Results in Physics 19 (2020) 103684

journal homepage: www.elsevier.com/locate/rinp

Contents lists available at ScienceDirect

Results in Physics

L)

Check for

On the interaction between (low & high) frequency of (ion-acoustic & | e
Langmuir) waves in plasma via some recent computational schemes

Mostafa M.A. Khater »>-!, Raghda A.M. Attia®"!, Emad E. Mahmoud “%!,
Abdel-Haleem Abdel-Aty “"'-*, Kholod M. Abualnaja ', A.-B.A. Mohamed ™,

Hichem Eleuch/&b!

a Department of Mathematics, Faculty of Science, Jiangsu University, 212013, Zhenjiang, China

b Department of Basic Science, Higher Technological Institute, 10th of Ramadan City 44629, Sharkia, Egypt
¢ Department of Mathematics and Statistics, College of Science, Taif University, P.O. Box 11099, Taif 21944, Saudi Arabia

d Department of Mathematics, Faculty of Science, Sohag University, Sohag 82524, Egypt

¢ Department of Physics, College of Sciences, University of Bisha, P.O. Box 344, Bisha 61922, Saudi Arabia

f Physics Department, Faculty of Science, Al-Azhar University, Assiut 71524, Egypt

8 Department of Mathematics, Faculty of Applied Science, Umm Al-Qura University, P.O. Box 14949, Makkah, Saudi Arabia
h Department of Mathematics, College of Science and Humanities in Al-Aflaj, Prince Sattam Bin Abdulaziz University, Al-Aflaj, Saudi Arabia

i Department of Mathematics, Faculty of Science, Assiut University, Assiut, Egypt

I Department of Applied Physics and Astronomy, University of Sharjah, Sharjah, United Arab Emirates
K Department of Applied Sciences and Mathematics, College of Arts and Sciences, Abu Dhabi University, Abu Dhabi 59911, United Arab Emirates
!Institute for Quantum Science and Engineering, Texas A&M University, College Station, TX 77843, USA

ARTICLE INFO ABSTRACT

MSC: Applying several latest theoretical techniques, the empirical description of the interaction between the
26A33 high-frequency Langmuir and the low-frequent ion-acoustic waves, derived mathematically by Zakharov’s
34A08 non-dimensional (ZE) equation. These interactions are described in electromagnetic waves, plasma physics,
35840 signal processing through optical fibers, coastal engineering, and fluid dynamics. Three modern computing
Keywords: methods are being used to construct several solutions: the extended exp(¢)-expansion process, the popular
The ctl%mensionless form of the Zakharov (ZE) Kudryashov process, and the modified Khather method. Centered on the properties of the Hamilton system,
equation

The high-frequency Langmuir waves
The low-frequency ion-acoustic waves
Computational schemes

Solitonary Solutions

Stability property

the stability properties of the solutions are investigated. The physical proprieties are illustrated using 3D plots.
The originality of the obtained solutions is explored. We demonstrate that we retrieve the old known solutions
and we obtain new solutions that have never been found before.

1. Introduction

The dynamics of several natural phenomena at small scales is de-
scribed by the partial differential equations (PDEs) [1]. For example,
the electrical and mechanical proprieties of materials has been explored
by solving PDEs [2—4]. PDEs are also governing the dynamics in solid-
state physics, [5] plasma physics, [6,7] chemical kinematics, fibers [8,
9], control theory, [10,11], signal processing, electro-circuits [12], bio-
genetics [13,14], cell recognition [15], cell detection [16], non-linear
optics [17,18], Quantum mechanics [19,20] and fluid movement [21,
22]. Due to the increasing need for closed-form solutions that allow

the investigation of many phenomena in the above-mentioned areas,
the PDE research field is becoming very active [23-26].

Furthermore not only analytical but also numerical solutions of
PDEs become now essential tools for analyzing and simulating complex
structures and phenomena in physics [27-34]. Consequently, various
systematic techniques have been suggested as useful methods to inves-
tigate the closed-form solutions for many physical phenomena, such
as the vector iteration method, the Adomian decomposition technique,
the homotopic disruption method, the finite element protocol, the
ex-function method, the Riccati expansion mechanism, the sech-tanh
Method, and so on [35-41].
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Here we are using a mathematical model explains the relationship
between the Langmuir high frequency and the acoustic waves [42,
43] of low frequency. This mechanism is defined mathematically by
Zakharov’s dimensionless type, derived from Zakharov [44,45]. This
equation is given by [46]

{ B+ Pt w P (IBP) P=Fo.

