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a b s t r a c t 

In this paper, we investigate the surface roughness-dependence of buckling of beam-nanostructures. A 

new variational formulation of buckling of Euler-Bernoulli rough beams is developed based on the Hamil- 

ton’s principle. The equation of motion of the beam is obtained with a coupling term that depends on the 

beam surface roughness. Exact solutions are derived for the buckling configurations and the pre-buckling 

and postbuckling vibrations of simply supported structures. The derived solutions are used to comprehen- 

sively explain influence of surface roughness on buckling characteristics of micro/nano-beams. We reveal 

that the buckling configurations and postbuckling mode shapes are distorted due to surface roughness. 

Thus, the beam with a rough surface may exhibit a localized buckling configuration where the buckling 

energy is confined over a small portion of the beam. In addition, the postbuckling mode shape of simply 

supported beams with rough surfaces is applied load-dependent. We report a value of the applied axial 

load at which the postbuckling mode shape is completely distorted, and the beam exhibits a mode shape 

that is identical to its buckling configuration but with a different amplitude. For the first time, we reveal 

a postbuckling mode inversion due to surface roughness. We demonstrate that the postbuckling mode 

shape starts to exhibit an inverted form of its original shape at high load values. The findings presented 

in this study highlight new insights into buckling characteristics of micro/nano-beams. 

© 2020 Elsevier Ltd. All rights reserved. 
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1. Introduction 

There is a growing interest in developing advanced materials

and structures (e.g., micro/nano-beams) with the capability of de-

tecting micro/nano-scale phenomena. When it comes to measure-

ment techniques, micro/nano beams are being utilized as needles

or probes for atomic force microscopes to measure the size de-

pendence of the elastic modulus, buckling, strength, and hardness

of micro/nano-sized materials ( Wu et al. 2001 ). In addition, the

implementation of micro/nano beams in general extends to sen-

sors and actuators for medicine, such as the mass detection of bi-

ological cells and viruses ( Gupta et al., 2004 ; Johnson et al., 2006 ;

Lu et al., 2012 ; Shaat and Abdelkefi, 2016a ) or nano-drug carriers

needed for healing tumor cells ( Liu et al., 2012 ). Given the afore-

mentioned applications of micro/nano-beams, new insights into
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he mechanics of micro/nano-beams are developed in the current

ork. Specifically, a nano-beam with a rough surface is modeled,

nd its buckling characteristics are deciphered. 

To foster the design of nanomaterials for commercial and public

se, advanced models of mechanics of nanomaterials and nanos-

ructures are needed. Whereas models of molecular mechanics are

ccurate and can reveal many nano-scale phenomena, these mod-

ls are not preferred when it comes to the mechanics-based design

f materials. The computational cost of the molecular mechanics

s relatively high, and it is computationally difficult when used

o model the mechanics of complex nanostructures ( Jain et al.,

993 ; Shaat and Abdelkefi, 2017 ). In contrast, models that treat

he material as a continuum would be preferred to give a sim-

le tool to design and engineer materials for practical implemen-

ations. However, the classical concept of continuum mechanics

reaks down when used to model the mechanics of nanomateri-

ls and nanostructures. The mechanics of nanomaterials depends

n nano-scale phenomena, and the classical mechanics lacks the

easures needed to capture these phenomena ( Shaat et al., 2012 ;
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haat, 2016b ). The classical mechanics gives no considerations for

either the discrete structure of the material nor the shape and/or

he size of its microstructure ( Shaat, 2018b ; Mindlin, 1964 ). There-

ore, advanced models of continuum mechanics that incorporate

easures of the nano-scale phenomena are needed. 

Several advanced models of continuum mechanics have been

eveloped to capture many of the non-traditional phenomena of

anomaterials. Some of the non-traditional phenomena are re-

ated to material microstructure, while others stem from the

aterial surface. When it comes to the microstructure, a non-

ocal model or a micromorphic model is needed. The influ-

nce of the long-range interatomic interactions on the mate-

ial mechanics can be captured using a nonlocal model. For

xample, effects of interatomic interactions on pull-in stability

nd frequencies of electrostatic nanoswitches ( Gholami et al.,

015 ) and nanoactuators ( Sedighi et al., 2015 ; Najar et al., 2015 ;

ahaeifard et al., 2011 ; Kong, 2013 ; Shaat and Mohamed, 2014 ;

ahrobaiyan et al., 2015 ; Rahaeifard and Ahmadian, 2015 ), vibra-

ions of graphene and carbon nanotubes ( Aydogdu and Arda, 2016 ;

haat and Faroughi, 2019 ), and buckling of micro/nano-beams

 Thai, 2012 ; Nateghi et al., 2012 ; Simsek and Reddy, 2013) have

een discussed in various studies using one of the nonlocal the-

ries like Eringen’s nonlocal elasticity ( Thai, 2012 ; Shaat and

aroughi, 2019 ), modified couple stress theory ( Nateghi et al.,

012 ; Simsek and Reddy, 2013) or modified strain gradient the-

ry ( Akgöz and Civalek, 2011 ; Lazopoulos and Lazopoulos, 2010 )

nd the surface elasticity ( Shaat and Abdelkefi, 2018 ). When the

echanics of the material strongly depends on microscopic fields,

.g. micro-strains and micro-rotations, a micromorphic model is

eeded ( Shaat, 2018a ; Madeo et al., 2015 ; Madeo and Neff, 2017 ).

or instance, micromorphic models were developed to reveal the

ave propagation and bandgap characteristics of phononic materi-

ls and acoustic metamaterial ( Shaat, 2018a ; Madeo et al., 2015 ).

s for the surface, the mechanics of a nanomaterial can be al-

ered considerably due to a slight change in its surface mechanical,

hemical, or geometrical properties ( Eremeyev, 2016 ; Allahyari and

adaee, 2016 ; Shaat et al., 2014 ; Shaat and Mohamed, 2014 ).

or example, under zero-loading conditions, a material may ex-

ibit a geometrical defect due to a residual surface stress field

 Wang and Zhao, 2009 ; Zang and Zhao, 2012 ; Shaat, 2018b ). In

ddition, it was observed that the dynamics of nanoresonators

trongly depend on the roughness of their surfaces ( Yoon et al.,

013 ; Palasantzas, 2007 ). 

Since the current work focuses on buckling of beams with

ough surfaces, it is important to note that models have been de-

eloped to relate the material mechanics to its surface. Early in-

estigations on surface phenomenon can be attributed to Laplace

 Laplace, 1805 ; Laplace, 1806 ), Young ( Young, 1805 ) and Poisson

 Poisson, 1831 ), where they developed the fluid mechanics in ac-

ordance to its surface tension. Then, Gibbs (Gibbs, 1928) ex-

ended the idea of the surface tension to solid mechanics. Later

fter, Gurtin and Murdoch ( Gurtin and Murdoch, 1975a , b ) devel-

ped a surface elasticity model that considers large deformation

f the surface due to its residual stresses. Gurtin-Murdoch model

s nothing but a solid material with an elastic membrane of a

ero-thickness attached on its surface. It considers the stress re-

ultants acting on the membrane as a surface stress field. The way

urtin-Murdoch model approached the surface elasticity made it

articularly interesting for researchers and found applications in

nvestigating size dependence mechanics of nanostructures (e.g.,

uan et al., 2008 ; Javili et al., 2012 ; Wang et al., 2011). The model

as then generalized for different applications ( Javili et al., 2013 ;

avili, 2012; Podio-Guidugli and Caffarelli, 1990 ; Povstenko, 2013 ;

ilhavý, 2013 ; Rubin and Benvenisten, 2004 ; Lurie and Belov, 2014 ).

ecently, Shaat ( Shaat, 2018c ) developed a generalized model of

urface integrity effects on the mechanics of solid materials. Un-
ike formal models of surface elasticity, which assume nominal sur-

aces, the surface integrity model ( Shaat, 2018c ) treats the mate-

ial with an engineering surface. An engineering surface is featured

ith a surface texture, i.e. surface roughness and waviness, and an

ltered layer between the free surface and the material bulk. Us-

ng the surface integrity model, it was revealed that frequencies

f micro/nano-beams would increase or decrease, and micro/nano-

eams would exhibit mode localization due to surface roughness

 Shaat, 2018b ; 2018d ; Shaat and Faroughi, 2018 ). Moreover, it was

emonstrated that the surface integrity model outweighs Gurtin-

urdoch model in incorporating details which show that surface

nergy depends not only on the surface stress but also the surface

exture ( Shaat, 2018b ; 2018c ). 

