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Abstract: This study takes a detailed look at various inequalities related to the Euclidean operator
radius. It examines groups of n-tuple operators, studying how they add up and multiply together.
It also uncovers a unique power inequality specific to the Euclidean operator radius. The research
broadens its scope to analyze how n-tuple operators, when used as parts of 2 × 2 operator matrices,
illustrate inequalities connected to the Euclidean operator radius. By using the Euclidean numerical
radius and Euclidean operator norm for n-tuple operators, the study introduces a range of new
inequalities. These inequalities not only set limits for the addition, multiplication, and Euclidean
numerical radius of n-tuple operators but also help in establishing inequalities for the Euclidean
operator radius. This process involves carefully examining the Euclidean numerical radius inequal-
ities of 2 × 2 operator matrices with n-tuple operators. Additionally, a new inequality is derived,
focusing specifically on the Euclidean operator norm of 2 × 2 operator matrices. Throughout, the
research keeps circling back to the idea of finding and understanding symmetries in linear operators
and matrices. The paper highlights the significance of symmetry in mathematics and its impact on
various mathematical areas.

Keywords: numerical radius; inner product space; C∗-algebra; A-module

1. Introduction and Preliminaries

In functional analysis, particularly in the context of operator theory, the Euclidean
operator radius refers to the supremum (least upper bound) of the norms of operators
acting on a Hilbert space. If we have a bounded linear operator T on a Hilbert space H,
then its norm is defined as ∥T∥ = sup∥x∥=1∥Tx∥, where ∥x∥ denotes the norm of the vector
x in the Hilbert space. The Euclidean operator radius extends this concept to a tuple of
operators or matrices (see [1–4]).

This study delves into Euclidean operator spaces and their associated inequalities,
likely in a finite-dimensional context. It explores symmetries and operator norms and
derives new inequalities governing various operator properties. While not directly related
to the existence of Hilbert spaces, this research contributes to our understanding of func-
tional analysis, which is closely intertwined with Hilbert space theory, demonstrating its
significance within the broader mathematical landscape.

Numerous scholars have extensively studied the theory of Hilbert modules over non-
commutative C∗-algebras, as demonstrated by various works, such as [5–12]. The notion
of symmetry plays a pivotal role in exploring non-commutative topology, extensions of
C∗-algebras, and the field of K-theory. Symmetry is closely linked with the attributes of
Hilbert modules, and grasping their symmetrical aspects offers valuable insights into how
they differ from Hilbert spaces.

In non-commutative topology, symmetry shows up in how different algebraic struc-
tures relate and change. Hilbert modules, which do not follow the usual commutative rules,
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have their own kind of symmetry that is different from what we see in Hilbert spaces. They
do not have this special “self-dual” quality that Hilbert spaces often do, which marks a big
difference in their symmetry.

Another way that Hilbert modules stand apart from Hilbert spaces is that they do not
have properties like being orthogonally complementary. In Hilbert spaces, being orthogonal
and complementary are important for symmetry, especially when it comes to self-adjoint
and unitary operators. Since Hilbert modules lack these properties, they have a kind of
imbalance that shapes their unique mathematical features.

Studying symmetry here helps us see the subtle contrasts between Hilbert modules
and Hilbert spaces more clearly. It shows us how the absence of specific symmetrical aspects
in Hilbert modules affects how they work in non-commutative topology, extensions of C∗-
algebras, and K-theory. By looking into these symmetrical details, mathematicians obtain
a better grasp of the patterns and connections in these areas of math, making functional
analysis and operator theory more interesting and comprehensive.

Hilbert C∗-modules extend the concept of Hilbert spaces by allowing scalars to belong
to a C∗-algebra instead of being restricted to real or complex numbers. In these modules,
an operator matrix refers to a matrix with entries being operators acting within the module,
serving as linear mappings from one part of the module to another. Exploring inequalities
related to the Euclidean operator radius of n-tuple operators and operator matrices within
Hilbert C∗-modules typically involves an examination of norm behaviors and inequalities
amidst various operations, such as addition, scalar multiplication, and operator composi-
tion. This exploration also entails delving into the characteristics of C∗-algebras and their
associated modules, along with methods for analyzing operator and operator matrix norms
within these frameworks. For more detail, the reader should refer to [8–10,13].

We begin with the definition of a C∗-algebra.

Definition 1 ([14]). A C∗-algebra A is a (non-empty) set with the following algebraic operations:

(i) Addition, which is commutative and associative;
(ii) Multiplication, which is associative;
(iii) Multiplication by complex scalars;
(iv) An involution a ↣ a∗ (that is, (a∗)∗ = a for all a ∈ A).

Both types of multiplication distribute over addition. For a, b ∈ A, we have (ab)∗ = b∗a∗.
The involution is conjugate linear; that is, for a, b ∈ A and λ ∈ C, we have (λa + b)∗ = λ̄a∗ + b∗.
For a, b ∈ A and λ, µ ∈ C, we have λ(ab) = (λa)b = a(λb) and (λµ)a = λ(µa). In addition, A
has a norm in which it is a Banach algebra; that is,

(N1) ∥λa∥ = |λ|∥a∥;
(N2) ∥a + b∥ ≤ ∥a∥+ ∥b∥;
(N3) ∥ab∥ ≤ ∥a∥∥b∥
for all a, b ∈ A and λ ∈ C, and A is complete in the metric d(a, b) = ∥a − b∥. Moreover, for all
a ∈ A, we have ∥a∗a∥ = ∥a∥2.

Let us revisit how a Hilbert module over a C∗-algebra A is defined, as described in [6].

Definition 2 ([6]). Consider a linear space E over a complex field endowed with the structure of a
right A-module. We assume that λ(ξa) = (λξ)a = ξ(λa), where ξ belongs to E, a belongs to A,
and λ is a complex number. The space E is referred to as a pre-Hilbert A-module if it possesses an
inner product ⟨·, ·⟩ : E× E −→ A that adheres to the following conditions:

(i) ⟨ξ, ξ⟩ ≥ 0 and ⟨ξ, ξ⟩ = 0 if and only if ξ = 0;
(ii) ⟨ξ, ζµ + ην⟩ = ⟨ξ, ζ⟩µ + ⟨ξ, η⟩ν;
(iii) ⟨ξ, ζa⟩ = ⟨ξ, ζ⟩a;
(iv) ⟨ξ, ζ⟩ = ⟨ζ, ξ⟩∗,

where ξ, ζ, η ∈ E, a ∈ A, and µ, ν ∈ C. Set |||ξ||| = |||⟨ξ, ξ⟩|||
1
2 . This is a norm on E. If E is

complete, E is called a Hilbert module over A.
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Let us consider Hilbert A-modules E and F. We define L(E,F) as the set containing
all mappings t : E −→ F, where there exists another mapping t∗ : F −→ E satisfying
⟨tξ, ζ⟩ = ⟨ξ, t∗ζ⟩ for every ξ ∈ E and ζ ∈ F. It is widely known that t must meet the
criteria of being a bounded A-linear mapping, indicating that t is a linear mapping that
satisfies certain boundedness conditions. Additionally, it satisfies t(ξa) = t(ξ)a for all
ξ ∈ E and a ∈ A.

In the event that E = F, then L(E) forms a C∗-algebra, complete with the operator norm.

Definition 3 ([11]). Consider a C∗-algebra denoted by A. A linear functional ψ acting on A is
deemed positive if it satisfies the condition ψ(a∗a) ≥ 0 for all a within A. In the scenario where
A possesses a unit element (i.e., it is unital), the linear functional ψ is referred to as a state if it is
positive and, furthermore, ψ(1) = 1. It is worth noting that when ψ is a linear functional operating
on a unital C∗-algebra A and ψ(1) = ∥ψ∥ = 1, then ψ automatically qualifies as a state. We
represent the collection of all states of A as S(A).

2. Euclidean Operator Radius of n-Tuple Operators

In this section, we explore the fundamental characteristics of the joint numerical radius
and various other operator radii related to the Euclidean operator radius of an n-tuple
of operators denoted by t1, · · · , tn. A general guideline emerges: for n ≥ 2, it holds that
we(t1, · · · , tn) ≤ w(t1, · · · , tn). However, these two concepts coincide with the classical
numerical radius when n = 1. We present precise inequalities and demonstrate that the
operator radius within Ln(E) forms a norm that is equivalent to both the operator norm
and the joint numerical radius.

Definition 4 ([8]). Let t ∈ L(E) and ψ ∈ ϖ(A). Then,

|||t||| := sup{ψ(|tξ|) : ξ ∈ E, ψ ∈ ϖ(A), ψ(|ξ|) = 1}, (1)

where |ξ| = ⟨ξ, ξ⟩
1
2 .

It is known from [8] that |||·||| is a norm on L(E). And if E is a Hilbert space, then
∥t∥ = |||t|||.

The following result was investigated in [8].

Lemma 1. Let t ∈ L(E). Then,

|||t||| = sup{|ψ(⟨ξ, tζ⟩)| : ξ, ζ ∈ E, ψ ∈ ϖ(A), ψ(|ξ|) = ψ(|ζ|) = 1}.

Definition 5. Let t1, · · · , tn ∈ L(E) and ψ ∈ ϖ(A). The joint numerical radius for 𭟋 =
(t1, · · · , tn) ∈ Łn(E) is defined by

wj(𭟋) := sup

∣∣∣∣∣∣ ∑
α∈E+

n

n

∑
j=1

ψ
(〈

ξα, tjξgjα

〉)∣∣∣∣∣∣,
where the supremum is taken over all families of vectors {ξα} ⊂ E with ∑α∈E+

n
ψ
(
|ξα|2

)
= 1,

where E+
n is the free semigroup with the generators g1, · · · , gn and the neutral element g0.