@
Pt — Pxx = (|‘13|27)XX,

where L‘B =P, 1), ¢ = p(x, 1)1 respectively, represent the envelope of

the high-frequency electric field and the plasma density. While w, is
arbitrary constant.

For [W (IB1?) = 1B, v = 1], Eq. (1) becomes

{ 1P, + Py, +w, [PBIPP=To. @

Prt — Pxx = (|q3|2)xx P
Using the following transformation [‘B =YY =Y, = x—

rit,d = —ryx +r3t+rywhere r;, (i = 1,2,3,4)are arbitrary constants.]
on Eq. (2), leads to
{ (Y =Y +Y" =2 Y =Y +w, Y} =Y ) 7 =0,

(r% - ]) @ — (Yz)” =0.

3

For (r;+2r, = 0) and twice integration of the second equation in Eq. (3)
with zero constant of integration then substituting the result into first
equation of the same system, yields

Y'Y +4,Y =0, @
where [ql =r+ rg, ¢ = <w1 - ﬁ)] Using the homogeneous
1

balance principles on Eq. (4), yields [n + 1 = m|. So that, the explicit

solutions of Eq. (4) takes many explicit expressions with respect to the
values of n, m. For simplification, we take the following values of them

n=1&m=2|.

The goal of our research paper is investigating the solitary solutions
of the dimensionless form of the Zakharov equation via three recent
analytical schemes to explain distinct types of computational solutions.
These solutions are deeply helpful to explore more physical and dy-
namical behavior of the plasma hydrodynamics as well as their further
applications in practical life.

The remaining parts of this paper are presented as: Three latest
computational schemes are used in Section 2 to determine separate
formulations of the dimensionless version of the Zakharov equation
and are presented in various forms. In Section 3, we analyze the
stability property of the obtained solutions. In Section 4, figures of the
obtained solution are illustrated. In Section 5, the novelty of our paper
is discussed. We end up by a conclusion in Section 6.

2. Explicit wave solutions of the dimensionless form of the Za-
kharov equation

In this section, we try to find some distinct stationary wave solutions
of Eq. (1) via applying three recent analytical schemes.

2.1. The extended exp(¢)-expansion method

By Using the extended exp(¢)-expansion method, we obtain the
general solutions of Eq. (4) as:
Yrpa e t® g @) 4 g, 2D 4 g

Y@F =22 = , )
& zlf':Obie—iqﬁ(S) b, e—¢(3)+b0
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where [“0» ay, a,, by, bl] are arbitrary constants. Also, ¢(F) is the solu-

tion function of the following ordinary differential equation

1) = o o) 4 53
@) =sy¢ + o T (6)

where [sl, S2, 33] are arbitrary constants to be determined later. Substi-

tuting Eq. (5) into Eq. (4) along (6), collecting all terms with the power
of |e7#® i =0,1,2,...|, and equating them to zero, yield a system of

algebraic equations. Solving this system we obtain

Family I
ag (blsl + 2b053) 2apb; s3
a; — ,ay — s
bos; bos;
22
q = 1 (4szs3 —sz) ,G) = —boi.
2 ! Zag

Thus, the traveling wave solutions are given in the following formula
When (s; = 1)
For [ﬁ — 45, >0&s, # 0]

PB(x, 1)

ay ' (04 <\/sf — 4s,s, tanh (%‘/sf —4s, (n —rlt+x)> +s? —4s2>
bys, (,/xf — 4s, tanh (%\/sf —4s, (n—r|t+x)> +s1>

B

@)
PBo(x,1)

ag ¢! 30y <, /53 = 4s,5, coth <%\/s? —ds, (n—rt+ x)) +57— 4s2>
bos, (\/xf — 4s, coth (%\/sf —4s, (ﬂ—r1t+x)> +s1>

®
For [sf — 45, >0& s, =0&s; # 0]
ag € (r3t+ry(=x)+ry) (951('1—’1”')‘) + ])

Bs(x, 1) = . ©)
3 by (351(’7_’17+X) _ 1)