Buckling is one of the important phenomena that beam-column

tructures exhibit when subjected to compressive loads. A beam-

olumn structure would buckle (i.e., transversely deform) to a cer-

ain configuration when subjected to an axial compressive load

hat exceeds a certain limit (known as the critical buckling load).

he critical buckling load depends on the geometry and the mate-

ial of the beam structure. Understanding the conditions at which

icro/nano-beams would buckle are important to design advanced

aterials. For instance, an auxetic metamaterial (an auxetic ma-

erial possesses a negative Poisson’s ratio) was 3D-printed with a

pecial topology that promotes buckling of the strips of the unit

ell. Different buckling configurations of the strips were obtained

t different axial loads to give a metamaterial with a tunable Pois-

on’s ratio. In addition, the dynamics of buckled micro/nano-beams

ould reveal nontraditional phenomena, which would give rise to

dvanced designs of materials when explored. Therefore, great ef-

orts have been devoted to explore the buckling characteristics of

icro/nano-beams ( Wang et al., 2006 ; Akoz and Civolek, 2011 ;

ateghi et al., 2012 ; Simsek and Yurtcu, 2013 ; Ghannadpour et al.,

013 ; Emam, 2013 ; Mohammad-Abadi and Daneshmehr, 2014 ;

haht et al., 2015 ; Niknam and Aghdam, 2015 ; Li and Hu, 2015 ;

ejad et al., 2016 ; Khorshidi et al., 2016 ; Shaat and Abdelkefi, 2018 ,

haefei and Kazmi, 2017 ; Xu et al., 2017 ). 

Here, the influence of the surface roughness on buckling char-

cteristics of micro/nano-beams is comprehensively explained, for

he first time. A new model of beams with rough surfaces is devel-

ped. This model is pioneered based on the surface integrity model

 Shaat, 2018c ). The obtained model is then analytically solved.

he exact buckling configurations are determined depending on

he beam surface roughness. In addition, the surface roughness-

ependence of the load at which beam would buckle to a certain

onfiguration (i.e., critical buckling load) is interpreted. Moreover,

he free vibrations of buckled beams are interpreted to explore the

nfluence of the surface roughness on the postbuckling frequencies

nd mode shapes. A comprehensive discussion on the inversion of

he postbuckling mode shape due to surface roughness is provided.

he findings of the present study are of significant importance to

he mechanics-based design of micro/nano-beams with rough sur-

aces for various applications. Nanobeams with graded rough sur-

aces have been made to give advanced fog collectors and water

onveyors ( Xing et al., 2017 ). In addition, the surface roughness

an be tailored to give nanobeams with meta-surfaces ( Hsiao et al.,

017 ). 

. Formulation 

This study investigates the buckling characteristics of beam

anostructures with rough surfaces. To this end, a beam-column

nder an axial compressive load is modeled based on the surface

ntegrity model ( Shaat, 2018c ). The nanobeam is modeled as a von-

arman geometrically nonlinear Euler-Bernoulli beam that occu-

ies a material bulk of volume ( V ) and a surface ( S ). The beam

urface is rough with a surface roughness profile ( R (x ) ). The beam
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Fig. 1. A schematic of a simple supported beam with a rough surface. The beam is featured with a surface roughness with a profile function R (x ) and subjected to an axial 

compressive load ( P ). L, b , and h denote the length, width, and thickness of the nominal beam, respectively. All surfaces of the beam are rough. 
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is simply supported and subjected to a compressive axial load P ,

as shown in Fig. 1 . Therefore, the displacement field ( u i , where the

subscript i denotes x, y , and z ) of a point, x = ( x, y, z ), belongs to

the beam’s axis is defined as follows: 

u x ( x, z, t ) = u ( x, t ) − z∇w ( x, t ) , u y = 0 , and u z ( x, z, t ) = w ( x, t ) 

(1)

where u ( x, t ) and w ( x, t ) are the axial displacement and the lat-

eral deflection of the beam, respectively. ∇ 

m = 

∂ m 

∂ x m 
is a gradient

operator. 

According to Eq. (1) , the non-zero strain component εxx – ac-

counting for the von-Karman’s geometrical nonlinearity – is ob-

tained as 

ε xx ( x, t ) = 

(
∇ u ( x, t ) + 

1 

2 

( ∇ w ( x, t ) ) 
2 
)

− z ∇ 

2 w ( x, t ) (2)

Hence, neglecting the Poisson’s ratio effects, the non-zero stress

component for an isotropic elastic beam has the form 

σxx ( x, t ) = E 

(
∇ u ( x, t ) + 

1 

2 

( ∇ w ( x, t ) ) 
2 − z ∇ 

2 w ( x, t ) 

)
(3)

where E is the Young’s modulus of the beam material. 

The equation of motion of a nanobeam with a rough surface

can be derived based on the Hamilton’s principle ∫ t 

0 
( δT − δU + δQ ) dt = 0 (4)

where δT , δU , and δQ are, respectively, the first variations of the ki-

netic energy, strain energy, and work done by the non-conservative

forces. 

For the considered nanobeam, these quantities can be ex-

pressed as follows: 

δU = 

∫ 
V ( x ) 

σxx ( x, t ) δε xx ( x, t ) dV (5)

δT = −
∫ 

V ( x ) 

ρẅ ( x, t ) δw ( x, t ) dV (6)

δQ = 

∫ 
�

P δu x ( x, t ) dS (7)

where ρ is the mass density of the beam material. The dot refers

to a time derivative. It should be mentioned that the axial and ro-

tatory inertias are neglected. 
By substituting Eqs. (5)–(7) into Eq. (4) , the equation of motion

f nanobeams with rough surfaces can be obtained in terms of the

tress resultants, as follows: 

 N x ( x, t ) = 0 (8)

 

2 M x ( x, t ) + ∇ ( N x ( x, t ) ∇w ( x, t ) ) − m ( x ) ̈w ( x, t ) = 0 (9)

here 

 ( x ) = 

∫ 
A ( x ) 

ρdA = 4 ρ

(
b 

2 

+ R ( x ) 

)(
h 

2 

+ R ( x ) 

)
(10)

here b and h are the beam’s width and thickness, respectively. It

hould be noted that R (x ) represents the deviations of the asper-

ties of the surface roughness measured from the nominal surface

f the beam, as shown in Fig. 1 . 

Because the beam is subjected to an axial compressive load ( P ),

he resultant axial force N x can be defined as follows: 

 x ( x, t ) = 

∫ 
A ( x ) 

σxx ( x, t ) dA − P = S ( x ) 

(
∇ u ( x, t ) + 

1 

2 
( ∇ w ( x, t ) ) 

2 
)

− P 

(11)

nd the resultant moment M x can be written as follows: 

 x ( x, t ) = 

∫ 
A ( x ) 

z σxx ( x, t ) dA = −D ( x ) 
∂ 2 w ( x, t ) 

∂ x 2 
(12)

here 

 ( x ) = EI ( x ) 

S ( x ) = 4 E 

(
b 

2 

+ R ( x ) 

)(
h 

2 

+ R ( x ) 

)
(13)

ith 

 ( x ) = 

∫ 
A ( x ) 

z 2 dA = 

4 

3 

(
b 

2 

+ R ( x ) 

)(
h 

2 

+ R ( x ) 

)3 

(14)

here b and h are the beam width and thickness, respectively. 