Definition 6. Let 𭟋 = (t1, · · · , tn) be an n-tuple operator. Then, 𭟋 is said to be commuting if
titj = tjti for all i, j = 1, 2, · · · , n.

For n-tuple operators 𭟋 = (t1, · · · , tn),Q = (q1, · · · , qn) ∈ Łn(E), we write Q𭟋 =
(q1t1, · · · , qntn), 𭟋+Q = (t1 + q1, · · · , tn + qn) and µ𭟋 = (µt1, · · · , µtn) for any scalar
µ ∈ C.
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Definition 7. Let 𭟋 = (t1, t2, · · · , tn) be an n-tuple of bounded linear operators on E. The
Euclidean operator norm is defined by

|||𭟋||| = |||[t1, · · · , tn]||| =
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ n

∑
j=1

t∗j tj

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

1
2

= sup


(

n

∑
j=1

ψ
(
|tjξ|2

)) 1
2

: ξ ∈ E, ψ ∈ ϖ(A) and ψ(|ξ|) = 1

.

Lemma 2. |||·||| : Ln(E) −→ [0, ∞) defines a norm on Ln(E).

Theorem 1 ([9]). Let 𭟋 = (t1, · · · , tn) ∈ Łn(E). If E is a Hilbert A-Modules, then

|||𭟋||| = sup


(

n

∑
j=1

∣∣ψ(〈ζ, tjξ
〉)∣∣2) 1

2

: ξ, ζ ∈ E, ψ ∈ ϖ(A), and ψ(|ξ|) = ψ(|ζ|) = 1

.

Recall that an operator 𭟋 = (t1, · · · , tn) ∈ Łn(E) is said to be self-adjoint if 𭟋∗ =
(t∗1 , · · · , t∗n) = (t1, · · · , tn) = 𭟋.

Theorem 2 ([9]). If 𭟋 = (t1, · · · , tn) ∈ Łn(E) is self-adjoint, then

|||𭟋||| = sup


(

n

∑
j=1

∣∣ψ(〈ξ, tjξ
〉)∣∣2) 1

2

: ξ ∈ E, ψ ∈ ϖ(A) and ψ(|ξ|) = 1

.

Definition 8. Let 𭟋 = (t1, t2, · · · , tn) be an n-tuple of bounded linear operators on E. The
Euclidean operator radius is defined by

we(𭟋) := sup


(

n

∑
k=1

|ψ(⟨ξ, tkξ⟩)|2
) 1

2

: ξ ∈ E, ψ ∈ ϖ(A) and ψ(|ξ|) = 1

.

The joint (spatial) numerical range of 𭟋 = (t1, t2, · · · , tn), defined by

W(𭟋) := {(ψ(⟨ξ, t1ξ⟩), ψ(⟨ξ, t2ξ⟩), · · · , ψ(⟨ξ, tnξ⟩)) : ξ ∈ E, ψ ∈ ϖ(A) and ψ(|ξ|) = 1}.

In general, when n ≥ 2, we(t1, · · · , tn) ≤ wj(t1, · · · , tn).

Theorem 3. The joint numerical radius and Euclidean operator radius coincide with the classical
numerical radius of an operator t ∈ L(E) if n = 1, i.e.,

w(t) := sup{|ψ(⟨ξ, tξ⟩)| : ξ ∈ E, ψ ∈ ϖ(A) and ψ(|ξ|) = 1}.

Proof. If ∑+∞
k=0 ψ

(
|ξk|2

)
< +∞ and fm(θ) := ∑m

k=0 eikθξk, ξk ∈ E, m = 1, 2, · · ·

∣∣∣∣∣ m

∑
k=0

ψ(⟨ξk, tξk⟩)
∣∣∣∣∣ =

∣∣∣∣ 1
2π

∫ 2π

0
ψ(⟨ fm(θ), fm(θ)t⟩)eikθ dθ

∣∣∣∣
≤ w(t)

1
2π

∫ 2π

0
ψ
(
| fm(θ)|2

)
dθ

= w(t)
m

∑
k=0

ψ
(
|ξk|2

)
.
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Taking m −→ +∞, we obtain we(t) ≤ w(t). On the other hand, let ξ ∈ E, ψ(|ξ|) = 1 and
ψ ∈ ϖ(A) and define ξk := λk

√
1 − |λ|2x, k = 0, 1, 2, · · · , where λ ∈ D := {z ∈ :̧|z| < 1}.

It is easy to see that ∑+∞
k=0 ψ

(
|ξk|2

)
= 1 and∣∣∣∣∣+∞

∑
k=0

ψ(⟨ξk, tξk⟩)
∣∣∣∣∣ = |λ||ψ(⟨ξ, tξ⟩)|

for any λ ∈ D. Hence, we deduce the inequality we(t) ≥ w(t), which proves our assertion,
i.e., we(t) = w(t).

The result outcomes are highly relevant for the subsequent discussions, as detailed in [9].

Lemma 3. Let t ∈ L(E) and ψ ∈ ϖ(A). Then, the following are equivalent:

(a) ψ(⟨ξ, tξ⟩) = 0 for every ξ ∈ E with ψ(|ξ|) = 1;
(b) ψ(⟨ξ, tξ⟩) = 0 for every ξ ∈ E.

Lemma 4. Let t ∈ L(E). Then, t = 0 if and only if ψ(⟨ξ, tξ⟩) = 0 for every ξ ∈ E and
ψ ∈ ϖ(A).

Lemma 5. Let 𭟋 = (t1, · · · , tn) ∈ Łn(E). Then, for every ψ ∈ ϖ(A) and ξ ∈ E,

(
n

∑
j=1

∣∣ψ(〈ξ, tjξ
〉)∣∣2) 1

2

≤ we(𭟋)ψ
(
|ξ|2
)

. (2)

Theorem 4. If 𭟋 = (t1, · · · , tn) ∈ Łn(E), then

we(𭟋) ≤ |||𭟋||| ≤ 2
√

nwe(𭟋). (3)

Or, equivalently,
1

2
√

n
|||𭟋||| ≤ we(𭟋) ≤ |||𭟋|||.

Here, the constants 1
2
√

n and 1 are the best possible.

Theorem 5. we : Łn(E) −→ [0,+∞) defines a norm that is equivalent to the norm on Łn(E).

Consider an n-dimensional complex Hilbert A-module denoted by En, equipped with
an orthonormal basis e1, e2, · · · , en, where n is a natural number or n = +∞. We introduce
the full Fock space of En, defined as follows:

F2(E) :=
⊕
k≥0

E⊗k
n ,

Here, E⊗0
n = C · 1, and E⊗k

n represents the Hilbert tensor product of k copies of En. We
define the left creation operators si : F2(En) −→ F2(En), where i = 1, 2, · · · , n, as follows:

siϕ := ei ⊗ ϕ, ϕ ∈ F2(En).

Now, let E+
n denote the unital free semigroup on n generators g1, · · · , gn, along with the

identity element g0. We define the length of α ∈ E+
n as |α| := k, where α = gi1 · · · gik for

α ̸= g0, and |α| := 0 for α = g0. We also introduce eα = ei1 ⊗ ei2 ⊗ · · · ⊗ eik and set eg0 = 1.
It is evident that {eα : α ∈ E+

n } forms an orthonormal basis for F2(En).
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The joint spectral radius linked with an n-tuple of operators (t1, · · · , tn) is defined
as follows:

rj(t1, · · · , tn) := lim
k−→+∞

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ ∑
|α|=k

tαt∗α

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

1
2k

,

where ∥ · ∥ denotes the norm.

Theorem 6. The joint numerical radius wj : Łn(E) −→ [0,+∞) for n-tuples of operators satisfies
the following properties:

(a) wj(y∗t1y, · · · , y∗tny) ≤ |||y|||2wj(t1, · · · , tn) for any operator X : F −→ E in L(F,E);
(b) wj(u∗t1u, · · · , u∗tnu) = wj(t1, · · · , tn) for any unitary operator u : F −→ E in L(F,E);

(c) 1
2

∣∣∣∣∣∣∑n
k=1 tkt∗k

∣∣∣∣∣∣ 1
2 ≤ wj(t1, · · · , tn) ≤

∣∣∣∣∣∣∑n
k=1 tkt∗k

∣∣∣∣∣∣ 1
2 ;

(d) rj(t1, · · · , tn) ≤ wj(t1, · · · , tn).

Proof. (a) Let {kα}α∈E+
n

be an arbitrary sequence of vectors in F such that ∑α∈E+
n

ψ
(
|kα|2

)
= 1.

Fix an operator y : F −→ E and define the vectors ξα := 1
M ykα, α ∈ E+

n , where M :=(
∑α∈E+

n
ψ
(
|ykα|2

)) 1
2 . Observe that ∑α∈E+

n
ψ
(
|ξα|2

)
= 1 and M ≤ |||y|||. On the other hand,

we have ∣∣∣∣∣∣ ∑
α∈E+

n

n

∑
j=1

ψ
(〈

kα, y∗tjykgjα

〉)∣∣∣∣∣∣ ≤

∣∣∣∣∣∣ ∑
α∈E+

n

n

∑
j=1

ψ
(〈

kα, tjkgjα

〉)∣∣∣∣∣∣|||y|||2
≤ |||y|||2wj(t1, · · · , tn).

