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[1] This study presents a framework that accounts for the uncertainty, relative
importance, and relative contribution of uncertain and spatially variable parameters and
the influence of statistical model assumptions in problems of infiltration in unsaturated,
heterogeneous formations. The relative importance of the saturated hydraulic conductivity
Ks, the van Genuchten a, and b parameters was quantified toward the mean pressure head
profile and the fluctuations about it. The broad implications of our study for site
characterizations efforts are the following. Statistical moments were seen not to be
sufficient for producing reliable modeling estimates. Significant information on the
detailed shape of the probability distribution is required in order to produce meaningful
predictions. When limited data are available, optimum allocation of resources is
accomplished by concentrating on Ks. When more extensive sampling can be done, both
Ks and b appear to be critical. Total system performance analyses may not provide the
most appropriate modeling estimates. The results of the relative importance of the
parameters for a specific layer did not coincide with the conclusions drawn from an
analysis of the system as a whole. INDEX TERMS: 1829 Hydrology: Groundwater hydrology;

1869 Hydrology: Stochastic processes; 1875 Hydrology: Unsaturated zone; KEYWORDS: unsaturated zone,

relative importance, stochastic hydrology
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1. Introduction

[2] Unsaturated flow in soil formations is a complex
process that even in relatively homogeneous systems is
not easily understood [Looney and Falta, 2000]. One major
factor that contributes to this complexity is the spatial
variability of soil properties. Field observations have shown
that the hydrologic properties of soils vary several orders of
magnitude even in the same geologic formation [Nielsen et
al., 1973; Freeze, 1975; Sudicky, 1986; Unlu et al., 1989,
1990a; Wierenga et al., 1991; Woodbury and Sudicky, 1991;
Wilson et al., 1994] and their distributions are subject to
uncertainty due to limitations in measurements. Thus the
effect of the spatial variability on predictions of the flow of
water and the transport of contaminants in unsaturated
porous media has become one of the focal points of
scientific investigations [e.g., Warrick et al., 1977; Dagan
and Bresler, 1983; Russo, 1983, 1984; Yeh et al., 1985a;
Unlu et al., 1990a; Wierenga et al., 1991; Russo and
Bouton, 1992; White and Sully, 1992; Russo et al., 1997;
Boateng and Cawlfield, 1999]. Studies of unsaturated flow
within porous media exhibiting heterogeneities have adop-
ted a statistical framework employing either analytic
approximations through linearizations and perturbation
methods or Monte Carlo simulations that have focused, in
their majority, on one parameter at a time.

[3] Our study is concerned with one-dimensional infiltra-
tion in unsaturated, heterogeneous multilayered geologic
formations. In particular we are interested in investigating
the effect of assumptions made about the statistical structure
of the data on the prediction of pressure head and saturation
profile as well as the relative importance of each parameter
that enters the van Genuchten [1980] relation. Stochastic
studies by Yeh et al. [1985a, 1985b, 1985c] had investigated
the spatial variability of the flow in an unsaturated multi-
dimensional medium under steady state conditions. The
one- and three-dimensional results were found to agree for
large values of the autocorrelation length and for coarse-
textured soils. The variance of the pressure head was found
to be mean dependent, increasing with the mean soil water
pressure head. Yeh [1989] used the exponential model
[Gardner, 1958] for the unsaturated hydraulic conductivity
to develop quasi-recursive analytical solutions for the pres-
sure head profile that develops as a result of one-dimensional
steady state infiltration in perfectly stratified media. The
cross correlation between the Gardner model’s parameters
was found to affect flow behavior. When these parameters
were assumed to be uncorrelated the variance in pressure
head increasedwith a decrease in the infiltration rate, whereas
the opposite behavior was observed for parameters that were
perfectly correlated.
[4] The extent to which data collection influences our

