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A B S T R A C T   

Quantum teleportation draws our attention to propose a new type of problems which can not be solved using 
classical computers. In this paper, we propose one of these problems. Concretely, this paper extends the defi
nition of Deutsch’s problem to decide whether a black box Uf applied on a given unknown qubit α|0〉 + β|1〉, such 
that |α| > 0, |β| > 0, and |α| ∕= |β|, is constant or balanced Boolean function, besides, estimation of |α| and |β|. 
Although, this problem is very simple but it can not be solved using classical computers, because qubit can not be 
implemented physically using classical computers. A novel quantum algorithm based on principle of entangle
ment measure is proposed to solve this problem. IBMs 5-qubit quantum computer (ibmqx4) is used to realize the 
proposed algorithm experimentally.   

Introduction 

The quest to develop quantum algorithms became of an utmost ne
cessity to solve problems with high-cost solving time using classical 
computers. The superposition and quantum correlation of microscopic 
systems lead to unique features and capabilities [1–12] compared with 
macroscopic systems which usually act according to Newtonian me
chanics. Entanglement [13–20] is a type of quantum correlation that 
appears if two quantum systems or more cannot be described indepen
dently, even when theyre disjointed by distance [21–25]. Entanglement 
phenomenon is a crucial resource in quantum computation [21], and its 
puzzling aspect is a characteristic property of quantum mechanics which 
was first pointed out by Einstein, Podolsky, and Rosen in their seminal 
paper [22]. Entanglement offers a unique resource to perform several 
previously impossible operations such as quantum teleportation 
[26,27]. Since the degree of entanglement is not plainly quantified, 
Wootters [28] proposed concurrence measurement that measures the 
degree of entanglement between two-body systems. Concurrence has 
been utilized for solving several quantum computing problems (see e.g., 
[29] and references therein). 

In 1985, Deutsch presented the first algorithm that demonstrated 
how fast quantum algorithms can be in comparison with classical 

algorithms [30]. A set of quantum algorithms have been proposed since 
then which solve well-known intractable problems significantly faster 
than conventional algorithms [31–34]. 

Quantum computers perform computations via one or more qubits 
through quantum circuits [21]. Unlike classical bits, qubits follow the 
two unique properties of quantum mechanics, namely superposition and 
entanglement. Moreover, teleportation becomes a source of quantum 
information, where the teleported quantum state is unknown in advance 
for both the sender and the receiver [35,36]. Recently, teleportation of a 
quantum gate between two unknown qubits is realized experimentally 
[37]. Thus, quantum information becomes a more general form of in
formation rather than classical information in classical computers. 
Consequently, quantum algorithms are needed not only to perform 
calculations faster on the quantum computers but to perform compu
tations on quantum information too. Recently, K. Nagata et al. they 
claimed that they proposed an algorithm that uses a single measurement 
for determination the phase that can be used to differentiate between the 
functions f0, f1, f2, andf3; as a generalization of Deutsch’ algorithm. 
Nevertheless, they did not explained how their algorithm can do that. So 
their paper [38] can not be considered as a generalization for Deutsch’ 
algorithm. 

In this paper, we go further from speed up solving classical problems 
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by quantum computing to solving some problems which are intractable 
to be solved using classical computing. This paper proposes one of these 
problems which can not be solved using classical computers. Concretely, 
this paper extends the definition of Deutsch’s problem to decide whether 
a black box Uf applied on a given unknown qubit α|0〉 + β|1〉, such that 
|α| > 0, |β| > 0, and|α| ∕= |β|, is constant or balanced Boolean function, 
besides, estimation of |α| and |β|. Although, this problem is very simple, 
however it can not be solved using classical computers because un
known qubits cannot be implemented physically on classical computers 
compared with Deutsch’s algorithm that can be simulated on classical 
computers with more computational effort. Then, we propose a novel 
algorithm based on concurrence measure to solve the proposed problem. 
In addition, the analysis of the proposed algorithm is demonstrated 
theoretically and proved experimentally using quantum state tomogra
phy. furthermore, the proposed algorithm is realized empirically on 
IBMs 5-qubit quantum computer with reliable fidelities. 

In Section “Standard Deutsch’s problem”, we briefly review the 
standard Deutsch algorithm. Section “Problem statement” explains the 
problem definition. Sectin “Problem statement” shows the proposed 
problem. In Section “Concurrence measurement”, we briefly describe 
the techniques used in the proposed algorithm and the proposed appli
cation. Section “The proposed algorithm and analysis” presents a full 
description of the proposed algorithm that solves the problem and its 
analysis. In Section “Error estimation”, the error estimation of the pro
posed algorithm is investigated in Section. In Section “Experimental 
realization of the proposed algorithm using IBM’s quantum computer”, 
the full realization of the proposed algorithm using IBM’s quantum 
computer, is implemented. Finally, conclusions are drawn in Section 
“Conclusion”. 