By substituting Eq. (12) into Eq. (9) and noting that N x is con-

tant as per Eq. (8) , the equation of motion becomes 

D ( x ) ∇ 

4 w ( x, t ) + K ( x ) ∇ 

3 w ( x, t ) + ( B ( x ) − N x ) ∇ 

2 w ( x, t ) 

+ m ( x ) ̈w ( x, t ) = 0 (15)

here 

 ( x ) = 2 

dD ( x ) 
dx 
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B ( x ) = 

d 2 D ( x ) 

d x 2 
(16) 

For simply supported beams, the following boundary conditions

re employed: 

w ( 0 , t ) = 0 and w ( L, t ) = 0 

D ( 0 ) ∇ 

2 w ( 0 , t ) = 0 and D ( L ) ∇ 

2 w ( L, t ) = 0 . (17) 

here L is the beam length. 

It follows from Eq. (15) that surface roughness would strongly

nfluence the deflection of the beam. The coefficients in Eq.

15) depend on the surface roughness profile, R (x ) . The profile

unction, R (x ) , can be determined upon inspecting the surface of

he beam using an atomic force microscope ( Shaat, 2018d ). The mi-

roscope usually gives an image of the inspected surface. Using an

mage analysis software, e.g., Gwyddion Software ( Shaat, 2018d ),

he profile of the surface roughness is obtained. Usually, the profile

f surface roughness is very random. Therefore, the roughness av-

rage is the commonly used measure of surface roughness in vari-

us engineering applications. Following the approach proposed by

haat ( Shaat, 2018c ), the average of the surface roughness and the

verage slope of the surface roughness are defined as 

 a = 〈 R ( x ) 〉 = 

1 

L 

∫ L 

0 
| R ( x ) | dx 

R S = 〈 d R ( x ) /d x 〉 = 

1 

L 

∫ L 

0 

∣∣∣∣dR ( x ) 

dx 

∣∣∣∣dx (18) 

here R a is the average surface roughness, and R S is the aver-

ge slope of the surface roughness. It should be mentioned that

he higher-order gradients of the surface roughness are neglected

 Shaat, 2018c ). 

Utilizing the average parameters of the surface roughness, R a 
nd R S , defined in Eq. (18) , the equation of motion and the bound-

ry conditions can be written in the form: 

 ∇ 

4 w ( x, t ) + K ∇ 

3 w ( x, t ) + ( B − N x ) ∇ 

2 w ( x, t ) + m ̈w ( x, t ) = 0 

(19) 

w ( 0 , t ) = 0 and w ( L, t ) = 0 

∇ 

2 w ( 0 , t ) = 0 and ∇ 

2 w ( L, t ) = 0 (20) 

here 

D = EI , i.e., I = 

4 

3 

(
b 

2 

+ R a 

)(
h 

2 

+ R a 

)3 

K = 

8 

3 

ER S 

[ 
3 

(
b 

2 

+ R a 

)(
h 

2 

+ R a 

)2 

+ 

(
h 

2 

+ R a 

)3 
] 

B = 8 ER 

2 
S 

[ (
b 

2 

+ R a 

)(
h 

2 

+ R a 

)
+ 

(
h 

2 

+ R a 

)2 
] 

m = 4 ρ

(
b 

2 

+ R a 

)(
h 

2 

+ R a 

)

 x ( x, t ) = S 

(
∇ u ( x, t ) + 

1 

2 

( ∇ w ( x, t ) ) 
2 
)

− P 

S = 4 E 

(
b 

2 

+ R a 

)(
h 

2 

+ R a 

)
(21) 

It should be noted that N x is constant according to Eq. (8) , and

t expresses the resultant axial force induced in the beam. Here,

he beam ends are considered at a fixed distance a part. There-

ore, the transverse deflection of the beam creates a midplane

tretching, which is modeled based on the von-Karman’s geomet-

ical nonlinearity, that is equivalent to an induced stretching force.
s a result, the resultant axial force can be expressed as follows

 Nayfeh and Emam, 2008 ) 

 x ( x, t ) = 

S 

2 L 

∫ L 

0 
( ∇w ( x, t ) ) 

2 
dx − P (22) 

The substitution of Eq. (22) into Eq. (19) yields 

D ∇ 

4 w ( x, t ) + K ∇ 

3 w ( x, t ) + 

(
B + P − S 

2 L 

∫ L 

0 
( ∇w ( x, t ) ) 

2 
dx 

)
∇ 

2 w ( x, t ) + m ̈w ( x, t ) = 0 (23) 

The proposed model is unique and novel. It follows from Eq.

23) that the surface integrity model shows that the beam buck-

ing depends on the stiffnesses ( K, B , and S ), which model ef-

ects of the surface texture on the beam deflection. The proposed

odel reduces to the classical model proposed by Nayfeh and

mam (2008) when R a → 0 and R S → 0. 

Eq. (23) governs the transverse deflection of a beam under a

ompressive axial loading where the beam ends are assumed at a

xed distance apart. An application where a mechanical load is ap-

lied at one end that is allowed to slide axially towards the other

nd is outside the scope of the proposed model given by Eq. (23) .

n addition, Eq. (23) represents the geometric nonlinearity due to

he midplane stretching according to von Karman’s approximation.

hus, the model can handle deformations within the shallow-arch

ssumptions where small strain and moderate rotation approxima-

ions are adopted. 

For the sake of study and without loss of generality, the de-

ived equation of motion and boundary conditions are rewritten in

 normalized form utilizing the following nondimensional param-

ters: 

 ( X, T ) = 

w ( x, t ) 

r 
, X = 

x 

L 
, T = t 

√ 

D 

m L 4 
(24)

here r is the cross-section radius of gyration that is equal to

/ 
√ 

12 for a rectangular cross section. 

This gives Eq. (23) in the form: 

 

4 W ( X, T ) + α∇ 

3 W ( X, T ) + β∇ 

2 W ( X, T ) + Ẅ ( X, T ) = 0 (25)

here 

α = 

KL 

D 

= 

12 R S L 

h + 2 R a 
+ 

4 R S L 

b + 2 R a 

= 

( B + P ) L 2 

D 

− S h 

2 

24 D 

∫ 1 

0 
( ∇W ( X, T ) ) 

2 
dX (26) 

nd the boundary conditions ( Eq. (20) ) in the form: 

W ( 0 , T ) = 0 and W ( 1 , T ) = 0 

∇ 

2 W ( 0 , T ) = 0 and ∇ 

2 W ( 1 , T ) = 0 (27) 

Eq. (25) contains a coupling term with a coefficient α that de-

ends on the beam surface roughness. As long as the coefficient

f the coupling term is significant, the beam exhibits non-classical

uckling mode shapes, as it will be explained later. It follows

rom Eq. (26) that lim R S → 0 α = 0 . Meanwhile, as the cross-sectional

eight h and width b decrease, the parameter α increases, and the

ffect of the coupling term becomes significant. On the other hand,

he effect of the surface roughness is generally insignificant as the

eam is with a macroscopic size. 

Next, exact solutions of the buckling configurations and pre-

uckling and postbuckling frequencies and mode shapes are de-

ived. 

. Exact analytical solution 

Here, we present an exact solution of the derived equation of

otion that governs the buckling of nanobeams with rough sur-

aces. The exact buckling configurations and the exact eigenvalues
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and mode shapes of the beam in the prebuckling and postbuckling

regimes are derived. To this end, the nondimensional beam deflec-

tion is represented as follows: 

 ( X, T ) = η( X ) + v ( X, T ) (28)

where η( X ) represents the static buckling configuration, and v ( X,

T ) is a dynamic disturbance applied to the beam at its buckling

configuration η( X ). 