prediction of the saturation and pressure profiles has been
investigated in several studies. Smith and Diekkruger
[1996] considered one-dimensional vertical flow through
various heterogeneous soils to determine the behavior of
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average soil characteristics. These authors emphasized that a
small number of soil samples cannot support conclusive
interpretations of the statistical nature of the parameters’
distributions and of the interdependencies that characterize
heterogeneous porous media. Development of simple
expressions that relate effective hydraulic properties with
sample measurements or boundary conditions did not
appear feasible. Yeh and Zhang [1996] developed a geo-
statistical inverse technique to estimate the saturated
hydraulic conductivity and pore size distribution parameters
of the Gardner model under steady state, unsaturated flow
conditions, using data on moisture content and water
pressure. These parameters were found to be identifiable
when a large amount of information is available on soil
water pressure and degree of saturation. These authors also
showed that the cross correlation between hydraulic param-
eters varies with mean soil water pressure. Hughson and Yeh
[1998] extended the model by Yeh and Zhang [1996] to
three-dimensional transient flow, using the van Genuchten
model to describe the pressure-hydraulic conductivity and
pressure-water content relations. Their model provided
good estimates of the saturated hydraulic conductivity and
pore size distribution parameter, using pressure head and
moisture content data. Harter and Zhang [1999] investi-
gated the impact of the soil water content variability on
water flow and solute transport. These authors found that in
dry soils the coefficient of variation of the soil water content
is sensitive to the pore size distribution parameter a and the
tortuosity parameter m. At given water tension the coeffi-
cient of variation of the saturation increased nearly loga-
rithmically with decreasing m. In wet soils the spatial
correlation structure of the soil water content was found
to be similar to that of the pressure head. This finding
combined with the conditional simulation results by Harter
and Yeh [1996], who demonstrated that significant uncer-
tainty reduction in solute transport predictions can be
accomplished through conditioning on pressure head, indi-
cates that measurements of soil water content may, equally
to soil water tension data, assist in solute flux predictions.
Tartakovsky et al. [1999] developed a closed form alter-
native to conditional Monte Carlo simulations and used
conditional second moments to predict pressure head, water
content, and fluxes for steady state unsaturated flow. These
authors used a Kirchhoff transformation of the Gardner
model and treated the exponent a as a random constant.
For variances of the logarithm of saturated hydraulic con-
ductivity less than one the pressure head and its variance
compared well with the results of Monte Carlo simulations.
[5] In this studywe address the problem of one-dimensional

infiltration in unsaturated, heterogeneous, multilayered geo-
logic formations. Several types of distribution have been
presented in the literature to describe the parameters of this
problem. The first objective of our study is to assess what is
the effect on the flow behavior of the system (as a whole
and on each specific layer) of assumptions made about the
type of parameter distribution. By flow behavior we desig-
nate here the mean pressure profile and the fluctuations
about this mean profile. The assumption of the type of
distribution is critical, because only a small amount of field
data is usually available and even in relatively homoge-
neous formations, these data can be fitted by more than one
type of probability distribution [Smith, 1981; Unlu et al.,

1990a, 1990b; Woodbury and Sudicky, 1991; Russo and
Bouton, 1992; White and Sully, 1992]. The significance for
site characterization and modeling efforts of this assumption
lies in that, if the exact functional form of a probability
distribution is required, then a very dense measurement
network needs to be implemented in order to determine
unequivocally the statistics of the flow field. The second
objective of this study is to evaluate the importance (defined
under specific criteria developed in subsequent sections) of
each uncertain and spatial variable parameter of the flow
problem toward the total system’s uncertainty and the
uncertainty in each individual layer’s hydraulic behavior.
A theoretical framework is supplied where relative contri-
bution and relative importance of the parameters are clearly
defined. This aspect has important implications in site
characterization and modeling efforts because it allows the
concentration of resources on those factors that dominate a
system’s uncertainty.

2. Physical Problem and Conceptual Model

[6] Consider the physical problem of one-dimensional
infiltration in unsaturated porous media under a constant
infiltration rate. For this problem field data were utilized
from the characterization of the flow field at the potential
U.S. Department of Energy repository site of radioactive
wastes at Yucca Mountain, Nevada. Figure 1 shows the six
hydrogeologic units that were considered in our study
which, starting from the ground surface to the water table,
were: the Tiva Canyon welded (TCw), the Paintbrush non-
welded (PTn), the Topopah Spring welded (TSw), the
Topopah Spring vitrophyre (TSv), the Calico Hills non-
welded-vitric (CHnv), and the Calico Hills nonwelded-
zeolitic (CHnz) [Buesch et al., 1996; Rousseau et al.,
1999]. These units exhibit significant differences in their
properties and their hydraulic behaviors that are illustrated in
Tables 1 and 2.
[7] If one assumes, as is commonly done [Yeh, 1989;

Wilson et al., 1994; Zhang and Yeh, 1997; Harter and Yeh,
1998; Tartakovsky et al., 1999], that the infiltration rate is
constant at the site, and that steady state conditions have
been attained, then the hydrologic state between the ground
surface and the water table (pressure head and saturation
against depth) can be described by Darcy’s equation (1) and
the van Genuchten [1980] relation (2) for the unsaturated
hydraulic conductivity K(hp). For one-dimensional, steady