Standard Deutsch’s problem 

David Deutsch is one of the pillars of quantum computing algo
rithms. He proposed the first problem that can be solved quantum me
chanically faster than classical algorithms do [30,31]. This problem was 
defined as follows: 

Given: A black-box for computing an unknown function f : {0,1}
→{0,1}. 

Goal: Determine whether f(0) = f(1) or not, by a single query to f. In 
other words, the given orcale represents a function that takes one of the 
following cases: 

f (x) =

⎧
⎨

⎩

f (0) = f (1),
or f (0) ∕= f (1). (1) 

Classically, there are two queries for f must be conducted to deter
mine if f(0) = f(1). Deutsch proposed the algorithm that harnesses 
quantum parallelism and interference to solve this query deterministi
cally by calling an oracle Uf only once. The required steps of Deutsch’s 
algorithm are:  

1. Initializing the two qubits register |ϕ0〉 as follows 

|ϕ0〉 = |0〉|1〉.

2. Applying Hadamard-gate H on each qubit 

|ϕ1〉 = H⊗2|ϕ0〉.

3. Evolving the system by Uf operator 

|ϕ2〉 = Uf |ϕ1〉,

where the action of Uf is Uf |x〉|y〉→|x〉|y ⊕ f(x)〉.  
4. Applying Hadamard-gate H on the first qubit 

|ϕ3〉 = (H ⊗ I)|ϕ2〉,

where I is the identity operator.  
5. Measuring the first qubit  

(i) If the post-measurement state of the first qubit is 0 then 

f (0) = f (1).

(ii) If the post-measurement state of the first qubit is 1 then 

f (0) ∕= f (1).

Problem Statement 

For unknown black box Uf which encodes some univariate Boolean 
function and applied on a given unknown qubit |t〉, it is required to check 
the applied function is constant or balanced. The abstract problem is 
described as follows:  

Given: (i) An unknown qubit |t〉 = α|0〉+β|1〉 in a pure state, 
such that |α〉 > 0, |β〉 > 0, and |α〉 ∕= |β〉.  

(ii) An Orcale Uf represents an unknown Boolean function f : {0,
1} →{0,1}is applied on |t〉.  

Goal: (i) Classify Uf into one of two classes: Constant function or 
balanced function.  

(ii) Estimate |α∊| and |β∊| for the given unknown qubit |t| such that: 
(1 − ∊)|α∊|⩽|α∊|⩽(1 + ∊)|α∊|,and(1 − ∊)|β∊|⩽|β∊|⩽(1 + ∊)|β∊|.

Remark. If |α| = 0, or |β| = 0, then the proposed problem is converted 
from quantum problem to standard Deutsch’s problem and can be solved 
by Deutsch’s algorithm, because the problem is converted from quantum 
problem to classical problem. 

Fig. 1. The circuit model of Romero et al. protocol [45].  
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Concurrence measure 

An arbitrary composite system of two-qubit described by a state |χ〉 is 
called two-qubit entangled system if and only if it cannot always be 
written mathematically in the product form |χ〉 ∕= |χ1〉⊗ |χ2〉. Although 
this mathematical definition is simple but it can not quantify the degree 
of entanglement in a two-qubit system [39,40]. Wootters [28] proposed 
concurrence as a measurement of the degree of entanglement between 
arbitrary two-body systems. 

Consider an arbitrary two-qubit system in a pure state described as 

|α〉 = d0 |00〉+ d1 |01〉+ d2 |10〉+ d3 |11〉, (2)  

where 
∑3

i=0|di|
2
= 1. Consider can be calculated as follows: 

C( |α〉) = | 〈χ|σy ⊗ σy|χ†〉 |, (3)  

where σy = i|1〉〈0| − i|0〉〈1|, and i =
̅̅̅̅̅̅̅
− 1

√
. According to Eq. (3) concur

rence can be expressed as 

C( | α | ) = 2 |d0d3 − d1d2 |. (4) 

Concurrence C is bounded in the interval [0,1], when C = 1, the state 
is called maximally entangled state, e.g., Bell states. And if C = 0, the 
state is called separable state; otherwise the state is called weakly 
entangled state. 

Researchers proposed several approaches to realize Eq. (4) experi
mentally. Their concepts are based on a linear optical system, nonlinear 
optical system and atomic levels have been proposed 
[41–43,39,44–46,44,47–51,45] by using collective sharp measurements 
with simultaneous copies of the desired state. Recently, Tukiainen et al. 
[52] developed a procedure to quantify the concurrence of an arbitrary 
two-qubit via weak measurement. It is applicable for all two-qubit sys
tems without requiring simultaneous copies of the desired state [52]. So 
far, it is apparent that realizing Eq. (4) is still under continuous 

investigation and open research direction especially if the weak mea
surement is considered [53,52]. Therefore, to use concurrence as an 
entanglement measurement operator, this paper considers it as a black- 
box operator that can be defined according to the following definition. 

Definition. For an arbitrary two-qubit system in a pure state, a black- 
box D is a measuring operator that measures the concurrence between 
those qubits. 