The substitution of Eq. (28) into Eq. (25) gives 

∇ 

4 η( X ) + α∇ 

3 η( X ) + 

(
βs − S h 

2 

24 D 

∫ 1 

0 
( ∇v ( X, T ) ) 

2 
dX 

− S h 

2 

12 D 

∫ 1 

0 
( ∇ η( X ) ∇ v ( X, T ) ) dX 

)
∇ 

2 η( X ) 

+ ∇ 

4 v ( X, T ) + α∇ 

3 v ( X, T ) 

+ 

(
βs − S h 

2 

24 D 

∫ 1 

0 
( ∇v ( X, T ) ) 

2 
dX 

− S h 

2 

12 D 

∫ 1 

0 
( ∇ η( X ) ∇ v ( X, T ) ) dX 

)
∇ 

2 v ( X, T ) 

+ ̈v ( X, T ) = 0 (29)

where 

βs = 

( B + P ) L 2 

D 

− S h 

2 

24 D 

∫ 1 

0 
( ∇η( X ) ) 

2 
dX (30)

and into Eq. (27) gives the boundary conditions: 

η( 0 ) + v ( 0 , T ) = 0 and η( 1 ) + v ( 1 , T ) = 0 

∇ 

2 η( 0 ) + ∇ 

2 v ( 0 , T ) = 0 and ∇ 

2 η( 1 ) + ∇ 

2 v ( 1 , T ) = 0 (31)

It should be mentioned that the nonlinear terms in Eq. (29) are

geometrical nonlinearities because of the beam axial stretching. 

3.1. Static analysis: buckling configuration 

The different buckling configurations of the beam can be de-

termined by solving the underlying static problem of the proposed

model. Therefore, Eqs. (29) and (31) are rewritten after dropping

the time dependent terms, as follows: 

∇ 

4 η( X ) + α∇ 

3 η( X ) + βs ∇ 

2 η( X ) = 0 (32)

η( 0 ) = 0 and η( 1 ) = 0 

∇ 

2 η( 0 ) = 0 and ∇ 

2 η( 1 ) = 0 (33)

where α and βs are defined in Eqs. (26) and (30) , respectively. 

A general solution of Eq. (32) is obtained in the form 

η( X ) = A 1 + A 2 X + e −
αX 
2 ( A 3 cos ( kX ) + A 4 sin ( kX ) ) (34)

where k = 

1 
2 

√ 

4 βs − α2 . 

By substituting Eqs. (34) into (33) , the following equations are

obtained: ⎡ 
⎢ ⎣ 

1 0 1 0 

0 0 

1 
4 

(
α2 − 4 k 2 

)
−αk 

1 1 e −
α
2 cos ( k ) e −

α
2 sin ( k ) 

0 0 d 1 d 2 

⎤ 
⎥ ⎦ 
⎧ ⎪ ⎨ 

⎪ ⎩ 

A 1 

A 2 

A 3 

A 4 

⎫ ⎪ ⎬ 

⎪ ⎭ 

= 0 (35)

where 

d 1 = e −
α
2 

(
1 

4 

(
α2 − 4 k 2 

)
cos ( k ) + αk sin ( k ) 

)
d 2 = e −

α
2 

(
−αk cos ( k ) + 

1 

4 

(
α2 − 4 k 2 

)
sin ( k ) 

)
The determinant of the coefficient matrix of Eq. (35) gives 

e −
α
2 

(
α2 + 4 k 2 

)
sin ( k ) = 0 (36)
According to Eq. (36) , either 

2 + 4 k 2 = 0 (37)

r 

in ( k ) = 0 (38)

The condition given by Eq. (37) , is rejected because it gives the

uckling configuration independent of the applied axial load. The

ther condition in Eq. (38) gives 

 = nπ

nd hence 

s = ( nπ) 
2 + 

α2 

4 

(39)

here n = 1, 2, 3, … refers to the buckling modes. 

Solving the first three equations of (35) , the n th buckling mode

an be defined as follows: 

n ( X ) = 

4 nπα

α2 − ( 2 nπ) 
2 

A 4 

[
−1 + 

(
1 − cos ( nπ) e −

α
2 

)
X 

+ e −
α
2 X cos ( nπX ) 

]
+ e −

α
2 X sin ( nπX ) (40)

here A 4 can be set equal to one. This mode shape reduces to the

lassical buckling mode of simply supported beams when the co-

fficient α is set equal to zero. 

The value of the compressive load that is required to initiate the

eam buckling into the n th buckling configuration (i.e., n th buck-

ing mode, ηn ( X )) can be obtained by equating the critical value of

s in Eq. (39) to its linear part in Eq. (30) as follows: 

 cr = 

D 

(
n 

2 π2 + 

α2 

4 

)
L 2 

− B (41)

The buckling amplitude in the postbuckling domain in terms of

he applied axial load and the beam parameters can be obtained

y substituting Eqs. (39) and (40) into Eq. (30) and solving the re-

ulted equation for A 4 . This gives the buckling mode in the form 

n ( X ) = ξn 

(
−1 + 

(
1 − e −

α
2 cos ( nπ) 

)
X 

∓e −
α
2 X 

[
cos ( nπX ) ± α2 − 4 ( nπ) 

2 

4 αnπ
sin ( nπX ) 

])
(42)

here ξ n is a constant defined as follows: 

n = 

√ 

24 D 

S h 

2 
(
ā ( nπ) 

4 + ̄b ( nπ) 
2 + c̄ 
)( ( B + P ) L 2 

D 

− n 

2 π2 − α2 

4 

)
(43)

here 

¯
 = 

1 − e −α

2 α3 

b̄ = 

3 

4 

( 1 − e −α) 

α

c̄ = 2 cos ( k ) e −
α
2 −
(

5 

32 

α + 1 

)
e −α + 

5 α

32 

− 1 (44)

Eqs. (40)–(44) give the critical buckling loads and the buckling

onfiguration as functions of the beam surface texture. Effects of

he surface texture are captured via α and B , which are defined

epending on the beam surface roughness parameters ( R a and R S ).

hen α → 0 and B → 0, the model reduces to the one of the

uckling of classical beams ( Nayfeh and Emam, 2008 ). 
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.2. Free-vibration analysis 

.2.1. Prebuckling 

The free vibration of the prebuckling response is governed by

qs. (29)–(31) , where the static configuration η( X ) is set equal to

ero, as follows: 

∇ 

4 v ( X, T ) + α∇ 

3 v ( X, T ) + 
 ∇ 

2 v ( X, T ) 

−
(

S h 

2 

24 D 

∫ 1 

0 
( ∇v ( X, T ) ) 

2 
dX 

)
∇ 

2 v ( X, T ) + ̈v ( X, T ) = 0 (45) 

v ( 0 , T ) = 0 and v ( 1 , T ) = 0 

∇ 

2 v ( 0 , T ) = 0 and ∇ 

2 v ( 1 , T ) = 0 (46) 

here 

 = 

( B + P ) L 2 

D 

(47) 

The function v ( X, T ) is assumed harmonic in the form 

 ( X, T ) = φ( X ) e iωT (48) 

here ω denotes a natural frequency, and ϕ( X ) represents its cor-

esponding mode shape. 

For the free vibration analysis of the unbuckled beam, the non-

inear term in Eq. (45) is eliminated. Eq. (48) is substituted into

qs. (45) and (46) to give 

 

4 φ( X ) + α∇ 

3 φ( X ) + 
 ∇ 

2 φ( X ) − ω 

2 φ( X ) = 0 (49)

φ( 0 ) = 0 and φ( 1 ) = 0 

∇ 

2 φ( 0 ) = 0 and ∇ 

2 φ( 1 ) = 0 (50) 

The general solution of Eq. (49) can be obtained in the follow-

ng form: 

( X ) = B r e 
λr X (51) 

here B r and λr are constants to be determined. The substitution

f Eq. (51) into Eq. (49) yields the following characteristics equa-

ion for λ: 

4 + αλ3 + 
 λ2 − ω 

2 = 0 (52)

Demanding that the mode shape ϕ( x ) in Eq. (51) satisfies the

oundary conditions given by Eq. (50) , the following equations are

btained: 

4 
 

r=1 

B r = 0 , 

4 ∑ 

r=1 

B r λ
2 
r = 0 , 

4 ∑ 

r=1 

B r e 
λr = 0 , 

4 ∑ 

r=1 

B r λ
2 
r e 

λr = 0 (53)