Figure 1. Schematic of the stratigraphy (not to scale).
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state, vertical infiltration through unsaturated soils [Ste-
phens, 1996] the specific discharge is given by

q ¼ �K hp
� � dhp

dz
þ 1

� �
ð1Þ

where hp is the pressure head, which is negative when the
soil is unsaturated, z is the vertical Cartesian space
coordinate, taken to be positive upward, and q represents
infiltration. The van Genuchten [1980] closed-form analy-
tical solution for the unsaturated hydraulic conductivity is
given by

K hp
� �

¼ Ks 1þ ahp
�� ��b� �� 1�b�1ð Þ=2

1�
ahp
�� ��b

1þ ahp
�� ��b

" #1�b�10
@

1
A

2

:

ð2Þ

Here Ks is the saturated hydraulic conductivity, a the van
Genuchten air entry scaling parameter, and b the van
Genuchten pore size distribution index parameter. The
saturation-pressure head relation is given by

Sw ¼ q� qr
qs � qr

¼ 1þ ahp
�� ��b� �� 1�b�1ð Þ

ð3Þ

where Sw is the effective saturation, q is the volumetric
water content, qs is the saturated water content, and qr is the
residual water content.
[8] Table 1 shows the statistical properties of the satu-

rated hydraulic conductivity Ks, the van Genuchten a and b
parameters for each individual unit, as tabulated by Wilson
et al. [1994]. The notation E( ) denotes expected value and
SD( ) standard deviation. The minimum and maximum
values of these parameters are given in Table 2 for each
hydrogeologic unit [Wilson et al., 1994]. Tables 1 and 2
illustrate the high degree of variability of the parameters
within each layer and between the different layers.

3. Theoretical Framework

3.1. Relative Contribution

[9] The parameters Ks,a, and b were considered as ran-
dom variables that follow the same probability distribution.
Three cases of cross correlation between Ks, a, and b were
investigated: uncorrelated parameters (case I), perfectly
correlated parameters (case II), and negatively correlated
parameters (case III). For simplicity, each parameter was
assumed in this study to be spatially uncorrelated. The
distributions used for the parameters in the analysis were:

the lognormal, the exponential, the uniform, and the trian-
gular. The lognormal distribution was chosen because it has
been shown to fit data at several sites [Unlu et al., 1990a;
Russo and Bouton, 1992; Boateng and Cawlfield, 1999].
The exponential distribution is appropriate for cases where
low values of a parameter (relative to the mean) are expected
to occur more often than larger values. This can be the result
of material changes from coarser to finer texture, sands of the
same grain size but of a stronger cementation in a part of a
system than another, a sand-shale system with higher per-
centage of shale than sand etc. The uniform distribution was
chosen because it describes the (common) situation where
one might have knowledge of only the range within which a
parameter lies, and the triangular because it represents the
case where, in addition to the minimum and maximum
values, one might have information about the most com-
monly occurring value. All distributions were generated
following the methodology described by Law and Kelton
[1982]. The lognormal distribution for each parameter in
each layer was generated such that the simulated mean and
the simulated standard deviation would match the values
given in Table 1. Similarly, the simulated mean of the
exponential distribution would match the values given in
Table 1. The range of the uniform and triangular distribu-
tions was given by the minimum and maximum values in
Table 2 while the most likely value of the triangular
distribution was set to be the mean value given in Table 1.
Truncated forms of the lognormal and exponential distribu-
tions [Law and Kelton, 1982] were utilized in this study with
Table 2 providing the truncation limits.
[10] By selecting a triplet of values from a specific

distribution i for the parameter set (Ks, a, b) for each point
of the grid and by performing a series of Monte Carlo
computations with N total selections one can create N hp
profiles. At each discretization point of the grid with a
coordinate z one can then average the N equiprobable
values of hp to obtain the mean capillary head hhp(z)ii and

Table 1. Statistics of the Hydrogeologic Parameters for Different Layersa

Rock
Unit

Thickness,
m

Ks, m/s a, 1/m b

E( ) SD( ) E( ) SD( ) E( ) SD( )

TCw 81 4.683E-11 1.68E-10 0.01373 1.89E-2 1.6122 1.31E-1
PTn 39 2.151E-07 4.22E-06 0.1337 2.03E-1 2.3562 8.27E-1
TSw 299 4.951E-11 1.16E-10 0.01737 1.53E-2 1.7395 3.24E-1
TSv 15 1.708E-11 2.37E-11 0.00297 2.21E-3 2.3265 6.78E-1
CHnv 64 3.503E-09 1.15E-08 0.03015 2.64E-2 2.5074 8.98E-1
CHnz 127 5.170E-11 1.56E-10 0.00841 1.01E-2 1.6992 3.13E-1

aRead 4.683E-11 as 4.683 � 10�11.

