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ABSTRACT

In this paper, for the self quadruple mappings (SQMs) §., §., §;, 54 : X — X, a common
fixed point theorem (CFPT) is presented, where (X, V) is a metric space and (§.,5.) is a
cyclic (o, N) (3, 5,) admissible pair.
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1 Introduction

The fixed point theorems (FPTs) always attracted interest of researchers due to their useful
applications in functional equations, differential equations, integral equations, existence and
uniqueness of solutions for equations, and so forth; see, for instance, (Ege and Karaca, 2015),
(Jleli and Samet, 2015), (Liu, Han, Kang and Ume, 2014), (Shatanawi, Samet and Abbas,
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2012). Different techniques are followed for the new FPTs. The notion of integral type contrac-
tions in a metric space was introduced by Branciari (Branciari, 2002) who established several
FPTs that are virtuous generalizations of the Banach’s contraction principle. Liu et al. (Liu, Li
and Kang, 2013) and Vetro (Vetro, 2010) extended the work of Branciari (Branciari, 2002) and
obtained new FPTs by the help of integral type contractions for weakly compatible mappings
(WCMs). Hussain et al. (Hussain, Isik and Abbas, 2016) introduced the notion of generalized
almost rational contraction with respect to a pair of self mappings on a complete metric space,
and they obtained several CFPTs for such mappings. Using the Closed Range Property (CLR
property) of the involved pairs, some CFPTs for two pairs of WCMs satisfying contractive con-
dition of integral type in complex valued metric spaces are reported in the paper by Zada et al.
(Zada, Sarwar, Rahman and Imdad, 2016). Baleanu et al. (Baleanu, Agarwal, Khan, Khan and
Jafari, 2015) gave an application of fixed point theorems.

Motivated by the above works, the aim of this paper is to generalize the CFPTs of Hussain et
al. (Hussain et al., 2016) by the help of integral type contractions for the SQMs F., §., §3, 34 :
X — X on a metric space (X,V,). For this, we utilize integral type contractions with the
assumptions that (3., §;) shares CLRj3, property, (3., §3), (8., §,) are WCMs, and §, X C
S, §.X C §,&. Inthe proof of our results, we don’t need to require the completeness of the
metric space (X, ¥g).

In what follows, we provide some necessary and related definitions from the literature (Aydi,
2011; Aydi, Jellali and Karapinar, 2016) and references therein.

Definition 1.1. (see (Hussain et al., 2016)) Let §,,5, : X — X be two self mappings on a
complex valued metric space (X,d). Then §, and §, are said to satisfy the common limit
range property with respect to §, (denoted by C'LRj,) if there exists a sequence {z,} in X
such that

lim §,x, = lim §,z, = §.x

n—oo n—oo

for some x € X.

Definition 1.2. Two self mappings §,,5. : X — X are said to be weakly compatible if they
commute on their coincident point, that is, if there exists a point z € X" such that §,z = §,x,
then F18.2 = §.5.1 2.

Definition 1.3. (see (Hussain et al., 2016)) A mapping 7 : R™ — R* is termed a generalized
altering distance function if

(1) 7is nondecreasing;
(2) 7(z) =0ifand only if z = 0.

We also adopt the following notation for a compact presentation of our results.
F={r:R" - R": 7 satisfies (1) and (2)}.

®={¢:RT" — RT: ¢is right upper semi-continuous, nondecreasing, and for all
x>0,7(x) > ¢(z)and T € F}.

Uy = {¢ : R*® — RT : ¢, satisfies (P,) — (P5)}, where

(Py1) v is continuous and nondecreasing in each coordinate;
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(P2) Y1 (z,z,x, 2, z,2) < xforall z > 0;
(P3) ¢ = 0 if and only if all the components of ¢, are zero;
Wy = {1y : R = R+ : 19 is continuous and i, = 0 if any component of s is zero}.