This definition is used in step 3 in the proposed algorithm (see Sec
tion ‘The proposed algorithm’). It is employed to distinguish between 
constant and balanced functions in the general form. On the other hand, 
the D operator will be implemented using Romero et al. circuit [45] in 
order to realizing the proposed algorithm using IBM’s quantum 
computer. 

Concurrence measure realization 

Romero et al. [45], proposed a protocol based on quantum me
chanics postulates to measure the concurrence of a two-qubit pure state 
|χ〉 directly. The circuit model of this protocol is depicted in Fig. 1. The 
steps of this protocol are summarized as follows:  

1. Register Preparation: append two decoupled copies of the designated 
state |χ〉 as |ζ0〉 = |χ〉⊗ |χ〉.  

2. |ζ1〉 = (I⊗2 ⊗ σy ⊗ σy)|ζ0〉, where I is the 2 × 2 identity operator.  
3. |ζ2〉 = CNOTζ12 ,ζ14

|ζ1〉. 
In this step CNOT is applied on the second and fourth qubits as the 

control and the target qubits, respectively, to xor those qubits as 
CNOT|ζ12 ,ζ14 〉 = |ζ12 ,ζ12 ⊕ ζ14 〉.  

4. |ζ3〉 = (I⊗ X⊗ I⊗2)|ζ2〉, where X is the Not-gate X = |0〉〈1| + |1〉〈0|.  
5. |ζ4〉 = (I⊗ H⊗ I⊗2)|ζ3〉. 

Therefore, the state of the overall system can be computed as  

Fig. 2. The circuit model for the four possible univariate Boolean functions applied on unknown qubit |t〉 = α|0〉 + β|1〉. (a) Case-1: constant function f0; (b) Case-2: 
constant function f1; (c) Case-3: balanced function f2; (d) Case-4: balanced function f3. 

Fig. 3. Quantum circuits of the operator D is realized by Romero et al. protocol [45] by feeding it with a two decoupled copies.  
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Comparing Eq. (4) and Eq. (5) yields that the concurrence of state 
|χ〉 is implemented in the coefficient (d1d2 − d0d3) in Eq. (5). Thus, 
after measuring the state of the four qubits, the concurrence can be 
given as follows: 

C(|χ〉) = 2
̅̅̅̅̅̅̅̅̅̅̅̅
2P0000

√
or C(|χ〉) = 2

̅̅̅̅̅̅̅̅̅̅̅̅
2P1010

√
. (6)  

G. Romero et al. proposed to use atoms crossing three-dimensional 

Fig. 4. f0 for state |t〉 =

̅̅
1
4

√

|0〉 +
̅̅
3
4

√

|1〉.  

Fig. 5. f1 for state |t〉 =

̅̅
1
4

√

|0〉 +
̅̅
3
4

√

|1〉. (a) concurrence; (b) Measuring qubit |t〉.  

|ζ4〉 =
1̅
̅̅
2

√ {(d1d2 − d0d3)|0000〉+ (d0d2 − d1d3)|0001〉+ (d2
1 − d2

0)|0011〉+ (d1d2 + d0d3)|0100〉 − (d0d2 + d1d3)|0101〉 − 2d0d1|0110〉+ (d2
1 + d2

0)|0111〉

− (d2
2 + d2

3)|1101〉+ (d2
2 − d2

3)|1001〉+ (d1d2 − d0d3)|1010〉 − (d0d2 − d1d3)|1011〉+ 2d2d3|1100〉 − (d1d2 + d0d3)|1110〉+ (d0d2 + d1d3)|1111〉}.
(5)   
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microwave cavities or trapped ion systems as two different possible 
scenarios to realize this protocol [45]. In this paper, this protocol is 
realized experimentally using IBM’s five-qubit quantum computer as 
one of the possible structures for operator D toward the realization of 
the proposed algorithm. 

The proposed algorithm and analysis 

The proposed algorithm utilizes the principle of quantum paral
lelism, interference, and concurrence which are the power of quantum 
mechanics to solve the problem mentioned in Section “Problem 
statement”. 

The proposed algorithm  

1. Register Preparation: Given an unknown |t〉 = α|0〉+β|1〉 in a pure 
state, attach a single ancilla qubit |d〉 initialized in the vacuum state 
|0〉 as follows: 

|ψ0〉 = |t〉 ⊗ |d〉 = α|00〉+ β|10〉.

2. Apply the oracle Uf 

|ψ1〉 = Uf |ψ0〉 = α|0, 0 ⊕ f (0)〉+ β|1, 0 ⊕ f (1)〉.

3. Repeat Step 1 and Step 2 to obtain another copy of the state |ψ1〉. 

Fig. 6. f2 for state |t〉 =

̅̅
1
4

√

|0〉 +
̅̅
3
4

√

|1〉. (a) concurrence; (b) Measuring qubit |t〉.  