The prebuckling natural frequencies can be then determined by

olving the following equation: 

et 

⎡ 
⎢ ⎣ 

1 1 1 1 

λ2 
1 λ2 

2 λ2 
3 λ2 

4 

e λ1 e λ2 e λ3 e λ4 

λ2 
1 e 

λ1 λ2 
2 e 

λ2 λ2 
3 e 

λ3 λ2 
4 e 

λ4 

⎤ 
⎥ ⎦ = 0 (54) 

Solving the first three equations in ( Eq. (54) ) gives the con-

tants, B r , in the form: 

 3 = −B 1 
δ1 

δ2 

 4 = 

1 

λ2 
4 

− λ2 
2 

(
−B 1 λ

2 
1 + λ2 

2 ( B 1 + B 3 ) − B 3 λ
2 
3 

)
 2 = −B 1 − B 3 − B 4 

δ1 = e λ1 − e λ2 + 

(
λ2 

1 − λ2 
2 

λ2 
4 

− λ2 
2 

)(
e λ2 − e λ4 

)
δ2 = e λ3 − e λ2 + 

(
λ2 

3 − λ2 
2 

2 2 

)(
e λ2 − e λ4 

)
(55) 
λ
4 

− λ
2 
.2.2. Postbuckling 

To investigate the free vibration of the buckled beam about a

iven buckling configuration η( X ), the nonlinear terms of v ( X, T ) in

q. (29) are dropped to give: 

∇ 

4 η( X ) + α∇ 

3 η( X ) + βs ∇ 

2 η( X ) + ∇ 

4 v ( X, T ) + α∇ 

3 v ( X, T ) 

+ βs ∇ 

2 v ( X, T ) + ̈v ( X, T ) 

= 

(
S h 

2 

12 D 

∫ 1 

0 
( ∇ η( X ) ∇ v ( X, T ) ) dX 

)
∇ 

2 η( X ) (56) 

here βs is defined by Eq. (39) . 

Assuming a harmonic response for v ( X, T ) in the form 

 ( X, T ) = ψ ( X ) e iωT (57) 

here ω is the postbuckling natural frequency, and ψ( X ) is the

ostbuckling mode shape. 

According to Eq. (32) , the first four terms of Eq. (56) vanish. The

ubstitution of Eq. (57) into Eq. (56) gives 

∇ 

4 ψ ( X ) + α∇ 

3 ψ ( X ) + βs ∇ 

2 ψ ( X ) − ω 

2 ψ ( X ) 

= 

(
S h 

2 

12 D 

∫ 1 

0 
( ∇ η( X ) ∇ ψ ( X ) ) dX 

)
∇ 

2 η( X ) (58) 

According to Eqs. (33) and (57) , the boundary conditions

31) can be rewritten as follows 

ψ ( 0 ) = 0 and ψ ( 1 ) = 0 

∇ 

2 ψ ( 0 ) = 0 and ∇ 

2 ψ ( 1 ) = 0 (59) 

A general solution of Eq. (58) is obtainable in the form 

 ( X ) = ψ h ( X ) + ψ P ( X ) (60) 

here ψ h ( X ) is the homogenous solution, and ψ P ( X ) is the partic-

lar solution. 

The substitution of Eq. (60) into Eq. (58) gives 

∇ 

4 ψ h ( X ) + α∇ 

3 ψ h ( X ) + βs ∇ 

2 ψ h ( X ) − ω 

2 ψ h ( X ) + ∇ 

4 ψ P ( X ) 

+ α∇ 

3 ψ P ( X ) + βs ∇ 

2 ψ P ( X ) − ω 

2 ψ P ( X ) 

= 

(
S h 

2 

12 D 

∫ 1 

0 
( ∇ η( X ) ( ∇ ψ h ( X ) + ∇ ψ P ( X ) ) ) dX 

)
∇ 

2 η( X ) (61) 

Because the integration in the right hand side of the equation is

onstant, the homogeneous solution can be determined by solving

he following ordinary differential equation: 

 

4 ψ h ( X ) + α∇ 

3 ψ h ( X ) + βs ∇ 

2 ψ h ( X ) − ω 

2 ψ h ( X ) = 0 (62) 

hich is obtained in the form 

 h ( X ) = C r e 
λr X (63) 

here C r are constants to be determined. λr are the roots of the

ollowing characteristics equation: 

4 + αλ3 + βs λ
2 − ω 

2 = 0 (64) 

The particular solution can be obtained in the form 

 P ( X ) = C 5 ∇ 

2 η( X ) (65) 

here C 5 can be obtained to satisfy the following equation: 

∇ 

4 ψ P ( X ) + α∇ 

3 ψ P ( X ) + βs ∇ 

2 ψ P ( X ) − ω 

2 ψ P ( X ) 

= 

(
S h 

2 

12 D 

∫ 1 

0 
( ∇ η( X ) ( ∇ ψ h ( X ) + ∇ ψ P ( X ) ) ) dX 

)
∇ 

2 η( X ) (66) 

The substitution of Eq. (65) into Eq. (66) yields 

C 5 ∇ 

2 
(∇ 

4 η( X ) + α∇ 

3 η( X ) + βs ∇ 

2 η( X ) 
)

− C 5 ω 

2 ∇ 

2 η( X ) 

= 

(
S h 

2 

12 D 

∫ 1 

0 
( ∇ ψ h ( X ) ∇η( X ) ) dX 

)
∇ 

2 η( X ) 
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+ C 5 

(
S h 

2 

12 D 

∫ 1 

0 

(∇ 

3 η( X ) ∇η( X ) 
)
dX 

)
∇ 

2 η( X ) (67)

The first term in Eq. (67) vanishes because of the static equilib-

rium condition (32) . Therefore, Eq. (67) reduces to (
S h 

2 

12 D 

∫ 1 

0 
( ∇ ψ h ( X ) ∇η( X ) ) dX 

)

+ C 5 

(
ω 

2 + 

S h 

2 

12 D 

∫ 1 

0 

(∇ 

3 η( X ) ∇η( X ) 
)
dX 

)
= 0 (68)

According to Eqs. (63) and (68) , C 5 can be obtained in the form

 5 = −
∑ 4 

r=1 a r C r 

ω 

2 + H 

(69)

where 

a r = 

S h 

2 

12 D 

∫ 1 

0 

(
e λr X ∇η( X ) 

)
dX 

H = 

S h 

2 

12 D 

∫ 1 

0 

(∇ 

3 η( X ) ∇η( X ) 
)
dX (70)

The quantities are explicitly obtained in the form: 

a r = F ξn ( g 1 cos ( nπ) + g 2 ) 

H = 

S h 

2 

12 D 

(
ξ 2 

n 

512 α3 ( nπ) 
2 

)(
α2 + 4 ( nπ) 

2 
)3 [(

α2 cos ( 2 nπ) 

− α2 + 4 ( nπ) 
2 
)
e −α − 4 ( nπ) 

2 
]

where 

g 1 = 4 ( nπ) 
(
4 λ2 

r ( nπ) 
2 + α2 
(
λ2 

r − 4 λr 

)
+ α3 ( 1 − λr ) 

+ α
(
4 ( nπ) 

2 − 4 λr ( nπ) 
2 + 4 λ2 

r 

))
e λr − α

2 

−16 α( nπ) 

(
λ2 

r − αλr + 

α2 

4 

+ ( nπ) 
2 

)
e −

α
2 

g 2 = −4 ( nπ) e λr 
(
α3 − 4 α2 λr + α

(
4 λ2 

r + 4 ( nπ) 
2 
))

+ 4 α3 ( nπ) ( 1 + λr ) − 4 α2 ( nπ) 
(
4 λr + λ2 

r 

)
+ 4 α( nπ) 

(
4 ( nπ) 

2 + 4 λr ( nπ) 
2 + 4 λ2 

r 

)
− 16 ( nπ) 

3 λ2 
r 

F = 

S h 

2 

48 Dαλr ( nπ) 
(
4 λ2 

r − 4 αλr + α2 + 4 ( nπ) 
2 
) (71)

According to previous equations, the shape function of the free

vibration of the beam about its buckled configuration can be writ-

ten as follows: 

ψ ( X ) = C 1 e 
λ1 X + C 2 e 

λ2 X + C 3 e 
λ3 X + C 4 e 

λ4 X + C 5 ∇ 

2 η( X ) (72)