Recently, Hussain et al. (Hussain et al., 2016) introduced the notion of cyclic («, \)-admissible
pair of maps (3., §.) on a metric space (X, ¥,) and defined generalized almost (§;, §,)-rational
contraction pair (F.,3.) as below:

Definition 1.4. (Hussain et al., 2016) Let §,, §,, §;, §, be SQMs of a nonempty set X and
a, A : X — R*. Then, the pair (§.,3.) is called cyclic (o, /\)(33,34)-admissible if

(1) a(F50*) > 1 for some o* € X implies A(§.0%) > 1;

(ii) A(§40*) > 1 for some o* € X implies a(F,0*) > 1.

2 Main results

Here, we prove our main theorem for the SQMs F,, 3., §;, 5, by the help of an integral-type
inequality:

Theorem 2.1. Let §,, §., §;. 54 be SQMs of a metric space (X,V¥,) and (§.,5§.) be cyclic
(o, A)(3,.5,) -@dmissible. Suppose that the following conditions hold:

(a) there exists a p; € X such that a(§;us) > 1 and A(F,pg) > 1;

(b) if {u}} is a sequence in X such that a(p)) > 1, XNu)) > 1 for alln € Ny and pf — p* as
n — oo, then a(p*) > 1 and A\(p*) > 1;

(c) fort, ¢, Yn, 1o as defined in the Definition 1.3, and for some p* € X, such that a(F; 1) A (F,n*) >

1, implies:

Va4 520%) (M (" o)+ Liba (N (" o))
T(/ F(t)dt) < ¢>(/ r(t)dt), (2.1)
0

0

for all 1*, o* € X, where I'(t) is a Lebesgue integrable function with finite integral such that
fO t)dt > 0 forallé >0, L >0, and

U1 (M(p*,0%)) = max {Vd(&(ﬂ*)v $a(0™)),

Va(S: (1), F (7)), Va(S4(a™), (1)), (2.2)
Va(S: (1), 84 (07)) + Va(Ea (1), 85 (1))
2

Va(3.(0), 8 (u*))‘

Va(S:(17), S (0*))V( (/ﬁ*y&;(a*))}
30 ;

a(N (') = o (Val@uln), §a(0)),
'd(Sz(U*)7S4(U* v'd(34(‘7*)733 ")), (2.3)
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(d) the pair (§.,§;) shares CLRg, property;

(e) (3..3;) and (3., §,) are WCMs.

Suppose that §,(X) € §,(X) and §.(X) C §,(X). Then the SQMs 3., 3., §;, §, have a
unique CFP in (X, V).

Proof. By our assumption of the C LRz, property of the pair (§,,3.), there exists a sequence
{p} in the metric space (X, ¥,), such that

Jim Fo () = lim Fs(p) = Fap” for some p* € A (2.4)

By the help of (a) we have a(F;(1g)) > 1 and A(F, (1)) > 1, where the pair (F,,35.) is cyclic
(o, A) 3,5, -admissible. Therefore, a(§;(xg)) > 1 implies that A\(§,47) > 1 and since §,(X) C
§4(X), this further implies A(F.(x5)) = A(F,pf) > 1 for some pf € X. From (§F,,§,) being
a cyclic (a, )z, 5,)-admissible pair and A\(§,u7) > 1, we have a(F,(u7)) > 1. But §,(&X) C
§;(X), we can have a(F, (1)) = a(F;(ns)) > 1 for some p; € X. Continuing this process
upto n times, we are having a(§;(u13,)) > 1, AM(F4(15,41)) > 1, for all n € Ng = NU {0}, which
provide us

a(F () =1, A&, (1)) > 1, forall n € Ny. (2.5)

By (2.5) and (b), we have a(F;(1*))A(F,(1*)) > 1. Since, F,(X) C §,(X), so there exists some
u € &, such that §,1* = §,u. We prove that §,u = §,u. For this, we assume the contrary, that
is, §,u # §4u. Therefore, from (2.1) we have