Fig. 7. f3 for state |t〉 =

̅̅
1
4

√

|0〉 +
̅̅
3
4

√

|1〉.  
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4. Apply the device D, the circuit shown in Fig. 1, on the two copies of 
the state |ψ1〉. Then estimate the probabilities of the states |0000〉, |
1010〉, |0011〉, |0111〉, |1001〉 and |1101〉. 

Estimate the concurrence value C using Eq. (19). 
If C = 0then the applied function is constant function f(0) =

f(1). 
If C > 0 then the applied function is balanced function 
f(0) ∕= f(1). 

Estimate |α| using one of the formulas of |α| =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2P0011

4
√

or|α| =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2P0111

4
√

, and |β| =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − α2

√
. 

Analysis of performance  

1. In step 1, the quantum system is initialized by appending an ancila 
qubit |d〉 in state |0〉 to the unknown qubit |t〉.  

2. In step 2, the given black box Uf is applied between the qubits |t〉 and 
|d〉 as Uf |t〉|d〉→|t〉|d ⊕ f(t)〉. Performance of the proposed algorithm 
for each case is investigated individually as follows:  
• In the case f(0) = f(1), constant function, then there are two 

possibilities which are:  
(a) Either the given black-box is the Boolean function Uf = f0 for 

which f(0) = f(1) = 0, then Uf evolves the state of |td〉 as: 

|td〉 = α|0, 0 ⊕ 0〉+ β|1, 0 ⊕ 0〉 = (α|0〉+ β|1〉)|0〉. (7)  

Thus this oracle does not produce a measurable entanglement 
between |t〉 and |d〉 qubits because it is separable state. Then, the 
concurrence between those qubits is vanished, C = 0, when 
measured via operator D in step 3. Meanwhile, in this case the state 
of |d〉 collapses deterministically to state |0〉. 

Fig. 8. f0 for state |t〉 =

̅̅
1
3

√

|0〉 +
̅̅
2
3

√

|1〉.  

Fig. 9. f1 for state |t〉 =

̅̅
1
3

√

|0〉 +
̅̅
2
3

√

|1〉. (a) concurrence; (b) Measuring qubit |t〉.  
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By comparing Eq. (4) and Eq. (7), we obtain that 

d0 = α, d1 = 0, d2 = β, and d3 = 0. (8)  

From Eq. (8) and Eq. (5), we obtain that 

|ζ4〉 =
1̅
̅̅
2

√ {αβ|0001〉 − α2|0011〉 − αβ|0101〉 +α2|0111〉 − β2|1101〉

+ β2|1001〉 − αβ|1011〉+ αβ|1111〉}. (9)    

(b) Or the given black-box is the Boolean function Uf = f1 for 
which f(0) = f(1) = 1, then Uf evolves the state of |td〉 as: 

|td〉 = α|0, 0 ⊕ 1〉+ β|1, 0 ⊕ 1〉 = (α|0〉+ β|1〉)|1〉. (10)  

Also, the Oracle in this case does not produce a measurable 
entanglement between |t〉 and |d〉 because it is a separable state. Then 
concurrence between those qubits is C = 0, when measured via 
operator D in step 3. Meanwhile, in this case, the state of |d〉 collapses 
deterministically to state |1〉. By comparing Eq. (4) and Eq. (10), we 
obtain that 

d0 = 0, d1 = α, d2 = 0, and d3 = β. (11)  

From Eqs. (11) and (5), we obtain that 

Fig. 10. f2 for state |t〉 =

̅̅
1
3

√

|0〉 +
̅̅
2
3

√

|1〉. (a) concurrence; (b) Measuring qubit |t〉.  

Fig. 11. f3 for state |t〉 =

̅̅
1
3

√

|0〉 +
̅̅
2
3

√

|1〉. (a) concurrence; (b) Measuring qubit |t〉.  
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|ζ4〉 =
1̅
̅̅
2

√ { − αβ|0001〉 + α2|0011〉 − αβ|0101〉 + α2|0111〉 − β2|1101〉

− β2|1001〉+αβ|1011〉 +αβ|1111〉}. (12)    

• On the other hand, if f(0) ∕= f(1) then there are two possibilities 
which are:  
c) Either the given black-box is the Boolean function Uf = f2 for 

which f(0) = 0, f(1) = 1, then Uf evolves the state of |td〉 as: 

|td〉 = α|0, 0 ⊕ 0〉+ β|1, 0 ⊕ 1〉 = α|00〉+ β|11〉. (13)  

This is a two-qubit entangled system of |t〉 and |d〉. So, the 

concurrence between those qubits is non-zero C > 0 when measured 
via operator D in step 3. Consequently, the state of |td〉 always col
lapses to state |00〉 or to state |11〉. 