For |52 —4s, =0&s5, # 0& 5 # 0

2(10 el (r3t+ry(=x)+ry)

1) = . 10
Falx.0) bO(s] (r]—rlt+x)+2) (10)

For |52 —4s, <0&s, #0&s; #0

Ps(x,1)

ag e! s+ <—\ [4s, — sts, tan (% 4sy — st (n—rit+ x)) +57 - 4s2>
bys; <sl - \/4S2 - sftan (%\/4s2 - sf (r] - rlt+x)>>

)

an
Pe(x, 1)

ag e! "3t <—‘ [4s, — s%sl cot (% 4s, — sf (n—rt+ x)) + s% - 452>
bys; (sl - \/4s2 - s? cot (%\/4s2 - s% (n —r1t+x)>>

12

Family II

2a;s3 1 2 b?s%
,by = 0,q; - = (4 — Gy > ———.
5 0 q1 2( 5253 51) 5} a2

[ao - 0,a, =
1
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The traveling wave solutions in this case given as
When (s; = 1)
For [sf — 45, >0&s, # 0]

B (x, 1)

a, ' (04 (y/s% — 4s,s, tanh (%\/sf —4s, (n —rlt+x)> +s? —4s2>
bys, <\/sf — 4s, tanh (%\/s% —4s, (n—r|t+x)) +s,)

5

13)
Pg(x,1)

ay e s+ (\ [s? = 4s,s, coth <%‘/s? —ds, (n—rt+ x)> +s57 - 4s2)
bys <\/sf — 4s, coth <%\/sf —4s, (n—r1t+x)> +s1>

(14)
For [sf —45,>0& s, =0& sy # 0]
a, et(r3l+r2(—x)+r4) (esl(rlfr]ter) + 1)
Bolx,1) = (15)
bl (esl(n—rlt+x) — 1)
For [sf — 45, =0& s, #0& 51 # 0]
201 el (rat+ry(=x)+ry)
Piox, 1) = (16)

by (51 (r]—rlt+x)+2).
For [sf—4s2 <0&s, #0&s, ;eo]

Pix. 1)

ay e' st (=04r) ( \/4s, — s sﬁan(% 5y — 5 (r]—rlt+x)> +sf—4s2>
b1s1< -5 tan( \/4s, — st (n—r1t+x))>

a7

Pialx,1)

ay @ 5=+ (

bys; (s

1 2 2
45, — s s1c0t<§ 4s, — 57 (n—r1t+x))+s]—4s2>

4sy) — s CO[(% —s? (n—r1t+x)>>

77

18)
Family III
4ags3 2bs3 1 2 bgsi
ap —»0,ay —» — SR i 741*5(45253_51)’42*_F

1
then, the traveling wave solutions are given in the following formula
Case one (s3 =1)

For [sf — 45, >0&s, # 0]

B 3(x, 1) = (—16ays53 ¢ 20 ) /[bos1 <\/s —4s,
><tanh(1 —r1t+x)>+s1>

-4
3 s s2

X <\/sf—4szsltanh< \/s —4s2 n—rit+x >+s%+4s2>],

19)
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s —4s2 —r,t+x)

2

X <\/s§—452slcoth( \/s —452 n—rit+x >+s%+4s2>].

(20)

Pru(x,1) = (—16a,s3 &' 347209474 ) / [ bys, (\/s —4s,
(3i-wtrmrmen) )
X coth +5,

For [sf—ztsz >0&s, =0&s, ;eo]

;B ( ) 400 el (rat+ry(=x)+ry) (21)
15(x,0) =— .
bO (651(?1*’11+X) — 3) (esl(rlfrlter) - 1)

For [s§—4s2 =0&s, #0&s, ;éo]

aos% et(r3t+r2(—x)+r4) (’7 _ I‘ll + x) 2 (22)
1) == .
Pis(.) by (s] (n—rlt+x) +2) (2s1 (n—r]t+x)+2)

For [sf—4s2 <0&s, #0&s, ;éo]

(‘1317(x’ I) _( 160 S2 ez(r3r+r2( x)+r4) /

O
)

tan X <% 452—s2 —r1t+x)>

X (—\/432 — 25, tan <% 4sy — 52 (n—r1t+x)) +sf+4sz> ]

(23)

(le(xvt) _( ]6a052 1 (r3t+ra(— x)+r4) / [bosl /452 —S

xcot(% 4sy — 52 ( —r,t+x)>)
X (—\/4s2—sfslcot< \/4s, — —rlt+x>+sf+4s2)].