VaFiu5e07) 1 (M (u,5))+ Lo (N (u.r3)
T( / F(t)dt) < ¢( / F(t)dt), (2.6)
0 0

For u* = u! and o* = u in the inequality (2.6), where

V1 (M (py,u) = maX{'d(&(%),&(U)% V(S (), 4(u)), Ya(Ss(w), 85 (1)),
P01 5500) + Va8:05).B5) -
V(32 (), 85(17) Ya(Sa (p7), §2(w))
1+ 4(8a(u), $1(17) ’
Va(S.(p,), Falu ))Vd(&(ui),&;(U))}
L+ va(Sa (), 85(13) ’

o (N a3y 0)) = o (Wa(Fa (2), Fa (), V). B ). Vala(w),§3(45)),

)
Va( S (ph), Sa(w) Va5 (15), Fa(w))
G ) @8
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Taking the lim,,_,~ in (2.6)—(2.8), we get

JTim (M () = lim max { Va(@(25), §4(w), Va(Fa(w), 5y (w),
vd(§4(u)733(M2))7
Va2 (1), 85 (1)) + Va(Ba(15), 34(w)
2 9
vd(gz( ) Ss(ﬂn))Vd(&(u ) Sz(u))
14 ¥4(F2(u), §u(p)) '
V(1) B () Va(Fs (115), Fa(w))
RN T @9)
= max { Va(@ (1), 5 (1), ValFa(w), 5:(0)),

'd(gl(u*)a Sl(:u*))a

Va2 (1), 81 (1")) + Va8 (1), 8 (1))

Va(32(u), 82 (")) Va (32(@ 31(p"))

14 vd(&l(,u )757_ U ) 7

Va(a(p), 8 (1) Ya(Sa (), B (e *))}
(n),§

1+ vd(&l 2 ) Z(U))
= max{V¥q(0, ¥4(F. ("), T2 (u)),0 1:(155(13(1() S) (gz()i))ﬁ}
= Vd(gl(ﬂ*)vgl(u))’

Jim Ua (NG, w)) = it w2 (Va@a ), B (), ValS2(0),8(w)
V(84 (w), §5(un)

)
V(2 1). B4 )) V(35 (128, 8 (1)
S RNy — (@.10)

= 1/12(Vd( (1), B (
Va(Sa (1), Fr(u™)),
Va(F (1), T2 (") Va (S (p"), Sl(ﬂ*)))
L4 ¥4 (F2(u), (k)
), 0

= (0, Vu(82(w). F:(1")), 0. 0) =0,

1)) Va(§2(u), 2 (1),

Va(Fasis Fa) o (M py )+ L (N ()
lim T(/ F(t)dt) < lim ¢>(/ F(t)dt).
n—oo 0 n—oo 0

From (2.9)—(2.11), we get

Va(Fan* Fau) Va(Fa (4"),20)
T(/ F(t)dt) < ¢(/ F(t)dt). 2.11)
0 0

From Definition 1.3, we have 7(X) > ¢(X), for all x > 0. Thus, (2.11) is a contradiction and is
due to our supposition that §,(u) # §,(u), and hence

SZ(U) = 3’4((“) = %1/~L*4 (212)
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But from our assumption that §,(X) C §;(X), there exists some z € X such that §,u = §;z.
Now, we show that §,z = §,z. For this, we assume the contrary, that is, §;z # §,z. By putting
w* =zand o* =win (2.1), we have

vom ) 1 (M (z0)) + b (N ()
( / P < o / r(t)dt), (2.13)
0 0

where

1 (M(z,u))

meve { Va(§2 §4u). ValS:().§4(w), Va(Fa(w). §52),
vd(glzv 34(11)) + vd(Slzv 332 'd(gz(u)7 sz)vd(slz7 'Szu)

2 ’ 1+ V4(Fu, §.2) . 219)
Vd(glzvgztu)'d(&zv&“)}
1+ V4(Fu, §52)
= max {0, Va(F2, 520), 0, ValF:2, 520, 0,0} = Va(§az, Fau),
1/)2(N(27u)) = w? (vd(glzag4u)> 'd(gzu734u)7 vd(%’4“7 532)7
Va(S12,84u) Va(S32,54u)
s ) @19

() ('d(313734u), 0, 0, O) =0.