Taking the supremum over all sequences {kα}α∈E+
n

⊂ F with ∑α∈E+
n

ψ
(
|kα|2

)
= 1, we

deduce inequality (a).
(b) A closer look reveals that, when y = u is a unitary operator, we have equality in

the above inequality. Therefore, relation (b) holds true.
(c) Any vector ξ ∈ F2(E+

n ) with ψ(|ξ|) = 1, ψ ∈ ϖ(A), has the form x = ∑α∈E+
n

eα ⊗ ξα,
where the sequence {ξα}α∈E+

n
is such that ∑α∈E+

n
ψ
(
|ξα|2

)
= 1. If s1, · · · , sn are the left

creation operators on the full Fock space F2(En), note that for ψϖ(A),∣∣∣∣∣ψ
(〈

x,

(
n

∑
j=1

sj ⊗ t∗j

)
x

〉)∣∣∣∣∣ =

∣∣∣∣∣∣ψ
〈 ∑

β∈E+
n

eβ ⊗ ξβ, ∑
α∈E+

n

n

∑
j=1

egjα ⊗ t∗j ξα

〉∣∣∣∣∣∣
=

∣∣∣∣∣∣ ∑
α,β∈E+

n

n

∑
j=1

ψ
(〈

eβ, egjα

〉)
ψ
(〈

ξβ, t∗j ξα

〉)∣∣∣∣∣∣
=

∣∣∣∣∣∣ ∑
α∈E+

n

n

∑
j=1

ψ
(〈

tjξgjα , ξα

〉)∣∣∣∣∣∣.
Hence, we infer that

wj(t1, · · · , tn) = wj(s1 ⊗ t∗1 + · · ·+ sn ⊗ t∗n). (4)

Conversely, it is a widely acknowledged fact that the classical numerical radius of an opera-
tor y adheres to the inequalities 1

2∥y∥ ≤ w(y) ≤ ∥y∥ (as established in ([9], Theorem 2.13)).
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Utilizing relation (4) and considering the orthogonal ranges of the left creation operators,
we can derive

wj(t1, · · · , tn) = w

(
n

∑
j=1

sj ⊗ t∗j

)
≤
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ n

∑
j=1

sj ⊗ t∗j

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

=

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(

n

∑
j=1

s∗j ⊗ tj

)(
n

∑
j=1

sj ⊗ t∗j

)∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

1
2

=

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ n

∑
j=1

tjt∗j

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

1
2

= |||[t1, · · · , tn]|||.

Similarly, one can prove the first inequality in (c).
(d) To prove (vii), notice that, since s∗j sj = δij1, i, j = 1, · · · , n, we have

rj

(
n

∑
j=1

sj ⊗ t∗j

)
= lim

k−→+∞

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ ∑
|α|=k

sα ⊗ t∗ᾱ

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

1
k

= lim
k−→+∞

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
 ∑

|α|=k
s∗α ⊗ tᾱ

 ∑
|α|=k

sα ⊗ t∗ᾱ

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

1
2k

=

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣1 ⊗ ∑

|α|=k
tᾱt∗ᾱ

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

1
2k

= rj(t1, · · · , tn).

Consequently, we deduce that

rj(t1, · · · , tn) = rj

(
n

∑
j=1

sj ⊗ t∗j

)
≤ wj

(
n

∑
j=1

sj ⊗ t∗j

)
= wj(t1, · · · , tn).

Therefore, inequality (d) is established.

In this section, we outline the fundamental characteristics of the Euclidean operator
radius for an n-tuple of operators. We introduce a novel norm and a concept akin to the
“spectral radius” on Ln(E) by defining them as follows:

|||(t1, · · · , tn)|||e := sup
(µ1,··· ,µn)∈Bn

|||µ1t1 + · · ·+ µntn|||, (5)

where Bn :=
{
(µ1, µ2, · · · , µn) ∈ Cn : |µ1|2 + · · ·+ |µn|2 < 1

}
, i.e., the unit ball of Cn.

And
re(t1, · · · , tn) := sup

(µ1,··· ,µn)∈Bn

r(µ1t1 + · · ·+ µntn), (6)

where r(t) denotes the usual spectral radius of an operator t ∈ L(E). Notice that |||·|||e is a
norm Łn(E),

|||(t1, · · · , tn)|||e = |||(t∗1 , · · · , t∗n)|||e and re(t1, · · · , tn) = re(t∗1 , · · · , t∗n).

In what follows, we show that |||·||| is equivalent to the operator norm on Łn(E).

Theorem 7. If 𭟋 = (t1, · · · , tn) ∈ Łn(E), then

1√
n
|||[t1, · · · , tn]||| ≤ |||(t1, · · · , tn)|||e ≤ |||[t1, · · · , tn]|||, (7)
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where the constants 1 and 1√
n are the best possible, and

re(t1, · · · , tn) ≤ r(t1, · · · , tn). (8)

Proof. Let τ be the rotation-invariant normalized positive Borel measure on the unit sphere
∂Bn. Using the relations∫

∂Bn
|µj|2 dτ(µ) =

1
n

and
∫

∂Bn
µiµj dτ(µ) = 0 if i ̸= j, i, j = 1, · · · , n,

we have

|||(t1, · · · , tn)|||2e = sup
(µ1,··· ,µn)∈Bn

sup
ψ(|ξ|)=1

ψ

(〈
ξ,

(
n

∑
i=1

µjtj

)(
n

∑
j=1

µjt∗j

)
ξ

〉)

≥ sup
ψ(|ξ|)=1

∫
∂Bn

n

∑
i,j=1

µiµjψ
(〈

ξ, tit∗j ξ
〉)

dτ(µ)

=
1
n

sup
ψ(|ξ|)=1

ψ

(〈
ξ,

n

∑
j=1

tjt∗j ξ

〉)

=
1
n
|||[t1, · · · , tn]|||.

On the other hand, we have

|||(t1, · · · , tn)|||e = sup
(µ1,··· ,µn)∈Bn

|||µ1t1 + · · ·+ µntn|||

≤ sup
(µ1,··· ,µn)∈Bn

(
n

∑
j=1

|µj|2
) 1

2
(

n

∑
j=1

tjt∗j

) 1
2

= |||[t1, · · · , tn]|||.

Now, notice that if s1, · · · , sn are the left creation operators, then

1 ≤ 1√
n
|||[s∗1 , · · · , s∗n]||| ≤ |||[s∗1 , · · · , s∗n]|||e

= |||[s1, · · · , sn]|||e ≤ |||[s1, · · · , sn]||| = 1. (9)

This shows that the inequalities in (7) are the best possible. In order to prove (8), note that

re(t1, · · · , tn) = sup
(µ1,··· ,µn)∈Bn

inf
m∈N

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(

m

∑
j=1

µjtj

)m∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

1
m

≤ inf
m∈N

sup
(µ1,··· ,µn)∈Bn

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(

m

∑
j=1

µjt∗j

)m∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

1
m

≤ inf
m∈N

sup
(µ1,··· ,µn)∈Bn


 ∑

|α|=m
|µα|2

 1
2m
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ ∑
|α|=m

tαt∗α

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

1
2m


≤ inf
m∈N

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ ∑
|α|=m

tαt∗α

∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣

1
2m

= r(t1, · · · , tn).
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The following outcome summarizes several key properties of the Euclidean operator
radius for an n-tuple of operators.

Theorem 8. The Euclidean operator radius we : Łn(E) −→ [0,+∞) for n-tuples of operators
satisfies the following properties:

(i) 1
2 |||(t1, · · · , tn)|||e ≤ we(t1, · · · , tn) ≤ |||(t1, · · · , tn)|||e;

(ii) re(t1, · · · , tn) ≤ we(t1, · · · , tn);
(iii) we(1c ⊗ t1, · · · , 1c ⊗ tn) for any separable Hilbert A-Modules;
(iv) we is a continuous map in the norm topology.

Proof. Observe that, for every ξ ∈ E and ψ ∈ ϖ(A),

we(t1, · · · , tn) = sup
ψ(|ξ|)=1

(
n

∑
j=1

∣∣ψ(〈ξ, tjξ
〉)∣∣2) 1

2

= sup
ψ(|ξ|)=1

sup
(µ1,··· ,µn)∈Bn

∣∣∣∣∣ n

∑
j=1

µjψ
(〈

ξ, tjξ
〉)∣∣∣∣∣

= sup
ψ(|ξ|)=1

sup
(µ1,··· ,µn)∈Bn

∣∣∣∣∣ψ
(〈

ξ,
n

∑
j=1

µjtj

〉)∣∣∣∣∣
= sup

(µ1,··· ,µn)∈Bn

w(µ1t1 + · · ·+ µntn).

Consequently, we obtain

we(t1, · · · , tn) = sup
(µ1,··· ,µn)∈Bn

w(µ1t1 + · · ·+ µntn). (10)

It is known from [9], Theorem 2.13, that

1
2
|||y||| ≤ w(y) ≤ |||y||| and r(y) ≤ |||y|||

for every y ∈ L(E). Applying these inequalities to the operator y := µ1t1 + · · ·+ µntn for
(µ1, · · · , µn) ∈ Bn and using relation (10), we deduce (i) and (ii).

To prove (iii), we use relation (10) and the fact that the classical numerical radius
satisfies the equation w(1c ⊗ y) = w(y). Indeed, we have

we(1c ⊗ t1, · · · , 1c ⊗ tn) = sup
(µ1,··· ,µn)∈Bn

w

(
1c ⊗

n

∑
j=1

µjtj

)

= sup
(µ1,··· ,µn)∈Bn

w

(
n

∑
j=1

µjtj

)
= we(t1, · · · , tn).