(24

Family IV
222
aysy 53 2bys3 2 8655353
ay > —.,ay > —=,b; > g = ST 4828340 = —— 5.
s S5 5 as:

The traveling wave solutions are then
When (s; = 1)
For [sf —4s,>0&s, # 0]

Piolx, 1) = (4‘105152 e 3=t )/ [bo <\/S%_—452
X tanh <%\/S% —4s, (r]—rlt+x)> +sl>
X <\/sf — 45,5, tanh <%\/Sf —4s, (n—r1t+x)> +s% —4s2> ],
(25)
Pog(x, 1) = (4ags, s, €' 3H20+) )/ [bo (\/ 57— 45,
X coth (%\/5% —d4s, (n—rlt+x)> +sl>
X <\/s% —4s,5, coth <%\/sf —4s, (n—r1t+x)> +s% —4s2> ] .

(26)
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For [sf — 45, =0& s, #0& s # 0]

aoséll et(r31+r2(—x)+r4) (’1 —rt+ x) 2

Py (x,1) = 27)

8bysy (51 (n—rit+x) +2)

For [sf—4s2 <0&s, #0&s, ;eo]

‘1322()6,1) - (4005152 ez(r3r+r2(*x)+r4) ) / b() <S] _ 4S2 —_ S%

><tan<% 4s2—s%(r1—r1t+x)>>
X (—\/4s2—sfsltan<% 4s2—s%(n—r1t+x))+s%—4s2>],

(28)

Pos(x,1) = (dags, s, e 312004 ) / [ ( —\/4s, — s

xcot(; 4sy — 52 ( —r,t+x)>>
X (—\/4sz—sfslcot< \/4s, — —r|t+x>+s?—4s2)].
(29)

Family V

[ 4ays, 4003§ 2bys3
S S S
2.2
1 ) b )
q — 3 (4s2s3 —sl) Gy > ———=.

The traveling wave solutions are given then
When (s; = 1)
For [sf — 45, >0&s, # 0]

‘324(x,t)=< 8ags, e 31Hr2(=x)+ra) (\/s%—452s1
X tanh (%‘/s%—4s2 (i1—r11+x)>+s%—252>>
/[bosl<\/s%—4sztanh<%\/s%—4s2(n—rlt+x)> (30)
o (VF
X tanh(%\/s%——étsz(n—rlt+x)) +sf —4s, )]

Pos(x, 1) = (—Saosz el (3itra(=)+ry) <\/sf — 48,5,
X coth (%\/sf —4s, (n—r1t+x)) +5 —252>)
/ [bosl (\/sf — 45, coth (%\/S% —4s, (n—r]t+x)> +sl)
X (\/s? — 45,5, coth (%\/S? —4s, (n—r,t+x)> +s% —4s2) ] .

(€20)]
For [sf —45,>0&s, =0&s, # 0]
Poe(x,1) = bl—o [Zao exp (s; (n—ryt+x) +rst+ry(=x)+ry)
x (coth (s, (n =11 +x)) _1)] . 32)
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For [sf — 45, =0& s, £0& s # 0]

agsy € 3RO (g — i x) (s (n—rit+x) +4)

Pyl t) == 2b, (51 (r/—rlt+x)+2)

. (33)

For [sf—4s2 <0&s, #0&s, ;&O]

Pog(x,1) = (Sa 5, €t (320 <\/4sz - sis,
tan(% 452—S%(n—rlt+x)>—s?+2s2>)
/[bosl <sl — /45, =5 tan< 4s, — (r/—rlt+x)>>
< \/4sy — 5 s,tan(%\/% —s% (n—r]t+x)> +sf—4s2> ],

(34

ng(x’ )= (800S2 ot (3t (=x)+74) < /4s2 _ S%Sl

X cot <% 45 =5} ("_r‘H—x)) —s?+252>)
I M)