From (2.13)—(2.15), we get

( / e rd) < o / e L) @19
0 0

From Definition 1.3, we have 7(z) > ¢(x), for all z > 0. Thus, (2.16) is a contradiction and is
due to our supposition that §;z # §.z, and hence:

3,2 = Bz (2.17)
Thus, by virtue of (2.12) and (2.17), we have
iz = 837 = Fou = Fyu = « (say). (2.18)
Note that the pairs (3., 3;), (5., 5,) are weakly compatible. Therefore, we have

Sz = 332’ - 83312 = 31332 = = 8’3177 (2.19)
Su = 3471 ad 3437.11/ = 3154'“ = 341' = 5,x.
From (2.19), we conclude that z € X is the coincident point of the pairs (F.,§;), (52, 84)-

Next, we show that € X is a CFP of the mappings 3., ., §;, §,. For this, putting ©* = = and
o* = wu in (2.6), and by the help of Definition 1.3, we obtain

Va5 ()3 () 1(M (@) + L (N ()
T(/ F(t)dt) < ¢(/ I‘(t)dt>7 (2.20)
0 0
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where

1 (M (x,u))

P2 (N (2, u))

max {vd(gl(x)7 '3:4111)7 vd(32u> 34’“)7 Vd(34u7 ij)7

vd(5:1$7 34’&) + vd(glx> S;u) 'd(gz'lh 351‘)'(1(511‘7 S:zu)
2 7 1+ 'd(%zlh &I) ’
vd('3:1$7 S4u)'d(33.%’, S4u) }
1+ vd(gzu7331’)
max {vd(glxv Slx)v Vd(l', .Z'), Vd(l', Sll‘)v
vd(SLTv T) + vd(glxv SLT)
2 b

Vi(z,$:2)Vi($12, ) Va(S12,2)Va(S12,2) }

1+'d(maglx) ’ 1+vd(I7SlI)

(2.21)

v§(31$7 'T) v?j(glmv ‘T) }

max{Vd(Slm,x),O,Vd(x,Slsr), 1150 1130
1 1

vd(glw7 $)7

Go (Va(Fow, Fy)s ValFo §yw), ValFu, §0),

Va(8o, §4u) Va(§s32, T4u) )
1+ vd(gzuv 357)

¢2 (vd(gll‘v .Z'), Vd(l’, J;)> Vd(.l', Slx)7

Vai(Grx, ) Ve(Frz, x)
1+ vy(z, Fix)

ey

"1+ Vy(z, 317) '

) (2.22)

1y (Vd(&-??, x), 0, Vq(x, §1z)

From (2.20)—(2.22), we get

( /Ovd(sww)r(t)dt) < o /Om(mw) r(ed). 229

This contradiction implies that v,4(3,z,z) = 0, or §,« = z, thatis, z is a CFP of §1, §., &3, 4.
Finally, we prove that the CFP of the SQMs 3, 3., &, §, is unique. For this, we again presume
a contrary path, that is, let there exist two different CFP z, v € X for the SQMs §., §., §;, 54
such that §,z = §;2 = z, §,u = §4u = u, x # u. Putting p* =z and o* = w in (2.6), and using
Definition 1.3, we have:

Vi(Fi2,F2(u)) Vq(z,u) 1 (M (2,u))+Lpo (N (z,u))
( / P = / r(dr) < o / D(0)dr). (2.24)
0 0 0

where

P1(M(x, u))

max{vd(glwa&Sx)7 'd(gzu>54u)a 'd(34u7 5393)7
vd(&l-’@ 3471) + vd(&lx73’3x) vd(gﬂh &3-’3)'(1(511', Szu)
2 I Y(Fu Fur)
Va(§:17, §4u) Va(F57, F4u) }
1+ vd(gzuvgjw)

max {Vd(x, x), Ya(u,u), Va(u,z),

(2.25)

Vd(l', u) + vd(‘rv .I)
2 7

} = Vy(x,u)