By comparing Eqs. (4) and (13), we obtain that 

d0 = α, d1 = 0, d2 = 0, and d3 = β. (14)  

From Eq. (14) and Eq. (5), we obtain that 

|ζ4〉 =
1̅
̅̅
2

√ { − αβ|0000〉 − α2|0011〉+αβ|0100〉 − α2|0111〉 − β2|1101〉

− β2|1001〉 − αβ|1010〉 − αβ|1110〉}. (15)   

Fig. 12. f0 for state |t〉 =

̅̅
1
2

√

|0〉 +
̅̅
1
2

√

|1〉. (a) concurrence; (b) Measuring qubit |t〉.  

Fig. 13. f1 for state |t〉 =

̅̅
1
2

√

|0〉 +
̅̅
1
2

√

|1〉. (a) concurrence; (b) Measuring qubit |t〉.  
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d) Either the given black-box is the Boolean function Uf = f3 for 
which f(0) = 1, f(1) = 0, then Uf evolves the state of |td〉 as: 

|td〉 = |0, 0 ⊕ 1〉+ β|1, 0 ⊕ 0〉 = α|01〉+ β|10〉. (16)  

Also, this is a two-qubit entangled system of |t〉 and |d〉. So, the 
concurrence between those qubits is C > 0 when measured via 
operator D in step 3. Consequently, the state of |td〉 always collapses 
to state |01〉 or to state |10〉. 

By comparing Eqs. (4) and (16), we obtain that 

d0 = 0, d1 = α, d2 = β, and d3 = 0. (17)  

From Eqs. (17) and (5), we obtain that 

|ζ4〉 =
1̅
̅̅
2

√ {αβ|0000〉+ α2|0011〉+ αβ|0100〉+ α2|0111〉 − β2|1101〉

+ β2|1001〉+αβ|1010〉 − αβ|1110〉}. (18)   

Therefore, the concurrence value C is crucial to decide if the 
applied oracle is one of the two constant functions or is one of the 
two balanced functions. Eventually, it is clear from Eqs. (9), (12), 
(15) and (18) that the concurrence value C of the entangled states 
given by Eqs. (7), (10), (13) and (16) can be estimated as follows: 

C =
̅̅̅̅̅̅̅
2Ps

√
, Ps = P0000 +P0100 +P1010 +P1110, (19)  

where P0000, P0100, P1010, and P1110 are the success probabilities of 

Fig. 14. f2 for state |t〉 =

̅̅
1
2

√

|0〉 +
̅̅
1
2

√

|1〉. (a) concurrence; (b) Measuring qubit |td〉.  

Fig. 15. f3 for state |t〉 =

̅̅
1
2

√

|0〉 +
̅̅
1
2

√

|1〉.  
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the states |0000〉, |0100〉, |1010〉, and |1110〉, respectively. Addi
tionally, it is clear from Eqs. (9), (12), (15), (18) that |α| and |β| can 
be estimated as follows: 

|α| =
̅̅̅̅̅̅̅̅
2Pα

4
√

,Pα = P0011 +P0111, and |β| =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − |α|2
√

, (20)  

where P0011, and P0111 are the success probabilities of the states |
0011〉 and |0111〉, respectively. 

Remark: 
It worth important to note that, the problem of this paper is solved 

quantum mechanically only because unknown qubits cannot be 
implemented physically on classical computers. 

Error estimation 

Error estimation of the concurrence value C 

It is explained in Section ‘Analysis of performance’ that the degree of 
entanglement of the entangled states given by Eqs. (7), (10), (13) and 
(16) can be estimated quantum mechanically using Eq. (19). Thus, the 
total success probabilities of these states together Ps, from Eqs. (15) and 
(18), is given by 

Ps =
4
2
|αβ|2 = 2|αβ|2 =

C2

2
.

The standard deviation of the binomial random variable after one 
trial is 

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Ps(1 − Ps)

√
. Hence, the standard deviation of the number of 

obtaining the states |0000〉, |0100〉, |1010〉, and|1110〉 is 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
KPs(1 − Ps)

√
. 

The probability is accessible by normalizing the number of obtaining the 
states |0000〉, |0100〉, |1010〉, and |1110〉 to the total number of mea
surements trials K. This gives the standard error of measuring Ps as 

∊Ps =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
KPs(1 − Ps)

√

K
.

According to Eq. (19), the concurrence is estimated by C =
̅̅̅̅̅̅̅
2Ps

√
, 

then the standard error of estimation the concurrence value C is calcu
lated by 

∊C =
∂C
∂Ps
∊Ps =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(1 − Ps)

2K

√

. (21)  

Error estimation of |α|

The coefficient |α| of the entangled states given by Eqs. (7), (10), (13) 
and (16) can be estimated by 

Pα = P0011 +P0111 = |α|4.

The standard deviation of the binomial random variable after one 
trial is 

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Pα(1 − Pα)

√
. Hence, the standard deviation of the number of 

obtaining the states |0000〉, |0100〉, |1010〉, and |1110〉 is 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
KPα(1 − Pα)

√
. The probability is accessible by normalizing the number 

of obtaining the states |0000〉, |0100〉, |1010〉, and |1110〉 to the total 
number of measurements trials K. This gives the standard error of 
measuring Pα as 

∊Pα =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
KPα(1 − Pα)

√

K
.