< \/4s, — s slcot<%\/ —s?(n—rlr+x)>+s%—4s2>].
(35)
Family VI
2ay5153 2a0s§ 2bys3
a — > ,dy = — 501 - 5
57— 285583 25953 — 5] S1
) 2b§ (s% — 2s2s3) 2
q — -2 (s1 —4szs3) N —T.
0 1

The traveling wave solutions are then
When (s; = 1)

For |s? —4s, > 0&s, ;éo]

Po(x, 1)
45, ( \/S%—_MZ:] lanh(% \/:f—_4§z(r1—r1 r+x))+s%—2xz)
(sf—2s2><\/xf—_452mnh(%\/sf—_4.vz(rl—r,r+x)>+xl)z (36)

45y

4/ S%—4s2:| lanh(% 1/ S%—4Sz(}1—l’1 r+x)>+s%

ag e (r3t+ry(=x)+ry) | ] —

bo|1-

P (x, 1)

a, et (r3t+ry(=x)+ry) <l _

45, ( 1/ s%—4szsl coth( % \V s%—432(n—r1 1+x))+s% —252)
(s%—Zsz ) ( \/5%—432 colh(% \/v% —4sz(r]—rl t+x))+sl )2

bo 1— 4s9
\/5%743'2&] colh(% \/5%74520]7” t+x))+s%

37

For [s§—4s2 >0&s, =0&s, ;éo]

Piy(x,1) = bi (ag @' r3+r2044) coth (s, (= rit +x))). (38)
0
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Fig. 1. Numerical simulation of absolute, real, and imaginary Eq. (7) in three-dimensional plots.

For [s§—4sz =0&s, #0&s; #0

Pz (x, 1) =— [a e 320D (g (n — it +x) +2)

(
y <2_ 53 (n—=rit+x) (51 (n —r1f+x)+4)>]. (39)

(sl =2s,) (sy (n=r1t+x)+2)2

For [s§—4s2 <0&s, #0&s, ;éo]

PBa(x, 1)

ag et r3t+ra(=x)+ry) 4 ( \/msl tan( % \/‘T—S?(U—rl t+x))—s%+2s2) +1
(s% —2s, ) (51 —\/4&2—5% tan( % \/452—s%(;7—r1 H-x)))z

b 1— 45y ,
0 3= \/4s2—s?mn(% \/4.?2—s%(n—rlt+x))
(40)
Pss(x, 1)
a o (yt+ra(=x)rg) 45y ( 1/ 4x2—s%51 cot ( % 1\ 4s2 —s% (n—rl t+x)) —s% +259 ) +1
(s% 257 ) (sl —\/4s2—sf cot( % \/452 —s%(r]—rl t+x)) )2

bO 1— 4sy
.v% -5 \/4s2—s% col( % \/4s2—s%(n—r1 t+x))

(41D

Note that, when (s; =1) and (s, =5, =0) for all above families

[I, II, IIL, IV, V, VI], we get a trivial solutions.

2.2. The generalized Kudryashov method

By applying the generalized Kudryashov method, in Eq. (1) we
construct the general solution of Eq. (4) as:

> a; 0R)
Y, b AG)Y

o QF)? +a; QF) + a
b Q) + by

Y®) = (42)

where [ao, ay, as, by, bl]{ are arbitrary constants. Also, Q(F) is the

solution function of the

'@

ollowing ordinary differential equation

= 0F)? - @), 43)

Substituting Eq. (42) into Eq. (4) along (43), collecting all terms with
the power of |Q(F), i=0,1,2,...|, and equating them to zero, yield a

system of algebraic equations. Their solutions are given as following:

Family I
W @by 2ah ! _)_(b1—2b0)2
0 —b1—2b0’ 2 b, _2b0,111 2542 —20% .
Family IT
a; Sbé
ay = ——,a, = —ay, by - =2by,q; - 2,9, > ——-.
| 2 @
Family III
a 1 807
ay = ——,a, > —ay, by - =2by,qy > —=,q, > ——.
4 2 p
Family IV
. ) bé
a; = 0,ay = —4ay, by = 2by,qy > —=,qp > ——.
- 2 2a(2)
Family V
[ ik i(by —2by) ,-\/51,1 1 ]
ap — ,ap ,ay = — Q= ==
V2y/a; YeN NG