According to (i) and Theorem (7), we obtain

we(t1, · · · , tn) ≤
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ n

∑
j=1

tjt∗j

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

1
2

.

Therefore, we deduce that we is continuous in the norm topology. The proof is complete.

We will now establish one of our central results, which provides an inequality involv-
ing the Euclidean operator radius.
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Theorem 9. Let 𭟋 = (t1, · · · , tn) ∈ Łn(E). Then, for every ξ ∈ E and ψ ∈ ϖ(A), the following
inequality holds:

n

∑
j=1

ψ
(
|tjξ|2

)
+

n

∑
j=1

∣∣∣ψ(〈ξ, t2
j ξ
〉)∣∣∣ ≤ 2

√
nwe(𭟋)

(
n

∑
j=1

ψ
(
|tjξ|2

)) 1
2

ψ(|ξ|).

Proof. Let λj and θj (j = 1, · · · , n) be real numbers with λj ̸= 0. Then, we have

n

∑
j=1

ψ
(
|tjξ|2

)
+

n

∑
j=1

e2iθj ψ
(〈

ξ, t2
j ξ
〉)

=
n

∑
j=1

[
1
2

ψ
(〈

λje
iθj tjξ + λjx, λje

2iθj t2
j x + λje

iθj tjξ
〉)

−1
2

ψ
(〈

λje
iθj tjξ − λjx, λje

2iθj t2
j x − λje

iθj tjξ
〉)]

.

Hence, ∣∣∣∣∣∣
n

∑
j=1

ψ
(
|tjξ|2

)
+

n

∑
j=1

e2iθj ψ
(〈

ξ, t2
j ξ
〉)∣∣∣∣∣∣ =

n

∑
j=1

1
2

∣∣∣ψ(〈λjeiθj tjξ + λjx, λje2iθj t2
j x + λjeiθj tjξ

〉)∣∣∣
+

n

∑
j=1

1
2

∣∣∣ψ(〈λjeiθj tjξ − λjx, λje2iθj t2
j x − λjeiθj tjξ

〉)∣∣∣
≤

n

∑
j=1

1
2

w(tj)ψ

(∣∣∣λjeiθj tjξ + λjx
∣∣∣2)+

n

∑
j=1

1
2

w(tj)ψ

(∣∣∣λjeiθj tjξ − λjx
∣∣∣2).

Since
∣∣ψ(〈x, tjξ

〉)∣∣ ≤ (
∑n

j=1
∣∣ψ(〈x, tjx

〉)∣∣2) 1
2 for all ξ ∈ E and ψ ∈ ϖ(A), w(tj) ≤ we(𭟋).

Consequently,

∣∣∣∣∣ n

∑
j=1

ψ
(
|tjξ|2

)
+

n

∑
j=1

e2iθj ψ
(〈

ξ, t2
j ξ
〉)∣∣∣∣∣ ≤

n

∑
j=1

1
2

we(𭟋)ψ

(∣∣∣λje
iθj tjξ + λjx

∣∣∣2)

+
n

∑
j=1

1
2

we(𭟋)ψ

(∣∣∣λje
iθj tjξ − λjx

∣∣∣2)

= we(𭟋)
n

∑
j=1

1
2
[ψ

(∣∣∣λje
iθj tjξ + λjx

∣∣∣2)
+ ψ

(∣∣∣λje
iθj tjξ − λjx

∣∣∣2)]
= we(𭟋)

n

∑
j=1

[
λ2

j ψ
(∣∣tjξ

∣∣2)+ λ−2
j ψ

(
|ξ|2
)]

.

Suppose tjξ ̸= 0 for all j = 1, · · · , n, and we choose θj in such a way that e2iθj ψ
(〈

x, t2
j ξ
〉)

=∣∣∣ψ(〈ξ, t2
j ξ
〉)∣∣∣ and λj =

√
ψ(|ξ|)

ψ(|tjξ|)
for all j = 1, · · · , n. Then, we have

n

∑
j=1

ψ
(
|tjξ|2

)
+

n

∑
j=1

e2iθj ψ
(〈

ξ, t2
j ξ
〉)

≤ 2we(𭟋)
n

∑
j=1

ψ
(∣∣tjξ

∣∣)ψ(|ξ|).
Therefore, the Cauchy–Schwartz inequality implies that

n

∑
j=1

ψ
(
|tjξ|2

)
+

n

∑
j=1

e2iθj ψ
(〈

ξ, t2
j ξ
〉)

≤ 2
√

nwe(𭟋)

(
n

∑
j=1

ψ
(∣∣tjξ

∣∣2)) 1
2

ψ(|ξ|).
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Also, this inequality holds when ψ
(
|tjξ|

)
= 0 for all or some j ∈ {1, · · · , n}. This completes

the proof.

Utilizing Theorem 9, we obtain the following corollary.

Corollary 1. If 𭟋 = (t1, · · · , tn) ∈ Łn(E), then

1
n

we(𭟋2) ≤ w2
e (𭟋).

Proof. From Theorem 9, together with

n

∑
j=1

∣∣∣ψ(〈ξ, t2
j ξ
〉)∣∣∣2 ≤

(
n

∑
j=1

∣∣∣ψ(〈ξ, t2
j ξ
〉)∣∣∣)2

,

we have

n

∑
j=1

ψ
(
|tjξ|2

)
+

(
n

∑
j=1

∣∣∣ψ(〈ξ, t2
j ξ
〉)∣∣∣2) 1

2

≤ 2
√

nwe(𭟋)

(
n

∑
j=1

ψ
(
|tjξ|2

)) 1
2

ψ(|ξ|) (11)

Taking ψ(|ξ|) = 1, we obtain

n

∑
j=1

ψ
(
|tjξ|2

)
+

(
n

∑
j=1

∣∣∣ψ(〈ξ, t2
j ξ
〉)∣∣∣2) 1

2

≤ 2
√

nwe(𭟋)

(
n

∑
j=1

ψ
(
|tjξ|2

)) 1
2

.

This implies( n

∑
j=1

ψ
(
|tjξ|2

)) 1
2

−
√

nwe(𭟋)

2

+

(
n

∑
j=1

∣∣∣ψ(〈ξ, t2
j ξ
〉)∣∣∣2) 1

2

≤ nw2
e (𭟋).

Therefore, (
n

∑
j=1

∣∣∣ψ(〈ξ, t2
j ξ
〉)∣∣∣2) 1

2

≤ nw2
e (𭟋).

Taking the supremum over all ξ ∈ E with ψ(|ξ|) = 1 and ψ ∈ ϖ(A), we obtain the desired
inequality.

Definition 9. Let 𭟋 = (t1, · · · , tn) ∈ Łn(E). Then, we define ce(𭟋) by setting

ce(𭟋) = inf


(

n

∑
j=1

∣∣ψ(〈x, tjξ
〉)∣∣2) 1

2

: ξ ∈ E, ψ ∈ ϖ(A) and ψ(|ξ|) = 1

.

Next, we obtain a refinement of the first inequality in (3).

Theorem 10. If 𭟋 = (t1, · · · , tn) ∈ Łn(E) and |||𭟋||| ̸= 0, then

1
2
√

n

[
|||𭟋|||+ ce(𭟋2)

|||𭟋|||

]
≤ we(𭟋). (12)
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Proof. Taking ψ(|ξ|) = 1 in (11), we obtain

n

∑
j=1

ψ
(
|tjξ|2

)
+

(
n

∑
j=1

∣∣∣ψ(〈ξ, t2
j ξ
〉)∣∣∣2) 1

2

≤ 2
√

nwe(𭟋)

(
n

∑
j=1

ψ
(
|tjξ|2

)) 1
2

≤ 2
√

nwe(𭟋)|||𭟋|||.

Hence,

n

∑
j=1

ψ
(
|tjξ|2

)
≤ 2

√
nwe(𭟋)|||𭟋||| −

(
n

∑
j=1

∣∣∣ψ(〈ξ, t2
j ξ
〉)∣∣∣2) 1

2

≤ 2
√

nwe(𭟋)|||𭟋||| − ce(𭟋2).

Taking the supremum over all ξ ∈ E with ψ(|ξ|) = 1 and ψ ∈ ϖ(A), we obtain

|||𭟋|||2 + ce(𭟋2) ≤ 2
√

nwe(𭟋)|||𭟋|||

and so the result.

We will now demonstrate the following inequalities for the joint operator norm of
n-tuple normal operators. To this end, we will leverage the well-known characterization of
normal operators. An operator t in L(E) is considered normal if and only if ∥tξ∥ = ∥t∗ξ∥
holds for all ξ in E.

Theorem 11. Let 𭟋 = (t1, · · · , tn) be an n-tuple normal operator. Then,∣∣∣∣∣∣∣∣∣𭟋2
∣∣∣∣∣∣∣∣∣ = |||(t∗1t1, · · · , t∗ntn)||| ≤ |||𭟋|||2 = |||𭟋∗|||2 ≤

√
n
∣∣∣∣∣∣∣∣∣𭟋2

∣∣∣∣∣∣∣∣∣.
Proof. Let ξ ∈ E with ψ(|ξ|) = 1 and ψ ∈ ϖ(A). Then, we have

∣∣∣∣∣∣∣∣∣𭟋2
∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣(t2
1, t2

2, · · · , t2
n)
∣∣∣∣∣∣∣∣∣ = sup

ψ(|ξ|)=1

(
n

∑
j=1

ψ
(∣∣tjξ

∣∣2)) 1
2

= sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ
(〈

t2
j ξ, t2

j ξ
〉)) 1

2

= sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ
(〈

tjtjξ, tjtjξ
〉)) 1

2

= sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ
(〈

t∗j tjξ, t∗j tjξ
〉)) 1

2 (
since each tj is normal

)

= sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ

(∣∣∣t∗j tj

∣∣∣2)) 1
2

= |||(t∗1t1, · · · , t∗ntn)|||.