Where |α| = (Pα)
1
4, then the standard error of estimation the coeffi

cient |α| is calculated by 

∊α =
∂α
∂Pα
∊Pα =

1

P
1
4
α

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(1 − Pα)

16K

√

. (22)  

Table 1 
Statistical fidelities for the circuits implemented using IBM’s 5 qubit quantum 
computer (ibmqx4) for each Boolean function shown in Fig. 2.  

|t〉 f0  f1  f2  f3  

|t〉 =

̅̅̅
1
4

√

|0〉 +
̅̅̅
3
4

√

|1〉

0.919899951 0.906680019 0.832028178 0.824411888 

|t〉 =

̅̅̅
1
3

√

|0〉 +
̅̅̅
2
3

√

|1〉

0.908907419 0.894298992 0.821672951 0.81912885 

|t〉 =

̅̅̅
1
2

√

|0〉 +
̅̅̅
1
2

√

|1〉

0.900799072 0.893310447 0.803655017 0.790613395  

Table 2 

|t〉 =

̅̅̅
1
4

√

|0〉 +
̅̅̅
3
4

√

|1〉.  

Uf  |αTho| |αSim| |αReal|

f0  0.5002 0.5005 0.4532 
f1  0.5002 0.5062 0.4503 
f2  0.5002 0.5039 0.4227 
f3  0.5002 0.5106 0.4206  

Table 3 

|t〉 =

̅̅̅
1
3

√

|0〉 +
̅̅̅
2
3

√

|1〉.  

|α| |αTho| |αSim| |αReal |

f0  0.5775 0.5786 0.5151 
f1  0.5775 0.5748 0.5228 
f2  0.5775 0.5762 0.4909 
f3  0.5775 0.5816 0.4937  

Table 4 

|t〉 =

̅̅̅
1
2

√

|0〉 +
̅̅̅
1
2

√

|1〉.  

|α| |αTho| |αSim| |αReal|

f0  0.7071 0.7098 0.609 
f1  0.7071 0.7084 0.6018 
f2  0.7071 0.7078 0.5783 
f3  0.7071 0.7065 0.5778  

Table 5 
The experimental architecture of the ibmqx4 qubits.  

Qubits Gate 
error 

(10− 3)  

MultiQubit 
gate error 

(10− 2)  

Readout 
error 

(10− 2)  

Relaxation 
time T1(μs)

Coherence 
time T2(μs)

Q0 0.52 CX20: 2.48  3.90 50.80 56.60  
Q1 1.72 CX10: 2.56  6.50 62.00 22.50  
Q2 1.12 CX32: 5.33  2.20 43.00 43.60  
Q3 1.63 – 1.40 56.10 26.30   
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Experimental realization of the proposed algorithm using IBM’s 
quantum computer 

In this section, the proposed algorithm is realized experimentally 
using IBM’s 5-qubit quantum computer. To realize the proposed algo
rithm, we need to implement three main parts: unknown qubit |t〉
generator, the oracle Uf that represents each of the four different 
Boolean functions which can be generated from uni-variate Boolean 
function and the concurrence measurement operator D. For imple
menting the first part, following [54], it is assumed that the state of |t〉 is 
known to the preparation operator, but unknown to anybody else. 
Consequently, in this experiments, the state of the qubit of |t〉 is prepared 
in three different states as: 

|t〉 =
̅̅̅
1
4

√

|0〉+
̅̅̅
3
4

√

|1〉, |t〉 =
̅̅̅
1
3

√

|0〉+
̅̅̅
2
3

√

|1〉 and |t〉 =
̅̅̅
1
2

√

|0〉+
̅̅̅
1
2

√

|1〉.

(23) 

Secondly, Uf is implemented as four different circuits, shown in 

Fig. 2, to be applied (to each) (on the) unknown qubit |t〉. Finally, 
although we have defined that the physical concurrence measurement is 
a black box operator D, in this section for experimental realization 
purposes, this black-box will be implemented using Romero et al. pro
tocol [45]. 

Implementation of the proposed algorithm at real IBM QC 

Four experiments are conducted using ibmqx4 chip for each un
known qubit |t〉 described by Eq. (23). In each experiment, the oracle Uf 
is implemented by one of the four cases shown in Fig. 2. Three decoupled 
replicas of each circuit shown in Fig. (2) are used to conduct each 
experiment on IBM’s real quantum computer. Two of these replicas are 
fed to the concurrence measurement protocol (see Fig. 3) which 
explained in Section ‘Concurrence measurement realization’ to measure 
the concurrence according to step 3 in the proposed algorithm (see 
Section ‘The proposed algorithm’). We ran each experiment 10 times 
and calculated the standard deviation of the data obtained for each case. 
The number of times that the measurements are conducted on the 

Fig. 16. State tomography results of the |td〉 qubits. The first row shows the real (a) and the imaginary (b) parts of the experimentally reconstructed density matrix 
ρEx, while the second row shows the real (c) and the imaginary (d) parts of the theoretical density matrix ρTh when the Boolean function f0 is applied on the 
qubit |0〉+|1〉̅̅

2
√ . 
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experiment circuit is called the number of shots. It is worth mentioning 
to note that each run is executed with 8192 shots. 