Table 2. Minima and Maxima of the Parameters for Different

Layers

Rock Unit

Ks, m/s a, 1/m b

Min Max Min Max Min Max

TCw 7.00E-13 4.83E-09 0.0003 0.1338 1.349 2.805
PTn 2.86E-12 2.35E-06 0.0104 1.6990 1.187 11.800
TSw 3.05E-13 5.23E-09 0.0021 0.4244 1.155 5.363
TSv 1.52E-12 6.95E-11 0.0002 0.0077 1.377 4.473
CHnv 5.13E-12 2.92E-07 0.0054 0.3752 1.249 9.888
CHnz 2.37E-14 3.14E-09 0.0004 0.2355 1.184 5.914
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the variance of hp, si
2, that applies to this point for a specific

distribution i:

hhp zð Þii ¼
1

N

XN
j¼1

hpj ð4Þ

s2i ¼
1

N� 1

XN
j¼1

hpj � hhp zð Þii
� �2

: ð5Þ

Here h i denotes ensemble averaging. Now one can
calculate, at each point z, the global mean hhp(z)iG, defined
as the arithmetic mean of the expected values from the four
distributions, as well as the global variance hs2iG, defined
as the arithmetic mean of the variances obtained from each
distribution:

hhpiG ¼ 1

4

X4
i¼1

hhp zð Þii ð6Þ

hs2iG ¼ 1

4

X4
i¼1

s2i : ð7Þ

By calculating the quantity hr2iT,

hr2iT ¼ 1

4

X4
i¼1

hhp zð Þii � hhpiG
� �2 ð8Þ

one can obtain at each point the divergence of the
distributions means from the global mean. Then the total
uncertainty on the global mean hhp(z)iG, can be obtained at
each point by [Paleologos and Lerche, 1999]:

s2T ¼ hr2iT þ hs2iG: ð9Þ

Here hr2iT is a measure of the uncertainty in the mean hp-
behavior because of the uncertainty in the type of
distribution, and hs2iG is the average fluctuation around
the mean hp-behavior irrespective of distribution.
[11] One can also examine, for every point, the relative

contribution of each distribution i toward the global mean
[Thomsen and Lerche, 1997], through the expression:

Cm ið Þ ¼
hhp zð Þii � hhpiG
� �2

P4
i¼1

hhp zð Þii � hhpiG
� �2 ð10Þ

and also calculate the relative contribution of each
distribution i toward the average variance:

Cvar ið Þ ¼
s2iP4

i¼1

s2i

ð11Þ

Both Cm(i) and Cvar(i), equations (10) and (11), respec-
tively, lie in the range of 0 to 1. Finally, by calculating the
ratios

hr2iT
s2T

¼ 1� hs2iG
s2T

ð12Þ

and

hs2iG
s2T

: ð13Þ

one can evaluate to what degree the total uncertainty at a
point of the grid is dominated by the lack of knowledge in
the type of distribution or by the fluctuations around the
mean values, respectively. A large value of the first ratio
(12) indicates that the choice of the probability distribution
model is critical in total uncertainty and, hence more data
need to be collected for a clear determination of the shape of
distribution. In contrast, a large value of the second ratio
(13) indicates that the fluctuations around the mean hp-
behavior are dominating the system’s total uncertainty and,
hence the parameters need to be defined more sharply.

3.2. Relative Importance

[12] Assume that out of the three parameters Ks, a, and b
one holds two at their mean values, and varies the third
according to a distribution i. By performing Monte Carlo
simulations one can obtain hhpii,k, the mean pressure head,
and s2i,k, the variance of the pressure head, due to the
fluctuations in the kth random parameter according to an
ith distribution. By repeating the procedure for all param-
eters the relative importance [Lerche, 1994; Paleologos and
Lerche, 1999] can be evaluated toward the mean pressure
head of each parameter k for every distribution i:

RI
hhpi
i;k ¼

hhpii;kP3
k¼1

hhpii;k
ð14Þ

as well as the relative importance toward the variance of
each parameter k and distribution i:

RIs
2

i;k ¼
s2i;kP3

k¼1

s2i;k

: ð15Þ

This way one can determine for a given range of variation
of the parameters, which parameter controls uncertainty in
the pressure head. Clearly, this process can be repeated for
all distributions (i = 1,. . ., 4) and then, for each parameter k,
one can calculate the relative importance toward the mean:

RI
hhpi
k ¼

P4
i¼1

hhpii;k

P4
i¼1

P3
k¼1

hhpii;k
ð16Þ

and the variance:

RIs
2

k ¼

P4
i¼1

s2i;k

P4
i¼1

P3
k¼1

s2i;k

ð17Þ

irrespective of distribution. Thus the above expressions can
provide a ranking of the importance of each parameter in the
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evaluation of the mean and variance of the pressure head for
a specific distribution, and irrespective of the choice of
distribution.

