̌𝑘 = 𝜇(𝛾−1)(𝑘−1)𝑁̃𝑒𝛿2𝑘(𝛾−1)(𝑑+𝜂)[𝜇(𝛾−1)𝑁̃ − 𝑒𝛿2(1−𝛾)𝜂], 𝑘 ≤ 𝑘1, 𝑘1 ∈ ℕ, 
and 𝑁̃ = ⌜(ℎ̃−1 − 1)⌝.

Moreover, the ST is

𝑇̌2 ≤
1

𝛿2(𝛾 − 1)

[

ln(𝑀̌𝑘1𝜇(1−𝛾)(𝑘1−1)𝑁̃ ) + ln𝑉 (0)
]

.

Proof.  According to the derivation of Theorem 2 and Corollary 1, we 
can easily reach the conclusion of Corollary 2, and the proof will be 
omitted here. ∎

4.  Numerical simulations

In this section, the rationality of the proposed bipartite synchroniza-
tion theory results and control methods for the coupled NNs will be 
verified through the Chua’s circuit system model (Chen, Jia, Wang, Xie, 
& Qiu, 2024; Mao et al., 2022). Based on this, we can obtain the coupled 
NNs model as shown in network (1).

Example 1. For the coupled NNs (1), the signed graph 𝑠 con-
sidered in this paper is consistent with that in reference Chen 
et al. (2024). Then, select other network parameters 𝑁 = 7, 
𝑛 = 3, 𝑐 = 2.5, 𝑓 (𝑥𝑝(𝑡)) = (0.5(|𝑥𝑝1(𝑡) + 1| − |𝑥𝑝1(𝑡) − 1|), 0.5(|𝑥𝑝2(𝑡) +
1| − |𝑥𝑝2(𝑡) − 1|), 0.5(|𝑥𝑝3(𝑡) + 1| − |𝑥𝑝3(𝑡) − 1|))𝑇 , 𝐻 = 𝐼3, and 

𝐾 =
⎡

⎢

⎢

⎣

1.2 −1.6 0
1.25 1 0.9
0 2.2 1.5

⎤

⎥

⎥

⎦

. The topology of the coupled NNs (1) is 

considered in Fig. 1, which is satisfies Assumption 2. Then, we have 
1 = {1, 2, 3} and 2 = {4, 5, 6, 7}. In addition, the leader network 
(4) with 𝑠(0) = (0.9, 0.7,−0.8)𝑇  is chaotic attraction (Lu, 2002), as 
shown in Fig. 2. Moreover, the state trajectories of the coupled 
NNs (1) with 𝑥1(0) = (1.1, 1.1,−1.5)𝑇 , 𝑥2(0) = (1.2, 1.0,−1.3)𝑇 , 𝑥3(0) =
(1.0, 1.2,−1.1)𝑇 , 𝑥4(0) = (−1.6,−1.3, 1.1)𝑇 , 𝑥5(0) = (−1.1,−1.0, 1.3)𝑇 , 
𝑥6(0) = (−1.2,−1.5, 1.5)𝑇 , 𝑥7(0) = (−1.5,−1.3, 1.1)𝑇  and 𝑢𝑝(𝑡) = 0 are 
presented in Fig. 3. The corresponding error evolution of networks 
(1) and (4) is presented in Fig. 4 (𝑎). That is, FTBS cannot be 
achieved under the original NNs without control. Further, for the 
hybrid control 𝑢𝑝(𝑡), choose 𝜍 = 7.5, 𝑣1 = 3, 𝑣2 = 5, 𝜈 = 0.6, 𝑡1 = 0.5, 
𝑡2 = 1.1, 𝑑0 = 0.2, 𝑑1 = 0.3, 𝑑2 = 0.5, 𝑠01 = 0.1, 𝑠02 = 0.15, 𝑠11 = 0.55, 
and 𝑠12 = 1.15, then, it holds that 𝛿2 = 4.6, 𝑀0 = 2.2, 𝑀1 = 1.7, and 