Results and discussion 

The experiment results, with standard deviation, compared with the 
theoretical results are plotted as bar charts as shown in the Fig. 4–15. 
The red histograms represent the theoretical results whereas the blue 
ones represent experimental results. The green ones represent simula
tion results, the simulation experiments are performed via ibmqqasmsimulator

. 
The bar charts shown from Fig. 4–15 correspond to the four Boolean 
functions, respectively, when applied on the unknown qubit |t〉. Fig. 4–7 
show the bar charts when applied the four Boolean functions on |t〉 =

̅̅
1
4

√

|0〉 +
̅̅
3
4

√

|1〉. However, Fig. 4–8 show the bar charts when applied the 

four experiments on |t〉 =

̅̅
1
3

√

|0〉 +
̅̅
2
3

√

|1〉. Finally, Fig. 12–15 illustrate 

the bar charts when applied on the unknown qubit |t〉 =

̅̅
1
2

√

|0〉 +
̅̅
1
2

√

|1〉. 
Each of those figures shows the count number each different state of Eq. 
(5) can take from the concurrence measurement circuit (shown in 
Fig. (3)). The statistical fidelities for the circuit used to realize the pro
posed algorithm, shown in Fig. (3)) are reported in Tables 2 and 3. The 

statistical fidelities have been calculated according to F =

∑2n − 1
k=0

̅̅̅̅̅̅̅̅̅̅̅̅̅

pEx
k pTh

k

√

(where n is the number of qubits and pEx
k , pTh

k are the 

experimental and theoretical probabilities, respectively, for the kth state 
[21]). 

In the conducted experiments, three main remarks are reported, first: 
in Romero et al. circuit, the concurrence can be quantified, experi
mentally, through determination of the probability of state |0000〉 or 
probability of state |1010〉 in Eq. (6). Concretely, Romero et al. [45] 
chose to quantify the probability of state |0000〉 to realize their protocol 

Fig. 17. State tomography results of the |td〉 qubits. The first row shows the real (a) and the imaginary (b) parts of the experimentally reconstructed density matrix 
ρEx, while the second row shows the real (c) and the imaginary (d) parts of the theoretical density matrix ρTh when the Boolean function f1 is applied on the 
qubit |0〉+|1〉̅̅

2
√ . 
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physically using the two scenarios mentioned in Section ‘Concurrence 
measurement realization’. However, the bar charts shown in the figures 
shown from Fig. 4–15 is a physical realization of this circuit using IBMs 
5-qubit quantum computer. It is evident from the bar charts plotted in 
the figures shown in Figs. 4, 5, 8, 9, 12 and 13 that the probability of 
state |1010〉 is more accurate to quantify the concurrence in contrast 
with the probability of the state |0000〉 when the concurrence between 
the qubits |t〉 and |d〉 is vanished (C = 0). Conversely, the probability of 
state |0000〉 is more accurate compared with the probability of the state 
|1010〉 when the concurrence is emphasized (C > 0) between the same 
qubits as depicted from the bar charts plotted in the figures shown in 
Figs. 6, 7, 10, 11, 14 and 15. So, we can figure out that both probabilities 
of the states |1010〉 and |0000〉 are considered together in order to 
quantify the concurrence more precisely between the qubits |t〉 and |d〉
experimentally. Secondly, it is evident from the bar charts plotted in the 
figures shown in Figs. 4, 5, 8, 9, 12 and 13 that the concurrence value for 
constant functions, f0 and f1, is negligible experimentally especially 
when considering the probability of the state |1010〉. On the other hand, 
the concurrence value is considered significantly for balanced functions, 

f2 and f3, as obvious in the probability of state |0000〉 shown in Figs. 6, 7, 
10, 11, 14 and 15 and that matches the prediction of the proposed al
gorithm again. 

Third, it is obvious from the simulation results, plotted by green bars, 
in Figs. 4, 5, 8, 9, 12 and 13 that the probabilities of the states |0000〉 and 
|1010〉, are matched typically theoretical results. Whereas both of them 
predicts that concurrence value is C = 0 according to Eq. (6) for constant 
functions. Also, it is depicted from Figs. 6, 7, 10, 11, 14 and 15 that the 
probabilities of the states |0000〉 and |1010〉 of the simulation results 
match the theoretical results approximately for measuring that 
concurrence value as C > 0 for balanced functions. Fourth, Tables 2–4 
shows the comparison between the theoretical value of |α| the estimated 
value of |α| obtained by simulation results and real quantum computer. 
The negligible difference between the theoretical results and simulation 
results is due to that the number of shots is 8192. These results will be 
matched exactly, which is not important, when the number of mea
surements (shots) is infinity. However, this negligible difference has no 
effect absolutely about the result of the proposed algorithm according to 
the figures Fig. 4–15. The gap between theoretical results and the 