To determine the natural frequencies and the five constants C r ,

a procedure is applied. First, Eq. (69) is substituted into Eq. (72) to

give the shape function ψ( X ) in the form: 

ψ ( X ) = 

4 ∑ 

r=1 

(
e λr X − a r 

ω 

2 + H 

∇ 

2 η( X ) 

)
C r (73)

Then, Eq. (73) is substituted into the boundary conditions

( Eq. (59) ), which gives a system of four equations: 

4 ∑ 

r=1 

C r = 0 

det 

⎡ 
⎢ ⎢ ⎢ ⎢ ⎣ 

1 1 1 

λ2 
1 −

a 1 
ω 

2 + H 

∇ 

4 η( 0 ) λ2 
2 −

a 2 
ω 

2 + H 

∇ 

4 η( 0 ) λ2 
3 −

e λ1 e λ2 e λ3 

λ2 
1 e 

λ1 − a 1 
ω 

2 + H 

∇ 

4 η( 1 ) λ2 
2 e 

λ2 − a 2 
ω 

2 + H 

∇ 

4 η( 1 ) λ2 
3 e 

λ

4 ∑ 

r=1 

C r 

(
λ2 

r −
a r 

ω 

2 + H 

∇ 

4 η( 0 ) 

)
= 0 

4 ∑ 

r=1 

C r e 
λr = 0 

4 ∑ 

r=1 

C r 

(
λ2 

r e 
λr − a r 

ω 

2 + H 

∇ 

4 η( 1 ) 

)
= 0 (74)

The postbuckling natural frequencies can be then determined

y solving the following equation: 

1 

 3 

 H 

∇ 

4 η( 0 ) λ2 
4 −

a 4 
ω 

2 + H 

∇ 

4 η( 0 ) 

e λ4 

a 3 
 

2 + H 

∇ 

4 η( 1 ) λ2 
4 e 

λ4 − a 4 
ω 

2 + H 

∇ 

4 η( 1 ) 

⎤ 
⎥ ⎥ ⎥ ⎥ ⎦ = 0 (75) 

Solving the first three equations in Eq. (74) gives the constants,

 r , in the form: 

 4 = −C 1 
δ1 

δ2 

 3 = − 1 

q 3 − q 2 
( C 4 ( q 4 − q 2 ) + C 1 ( q 1 − q 2 ) ) (76)

 2 = −C 1 − C 3 − C 4 

1 = e λ1 − e λ2 + 

(
q 1 − q 2 
q 3 − q 2 

)(
e λ2 − e λ3 

)
2 = e λ4 − e λ2 + 

(
q 4 − q 2 
q 3 − q 2 

)(
e λ2 − e λ3 

)
(76)

here 

 r = λ2 
r −

a r 

ω 

2 + H 

∇ 

4 η( 0 ) 

Then, C 5 can be determined by substituting the obtained con-

tants into Eq. (69) . 

It follows from Eqs. (75) and (76) that the postbuckling natu-

al frequencies and mode shapes of simply supported beams with

ough surfaces depend on the applied axial load and the sur-

ace roughness of the beam (see Eqs. (71) and (43) ). According to

q. (69) , different cases can be considered. In case ω 

2 + H 	 = 0 , the

ostbuckling mode shape is a combination of the homogeneous

ode shape ψ h ( X ) (as defined in Eq. (63) ) and the particular mode

hape ψ P ( X ) (as defined in Eq. (65) ). In case ω 

2 + H → 0 , C 5 → ∞ ,

nd the postbuckling mode shape only depends on the particular

ode shape such that: 

 ( X ) = ∇ 

2 η( X ) (77)

Thus, a certain mode shape is expected to exhibit the special

ode shape expressed in Eq. (77) . 

When the measures of the surface roughness are eliminated

i.e. R a → 0 and R S → 0), Eq. (75) gives the postbuckling fre-

uencies of simply supported beams depending on only the ho-

ogeneous part of the mode shape function. According to Eqs.

70) , (71) and (76) , lim 

α→ 0 

∑ 4 
r=1 a r C r = 0 , and hence C 5 = 0. Thus, all

he mode shapes are homogeneous and do not depend on the ap-

lied axial load. Therefore, the postbuckling mode shape of a sim-

ly supported beam do not exhibit the special mode shape defined

n Eq. (77) , as long as the surface roughness effects are neglected.

hese observations completely agree with the previous demonstra-

ions by Nayfeh and Emam (2008) . 

. Results and discussion 

Here, the derived exact solutions of the developed model are

sed to investigate the surface roughness-dependence of buck-
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r  
ing of beams. Surface roughness effects on the buckling strength,

uckling configurations, and postbuckling characteristics of rough

eams are discussed. The validity of the developed model and the

erived solutions to capture these effects can be demonstrated by

he logical reduction of the model into the classical one with the

ncrease in the beam thickness. For instance, the limit of the crit-

cal buckling load as defined in Eq. (41) when α → 0 and B → 0

ives the critical buckling load of the classical model Nayfeh and

mam, 2008 ; Shaat and Abdelkefi, 2018 ). In addition, the beam

onfigurations for the different buckling modes as presented in

qs. (42) –( (44) recover the ones of the classical model ( Nayfeh and

mam, 2008 ; Shaat and Abdelkefi, 2018 ) when α → 0 and B → 0. 

.1. Buckling strength of rough nanobeams 

The buckling strength of a beam structure is defined as the

inimum axial compressive load required to initiate the beam

uckling. According to Eq. (41) , the buckling strength of the beam

an be determined as the critical buckling load of the first buckling

onfiguration ( n = 1), as follows: 

 cr = 

D π2 

L 2 
+ 

D α2 

4 L 2 
− B (78) 

It follows from Eq. (78) that the buckling strength of the beam

epends on the beam surface roughness. Therefore, the surface

oughness-dependence of the buckling strength of nanobeams is

nalyzed here. 

In Fig. 2 , we depict the surface roughness-dependence of the

eam buckling strength where the normalized critical buckling

oad ( ̄P cr = 

12 P cr L 
2 

π2 Eb h 3 
) when n = 1 is plotted as a function of the av-

rage slope of the surface roughness ( R S ) and the average surface

oughness ( R a ). The buckling strength increases due to the beam

urface roughness. The buckling strength (i.e., the critical buckling

oad of the first buckling configuration) increases as either R a or

 S increases. Whereas the stiffness parameter B is subtracted (see

q. (78) ), the overall critical buckling load increases due to sur-

ace roughness. To explain this, the variations of the terms of Eq.

78) are depicted in Fig. 3 . It is clear that the term ( D α2 /4 L 2 ) is

enerally larger than B for all values of the surface parameters R S 
nd R a . Thus, the net value of D α2 /4 L 2 − B > 0, and the critical

uckling load generally increases due to surface roughness. 

The rate of increase in the buckling strength of the beam due

o an increase in the average surface roughness ( R a ) is higher

han the one due to an increase in the average slope of the sur-

ace roughness ( R S ). For instance, the buckling strength of a beam

ith 20 nm thickness achieves ~ 27% increase when R a = 1 nm

 Fig. 2 (a)) and ~ 9% increase when R a = 10 nm due to an increase

n R S L = 0 → 10 nm ( Fig. 2 (b)). On the other hand, the increase

n R a = 0 → 4 nm causes ~ 230% and ~ 191% increases in the

uckling strength of the 20 nm thick beam when R S L = 1 nm and

 S L = 10 nm, respectively. The higher contribution of R a over R S 
an be attributed to the dependency of the beam stiffness ( D ) on

 a only. As depicted in Fig. 3 , the parameter D α2 /4 L 2 significantly

ncreases as R a increases. According to Eq. (78) , the stiffness D is

roportionally related to the critical buckling load P cr . 