Family VI

ib, iV/2b,
,ay =
\/E\/qz Va2

[a0—>0,a1—>— ,b0—>0,q1—>—%.]
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Fig. 3. Numerical simulation of absolute, real, and imaginary Eq. (19) in three-dimensional plots.
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Abs [Bas(x.t)]
20

Im [Bas(x.1)]

Fig. 5. Numerical simulation of absolute, real, and imaginary Eq. (31) in three-dimensional plots.
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0.275
Abs [Bxo(xt)] 0.270}

Fig. 7. Numerical simulation of absolute, real, and imaginary Eq. (36) in three-dimensional plots.
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0.5
m (Bas(x9]

-0.5

Fig. 9. Numerical simulation of absolute, real, and imaginary Eq. (44) in three-dimensional plots.
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05

- 00
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Fig. 10. Numerical simulation of absolute, real, and imaginary Eq. (44) in contour plots.

Family VII

2iv/2b, 2i/2b,

ay— 0,ay = —

,dy =

,by = =2by,q; = 1,]

Va2 0@
Family VIII
iv/2b, 2iv/2b, 2i/2b, ]
ay — ,a; = — ,ay = ,b1—>—2bo,q1—>—2v

Family IX

iby

ag — ,a, = 0,ap - —

2i/2b, 1
yby = 2by,q = —=.
2% B 2
Thus, the traveling wave solutions are respectively given in the follow-
ing formulas

alei(r3t+r2(—x)+r4) (erlt _ Aex)

Pasle = (2by — by ) (Aex +en7) “o
alei(r3t+r2(—x)+r4) (Azer + e2r|t)
Par0= 2y (217 — AZe2¥) 45
alei(r3t+r2(—x)+r4) (erlt _ Aex)
Pl = aby (Ae* + 1) “o)
aoei(r31+r2(—x)+r4) (erl’ _ Aex)
Pig(x, 1) = — 47)

by (Ae* + en)

10

jei(rat+ra(=x)+rq) (9’1’ _ Aex)

Pao(x, 1) = — 48)
40 \/E\/@(Ae"+e’1’)
iei(r3t+r2(—x)+r4) (erlt _ Ae")
By (x,0) = 49)
V24/2; (Ae* +en)
i t4iryt—iryx+irg+
Py (x, 1) = 21\/§Ae’1 iryt—iryx-+irg+x 0
VAR
iv2 i(r3t+ry(=x)+ry) AZe2x 4 Q211
Pas(x, 1) = —l\/_e (4% ) (51)
\/q_z (lelt - A2e2x)
iei(r31+r2(—x)+r4) (erlr _ Ae")
Pays(x,1) = — (52)

ﬁ\/q_z (Aex + e’I’)
2.3. The modified Khater method

Handling Eq. (1) by applying the modified Khater method, we
obtain the general solution of Eq. (4) in the following formula

n n
Y@ =) a, I'5® 1Y b 1715 40y = a) 15 +ay+b, 1759, (53)

i=1 i=1

where |ag, a, by, T' (T # 0, I # 1

$(3) is the solution function of the following ordinary differential
equation

are arbitrary constants. Also,

F'®) = 0y T3® 4y 3@ 4 UZ] , (54)

_L
In(T)
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Abs [Bao(xt)] 2

Fig. 11. Numerical simulation of absolute, real, and imaginary Eq. (48) in three-dimensional plots.

(d) (e)

Fig. 12. Numerical simulation of absolute, real, and imaginary Eq. (48) in contour plots.
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Abs [Bas(x)] 2
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Fig. 13. Numerical simulation of absolute, real, and imaginary Eq. (57) in three-dimensional plots.

where |vy, v,, v3| are arbitrary constants to be determined later. Sub-
stituting Eq. (53) into Eq. (4) along (54), collecting all terms with the
power of [I"S® ; =0,1,2,.. J, and equating them to zero, yield a

system of algebraic equations. Solving this system we get

Family I

Thus, the traveling wave solutions are given in the following formulas

2ayv 1 v?
0 3,b1 - 0,9, = = (40301 —U%),qz — ——.]
2 i 20%

For [U% —4vv;3 < 0&v3 # O]

Py (x, 1) = — (aome’('3’+’z(_x)+”> tan (%\/‘m (x= ’"1’))) s
(55)

Par(x,0) = P (aomewﬁ'?(’x)*”) cot (%m (x- r1t)>> .
(56)