Now,
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|||(t∗1t1, · · · , t∗ntn)||| = sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ

(∣∣∣t∗j tj

∣∣∣2ξ

)) 1
2

≤ sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ

(∣∣∣t∗j ξ
∣∣∣2)ψ

(∣∣∣t∗j ξ
∣∣∣2)) 1

2

≤ sup
ψ(|ξ|)=1

(
n

∑
j=1

|||𭟋|||ψ
(∣∣tjξ

∣∣2)) 1
2

(
since ψ

(∣∣tjξ
∣∣) ≤ (∑n

j=1 ψ
(∣∣tjξ

∣∣2)) 1
2 ,
∣∣∣∣∣∣tj
∣∣∣∣∣∣ ≤ |||𭟋||| for each j

)

= |||𭟋||| sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ
(∣∣tjξ

∣∣2)) 1
2

= |||𭟋|||2.

Also, we have

|||𭟋||| = sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ
(∣∣tjξ

∣∣2)) 1
2

= sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ

(∣∣∣t∗j ξ
∣∣∣2)) 1

2

= |||𭟋∗|||.

Also,

|||𭟋|||2 = sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ
(∣∣tjξ

∣∣2)) = sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ
(〈

tjξ, tjξ
〉))

= sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ
(〈

x, t∗j tjξ
〉))

≤ sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ
(∣∣∣t∗j tjξ

∣∣∣)ψ(|ξ|)
)

≤
√

n sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ

(∣∣∣t∗j tjξ
∣∣∣2)) 1

2

(by Cauchy–Schwarz inequality)

=
√

n sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ

(∣∣∣t2
j x
∣∣∣2)) 1

2 (
since each tj is normal

)
=

√
n
∣∣∣∣∣∣∣∣∣𭟋2

∣∣∣∣∣∣∣∣∣.
Therefore, the proof is complete.

Remark 1. It is worth noting that if we choose tj (j = 1, · · · , n) as an n × n matrix where only
the diagonal entries at position (j, j) are 1, and all other entries are zero, then the first inequality
in Theorem 11 becomes an equality. Similarly, if we set tj =

√
nI (where I is the n × n identity

matrix) for j = 1, 2, · · · , n, then the second inequality in Theorem 11 also becomes an equality.
Therefore, it can be concluded that the inequalities presented in Theorem 11 are indeed sharp.

In the subsequent theorem, we establish an inequality involving the joint numerical
radius of n-tuple operators in terms of powers.

Theorem 12. If 𭟋 = (t1, · · · , tn) ∈ Łn(E), then

we(𭟋m) ≤
√

nwm
e (𭟋).
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Proof. Suppose we have ξ ∈ E such that ψ(|ξ|) = 1 and ψ ∈ ϖ(A). The inequality

∣∣ψ(〈x, tjξ
〉)∣∣ ≤ ( n

∑
j=1

∣∣ψ(x, tjξ
)∣∣2) 1

2

implies w(tj) ≤ we(𭟋) for each j = 1, · · · , n. Thus, if we(𭟋) ≤ 1, then w(tj) ≤ 1 for each
j = 1, · · · , n. The power inequality [15] implies that w(tm

j ) ≤ 1 for each j = 1, · · · , n,
whenever w(tj) ≤ 1. Therefore, if w(tj) ≤ 1, then

we(𭟋m) = sup
ψ(|ξ|)=1

(
n

∑
j=1

∣∣∣ψ(〈x, tm
j x
〉)∣∣∣2) 1

2

≤
(

n

∑
j=1

sup
ψ(|ξ|)=1

∣∣∣ψ(〈x, tm
j x
〉)∣∣∣2) 1

2

≤
(

n

∑
j=1

w2(tm
j )

) 1
2

≤
√

n.

Now, if we take t′j =
tj

w(𭟋)
for all j = 1, · · · , n, then we(𭟋′) = 1, where 𭟋′ = (t′1, · · · , t′n),

and so w(t′j) ≤ 1. Thus, we((𭟋′)m) ≤
√

n, and this gives we(𭟋m) ≤
√

nwm
e (𭟋).

The example below illustrates Theorem 12.

Example 1. Let L2([0, 1]) be the vector space of all continuous real-valued functions on [0, 1] with
the norm defined by

ψ(| f |) =
(∫ 1

0
f 2(s)ds

) 1
2

, s ∈ [0, 1]

and the inner product defined by

⟨ f , g⟩ =
∫ 1

0
f (s)g(s) ds, s ∈ [0, 1].

Now, let 𭟋 = (t1, t2, t3) with tj = sj, j = 1, 2, 3. Then,

we(𭟋) = sup


(

3

∑
j=1

|ψ
(〈

x, tj(x)
〉)
|2
)1/2

: ψ(|x|) = 1, ψ ∈ ϖ(A)


= sup

ψ(|x|)=1


(

3

∑
j=1

(∫ 1

0
xxj dx

)2
)1/2


= sup

ψ(|x|)=1


((∫ 1

0
x2 dx

)2

+

(∫ 1

0
x3 dx

)2

+

(∫ 1

0
x4 dx

)2
)1/2


= 0.46218.

Also,
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we(𭟋3) = sup


(

3

∑
j=1

|ψ
(〈

x, t3j(x)
〉)
|2
)1/2

: ψ(|x|) = 1, ψ ∈ ϖ(A)


= sup

ψ(|x|)=1


(

3

∑
j=1

(∫ 1

0
x3j+1 dx

)2
)1/2


= sup

ψ(|x|)=1


((∫ 1

0
x4 dx

)2

+

(∫ 1

0
x7 dx

)2

+

(∫ 1

0
x10 dx

)2
)1/2


= 0.25276.

Now,
we(𭟋3) = 0.25276 ≤

√
3w3

e (𭟋) =
√

3(0.46218)3 = 0.8005.

Thus, the validity of the outcome stated in Theorem 12 is confirmed.

Applying Theorem 12, we derive the following inequality.

Corollary 2. Let 𭟋 = (t1, · · · , tn) ∈ Łn(E). If we(𭟋) ≤ 1, then

|||𭟋m||| ≤ 2n.

Proof. It follows from inequality (3), together with Theorem 12, that

|||𭟋m|||
2
√

n
≤ we(𭟋m) ≤

√
nwm

e (𭟋) ≤
√

n.

Now, we will establish the inequalities for the Euclidean operator radius when mul-
tiplying n-tuple operators. To show the Euclidean operator norm’s submultiplicative
property and the Euclidean operator radius’s subadditive property, we require the follow-
ing lemma.

Lemma 6. Let Q = (q1, · · · , qn), 𭟋 = (t1, · · · , tn) ∈ Łn(E). Then, the following inequalities hold:

(a) |||𭟋Q||| ≤ |||𭟋||||||Q|||.
(b) we(𭟋+Q) ≤ we(𭟋) + we(Q).

Proof. (a) Let ξ ∈ E with ψ(|ξ|) = 1 and ψ ∈ ϖ(A). Then, we have

|||𭟋Q||| = sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ
(∣∣tjqjξ

∣∣2)) 1
2

≤ sup
ψ(|ξ|)=1

(
n

∑
j=1

ψ
(
|qj|
)2

ψ
(∣∣tjξ

∣∣2)) 1
2

≤ sup
ψ(|ξ|)=1

(
n

∑
j=1

|||Q|||2ψ
(∣∣tjξ

∣∣2)) 1
2

(
since ψ

(
|qjξ|

)
≤
(

∑n
j=1 ψ

(∣∣qjξ
∣∣2)) 1

2 and
∣∣∣∣∣∣qj

∣∣∣∣∣∣ ≤ |||Q||| for all j
)

= |||Q|||
(

n

∑
j=1

ψ
(∣∣tjξ

∣∣2)) 1
2

= |||𭟋||||||Q|||.

(b) See the proof of Theorem 5.
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Theorem 13. Let Q = (q1, · · · , qn), 𭟋 = (t1, · · · , tn) ∈ Łn(E). Then,

we(𭟋Q) ≤ 4nwe(𭟋)we(Q).

Proof. We have we(𭟋Q) ≤ |||𭟋Q||| ≤ |||𭟋||||||Q||| ≤ 4nwe(𭟋)we(Q), where the second
inequality is derived from Lemma 6(a), and the third inequality is derived from (3).

Moreover, we derive an inequality concerning the collective numerical radius for the
multiplication of two n-tuple operators Q and 𭟋, given the condition 𭟋Q = Q𭟋.

Theorem 14. Let Q = (q1, · · · , qn), 𭟋 = (t1, · · · , tn) ∈ Łn(E). If 𭟋Q = Q𭟋, i.e., (tjqj = qjtj
for all j = 1, · · · , n), then

we(𭟋Q) ≤ 2
√

nwe(𭟋)we(Q).

Proof. Assume that we(𭟋) = we(Q) = 1. Then, we have

we(𭟋Q) = we

(
1
4
(𭟋+Q)2 − 1

4
(𭟋−Q)2

)
≤ 1

4
we

(
(𭟋+Q)2

)
+

1
4

we

(
(𭟋−Q)2

)
(using the fact that we(·) is a norm)

≤
√

n
4

w2
e (𭟋+Q) +

√
n

4
w2

e (𭟋−Q) (by Theorem 12)

≤
√

n
4

(we(𭟋) + we(Q))2 +

√
n

4
(we(𭟋) + we(Q))2 (by Lemma 6)

= 2
√

n.