Va(u,)Va(z,u) Va(@,u)Va(z,u)
14+ vg(u,r) 7 1+ Vy(u,z)
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and

Ga(N () = o (ValFaw Fyw)s ValFow, Fyu), Va(Fyu 50),

vd(glxv 34“)'11(33337 3471))
1+ vd(%zlh §3$)

= 1 (Vd(x,u), Va(u,u), Vq(u,x),

Vd(Lu)Vd(Lu))

1+ vy(u,x)

Va(z,u)Va(x,u)\
14+ vy(u,z) ) =0

(2.26)
= 1/)2<Vd(x,u), 0, vy4(u,z),

Using (2.25) and (2.26) in (2.24), we have

v (z,u) Va(w,u)
T(/O F(t)dt) < ¢(/0 F(t)dt) (2.27)

which implies that, by Definition 1.3, we have 7(x) > ¢(x) for all 0 < x. Thus, (2.27) is a
contradiction and this is due to our assumption = # u and therefore, the CFP of the SQMs
$1, 2s 83, Sy Is unique. O

Corollary 2.2. Let§,, 5., §;, 5, be SQMs on a metric space (X, V;) and the pair (3.,5.) be
cyclic (a, Nz, 5, -admissible. Provided that, the following inequality is satisfied:

V(31 (1*),2(0") 1 (M (*,0%))+Lapa (N (pu*,0%))
(@51 )AFa0") / r(dt ) < o / D)),
0 0

for all u*, o* € X, where I'(t) is a Lebesgue integrable function with finite integral such that
f06 T(t)dt > 0 forall 5 > 0 and 7, ¢, 41,12 are the mappings as defined in Definition 1.3, L > 0,
and

G (M(,0") = max{ Va(Fa(0"), 8alo"), ValEal(), F(0*)),
Val§4(0"). 85 (1)),
)

Va(S: (1), 84(07)) + Va(Ea (1), 85 (1))
2

I

Va(S2(0%), §5(1°) Va(Fr(p1*), F2(0"))
1+ Va(3a(0*), S (p*)) ’
Va(Fa (1), Sylo ))Vd(gs(ﬂ*)734(g*))}
L+ Va(32(0%), 5 (1)) 7

Po(N(p",0")) = 1&2(”(&(#*),34(0*))7 Va(§2(07),84(07)); Va(S4(0"), 85 (1)),

Va(S: (1), 84 (7)) Va S5 (1), 34(0*))>
14 ¥a(8.(0%), 85(1")) ’

Suppose that the conditions (a)-(e) of Theorem 2.1 are sustained and §,(X) C §,(X) and
5.(X) C F5(X). Then the SQMs §., 5., &3, §4 have a unique CFP in (X, V).

By assuming a(3;41*) =1 = A(F,0*) and 7(t) = ¢(t) = t in Corollary 2.2, we have the following
corollary.
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Corollary 2.3. Let§,, §,, §;. §4 be SQMs of a metric space (X, V) with L > 0, such that

/W(Sl (1*)82(07))

Y1 (M (%) + L2 (N (1" ,07))
I(t)dt < /

L(t)dt,

0 0

for all 1*, o* € X, where I'(t) is a Lebesgue integrable function with finite integral such that
fo t)dt > 0 for all 6 > 0 and v, are the mappings as defined in Definition 1.3, L > 0, and

P1(M(p*,0%)) = maX{'d(Sz(U*),&(U*)% Va(S:(u%), F(o7)),

Vi(§4(07), 85 (1)),
Va(@1(17), 84(07)) + Ya(S2 (1), §5(1)

Va(S2(07), 85 (1)) Va (S

Va(S: (1), 84(07)) V(S

Pa(N(p*,0%)) = wg(vd(&(u*) 34(07)), Va(3:2(07), 4(07)), Va(4(0™), 35(17)),
Va(Sa (1), F4(07) Va(S5(1"), B4 )))_
1+ v4(82(0%), §5(1%))
Assume that the following conditions are satisfied:
(a) the pair (§.,§;) shares CLRg, property;

(b) (3..3;) and (§..5,) are WCMs, and §,(X) C §,(X), F.(X) C §;(X).
Then the SQMs §., 3., §5, 84 have a unique CFP in (X, V).