For [vg —4v03 <0& vy # 0]

-1 / sty (=X, 1/
Ps(x,1) = 11_2 (‘lo U% — 4p vy & T fanh <5 U% —4vv4 (x —rﬂ))) s
(57)
-1 / sty ()4, 1/
Puo(x,1) = o <a0 U3 = 4v vy & BRI coth (5 v2 —4vv; (x - rlr)>> .
(58)
For [02 =03 =k & :O]
Pso(x, 1) = aq (— e 320940 ) coth (%K (x— r11)> . (59

12

For [vl =08& v, #0& vy ;eo]

ag ol (r3t+ry(=x)+ry) (U3 evz(x—rlt) + 2)

x,1)=— (60)
P (0 vye2(xnit) 2
Family II
2ayv 1 v?
[al - 0,b) = $,q1 - = (40301 - U%) N ——22]
2 2a;

Thus, the traveling wave solutions are given in the following formulas

For [v% —4vivy3 < 0&v3 # O]

‘BSZ(X’ I) =aq, P (r3t+ry(=x)+ry)

4vyv
1 = , (61)
= yfrures = uan (1yaoses = (x =10
Pss(x, 1) = ag ¢ V312078
4uiv
x|1- 103 2
vy = vzmcot <%m(x_ rlt))
For [ug — 4003 < 0& v3 # 0]
Psa(x, 1) = ag e (r3t+ry(=x)+r4)
4vq0
1 — , (63)

‘/ug—4vlv3vztanh<%\/l)§ —4v,0; (x—r]t)> +U§

(‘BSS(XV I) =aq, ! (r3t+ry(=x)+ry)
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Fig. 14. Numerical simulation of absolute, real, and imaginary Eq. (57) in contour plots.

4u,v
x |1 — (64)
,/ug —4v,v30, coth (%‘ /ug —4v04 (x - rlt)> + u%
For [u2 =d=r&uy =0]
- 4
— p(rattrp(=x)+ry) [ F
Pse(x,1) = age <er(x_r]t) - + 1) . (65)
For [03 =0&v, #0&v, ;60]
Ps(x,1) = ag ' (r3try(=x)+rg) [ 1 _ L . (66)
v, — vzeu2(x—r|t)

3. Stability

In this section, we will explore the stability property of the ob-
tained solutions using the Hamiltonian method for the dimensionless
version of the Zakharov (ZE) equation. The momentum is given by the
following formula:

1 [9
8:5 / YXF) d3, 67)

4
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where G, —G are arbitrary constants. Thus, the condition for stability is
given in the next condition:

oe

> 0.
arl ri=8

(68)

where r|, £ are arbitrary constants.

Investigating the stability of the solution of Eq. (4) by using (7) with

the following values of the constants (ay =5, by =6, n =4, s, =3, 5, =

2], yields:
£= 1612 [25 (257, —log (71 +2¢%) + log (%1 + 2¢°)
r
! (69)
—log (¢’1*! +2) +log (¢! +2))
Thus,
981 02009804350 > 0. (70)
0r1 r=2

This means, that this solution is stable.

Investigating the stability of the solution of Eq. (4) by using (44)

with the following values of the constants [bl =3,a,=4,A=5,b) =
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Fig. 15. Numerical simulation of absolute, real, and imaginary Eq. (61) in three-dimensional plots.

M.M.A. Khater et al.
Im [Bs2(x.1)]
2], yields:
e=1 [ 32 (~log (¢™1 + 5¢%) + log (%1 +5¢°)
r

! 71

—log (e¥17 +5) +log ("1 +5)) | +800
Thus, we obtain
981 1279999964 > 0. (72)
arl r=5

This means, this solution is stable.
Investigating the stability of the solution of Eq. (4) by using (57)

with the following values of the constants |ay =1, v, =5, v; =3, v3 =

2], yields:

£= 5 [# 1oe (co (3 (r=1)) ) =10 (comn (3 (r +1)) )] +2
73

Thus, we obtain

% o =0.01632653061 > 0. 74

This means, that this solution is stable, and by applying the same steps
to other obtained solutions, the stability property of each one of them
can be determined.