This proof is complete.

The next bound for the product of two n-tuple normal operators reads as follows.

Theorem 15. Let Q = (q1, · · · , qn), 𭟋 = (t1, · · · , tn) ∈ Łn(E). If 𭟋 and Q are normal, then

we(𭟋Q) ≤ we(𭟋)we(Q).

Proof. We have we(𭟋Q) ≤ |||𭟋Q||| ≤ |||𭟋||||||Q||| = we(𭟋)we(Q), where the last equality
follows from we(𭟋) = |||𭟋||| and we(Q) = |||Q|||, as 𭟋,Q are both normal (see [16]).

We wrap up this section with the subsequent theorem concerning the joint spectral radius
and joint numerical radius. We begin by introducing the notion of the joint approximate point
spectrum for an n-tuple operator 𭟋, represented by σπ, which is defined as follows:

σπ(𭟋) = {(λ1, · · · , λn) : there exists {ξm} ⊂ E; ψ(|ξm|) = 1, ψ ∈ φ(A),

lim
m−→+∞

n

∑
j=1

ψ
(∣∣(tj − λj1)ξm

∣∣) = 0

}
.

This definition can be equivalently expressed as the existence of a sequence {ξm} ⊂ E

with ψ(|ξm|) = 1 such that limm−→+∞ ψ
(∣∣(tj − λj1)ξm

∣∣) = 0 for all j = 1, 2, · · · , n. For a
commuting n-tuple operator 𭟋 = (t1, · · · , tn), σ(𭟋) represents the joint spectrum of 𭟋, as
defined in [16]. Notably, it follows that σπ(𭟋) ⊆ σ(𭟋).

For an n-tuple commuting operator 𭟋 = (t1, · · · , tn) ∈ Ln(E), we introduce the

non-negative number r(𭟋), defined as r(𭟋) = sup
{(

∑n
j=1
∣∣zj
∣∣2) 1

2 : (z1, · · · , zn) ∈ σ(𭟋)

}
,

which is referred to as the joint spectral radius of 𭟋. For an n-tuple commuting operator
𭟋 = (t1, · · · , tn), the inequality r(𭟋) ≤ we(𭟋) is valid.
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Theorem 16. Let 𭟋 = (t1, · · · , tn) ∈ Łn(E) be commuting. Then, the following statements
are equivalent.

(i) r(𭟋) = |||𭟋|||.
(ii) we(𭟋) = |||𭟋|||.

Proof. (i)=⇒ (ii). Assume that r(𭟋) = |||𭟋|||. It follows from r(𭟋) ≤ we(𭟋) ≤ |||𭟋||| that
we(𭟋) = |||𭟋|||.

(ii) =⇒ (i). Let |||𭟋||| = we(𭟋). Then, there exists a sequence {ξm} ⊂ E with ψ(|ξm|) = 1
such that

lim
m−→+∞

|||(ψ(⟨ξm, t1ξm⟩), ψ(⟨ξm, t2ξm⟩), · · · , ψ(⟨ξm, tnξm⟩))|||

= lim
m−→+∞

(
n

∑
j=1

∣∣ψ(〈ξm, tjξm
〉)∣∣2) 1

2

= |||𭟋|||.

Without loss of generality, assume that (ψ(⟨ξm, t1, ξm⟩), · · · , ψ(⟨ξm, tnξm⟩)) converges to

λ = (λ1, · · · , λn), and the sequence
(

∑n
j=1
∣∣ψ(〈ξm, tjξm

〉)∣∣2) 1
2 converges to b. Then,

|||𭟋||| = |λ|. Now,

n

∑
j=1

ψ
(∣∣(tj − λj1)ξm

∣∣2) =
n

∑
j=1

ψ
(
|tjξm|2

)
+

n

∑
j=1

∣∣λj
∣∣2 − 2Re

(
n

∑
j=1

λjψ
(
ξm, tjξm

))
−→ b2 + |||𭟋|||2 − 2|λ|2 = b2 − |λ|2 ≤ 0.

Hence, ∑n
j=1 ψ

(∣∣(tj − λj1)ξm
∣∣2) −→ 0, and so λ = (λ1, · · · , λn) ∈ σπ(𭟋). This implies

we(𭟋) ≤ r(𭟋). Hence, r(𭟋) = we(𭟋) = |||𭟋|||.

3. Euclidean Operator Radius of 2 × 2 Matrices

For 𭟋 = (t1, · · · , tn),Q = (q1, · · · , qn),Z = (z1, · · · , zn), Y = (y1, · · · , yn) ∈ Łn(E),
the 2 × 2 operator matrix, whose entries are n-tuple operators 𭟋,Q,Z ,Y , is defined as[

𭟋 Q
Y Z

]
=

([
t1 q1
y1 z1

]
, · · · ,

[
tn qn
yn zn

])
∈ Łn(E⊕ E).

Note that E⊕ E is a Hilbert A-Module with the inner product defined as

ψ(⟨(ξ1, ξ2), (ζ1, ζ2)⟩) = ψ(⟨ξ1, ζ1⟩) + ψ(⟨ξ2, ζ2⟩),

for all (ξ1, ξ2), (ζ1, ζ2) ∈ E⊕ E and ψ ∈ ϖ(A). We prove the next lemma to start this section.

Lemma 7. Let𭟋 = (t1, · · · , tn), Q = (q1, · · · , qn) ∈ Łn(E). Then, the following assertions hold:

(i) we

([
𭟋 0
0 Q

])
= max{we(𭟋), we(Q)}.

(ii)
∣∣∣∣∣∣∣∣∣∣∣∣[𭟋 0

0 Q

]∣∣∣∣∣∣∣∣∣∣∣∣ = max{|||𭟋|||, |||Q|||}. In particular,
∣∣∣∣∣∣∣∣∣∣∣∣[𭟋 0

0 𭟋∗

]∣∣∣∣∣∣∣∣∣∣∣∣ = |||𭟋|||.

(iii) we

([
0 𭟋
Q 0

])
= we

([
0 Q
𭟋 0

])
.

(iv) we

([
0 𭟋
Q 0

])
= we

([
0 𭟋

Qeiθ 0

])
for all θ ∈ R.

(v) we

([
𭟋 Q
Q 𭟋

])
= max{we(𭟋+Q), we(𭟋−Q)}. In particular,

we

([
0 𭟋
𭟋 0

])
= we(𭟋).
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(vi)
∣∣∣∣∣∣∣∣∣∣∣∣[ 0 𭟋

Q 0

]∣∣∣∣∣∣∣∣∣∣∣∣ = max{|||𭟋|||, |||Q|||}. In particular,
∣∣∣∣∣∣∣∣∣∣∣∣[ 0 𭟋

𭟋∗ 0

]∣∣∣∣∣∣∣∣∣∣∣∣ = |||𭟋|||.

Proof. (i) Let ψ ∈ ϖ(A) and u = (ξ, ζ) ∈ E ⊕ E such that ψ(|u|) = 1, i.e., ψ
(
|ξ|2
)
+

ψ
(
|ζ|2
)
= 1. Then,

(
n

∑
j=1

∣∣∣∣〈u,
[

tj 0
0 qj

]
u
〉∣∣∣∣2
) 1

2

=

(
n

∑
j=1

∣∣∣∣〈[x
y

]
,
[

tj 0
0 qj

][
x
y

]〉∣∣∣∣2
) 1

2

=

(
n

∑
j=1

∣∣〈x, tjξ
〉
+
〈
y, qjζ

〉∣∣2) 1
2

≤
(

n

∑
j=1

∣∣〈x, tjξ
〉∣∣2) 1

2

+

(
n

∑
j=1

∣∣〈y, qjζ
〉∣∣2) 1

2

(by Minkowski’s inequality)

≤ we(𭟋)ψ
(
|ξ|2
)
+ we(Q)ψ

(
|ζ|2
)

≤ max{we(𭟋), we(Q)}
(

ψ
(
|ξ|2
)
+ ψ

(
|ζ|2
))

= max{we(𭟋), we(Q)}.

Taking the supremum over all u ∈ E⊕ E with ψ(|u|) = 1 and ψ ∈ ϖ(A), we obtain

we

([
𭟋 0
0 Q

])
≤ max{we(𭟋), we(Q)}.

Suppose u = (ξ, 0) ∈ E⊕ E with ψ(|ξ|) = 1 and ψ ∈ ϖ(A). Then, we have

(
n

∑
j=1

∣∣∣∣〈u,
[

tj 0
0 qj

]
u
〉∣∣∣∣2
) 1

2

=

(
n

∑
j=1

∣∣〈x, tjξ
〉∣∣2) 1

2

.

Taking the supremum over all u = (ξ, 0) ∈ E⊕ E with ψ(|u|) = ψ(|ξ|) = 1, we obtain

sup
ψ(|u|)=1

(
n

∑
j=1

∣∣∣∣〈u,
[

tj 0
0 qj

]
u
〉∣∣∣∣2
) 1

2

= we(𭟋).

This implies that we

([
𭟋 0
0 Q

])
≥ we(𭟋). Similarly, we

([
𭟋 0
0 Q

])
≥ we(Q). Hence,

we

([
𭟋 0
0 Q

])
≥ max{we(𭟋), we(Q)}.

(ii) Let ψ ∈ ϖ(A) and u = (ξ, ζ) ∈ E⊕E such that ψ(|u|) = 1, i.e., ψ
(
|ξ|2
)
+ψ

(
|ζ|2
)
= 1.