It follows from Fig. 2 that the decrease in the beam thickness

ives more rigidity to the beam to withstand compressive loads

ithout buckling. The nondimensional critical buckling load in-

reases due to a decrease in the beam thickness ( Fig. 2 ). In ad-

ition, the rate of increase in the nondimensional critical buckling

oad decreases as the beam thickness increases. This behavior can

e attributed to the increase in contribution of the surface rough-

ess to buckling behavior of the beam as the size decreases. 

The results presented in Fig. 2 agree with observations of the

eam buckling in the literature. It follows from Fig. 2 (c) and (d)

hat the nondimensional buckling strength of the beam reduces
o the one of the classical model (i.e., is P̄ cr = 1 ( Nayfeh and

mam, 2008 )) when the surface roughness is relatively small com-

ared to the beam size. In addition, it follows from Fig. 2 (e) that

he nondimensional buckling strength strongly depends on the

eam size. The experiments in the literature revealed that Euler’s

uckling equation, P cr = D π2 / L 2 , gives wrong estimations of the

uckling of nanowires ( Hsin et al., 2008 ; Chang and Chang, 2010 ).

his has been attributed to the nanowire surface stress in various

tudies ( Shaat and Abdelkefi, 2016b ; Wang and Feng, 2009 ). Here,

e demonstrate that the discrepancies between Euler’s buckling

quation and the experimental results would be, as well, because

f the surface roughness. 

.2. Surface roughness effects on buckling configurations of 

anobeams 

Here, we explore surface roughness effects on the various buck-

ing configurations of nanobeams. The deflection of the beam

 ηn ( X )) of the first two buckling configurations ( n = 1 and 2) mea-

ured at two different locations ( X = 0.5 when n = 1 and X = 0.25

hen n = 2) as a function of the applied compressive load is plot-

ed in Fig. 4 . In Fig. 5 , the beam deflection of the first two buck-

ing configurations at the same locations is plotted as a function

f the surface roughness parameter Q where R a = Q and R S = Q / L .

n Fig. 6 , the first four buckling configurations ( η1 (X) → η4 (X )) of a

0 nm thick beam are portraited for different values of the average

lope of the surface roughness ( R S ). 

The beam exhibits no buckling when subjected to a load lower

han the critical buckling load that defines the beam buckling

trength (see Fig. 4 (a)). When the beam is subjected to a compres-

ive load that is slightly higher than the beam buckling strength

the buckling strength was defined in Eq. (78) ), the first buckling

onfiguration is activated, and the beam is bowed as shown in the

nset of Fig. 4 (a). Then, an increase in the applied compressive load

auses an increase in the beam deflection and curvature. For this

ase, the higher-buckling modes will not be activated even if the

pplied load exceeds their corresponding critical buckling load val-

es. Instead, the beam would continue to deform exhibiting the

ame buckling configuration but with a higher amplitude. 

The 2nd buckling configuration is activated if an unbuckled

eam is subjected to a load that is slightly higher than P cr =
 ( 4 π2 + 

α2 

4 ) / L 
2 − B ( Fig. 4 (b)). The increase in the applied com-

ressive load, then, increases the deflection and curvature of the

eam. 

The surface roughness contributes to the beam buckling

trength with different mechanisms. Thus, the surface roughness

osters the strength of the beam to support compressive loads.

he first mechanism is the increase in the beam bending rigid-

ty ( D ) due to an increase in the average surface roughness ( R a )

see Eq. (21) ). As shown in Figs. 4 and 5 , the beam deflection de-

reases due to a surface roughness increase indicating an enhanced

ending rigidity. The contribution of the surface roughness to the

eam bending rigidity increases as the beam thickness decreases.

s shown in Fig. 5 , the deflection of a 20 nm thick beam decreases

o zero faster than a beam with a larger thickness. These findings

re consistent with the increase in the beam buckling strength ob-

erved in Fig. 2 . 

Another mechanism that influences the beam strength to sup-

ort compressive loads is the buckling mode localization. It can be

bserved that curves plotted in Fig. 4 (b) would intersect. The ob-

ained curve when Q = 2 nm intersects to the curve obtained when

 = 0. This behavior indicates that the conventional 2nd buckling

onfiguration is distorted because of the surface roughness. To ex-

lain this phenomenon, the first four buckling configurations are

epicted for different values of the average slope of the surface

oughness ( R ) in Fig. 6 . When R = 0, the buckling of the beam is
S S 
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Fig. 2. Surface roughness-dependence of the buckling strength of nano-beams. (a) and (b) the nondimensional critical buckling load P̄ cr = 

12 P cr L 
2 

π2 Eb h 3 
when n = 1 as a function 

of the average slope of the surface roughness ( R S = Q / L ) when R a = 1 nm (a) and R a = 10 nm (b). (c) and (d) the nondimensional critical buckling load P̄ cr = 

12 P cr L 
2 

π2 Eb h 3 
when 

n = 1 as a function of the average slope of the surface roughness ( R a ) when Q = 1 nm (c) and Q = 10 nm (d) where R S = Q / L . (e) A 3D representation of effects of R a and 

R S on P̄ cr . 
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Fig. 3. Terms of the critical buckling load of the first buckling configuration (i.e., buckling strength) as defined in Eq. (78) for different values of the (a) average slope of the 

surface roughness ( R S ) and (b) the average surface roughness ( R a ). The critical buckling load of classical beams ( Ebh 3 π2 /12 L 2 ) is represented by a dashed line. 

Fig. 4. Surface roughness effects on the buckling configuration of the beam. The maximum beam deflections ηn ( X ) of (a) the 1st buckling configuration, η1 (0.5) and (b) the 

2nd buckling configuration, η2 (0.25) as functions of the nondimensional compressive load ( ̄P = 

12 P L 2 

π2 Eb h 3 
). The results are represented for a beam with a thickness h = 20 nm 

considering different surface textures of the beam where R a = Q and R S = Q / L . 
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istributed over the beam length. However, the beam buckling is

ocalized within a portion of the beam due to surface roughness.

hus, the conventional buckling configuration is distorted, and the

eam exhibits a localized buckling configuration. It is clear that the

uckling localization increases as the average slope of the surface

oughness increases. Because of the buckling mode localization, the

uckling strength of the beam increases. According to Eq. (78) ,

hort beams are stronger than long ones to support compressive

oads. Because of the localization, the buckling energy is confined

ver a small portion of the beam, and the effective length of the

eam is reduced to give a stronger beam. 

.3. Surface roughness effects on the free vibration of unbuckled 

anobeams 

Surface roughness effects on the free vibration of simply sup-

orted unbuckled nanobeams are interpreted. The first four natural
requencies of the vibration of unbuckled nanobeams (prebuckling

atural frequency) are depicted as functions of the applied com-

ressive load in Fig. 7 . A beam subjected to a load lower than its

uckling strength freely oscillates about its static-straight config-

ration when exposed to an initial disturbance. The prebuckling

requency decreases due to an increase in the applied compressive

oad, as shown in Fig. 7 . When the beam is loaded by its buckling

trength, it loses stability where it buckles due to a small distur-

ance. The fundamental natural frequency of the latter case is zero,

s shown in Fig. 7 . 

The prebuckling frequency increases due to surface roughness.

his can be attributed to the increase in the beam bending rigidity

ue to an increase in the average surface roughness ( R a ). In addi-

ion to R a , the average slope of the surface roughness ( R S ) influ-

nces the frequencies of unbuckled beams where it causes mode

ocalization. Investigations on the mode localization of straight

eams can be found in Shaat (2018b ). 
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Fig. 5. Surface roughness effects on the buckling configuration of the beam. The maximum beam deflections of (a) the 1st buckling configuration, η1 (0.5), when P̄ = 2 and 

(b) the 2nd buckling configuration, η2 (0.25), when P̄ = 8 as functions of Q where R a = Q and R S = Q / L . 

Fig. 6. Surface roughness effects on the buckling configurations of the beam. The first four buckling configurations of a beam with a thickness h = 20 nm for different 

average slope of the surface roughness R S . The applied compressive load is equals the double of the critical buckling load of the corresponding configuration (i.e. P̄ = 2 ̄P cr ). 