𝑃 =
⎡

⎢

⎢

⎣

0.6254 0.0201 0.1522
0.0201 0.6491 −0.1506
0.1522 −0.1506 0.4757

⎤

⎥

⎥

⎦

. Based on Theorem 1 and (18), the 

coupled NNs (1) and (4) can achieve FTBS, and the ST 𝑇1 ≤ 1.58, as 
shown in Fig. 4 (𝑏). However, the error trajectories of NNs (1) and (4) 

Fig. 3. The state evolutions of 𝑥𝑝(𝑡), 𝑝 ∈ Λ(1, 7) and 𝑠(𝑡) without control in Example 1.
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Fig. 4. The error trajectories of NNs (1) and (4) in Example 1.

Fig. 5. The error trajectories of NNs (1) and (4) under different control in Example 2.

without IC (11) are given in Fig. 4 (𝑐), which show that the networks 
cannot be synchronized only under intermittent control. Therefore, 
compared to Fig. 4 (𝑏), the efficacy of the hybrid controller designed in 
this paper is illustrated.

Example 2. The parameters of the coupled NNs (1) and (4) are the same 
as in Example 1. Firstly, select 𝜍 = 7.5, 𝑣1 = 3, 𝑣2 = 5, and 𝑑𝑘 = 0.2, that 
is, periodically intermittent control occurs. Fig. 5 (𝑎) depicts the error 
evolution process of NNs (1) and (4). Distinct from reference Mao et al. 
(2022), which solely focuses on periodically intermittent control, our 
work extends the scope of exploration by designing an AIC mechanism. 
Then, choose 𝑡1 = 0.5, 𝑡2 = 1.1, 𝑑0 = 0.05, 𝑑1 = 0.1, 𝑑2 = 0.9, that is, de-
sign a suitable AIC (10). Compared to Fig. 5 (𝑎), Fig. 5 (𝑏) presents that 
the NNs (1) and (4) are more easily synchronized with appropriate AIC. 
Further, for the IC 𝑢̌𝑝(𝑡), choose 𝜈 = 0.6, 𝜃01 = 0.25, 𝜃02 = 0.3, 𝜃11 = 0.65, 
𝜃12 = 0.7, and 𝜃13 = 0.8, then, combined with the aforementioned AIC, it 
holds that 𝛿2 = 4.6 and 𝑀 = 1.5. Based on Theorem 2, the coupled NNs 
(1) and (4) can achieve FTBS, and the ST 𝑇2 ≤ 1.88, as presented in Fig. 5
(𝑐). Moreover, compared with Fig. 5 (𝑎), it can be seen from Fig. 5 (𝑐)
that the addition of IC can shorten the intervals of intermittent control 
and speed up the FTBS of NNs.

5.  Conclusion

The FTBS problem for coupled NNs with signed graphs under AIC 
and IC has been investigated. It was revealed that the combination of 
these two forms of discontinuous control significantly reduces the net-
work’s control cost and the duration of continuous control input. Ini-
tially, the paper presented the theoretical frameworks and necessary 
conditions related to the signed graphs. Subsequently, specific forms of 
the two types of AIC and IC were illustrated separately. Theoretical re-
sults and numerical simulations shown that when the IC occurs within 
the controlled segments of AIC, it will expedite the synchronization of 
the coupled NNs. Furthermore, when the IC occurs in the uncontrolled 
segments of the AIC, it will diminish the controlled periods of the AIC. 
Consequently, based on the two hybrid controllers previously designed, 
the FTBS criteria for the coupled NNs have been established and the cor-
responding ST has been estimated. Future explorations may entail the 

deployment of an appropriate event-triggering mechanism to orches-
trate the sequence of AIC and IC. Moreover, given the ubiquity of un-
certainty, further investigation of the FTBS of stochastic NNs under AIC 
and IC warrants consideration.
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