Then,

n

∑
j=1

ψ

(∣∣∣∣[𭟋 0
0 Q

]
u
∣∣∣∣2
)

=
n

∑
j=1

ψ
(∣∣(tjξ, qjζ)

∣∣2)
≤

n

∑
j=1

ψ
(
|tjξ|2

)
+ ψ

(
|qjζ|2

)
≤ |||𭟋|||2ψ

(
|ξ|2
)
+ |||Q|||2ψ

(
|ζ|2
)

≤ max{|||𭟋|||2, |||Q|||2}
(

ψ
(
|ξ|2
)
+ ψ

(
|ζ|2
))

.
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Taking the supremum over all u ∈ E⊕ E with ψ(|u|) = 1 and ψ ∈ ϖ(A), we obtain∣∣∣∣∣∣∣∣∣∣∣∣[𭟋 0
0 Q

]∣∣∣∣∣∣∣∣∣∣∣∣ ≤ max{|||𭟋|||, |||Q|||}.

Suppose u = (ξ, 0) ∈ E⊕ E with ψ(|ξ|) = 1 and ψ ∈ ϖ(A). Then, we have

n

∑
j=1

ψ

(∣∣∣∣[𭟋 0
0 Q

]
u
∣∣∣∣2
)

=
n

∑
j=1

ψ
(
|tjξ|2

)
.

Taking the supremum over all u = (ξ, 0) with ψ(|u|) = 1, we obtain

sup
ψ(|u|)=1

n

∑
j=1

ψ

(∣∣∣∣[𭟋 0
0 Q

]
u
∣∣∣∣2
)

= sup
ψ(|ξ|)=1

n

∑
j=1

ψ
(
|tjξ|2

)
= |||𭟋|||2.

This implies that
∣∣∣∣∣∣∣∣∣∣∣∣[𭟋 0

0 Q

]∣∣∣∣∣∣∣∣∣∣∣∣ ≥ |||𭟋|||. Similarly,
∣∣∣∣∣∣∣∣∣∣∣∣[𭟋 0

0 Q

]∣∣∣∣∣∣∣∣∣∣∣∣ ≥ |||Q|||. Therefore,

∣∣∣∣∣∣∣∣∣∣∣∣[𭟋 0
0 Q

]∣∣∣∣∣∣∣∣∣∣∣∣ ≥ max{|||𭟋|||, |||Q|||}.

In particular, if Q = 𭟋∗, then
∣∣∣∣∣∣∣∣∣∣∣∣[𭟋 0

0 𭟋∗

]∣∣∣∣∣∣∣∣∣∣∣∣ ≥ max{|||𭟋|||, |||𭟋∗|||} = |||𭟋||| (because

|||𭟋∗||| = |||𭟋|||).
(iii) It follows from Theorem 11(b) that

we(u∗𭟋u) = we(u∗t1u, · · · , u∗tnu) = we(t1, · · · , tn) = we(𭟋). (13)

for every unitary operator u ∈ L(E). If we let u =

[
0 1
1 0

]
, then

we

([
0 Q
𭟋 0

])
= we

([
0 1
1 0

][
0 Q
𭟋 0

][
0 1
1 0

])
=

[
0 𭟋
Q 0

]
.

(iv) The proof follows from (13) by taking u =

[
1 0
0 1e

iθ
2

]
.

(v) Let u = 1√
2

[
1 1
−1 1

]
and tj =

[
yj zj
zj yj

]
. Then, u∗tju =

[
yj − zj 0

0 yj + zj

]
. Using

(i) and (13), we obtain we

([
Y Z
Z Y

])
= max{we(Y −Z), we(Y +Z)}. In particular, if we

take Y = 0, then we

([
0 Z
Z 0

])
= we(Z).

(vi) Let ψ ∈ ϖ(A) and u = (ξ, ζ) ∈ E⊕E such that ψ(|u|) = 1, i.e., ψ
(
|ξ|2
)
+ψ

(
|ζ|2
)
= 1.

Then,

n

∑
j=1

ψ

(∣∣∣∣[ 0 𭟋
Q 0

]
u
∣∣∣∣2
)

=
n

∑
j=1

ψ
(∣∣(tjζ, qjξ)

∣∣2)
≤

n

∑
j=1

ψ
(
|tjζ|2

)
+ ψ

(
|qjξ|2

)
≤ |||𭟋|||2ψ

(
|ζ|2
)
+ |||Q|||2ψ

(
|ξ|2
)

≤ max{|||𭟋|||2, |||Q|||2}
(

ψ
(
|ξ|2
)
+ ψ

(
|ζ|2
))

.
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Taking the supremum over all u ∈ E⊕ E with ψ(|u|) = 1 and ψ ∈ ϖ(A), we obtain∣∣∣∣∣∣∣∣∣∣∣∣[ 0 𭟋
Q 0

]∣∣∣∣∣∣∣∣∣∣∣∣ ≤ max{|||𭟋|||, |||Q|||}.

Suppose u = (ξ, 0) ∈ E⊕ E with ψ(|ξ|) = 1 and ψ ∈ ϖ(A). Then, we have

n

∑
j=1

ψ

(∣∣∣∣[ 0 𭟋
Q 0

]
u
∣∣∣∣2
)

=
n

∑
j=1

ψ
(
|qjξ|2

)
.

Taking the supremum over all u = (ξ, 0) with ψ(|u|) = 1, we obtain

sup
ψ(|u|)=1

n

∑
j=1

ψ

(∣∣∣∣[ 0 𭟋
Q 0

]
u
∣∣∣∣2
)

= sup
ψ(|ξ|)=1

n

∑
j=1

ψ
(
|qjξ|2

)
= |||Q|||2.

This implies that
∣∣∣∣∣∣∣∣∣∣∣∣[ 0 𭟋

Q 0

]∣∣∣∣∣∣∣∣∣∣∣∣ ≥ |||Q|||. Similarly,
∣∣∣∣∣∣∣∣∣∣∣∣[ 0 𭟋

Q 0

]∣∣∣∣∣∣∣∣∣∣∣∣ ≥ |||𭟋|||. Therefore,

∣∣∣∣∣∣∣∣∣∣∣∣[ 0 𭟋
Q 0

]∣∣∣∣∣∣∣∣∣∣∣∣ ≥ max{|||𭟋|||, |||Q|||}.

Hereafter, we set an upper limit for the Euclidean operator radius of 2 × 2 operator
matrices, where the elements comprise n-tuple operators.

Theorem 17. Let X = (x1, x2, · · · , xn),Y = (y1, · · · , yn),Z = (z1, · · · , zn), W = (w1, · · · , wn) ∈
Łn(E). Then,

we

([
X Y
Z W

])
≤ w

([
we(X ) |||Y|||
|||Z||| we(W)

])
.

Proof. Let ψ ∈ ϖ(A) and u = (ξ, ζ) ∈ E⊕E such that ψ(|u|) = 1, i.e., ψ
(
|ξ|2
)
+ ψ

(
|ζ|2
)
= 1.

Then, by Minkowski’s inequality, we have

 n

∑
j=1

∣∣∣∣∣ψ
(〈

u,

[
xj yj

zj wj

]
u

〉)∣∣∣∣∣
2
 1

2

=

(
n

∑
j=1

∣∣ψ(〈(ξ, ζ), (xjξ + yjζ, zjξ + wjζ)
〉)∣∣2) 1

2

≤
(

n

∑
j=1

∣∣ψ(〈ξ, xjξ
〉)

+ ψ
(〈

ζ, wjζ
〉)∣∣2) 1

2

+

(
n

∑
j=1

∣∣ψ(〈ξ, yjζ
〉)

+ ψ
(〈

ζ, zjξ
〉)∣∣2) 1

2

≤
(

n

∑
j=1

∣∣ψ(〈ξ, xjξ
〉)∣∣2) 1

2

+

(
n

∑
j=1

∣∣ψ(〈ζ, wjζ
〉)∣∣2) 1

2

+

(
n

∑
j=1

∣∣ψ(〈ξ, yjζ
〉)∣∣2) 1

2

+

(
n

∑
j=1

∣∣ψ(〈ζ, zjξ
〉)∣∣2) 1

2

≤ we(X )ψ
(
|ξ|2

)
+ we(W)ψ

(
|ζ|2

)
+

(
n

∑
j=1

ψ
(
|yjζ|2

)
ψ
(
|ξ|2

)) 1
2

+

(
n

∑
j=1

ψ
(
|zjξ|2

)
ψ
(
|ζ|2

)) 1
2

≤ we(X )ψ
(
|ξ|2

)
+ we(W)ψ

(
|ζ|2

)
+ |||Y|||ψ(|ξ|)ψ(|ζ|) + |||Z|||ψ(|ξ|)ψ(|ζ|)

= ψ

(
ξ̃,

[
we(X ) |||Y|||
|||Z||| we(W)

]
ξ̃

)
, where

ξ̃ = (ψ(|ξ|), ψ(|ζ|)) ∈ C2.
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Thus,

we

([
X Y
Z W

])
= sup

ψ(|u|)=1


(

n

∑
j=1

∣∣∣∣ψ(〈u,
[

xj yj
zj wj

]
u
〉)∣∣∣∣2

) 1
2
 ≤ w

([
we(X ) |||Y|||
|||Z||| we(W)

])
.

As a consequence of Theorem 3, we can conclude that we(X ) ≤ ∥X∥ and
we(W) ≤ ∥W∥. Additionally, it is evident that w

(
[aij]

)
≤ w

(
[bij]

)
for all 0 ≤ aij ≤ bij.