R a = 1 nm. 
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Fig. 7.. Surface roughness effects on the natural frequencies of the beam. The variations of the first four prebuckling and postbuckling natural frequencies of the first buckling 

configuration ( ω m 1 ) as functions of the nondimensional compressive load ( ̄P = 

12 P L 2 

π2 Eb h 3 
) when (a) Q = 0, (b) Q = 2 nm, and (c) Q = 4 nm where R a = Q and R S = Q / L . The 

red highlight refers to natural frequencies of the prebuckling regime while the blue highlight refers to the postbuckling regime. The insets are the mode shapes at different 

values of the nondimensional compressive load. 

Fig. 8. Surface roughness effects on the natural frequencies of the beam. The variations of the first four postbuckling natural frequencies of the second buckling configuration 

( ω m 2 ) as functions of the nondimensional compressive load ( ̄P = 

12 P L 2 

π2 Eb h 3 
) when (a) Q = 0, (b) Q = 2 nm, and (c) Q = 4 nm where R a = Q and R S = Q / L . The blue highlight 

refers to the postbuckling regime. The insets are the mode shapes at different values of the nondimensional compressive load. 
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.4. Surface roughness effects on postbuckling characteristics of 

anobeams: postbuckling mode shape distortion and inversion 

Here, new insights into the postbuckling behavior of simply

upported beams are revealed. We explore in Figs. 7–10 the varia-

ions of the postbuckling natural frequencies and mode shapes of

imply supported nanobeams due applied axial load and surface

oughness changes. In general, the postbuckling mode shape is a

ombination of the homogeneous mode shape ψ h ( X ) and the par-

icular mode shape ψ P ( X ), according to Eq. (73) . 

When the surface roughness parameters are completely elimi-

ated (i.e. R a → 0 and R S → 0), the postbuckling mode shape only

epends on the homogeneous solution (i.e. C 5 = 0). A homoge-

eous postbuckling mode shape works independently of the ap-

lied compressive load ( Nayfeh and Emam, 2008 ) (see Figs. 7 (a)

nd 8 (a)). It follows from Figs. 7 (a) and 8 (a) that the postbuck-
ing mode shape is homogeneous when Q = 0 (where R a = Q and

 S = Q / L ), where the natural frequencies are constants and do not

ary by a change in the applied compressive load. In this case,

he first postbuckling natural frequency vanishes, and the lowest

pparent frequency is the second mode frequency ( ω 21 = 34.19

 Fig. 7 (a)) and ω 22 = 66.21 ( Fig. 8 (a))). The disappearance of the

rst mode frequency is due to the fact that the beam exhibits

 snap-through motion at an infinite frequency between the two

table buckling positions ( see Supplementary Information - S1 ). This

ehavior is guaranteed as long as the beam rotates with no friction

t the supports (the first mode frequency would appear for a sim-

ly supported beam due to a friction at the support). It should be

entioned that for beams with one(two) end(s) is(are) fixed, the

rst mode frequency appears ( Nayfeh and Emam, 2008 ). A fixed

upport inhibits the local-free rotation of the beam at the support,
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Fig. 9. Postbuckling mode shape inversion. The inversion of the (a) 2nd, (b) 3rd, and (c) 4th mode shapes of a rough beam exhibits a first buckling configuration ( n = 1) with 

the increase in the nondimensional compressive load ( ̄P ). The original postbuckling mode shape and its inverted shape are highlighted. In addition, the transition between 

the inverted mode shapes is red highlighted where the beam exhibits the special mode shape defined in Eq. (77) ( ψ( X ) = ∇ 

2 η( X )). h = 20 nm and Q = 2 nm where R a = Q 

and R S = Q / L . 

Fig. 10. Postbuckling mode shape inversion. The inversion of the (a) 2nd, (b) 3rd, and (c) 4th mode shapes of a beam exhibits a second buckling configuration ( n = 2) with 

the increase in the nondimensional compressive load ( ̄P ). The original postbuckling mode shape and its inverted shape are highlighted. In addition, the transition between 

the inverted mode shapes is red highlighted where the beam exhibits the special mode shape defined in Eq. (77) ( ψ( X ) = ∇ 

2 η( X )). h = 20 nm and Q = 2 nm where R a = Q 

and R S = Q / L . 
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and hence the beam elastically vibrates about its stable buckling

position. 

The postbuckling mode shapes are axial load-dependents due

to surface roughness. Surface roughness inhibits the snap-though

motion of the beam, and hence it elastically vibrates around a sta-

ble buckling position. When R a > 0 and R S > 0, C 5 	 = 0 and the

beam exhibits a special mode of vibration defined in Eq. (77) . This

mode is identical to the buckling configuration of the beam but

with a different amplitude. The corresponding natural frequency of

this mode ( ω = 

√ −H ) increases as the applied axial load increases,

as shown in Figs. 7 (b), (c) and 8 (b), (c). The existence of this mode

for simply supported beams can be attributed to the coupling term

( α∇ 

3 W ( X,T )) in the equation of motion, which depends mainly on

the average slope of the surface roughness ( R S ). The natural fre-

quency of this mode decreases due to an increase in the average

slope of the surface roughness ( R S ). The natural frequencies of the

other modes of vibration slightly change due to a change in either

the applied axial load value or the beam surface roughness. 

In Figs. 7–10 , we reveal the postbuckling mode shape inversion

due to surface roughness, for the first time. Whereas the postbuck-

ling mode shapes of simply supported-classical beams are inde-

pendent of the applied axial load, these modes of a simply sup-

ported rough beam are inverted as the applied axial load increases.

As shown in Figs. 9 and 10 , a postbuckling mode shape is distorted

t  
s the applied axial load increases ( see Supplementary Information

 S2 ). The postbuckling mode is attracted to the special first post-

uckling mode ( Eq. (77) ) as the applied axial load approaches a

alue at which the frequency of the considered mode equals 
√ −H .

he intersection points defined in Figs. 7 (b), (c) and 8 (b) and (c)

dentify the applied axial load value at which the beam exhibits

he special first postbuckling mode ( Eq. (77) ). Beyond this value

f the applied axial load, the postbuckling mode shape restores an

nverted shape of the original mode shape, as shown in Figs. 7–

0 and Supplementary Information - S2. 

. Conclusions 

In this study, we revealed new buckling phenomena of beams

ue to their surface roughness. These phenomena are clearly seen

s long as the beam size is lower than a critical value below which

he contribution of the surface roughness to the buckling behavior

f the beam is significant. 

It is concluded that surface roughness fosters the beam abil-

ty to withstand compressive loads. The buckling strength value,

hich was defined by the lowest compressive load value required

o buckle the beam, was found to increase due to surface rough-

ess. The average surface roughness ( R a ) provides more rigidity

o the beam against compressive loads, and the average slope of

he surface roughness ( R ) enhances the buckling mode localiza-
S 
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ion. We demonstrated that a conventional buckling configuration

ould be distorted, and the beam would exhibit a localized buck-

ing configuration. The buckling energy is confined over a small

ortion of a beam exhibits the localized buckling configuration re-

ulting in an increase in the rigidity and strength. 

It has been acknowledged previously that the postbuckling

ode shape of simply supported ideal beams (beams with

o surface roughness) is homogeneous and load-independent

 Nayfeh and Emam, 2008 ). Here, we revealed a general postbuck-

ing mode shape of simply supported rough beams that depends

n the applied compressive load. We presented the evolution of

he postbuckling mode shape with the applied load increase. The

ostbuckling mode shape was observed distorted due to surface

oughness. It was observed that, as long as the applied axial load

s of a value at which the postbuckling frequency equals 
√ −H , the

ostbuckling mode shape is completely distorted, and the beam

xhibits a mode shape that is identical to its buckling configura-

ion but with a different am plitude ( ∇ 

2 η( X )). Beyond the afore-

entioned axial load value, the postbuckling mode shape starts to

xhibit an inverted form of its original shape. Thus, at high load

alues, the postbuckling mode shape is completely inverted. 

The findings presented in this study highlight the influence of

urface roughness on the buckling characteristics of micro/nano-

eams. These findings are important to design beams with surface

extures for advanced buckling applications. 
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