4. Monte Carlo Results

[13] The one-dimensional flow domain of length of 625m
was discretized into elements of length 0.1m, for a total of
6250 nodes. A constant infiltration rate of 0.1 mm/yr was
assumed as in the studies by Wilson et al. [1994], Mishra et
al. [1994], and Reeves et al. [1994]. The upper boundary
was considered as a prescribed flux boundary, whereas the
lower boundary was treated as a stationary water table. The
three variables Ks, a, and b were assumed as random
processes, with their statistics given by Tables 1 and 2.
Equation (1) was transformed into:

Zhp1
hp0

K hp
� �

dhp

K hp
� �

þ q
� � ¼ � z1 � z0ð Þ ¼ ��z ð18Þ

which was solved iteratively through an adaptive automatic
integration subroutine that was based on Newton’s – Cotes
9-point rule.

[14] Three cases were analyzed. Case I, where the cross
correlation between the hydraulic parameters was assumed
to be negligible [Russo and Bouton, 1992; Boateng and
Cawlfield, 1999; Yeh et al., 1985b; Yeh, 1989; Hughson
and Yeh, 1998; Harter and Yeh, 1998; Tartakovsky et al.,
1999]. Case II with the hydraulic parameters considered
perfectly correlated random fields [Yeh et al., 1985b; Yeh,
1989; Harter and Yeh, 1998] and case III, where a negative
cross correlation between the hydraulic parameters was
assumed [Russo, 1998]. For each node and for the param-
eter set (Ks,a, b) 500 Monte Carlo simulations were
performed. Thus for each choice of distribution 500 equi-
probable hp profiles along the 6250 nodes were created.
This process was repeated for the four types of distributions
and for all three cases of cross correlation. The results are
presented bellow.

4.1. Case I

[15] Figures 2 and 3 plot, for case I (Ks,a, and b uncorre-
lated random fields), the mean pressure head profile hhpi
and the variance around this profile, respectively. Figures 2
and 3 indicate that the exponential distribution function
produces the largest (in absolute value) mean pressure head
and head-variance profiles than any other statistical model

Figure 2. Case I: mean pressure head profiles.
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in all layers except in the TSv layer where the lognormal
distribution produced the largest profile and the largest
uncertainty. The lognormal distribution produced the small-
est (in absolute value) mean pressure head profiles in the
CHnz, TSw, and TCw layers whereas the smallest mean
pressure head profile in the remaining layers was generated
by the uniform distribution. Our results in Figure 2 can be
explained by considering the preference of the exponential
model to select, within a fixed range, lower Ks values than
any other probability distribution model, which given the
inverse relation between pressure head and Ks leads (all
other factors being equal) to the exponential model produc-
ing the largest (absolutely) pressure head profile in the
majority of the layers. The uniform model resulted in the
smallest fluctuations around the hhpi profile in all layers
except the CHnz layer where the uniform and lognormal
gave close results. Figures 2 and 3 indicate that irrespec-
tively of distribution type the variance of the mean pressure
head increases with increasing (in absolute value) mean
pressure head. This result is in agreement with the findings
of stochastic studies by Yeh et al. [1985b], field observa-
tions by Yeh et al. [1986] and analytical results by Yeh
[1989]. Additionally, as also noted by Yeh [1989], the
variance in pressure head is seen (Figure 3) to be minimal

near the water table, which can be attributed to the capillary
fringe effect.
[16] Figures 4 and 5 plot for case I the mean saturation

profile hSi and the variance around this profile, respectively.
Figures 4 and 5 indicate that the use of a lognormal or an
exponential distribution produces significantly larger mean
saturation profiles (values near saturation) and significantly
smaller fluctuations about this mean profile, than any other
statistical model, in almost every layer. If one considers b
fixed at about the value of two and the relatively small
standard deviation of b (see Table 1) then at large jahpj-
values equation (3) indicates that the saturation is approx-
imately proportional to jahpj�1. Because jhpj is inversely
proportional to Ks then the saturation is approximately
proportional to jKs/aj. Therefore the statistical distribution
of saturation depends upon the relative distributions of Ks

and 1/a. Figure 4 indicates that for uncorrelated parameters
the dominance of the small values of a for an exponential
distribution outweighs the fluctuations produced by Ks so
that the typical saturation would be relatively high in
comparison to the other distribution choices. For layer
TSv the mean saturation profile and the variations around
it are almost the same for all types of distribution. Figures 4
and 5 show that the saturation variance increases with