If the value of L = 0, in Corollary 2.2, then we get following result.

Corollary 2.4. Let 5., 5., §;, 54 be SQMs of a metric space (X, V4) and the pair (§,,5.) be
cyclic (o, \) 3, ,3,)-a@dmissible and the following inequality holds:

V(81 (17),82(c")) Pr(M(p*0"))
(T )NF0™)T / L(t)dt | <o / L(t)dt |,
0 0

for all u*, o* € X. where I'(t) is a Lebesgue integrable function with finite integral such that
fo t)dt > 0 forall 5§ > 0 and 7, ¢, are the mappings as defined in Definition 1.3, where

Pi(M(p*,0%)) = maX{'d(&(U*),&(U*))? Va(S: (1), F(a7)),

vd({§4(0*)7 33 (H*)),
Va(Fa(p"), F4(07))

Va(S2(07), 85 (1)) Va S

then SQMs §., §., §5. §4 have a unique CFP in (X, V).
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By assuming 7(t) = ¢(t) in Corollary 2.4, we get the following.

Corollary 2.5. Let§,, 5., 55, &4 be SQMs of a metric space (X, V;) and the pair (§.,5.) be
cyclic (a, Nz, 5,)-admissible and the following inequality holds:

Va8 (1*):§2(0")) U1 (M(p*,0%))
(T )ANFy0™)T (/ (t)dt) <T (/ F(t)dt) ,
0 0

for all *, o* € X, where I'(t) is a Lebesgue integrable function with finite integral such that
fo‘g T'(t)dt > 0 for all 5 > 0 and 7, ¢, are the mappings as defined in the Definition 1.3, where

Pr(M(p",0%)) = maX{Vd(Sz(U*),&( ) Ya(@(1n"), F (o),

'd(&4(0—*)a%3(u*))7
Va(B2 (1), 84(07) + Ya(Fa(p”), 85 (1))
2

vd(Sl(a*)vg3( NY ( (1), B2 (o ))
1+ Va(32(0), S (k")) ’

Va(F (1), 8a(0") Va(S5(1*), Falo ))}
1+ Va(32(0), (")) '

If the conditions (a)—(e) of the Theorem 2.1 are sustained. Then, the SQMs §., §., §3, S4,
have a unique CFP in (X, V).

I

—~

A

S
&

—~

d
"), 8
d
)

A

If o(§50*) = A(F,0*) = 1 in Corollary 2.5, then we have the following result.

Corollary 2.6. Let 5, 5., 55, &4 be SQMs of a metric space (X, V;) and the pair (§.,5.) be
cyclic (a, Nz, 5, -admissible such that

Va(Fu(p*),F2(0")) Y1 (M (u*,0%))
T / Ltydt | <7 / T(t)dt |,
0 0

for all u*, o* € X, where T'(t) is a Lebesgue integrable function with finite integral such that
_f(f I'(t)dt > 0 for all 6 > 0 and T, ¢, are the mappings as defined in Definition 1.3, where

Pr(M(p",0%)) = maX{'d(ﬁ’z(U*%&;( ) Va2 (u*), F(0),

Va(F4(07), §5(17)),
Va1 (1), §4(0%) + Ya(F (1), §5 (1))
5 ;

Va(S2(0"), 85(17) Va(F: (1), 32(07))
1+vd(&( *), S (w)) ’
Va(Fu (1), S4(0%)Va(F5 (%), 4o ))}
L+ ¥4(§2(0%), §5(1%)) '

Assume that the following conditions are sustained:
(a) the pair (3.,5.) shares C LRz, property,

(b) (3..3;) and (§..5,) are WCMs, and §,(X) C §,(X), F.(X) C §;(X).
Then SQMs §., 3., 83, 84, have a unique CFP in (X, V).
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3 Applications

Example 3.1. Let (X = [0,1], ¥,) be a metric space with v,(z,y) = |« — y|, for z, y € X.
Define §., ., §; and §, as follows:

0.4 if z € 0,0.5], 0.4if z € [0,0.5],
Fa() =4 B =19 (3.1)
5 itz e (0.5,1], = ifz € (0.5,1],

sy Jotitee 005, 5. Jotitee 005, 62
T Lifr e (05,1, P it e 05,1, '

Let a(z) = 09+ z, AM(z) = 095+ z forall z € X. Then a(F;z) > 1forall z € X = [0,1],
and A(F.z) = 0.95 + .z > 1, forall 2 € X = [0,1]. Also, A(§,z) > 1forall 2 € X, im-
plies that a(F,z) = 0.9 + §,x > 1, for all z € X = [0,1]. Thus, the pair (F.,3.) is a cyclic
(o, A) (3,5, -admissible. Next, we show that the pair (5, §;) shares CLRg, property. For this,
let us consider the sequence

1.5
By the help of (3.1), (3.2) and (3.3), we have:
_ . 15
Jim §a(ea) = Jim § (04— 5500 ) =04, 34
1.5

From (3.4) and (3.5), for the sequence z,, in X, we have lim, o §:12, = limy oo §32n =
0.4 = F,x for all x € [0,0.5]. So that, lim, oo §12n = lim, 0o Fo2n = 0.4 = F,2 for some
x € [0,0.5] C X. Therefore, (,,5.) sustains CLRj3, property.

Case | For z € [0, 0.5], we have §,(X) = §.(X) = F;(X) = §,(X) = 0.4, which implies
v4(S1, F.) =0, ¥1(M) = 0 and 12(N) = 0. Therefore, the equality is trivially satisfied.

Case Il For o*, u* € (0.5, 1], we have §,u* = 1/6, §3u* =1/7, §,0* =1/8, §,0* =1/9, and

P1(M(p*,0%) = maX{'d(&(U*) 84(07)), Ya(@2(1*), 84(07)),

Va(34(0"), §5(1"))s
Va(Sa( .“) 4(‘7* +'d(&(u*)753(u*))
2 b
Va(32(07), 85(1") Va(S:(1"), $2(0"))
L+ ¥4(Fa(0%), §r (1)) ’
Va(F (1) §4(0") Va(F5 (1), Fal0™))
W), 50 j 46)
= max{ ( )7 vdé $1) vd(év%)v
vd(gvg)"_'d(%v%) 'd(8:7)vd(év%)
2 T+ (s
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Pa(N(p" 0%)) = min{'d(&(u* 1 84(07)), Ya(Ba2(07), 84(07)),

V(S (1), §4(07) Va(B3 (1), Sa(07))
L+ ¥4(3a(0%), §3 (1)) } (3.7)
11 11
= min{nah vtk vy B, Tk By
= 0.00173.

Since a(z) > 1, A(z) > 1for all z € X, by the virtue of (2.6), (3.6) and (3.7), L = 0.2, 7(t) =
=0.

0.9¢, ¥(t) = 0.85¢, ¢(t) = 0.8, T(t) = 2¢, we have
va(3:35)
0.001475 — T( / 2tdt)
0
U (M (%)) + L (N (4% 0*))
< o / O()dr) (3.8)
0

£40.000346
¢( / 2tdt) — 0.0026253.
0

Thus, the inequality (2.6) is also satisfied. Consequently, all the conditions of Theorem 2.1 are
sustained and therefore the SQMs 3, 3., §;, §, have a unique CFP 0.4.

4 Conclusions

In this paper, we have presented new FPTs for the SQMs, §., 3., §;, §, : X — & on a metric
space (X, ¥,), sustaining certain integral type inequalities. For the new FPTs, we assumed that
(8.1, §;) shares CLRj, property, 3., §;), (8., §,) are WCMs, and §, X C §,X, §X C §,X. In
the proof of our results, we don’t need to require the completeness of the metric space (X, v,).
Our results generalize many FPTs in the available literature. An expressive examples is given
for the application of our Theorem 2.1.
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