Hence, the subsequent corollary directly stems from Theorem 17.

Corollary 3. Let X = (x1, x2, · · · , xn),Y = (y1, · · · , yn),Z = (z1, · · · , zn), W = (w1, · · · , wn) ∈
Łn(E). Then,

we

([
X Y
Z W

])
≤ w

([
|||X ||| |||Y|||
|||Z||| |||W|||

])
.

It is important to highlight that Theorem 17 provides a stronger bound compared to
Corollary 3. To proceed with the next conclusion, we must refer to the following lemma.

Lemma 8 ([15]). Consider an n × n matrix t = [tij], where tij ≥ 0 for all i, j = 1, 2, · · · , n. In

this case, w(t) = r
( tij+tji

2

)
, where r(·) represents the spectral radius.

The subsequent series of corollaries are derived by utilizing Lemma 8, Theorem 17,
and Corollary 3.

Corollary 4. LetX = (x1, x2, · · · , xn),Y = (y1, · · · , yn),Z = (z1, · · · , zn),W = (w1, · · · , wn) ∈
Łn(E). Then,

we

([
X Y
Z W

])
≤ r
(
[cij]

)
=

1
2

(
we(X ) + we(W) +

√
(we(X )− we(W))2 + (|||Y|||+ |||Z|||)2

)
,

where c11 = we(X ), c12 = c21 = |||Y|||+|||Z|||
2 and c22 = we(W).

Corollary 5. LetX = (x1, x2, · · · , xn),Y = (y1, · · · , yn),Z = (z1, · · · , zn),W = (w1, · · · , wn) ∈
Łn(E). Then,

we

([
X Y
Z W

])
≤ r
(
[cij]

)
=

1
2

(
|||X |||+ |||W|||+

√
(|||X ||| − |||W|||)2 + (|||Y|||+ |||Z|||)2

)
,

where c11 = |||X |||, c12 = c21 = |||Y|||+|||Z|||
2 and c22 = |||W|||.

Next, we establish a lower limit for the Euclidean operator radius of 2× 2 operator matrices
composed of n-tuple operators, utilizing the power inequality derived in Theorem 12.

Theorem 18. Let X = (x1, x2, · · · , xn),Y = (y1, · · · , yn) ∈ Łn(E). Then,

2m

√
1√
n

max{we((XY)m), we((YX )m)} ≤ we

([
0 X
Y 0

])
.

Proof. Let 𭟋 =

[
0 X
Y 0

]
. Then, 𭟋2m =

[
(XY)m 0

0 (YX )m

]
for all m = 1, 2, · · · , n. Using

Lemma 7 and Theorem 12, we obtain

max{we((XY)m), we((YX )m)} = we

(
𭟋2m

)
≤

√
nw2m

e (𭟋).
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So, the proof is complete.

Next, we will establish the subsequent lower and upper bounds.

Theorem 19. Let X = (x1, x2, · · · , xn),Y = (y1, · · · , yn) ∈ Łn(E). Then,

1
2
(max{we(X −Y), we(X + Y)}) ≤ we

([
0 X
Y 0

])
≤ 1

2
(we(X −Y) + we(X + Y)).

Proof. It follows from Lemma 7(v) that

we(X + Y) = we

([
0 X + Y

X + Y 0

])
= we

([
0 X
Y 0

]
+

[
0 Y
X 0

])
≤ we

([
0 X
Y 0

])
+ we

([
0 Y
X 0

])
(since we(·) is a norm)

= 2we

([
0 X
Y 0

])
(by Lemma 7(iii)).

By replacing Y with −Y , we have

we(X −Y) ≤ 2we

([
0 X

−Y 0

])
= 2we

([
0 X
Y 0

])
.

Consequently,

1
2
(max{we(X −Y), we(X + Y)}) ≤ we

([
0 X
Y 0

])
.

To prove the second inequality, consider a unitary operator. Let u = 1√
2

[
1 1
−1 1

]
. Then,

we have

we

([
0 X
Y 0

])
= we

(
u∗
[

0 X
Y 0

]
u
)

=
1
2

we

([
X + Y X −Y

−(X −Y) −(X + Y)

])
≤ 1

2
we

([
X + Y 0

0 −(X + Y)

])
+

1
2

we

([
0 X −Y

−(X −Y) 0

])
(since we(·) is a norm)

=
1
2
(we(X + Y) + we(X −Y)) (by Lemma 7(iii)).

The proof of the theorem is now concluded.

The following example illustrates Theorem 19.

Example 2. Let X = (x1, x2),Y = (y1, y2) ∈ Łn(E), where E = M2(C), x1 =

[
4 −3
1 2

]
, x2 =[

2 −3
1 2

]
, y1 =

[
5 1
1 2

]
, and y2 =

[
8 5
1 2

]
. First, let us compute |||𭟋|||:

|||𭟋||| = |||[x1, x2]||| = |||x∗1 x1 + x∗2 x2|||
1
2 =

∣∣∣∣∣∣∣∣∣∣∣∣[ 20 −9
−9 13

]∣∣∣∣∣∣∣∣∣∣∣∣
1
2

=

√
33 +

√
373

2
.
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Next, let us compute we(𭟋):

we(𭟋) = sup


(

2

∑
k=1

|ψ(⟨ξ, tkξ⟩)|2
) 1

2

: ξ ∈ C2, ψ ∈ ϖ(A), ψ(|ξ|) = 1

.

Now, consider X = (x1, x2) and Y = (y1, y2). We will evaluate the expression

we

([
0 X
Y 0

])
= we

 0 x1 x2
y1 0 0
y2 0 0


= sup


(

2

∑
k=1

|ψ(⟨ξ, tkξ⟩)|2
) 1

2

: ξ ∈ C2, ψ ∈ ϖ(A), ψ(|ξ|) = 1


= we(X + Y) =

√
85.

With these values, we have

1
2
(max we(X −Y), we(X + Y)) =

1
2

(
max

√
5,
√

85
)
=

1
2

√
85.

Also
1
2
(we(X −Y) + we(X + Y)) =

1
2

(√
45 +

√
85
)

.

Therefore, the inequality becomes

1
2

√
85 ≤

√
85 ≤ 1

2
(
√

45 +
√

85).

We derive the following inequalities by employing Theorem 19.

Corollary 6. Let 𭟋 = (t1, · · · , tn) ∈ Łn(E) for all j = 1, · · · , n. Then,

1
2

we(𭟋) ≤ we

([
0 X

eiθY 0

])
≤ we(𭟋).

Proof. Replacing Y with iY in Theorem 19 and then using Lemma 7, we have

1
2
(max{we(X + iY),X − iY}) ≤ we

([
0 X

eiθY 0

])
≤ 1

2
(we(X + iY) + we(X − iY)).

This implies that

1
2
(max{we(𭟋), we(𭟋∗)}) ≤ we

([
0 X

eiθY 0

])
≤ 1

2
(we(𭟋) + we(𭟋∗)).

But we know that we(𭟋) = we(𭟋∗) and so the result.

4. Conclusions and Future Work

This study shows different kinds of inequalities linked to a mathematical operation
called the Euclidean operator radius. We look at groups of these operations, adding them
together and multiplying them. We also find a special kind of inequality involving the
power of the Euclidean operator radius. We explain how to make these operations into
parts of small square arrays called “2 × 2 operator matrices” and use them to understand
more about the Euclidean operator radius. We introduce new kinds of inequalities by using
a way of measuring called the Euclidean numerical radius and another called the Euclidean
operator norm. These inequalities give us rules for the smallest and largest possible values
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when we add, multiply, or measure the size of groups of these operations. In addition, we
discover more inequalities by studying how the Euclidean numerical radius works with
2 × 2 operator matrices. Lastly, we establish a rule about the Euclidean operator norm of
2 × 2 operator matrices.

This study extensively explores the complexities surrounding inequalities associated
with the Euclidean operator radius, providing valuable insights into how groups of n-tuple
operators interact through addition and multiplication. It introduces a novel power in-
equality unique to the Euclidean operator radius, thus enhancing comprehension of this
foundational concept. By examining the roles of n-tuple operators within 2 × 2 operator
matrices, this research uncovers inequalities related to the Euclidean operator radius, uti-
lizing metrics such as the Euclidean numerical radius and the Euclidean operator norm.
Additionally, it presents a variety of innovative inequalities that not only impose constraints
on arithmetic operations and the Euclidean numerical radius but also facilitate the establish-
ment of inequalities for the Euclidean operator radius. Through the meticulous analysis of
Euclidean numerical radius inequalities within 2 × 2 operator matrices containing n-tuple
operators, this study reveals a fresh inequality that specifically addresses the Euclidean
operator norm. Throughout its exploration, the study underscores the importance of identi-
fying and understanding symmetries within linear operators and matrices, highlighting
the profound influence of symmetry in mathematics across diverse domains. By eluci-
dating these symmetries, this paper enriches readers’ comprehension of mathematical
principles and their manifold applications. For future research, it is recommended to delve
deeper into these inequalities and their implications in various mathematical contexts,
potentially exploring additional dimensions of symmetry and extending the analysis to
higher-dimensional operator spaces.
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16. Chō, M.; Takaguchi, M. Boundary points of joint numerical ranges. Pac. J. Math. 1981, 95, 27–35. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.56947/amcs.v21.246
http://dx.doi.org/10.3390/sym15051061
http://dx.doi.org/10.2140/pjm.1981.95.27

	Introduction and Preliminaries 
	Euclidean Operator Radius of n-Tuple Operators
	Euclidean Operator Radius of 22 Matrices
	Conclusions and Future Work
	References