Remark. We have changed the value of the above-mentioned param-
eters as following [“0 =9by=3,n=75 =525 =6&a =12, A=

2,by=17,b =1&ay=-5, v, =6, v, =3, v3 = 1| the solution is stable,

however this does not reflect the stability over all parameter ranges. It
is worth to mention that the stability is preserved for wide range of
parameter sets.
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4. Tllustration of the solutions

In this section we plot the obtained solutions are traveling wave
solutions.

1. Figs. 1, 2 show the wave solution in three and contour plot
respectively for the absolute, real, and imaginary values of (7)

for [ag=4,by=3,n=1,r=-2r,=-3,r3=2r=-1s3 =
5, s2:6.]

2. Figs. 3, 4 show the cone wave solution in three and contour plot
respectively for the absolute, real, and imaginary values of (19)

for a0=4,b0=%,11:l,rl=—2,r2=—3,r3=2,r4=—1,s1=
5, sz=6]

3. Figs. 5, 6 show the solitary wave solution in three and contour
plot respectively for the absolute, real, and imaginary values of

(31) for [“0 =8,by=7,n=-6,r=-5r=-7r=6r=
—4,5,=3,5,= 2.]

4. Figs. 7, 8 show the periodic solitary wave solution in three and
contour plot respectively for the absolute, real, and imaginary

values of (36) for [ay=-2,by=-3,n=-5r=2,r,=3,r=
S,ry=7,8 =5, s2=6.}

5. Figs. 9, 10 show the dark solitary wave solution in three and
contour plot respectively for the absolute, real, and imaginary

values of (44) for [“1 =-2,A=1,by=3,b=4r =2,r,=

3,ri3=5r,= 7.]
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Fig. 16. Numerical simulation of absolute, real, and imaginary Eq. (61) in contour plots.

6. Figs. 11, 12 show the solitary wave solution in three and contour
plot respectively for the absolute, real, and imaginar]' values of

(48) for [A:l,q2=—4,r1=2,r2=3,r3=5,r4=7.

7. Figs. 13, 14 show the dark solitary wave solution in three and
contour plot respectively for the absolute, real, and imaginary

values of (57) for |ay = 10,r; =5,r, =6,r3 =7,r4 =8, 0, =
3, v,=2,03= 1.]

8. Figs. 15, 16 show the bright solitary wave solution in three and
contour plot respectively for the absolute, real, and imaginary

values of (61) for |ay = 10,r; =5, r, =6,r3 =7,r4 =8, 0, =
S5,v,=2,03= 3.]
5. The paper novelty

The novelty of our paper, which explains the originality of our
results, is discussed in this section. Three recent computational schemes
(the extended exp(¢)-expansion method, generalized Kudryashov
method, and the modified Khater method) are employed to construct
distinct types of solutions for the dimensionless form of the Zakharov
(ZE) equation. These solutions explain more novel properties for the in-
teraction between (low & high) frequency of (ion-acoustic & Langmuir)
waves in plasma. Applying all these schemes to the dimensionless form
of the Zakharov equation we deduce that:
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1. Applied methods:

The modified Khater method reproduces the same re-

sults as the extended exp(¢)—expansion method For |s, =
U3, 53 =01, 51 =0y, I =, &) = FS(S)].

The modified Khater method reproduces the same results

as the generalized Kudryashov method when [1"5(5) =

AF), v, =0,03=1,0, = —1].

2. Obtained solutions

According to the equivalence between these methods some
of the obtained solutions are leading to recover the so-
lutions obtained in all previous research papers with this
model.

Comparison between our obtained solutions and that have
been collected in [42,43,46-48], shows that our paper
where our obtained solutions are recovering these obtained
solutions in these papers. Moreover, we note that we have
determined novel solutions of this model have been never
found previously.
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6. Conclusion

In the dimensionless shape of the Zakharov (ZE) equation, multi-
soliton waves, periodic waves, dark waves, light waves, and wave
solutions have been derived. To analyze new dynamic and physical
actions of the interaction between (low &high) frequency and (ion-
acoustic & Langmuir) waves in plasma, three recent analytical schemes
have been used. The stability property of the obtained solutions has
been tested. Several figures have been plotted to illustrate the dynamics
of the solutions in the three-dimensional and contour map. We have
recovered the previous solutions of this model and we have derived new
exact solutions in closed-form that never been generated previously.
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