Figure 3. Case I: variance of the mean pressure head profiles.
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decreasing mean saturation values. The variance of mean
saturation appears to increase in coarse-textured soils (soils
that exhibit high a and Ks values), a result that agrees with
the conclusions of Harter and Zhang [1999]. The variability
in saturation is minimal near the water table irrespective of
distribution type. The strong dependence of pressure head
and saturation results on the shape of probability distribu-
tion supports the arguments of Harter and Yeh [1996] and
Harter and Zhang [1999] to use data to condition numerical
simulations.
[17] In order to simplify the depiction of our results for

the relative contribution and importance of the parameters
the detailed mean point profiles were averaged over the six
layers for each distribution. Such lumping of results over all
the formations is customarily done in studies of total system
performance assessments [Wilson et al., 1994] where the
hydrologic behavior is only one component of analyzing a
system’s response that may include geochemical, structural,
and other considerations. Figures 6 and 7 plot the relative
contribution of each distribution toward the global mean
and toward the average variance, respectively. Figures 6
and 7 demonstrate that the use of an exponential model for
the parameters produces a mean pressure head profile, as
well as fluctuations around this profile, that are significantly

larger than of any other statistical model. The importance of
assumptions made on the probability distribution is
exhibited by the values of the ratios hr2iT/sT2 and hs2iG/sT2 ,
equations (12) and (13), that are presented in Table 3. A
large value of the first ratio indicates that the choice of a
particular model is critical in total uncertainty and more
data need to be collected for a clear determination of the
shape of distribution and that is observed for all the layers
examined separately [Avanidou, 2000]. When the total
system is considered however less than half of the total
system’s uncertainty is attributed to the distribution model
assumption.

4.2. Cases II and III

[18] For case II parameters Ks, a, and b were considered
as perfectly correlated random fields, whereas in case III a
and b were considered negatively correlated with Ks. Only
the graphs for case II are shown here; the graphs for case III
have been omitted because of the similarity of the results
with case I or case II, but they are given by Avanidou
[2000]. Only a brief discussion is provided here that
compares the outcome of negatively correlated parameters
with the other cases. Figures 8 and 9 plot for all layers the
mean pressure head hhpi profile and the variations around

Figure 4. Case I: mean saturation profiles.

AVANIDOU AND PALEOLOGOS: 1-D INFILTRATION: IMPORTANCE OF PARAMETERS 14 - 7

 19447973, 2002, 11, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2001W

R
000725 by C

ochraneU
nitedA

rabE
m

irates, W
iley O

nline L
ibrary on [02/05/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



this profile, respectively. The use of an exponential distri-
bution produces the largest jhhpij profile for all layers
except for the TSv and PTn layers where the lognormal
model produces the largest jhhpij values; the graph for case

III closely resembles Figure 2 with the more pronounced
difference being the dominance of the lognormal distribu-
tion in both the TSv and CHnv layers. Figure 8 also shows
that the uniform distribution consistently underestimates,

Figure 5. Case I: variance of the mean saturation profiles.

Figure 6. Total system, case I: uncorrelated parameters;
contribution of each distribution toward the global mean,
equation (10).

Figure 7. Total system, case I: uncorrelated parameters;
contribution of each distribution toward the average
variance, equation (11).
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relative to the other distributions, the mean pressure head
for all layers, whereas in case I this was only true for the
PTn, TSv, CHnv layers and for case III for the TCw, PTn,
TSv, and CHnv layers. Figure 9 indicates that the lognormal
distribution produces everywhere the largest uncertainty
associated with the hhpi profile except at the PTn–TSw,
and CHnv–CHnz interfaces where the dominance of the
exponential model may be explained by the large jumps in
the mean pressure head values at these interfaces. In
contrast with case I and with Yeh et al. [1985b] cases II
and III show that the variability in pressure head is decreas-
ing with increasing (absolutely) mean pressure head values.
This discrepancy may be attributed to the value of infiltra-
tion rate that was used in our study since for perfectly