Fig. 18. State tomography results of the |td〉 qubits. The first row shows the real (a) and the imaginary (b) parts of the experimentally reconstructed density matrix 
ρEx, while the second row shows the real (c) and the imaginary (d) parts of the theoretical density matrix ρTh when the Boolean function f2 is applied on the 
qubit |0〉+|1〉̅̅

2
√ . 
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experimental results of realizing the proposed algorithm on real IBM’s 
quantum computer, ibmqx4, is owing back to built-in errors combined 
with ibmqx4 chip. The qubits and the gates in ibmqx4 chip have some 
fixed value of errors. The architecture of the chip ibmqx4 used in the 
experiments is shown in Table 5 with the associated errors. Finally, it is 
lucid from Table 1 that the experimental results of realizing the pro
posed algorithm on real IBM’s quantum computer, ibmqx4, when tested 
on different values of the unknown qubit |t〉 with high fidelities. The 
general trend of decrease in fidelity is when moving from left to right in 
Table 1, the highest fidelities being for f0-is attributable to the fact that 
the number of gates in a circuit increases for circuits f0 up to f3. 

Experimental realization of the analysis of the proposed algorithm via 
quantum state tomography 

The analysis of the proposed algorithm is explained in Section 
‘Analysis of performance’. To prove our analysis experimentally, 

quantum state tomography (QST) is the most reliable method used for 
reconstructing the quantum state from an experimental source [55–58]. 
In QST, the experimental density matrix ρEx is calculated based on set of 
measurements and compared with the theoretical density matrix ρTh. 
Here additional experiment is conducted, whereas the state of the qubit 

|t〉 is 
̅̅
1
2

√

|0〉 +
̅̅
1
2

√

|1〉. The experiment conducted four times such that in 
each time one of the four possible Boolean functions, f0, f1, f2 and f3, is 
applied and then the experimental and the theoretical density matrices 
are calculated and plotted. In each experiment, three measurements 
performed in the x, y, and z-basis with 8192 shots. The default mea
surement in IBM’s quantum computer is in the direction of z-axis basis. 
However, to perform measurement operation on a qubit in the x-axis, 
the Hadamard-gate H is applied on that qubit before measurement 
process. Also, the application of S† followed by H gates before the 
measurement process is equivalent to measurement in the direction of 
the y-axis. Then the experimental density matrix of the two-qubit system 
is calculated [59,60] as: 

Fig. 19. State tomography results of the |td〉 qubits. The first row shows the real (a) and the imaginary (b) parts of the experimentally reconstructed density matrix 
ρEx , while the second row shows the real (c) and the imaginary (d) parts of the theoretical density matrix ρTh when the Boolean function f3 is applied on the 
qubit |0〉+|1〉̅̅

2
√ . 
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ρEx =
1
4

∑3

j1 ,j2=0
Mj1 j2 (σj1 ⊗ σj2 ). (24) 

Since the 16 coefficients Mj1 j2 are real numbers [59] and require only 
9 measurements to be estimated [59,61]. where σji represents the Pauli- 
gates [21], I, X, Y and Z, applying on the ith qubit. The theoretical density 
matrix is caluclated from ρTh = |td〉Th

〈td|Th. The state of |td〉Th is 
described by Eqs. (7), (10), (13) and (16) which are corresponds to the 
Boolean functions f0, f1, f2 and f3, respectively. The experimental and 
theoretical matrices corresponds to the four Boolean functions are 
shown in Fig. 16–19, respectively. The distance between theoretical 
density matrix and experimental density matrix of quantum states is 
measured by the fidelity which is defined as 

F(ρEx, ρTh) = Tr
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρTh
√

ρEx
̅̅̅̅̅̅̅
ρTh

√√ )

The fidelities of this experiment is calculated as 0.95, 0.84,0.82, 0.78 
corresponds to f0 f1, f2 and f3, respectively. Again, the gap between 
theoretical and experimental density matrices is due to the built-in er
rors combined with ibmqx4 chip as reported in Table 5. The overlap 
between the two density matrices shows how close the theoretical and 
experimental quantum states and proves the analysis explained in Sec
tion ‘Analysis of performance’. 

Conclusion 

This paper shows the ability to integrate entanglement measure
ment, concretely concurrence, as a crucial ingredient, with quantum 
parallelism and interference to solve a generalized version of Deutsch’s 
problem. The proposed algorithm classifies whether an orcale Uf , when 
applied on an unknown qubit |t〉 = α|0〉 + β|1〉, is constant or balanced 
Boolean function and also recognizes concretely which function is 
applied among the four possible Boolean functions via this oracle. The 
proposed algorithm is tested experimentally using IBMs 5-qubit quan
tum computer (ibmqx4). The obtained results realized the proposed 
algorithm with high fidelity. The analysis of the proposed algorithm is 
also verified through quantum state tomography. 
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