correlated parameters the infiltration rate has been seen
[Yeh, 1989] to influence the variability in pressure head.
Yeh [1989, Figure 4] found that the pressure head variability
decreased as the infiltration rate decreased up to a limiting
infiltration rate value beyond which the pressure head
variance increased. Figures 3 and 9 indicate that for the
exponential distribution a positive (or negative) cross cor-
relation between the parameters produces more uniform
pressure head profiles than when parameters are uncorre-
lated. The lognormal distribution appears to give smaller
variances in hhpi when the parameters are uncorrelated (or
negatively correlated) than when a positive cross correlation
is used. The other two distribution choices appear to be
insensitive to the form of cross correlation with regards to
the variance of hhpi.
[19] Figures 10 and 11 plot for all layers the mean

saturation hSi profile and the variance around it, respec-
tively. Figure 10 shows that the lognormal distribution
produces the largest mean saturation profile in every layer.
Similar to case I, in layer TSv the mean saturation profile is
almost identical for all choices of distributions (values near
saturation). The lognormal model produced (Figure 11) the

Table 3. Values for Expressions 12 and 13, Case I

Layer CHnz CHnv TSv TSw PTn TCw Total

hr2iT
s2
T

0.6336 0.7089 0.5196 0.7177 0.7188 0.8829 0.4676

hs2iG
s2
T

0.3664 0.2911 0.4804 0.2823 0.2812 0.1171 0.5324

Figure 8. Case II: mean pressure head profiles.
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smallest variations around the hSi profile for all layers
except for the CHnz and PTn where the exponential model
produced the smallest variance values. The corresponding
figures for case III are not shown here due to the similarity
with Figures 4 and 5. Figures 10 and 11 indicate that the
saturation variance increases with a decrease in the mean
saturation a conclusion shared with cases I and III. Our
results agree with the conclusions of Harter and Zhang
[1999] that the variance of mean saturation increases with
increasing a and Ks values. Furthermore, for all cases I, II,
and III, the variability in pressure head and saturation were
seen to be minimal near the water table irrespectively of
distribution type, which can be attributed to the capillary
fringe effect.
[20] Figures 12 and 13 plot for the total system the

relative contribution of each distribution model toward the
global mean and global variance, respectively. These plots
were produced by averaging the detailed mean point pro-
files over the six layers for each distribution. Similar to the
results of case I, in case II the exponential model produced
the largest jhhpij profiles and the largest fluctuations about
this profile. In case III the exponential model also produced
the largest jhhpij profiles (with similar values for Cm with
case II) but the lognormal model produced the largest

fluctuations around the hhpi profile (in contrast to cases I
and II).

4.3. Relative Importance

[21] In accordance with the procedure of section 3.2 Ks

was considered a random variable following one distribu-
tion type and a and b were taken as constants equal to the
mean values given for each layer in Tables 1 and 2. 500
Monte Carlo simulations were performed and the mean
pressure head, hhpii,k, and the variance of the mean pressure
head, s2i,k, were obtained due to the fluctuations in the Ks

parameter. This procedure was repeated for all parameters
and for all four distributions. The mean point profiles were
averaged over the six layers for each distribution.
[22] Figures 14 and 15 plot for the total system the relative

importance toward the mean and the variance of the pressure
head, equations (14) and (15), respectively, of each param-
eter and distribution model. Figures 14 and 15 show that the
prediction of mean and variance in pressure head is domi-
nated for the uniform and triangular models by Ks and b. The
exponential appears to depend equally on all three parame-
ters. The results for the lognormal distribution indicate a
stronger dependence on b (primarily for the mean pressure
head profile), followed by Ks. Similar graphs were produced

Figure 9. Case II: variance of the mean pressure head profiles.
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for each individual layer and showed that the ranking (and
relative percentage) of each parameter was not the same for
all formations. For the lognormal distribution the results for
the relative importance toward the mean in the CHnv, TSv,
PTn, and TCw, layers qualitatively agree with the rankings
shown in Figure 14. In contrast for the CHnz and TSw layers
it was found that a, rather than Ks, is the second dominant
parameter. For the lognormal distribution with respect to the
variance the CHnv, TSw, PTn, and TCw qualitatively agree
with Figure 15 whereas for the CHnz and TSv layers b and a
were found to be dominant. Mishra et al. [1994] analyzed
the marginal sensitivities at three depths that represented,
respectively, the upper boundary of the TSw unit, the
proposed repository horizon (within this unit), and the lower
boundary of the TSw formation. These authors found that,
for the same infiltration rate as ours and for a lognormal
distribution, the sensitivities in water saturation at all three
depths exhibited a stronger dependence on b and Ks rather
than a.
[23] Figures 16 and 17 plot for each layer the relative

importance toward the mean and the variance of each
parameter irrespective of distribution. Figures 16 and 17
suggest that the saturated hydraulic conductivity was
the most important parameter toward total system un-
certainty, with RIk

hhpi values greater than 0.49 for all layers,

with the exception of the CHnz layer where b was the one
that dominated. This result agrees with studies by Chen et
al. [1994a, 1994b] about the dominance of the saturated
hydraulic conductivity in unsaturated flow predictions. For
all layers (except the CHnz) the second most important
parameter was b (with RIk

hhpi values always larger than
0.26), and the least important was a. This result is in
agreement with Boateng and Cawlfield [1999] on the
importance of the b parameter but do not support these
authors’ conclusion that the saturated hydraulic conductiv-
ity can be considered as a deterministic variable with no
significant effect on the probability outcome.

5. Summary and Conclusions

[24] In this study a framework was presented that allows
the analysis of the uncertainty, relative contribution, and
relative importance of spatially variable parameters. This
methodology was applied to the problem of one-dimensional
infiltration through six hydrogeologic units that represent a
typical cross section of the unsaturated flow domain at the
Yucca Mountain site, Nevada. The parameters (Ks, a, and b)
that enter the van Genuchten expression for the unsaturated
hydraulic conductivity were modeled as random variables
with means, coefficients of variation and ranges defined

Figure 10. Case II: mean saturation profiles
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from field data. Four different distributions were investi-
gated: the lognormal, the exponential, the uniform and the
triangular. Because of the lack of data regarding the cross
correlation between the parameters three extreme situations

were considered: case I, where the hydraulic parameters
were treated as uncorrelated random variables, case II, where
they were modeled as perfectly correlated, and case III,
where a negative cross correlation was used.

Figure 11. Case II: variance of mean saturation profiles.

Figure 12. Total system, case II: perfectly correlated
parameters; contribution of each distribution toward the
global mean, equation (10).

Figure 13. Total system, case II: perfectly correlated
parameters; contribution of each distribution toward the
average variance, equation (11).
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[25] For all cross-correlation cases and for the majority
of layers, when a total system behavior was considered,
the exponential model produced a mean and standard error
in the pressure head profile that were significantly larger
than of any other statistical model. The lognormal distri-
bution was the one that produced the largest mean satu-
ration profile. Our results indicate that the assumption of
probability distribution model for this problem is critical
because for all cross-correlation cases more than 50% of
the total uncertainty in each layer is due to the uncertainty
in the type of distribution. The dependence of mean
pressure head and saturation profiles on the distribution
model indicates that definition of the parameters first
moments only is not sufficient for accurate flow prediction
but the functional form of the probability distribution
should be better resolved. For all cross correlation cases
the saturation variance increased with a decrease in the
mean saturation. Our results agree with the conclusions of
Harter and Zhang [1999] that the variance of mean
saturation increases with increasing a and Ks values.
Our results for uncorrelated parameters agree with Yeh et
al. [1985b, 1986] and Yeh [1989] that the variance in

pressure head increases with increasing mean pressure
head values.
[26] This article also presents a methodology that accounts

for the relative importance of each uncertain parameter.
Monte Carlo simulations were used to calculate measures
of the relative importance of the Ks, a, and b parameters
for the four probability distribution models. For individual
layers the relative importance measures in terms of mean
and variance of the pressure head varied. Overall it
appears that for all layers and models the saturated
hydraulic conductivity and the pore size distribution index
need to be treated as stochastic parameters with the exact
statistical model clearly defined for each layer in order to
establish the correct hydraulic behavior. Our results agree
with those by Chen et al. [1994a, 1994b] about the
dominance of the saturated hydraulic conductivity in
unsaturated flow predictions. They also agree with those
by Boateng and Cawlfield [1999] on the importance of the

Figure 14. Total system: relative importance of each
parameter for each distribution type toward the mean,
equation (14).

Figure 15. Total system: relative importance of each
parameter for each distribution type toward the variance
equation (15).

Figure 16. Relative importance of each parameter in each
layer toward the mean irrespectively of choice of distribu-
tion type, equation (16).

Figure 17. Relative importance of each parameter in each
layer toward the variance irrespectively of choice of
distribution type, equation (17).
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b parameter but do not support these authors’ conclusion
that the saturated hydraulic conductivity can be considered
as a deterministic variable with no significant effect on the
probability outcome. Finally, our results for the TSw
hydrogeologic unit, site of the potential nuclear waste
repository, and for a lognormal distribution agree with
the conclusions by Mishra et al. [1994] about the impor-
tance of b and Ks rather than a on water saturation in this
unit.
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