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The g-derivative and differential equation
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Abstract. The g-calculus appeared as a connection between mathematics and physics. It has
several applications in different mathematical areas such as number theory, combinatorics,
orthogonal polynomials, basic hypergeometric functions, quantum theory, and electronics.
Recently, a great interest to its applications in differential transform methods,in order to get
analytical approximate solutions to the ordinary as well as partial differential equations. In this
paper, we present some of the interesting definitions of g-calculus and g-derivatives. By
using g-calculus, solutions of some differential equations could be generated.

1. Introduction and preliminaries
The quantum calculus is an ordinary calculus without taking the limit. More precisely, in the classic
calculus the derivative of a function f(x) is defined as
£100 = lim L) L)

yox o y—X
subject to the existence of the limit.
The p -derivative is defined by

fO&xP) = fx)

xP —x
where p is a fixed scalar different from 1. Note that this type of derivatives does not use the limit.
This is a special type of quantum calculus. Quantum derivative can be defined in many different ways.
For instance, we can define different types of quantum derivatives f’(x), where we do not take the
limit. By considering y = gqx, y = x + hand y = xP, the derivatives are then called respectively,
q-derivative, h-derivative, and p-derivative of f(x) where p, g are a fixed number different from
1, and h is a fixed number different from 0.
These quantum derivatives (h-derivative, g-derivative and p-derivative) for the function f(x) = x3
are respectively,

x +h)? —x3
GV X gt 3k + 12
X3P —x3  x3P-D 1
xP —x xP~1—1 7
(qx)° —x°

q—Dx @ ratDx
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The history of g-calculus goes back to Euler and Jacobi in the eighteenth century and F.H. Jackson, in
the early twentieth century, revisited their related work. In the second half of the twentieth century, a
remarkable research interest in the area of the g-calculus were observed due to its applications in
several areas of mathematics and physics, [1 — 18]. Recently, a tremendous interest was driven by
high demands for mathematical models in quantum computing. The g-calculus bridges a connection
between mathematics and physics. It has a lot of applications in research areas such as number theory,
combinatorics, orthogonal polynomials, hypergeometric functions, quantum theory, and electronics.
For more detailed material on quantum calculus, see the monographs [7],[17] and [11] and
references therein. Following the notations and terminology from the references [9],[11] and [13],
for an arbitrary function f(x) the g-differential is defined by

(dgf)(x) = f(qx) — f(x).

dgx = (q — D)x,
then the definition of the g-derivative in the sense of Jackson is as follows:

In particular, let

d —
Duf () = 21 = R
where x # 0,0 < g <1 andfor x =0,
dq et dqf(x)
g © =l =

Clearly, if f(x) is differentiable, then limq_q(%f)(x) =%§Cx). For f(x) an arbitrary function,
q

the p-differential of f(x) is defined by
dpf(x) = f(xP) = f(x)

and in particular denoting d,x = x? — x, then p-derivative of a function f(x) is defined as

D,f(x) = %,lf x#0,1
D,f(0) = lim, D, f(x) )

Dpf(1) = limDy f (x)
For any real number a, let us define

[a] =22,
q-1
in particular, if n € Z*,
[n] = "1 =q" 4. +q+1
d -1 |
an
1, n=020,
[n]t = {n(n -1)...1, neZ* @)
1,n=0
—_gn=1"
(x = a)g {(x —a)...(x—q"a), neZ* ©)

The following formulae and definitions [3], [9[, [11], [17] are very useful:

PN (x = 0)g
Ropp(e3) = f() = ) (D4f)(€)
= 1!
where D)f is defined by DJf = f and Dif = Dy(DETYf), k =1,2,..., and Ry, f(c,x) is called
q-Taylor’s remainder of the order r with center at c.
Dy(x —a)g = [n](x —a)i~t, n€Z*
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n__—1 n+1 +
(c—aqx)g = o +1]D(c—x) nez
The p-derivative of higher order of function f(x) is defined by
(Dpf)(x) = f(x), (4)
(DFf)(x) = Dp(Dy~*f)(x), n €N ()

The p-derivative is a linear operator, i.e., for any constants a and b and arbitrary functions f(x)
and g(x) satisfying:

Dy(af(x) +bg(x)) = aD,f(x) + bDyg(x).
Therefore, the p-derivative of the product and quotient of f(x) and g(x) are defined as follows:

p Py —
Dy g ey = LE )~ Fg)

_GM)gGP) ~ fgeP) + (g () ~ f()g(x)
P —
_ (G~ f)g G + FGGP) — g(x))

o ©)
This result is simply presented as
Dyp(f(x)g(x)) = g(xP)Dp f (x) + f(x)Dp g (x) ()
By interchanging f and g, we get
Dyp(f(x)g(x)) = g(x)Dpf (x) + f(xP)Dpg(x) ®)

Equation (7) and (8) are valid and equivalent to each other. For the quotient rule, following [9], by
replacing f(x) with % and using the product rule, we get

D, (f(x)g(x)) =D [@g(x)]
P Prg(x)
f),  fQo)

9GP, S+ =Dy (0)

f&), _ 9Dy f(x) = fF(x)Dpg(x)
g(x) g(x)g(xP)

and from this expression

Dyl

9)

f(

Similarly, using the functions 9 and g(x),we obtain easily

f(x) _g&P)Dyf(x) — f(xP)Dpg(x)
Plg0)| g(x)g(xP) '

(10)
Thus, equations (9) and (10)are equivalent. The p-derivative has its own peculiar chain rule
h(x)
Dplf (w(x))] = Dyu(x)D; fux)),

In(u(x))
where h(x) depends on the function u(x), see [13].
The function F(x) iscalled a p-antiderivative of f(x) if D,F(x) = f(x) and itis denoted by

F(x) =ff(x)dpx

In contrast to the ordinary calculus, the p-antiderivative of a function might not be unique. To
guarantee the uniqueness, some restrictions and conditions must be imposed. In 1910, Jackson [10]
defined the general g-integral in the form:

b b a
[ rod© =] rodo- | rodo
a 0 0
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and

fo F()dy(®) = a(1 - q) ZO f(ag™q™,

where 0 < |g| < 1, and following Jackson’s idea

| rod@=a-0 ) fa

n=-—oo

provided that the sum of the infinity series converges.
Introducing an operator 1\7Ip defined by Mp(F(x)) = F(xP),see more details in [13] then

F(xP) — F
—— P = b ey = o)

Knowing that le(F(x)) =F(xpj) for j €{0,1,2,3,...}, and using properties of the geometric
series, we obtain the definition of the p-integral of f(x),

Fx) = 7= (= x")f ()

14
)

= ) (= D))

—0

(M, — DF(x) =

=) @ =)
=0
Thus,

P = [ Fodpx =Y G =2,
=0

The definite p-integral of the function f(x) can be written in different forms. Assume that
1< a<b, where a,b € R*, p € (0,1), and the function f is defined on the interval (1, b]. Then

[} FOOdpx = lim THoy 07 = b7 F(6P) = Ty 07 = bPTHF(0P) (11)
where forany j € {0,1,2,...}, = (1, p],
1 F0dpx = [ FO)dpx — [ f(x)dpx (12)

Geometrical interpretation of Equation (12) is the area of the union of an infinite number of
rectangles on the interval [1 + ¢, b], where ¢ is a small positive arbitrary number and the summation
consists of infinitely many terms as p — 1; if f a continous function over the interval [1, b],the
norm of the partition approaches zero, and the sum becomes a Riemann integral sum on the interval
[1+ &, b], therefore

b b
Li_r)r}fl f(x)dpxzf1 f(x)dx

In general, the p-integral does not always converge to a p-antiderivative [9],[13]. We can guarantee
the convergence of the series by imposing necessary and sufficient conditions.
We now define the first order partial g-derivatives of multivariable functions, for example, if we
consider the function u in two variables
u=u(t,x):TxT->R,
where q > 1,and T = {q*: k € Ny}, the first order partial g-derivatives [3]
u(qt,x) —u(t, x)

us(t, x) =

@-Dt
o = MBI
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and the second order partial g-derivative of the function u(x,y) with respectto x, u,, isgiven by
Ux (g%, y) — ux(x,y)
(g —Dx

Uy (X, y) =
and expending this closed form, we get
u(g®x,y) —ulgx,y)  u(gx,y) —ux,y)

_ (g —1gx (g —1x
uxx(x' 3’) - (q _ 1)x
(13)
The second order partial g-derivative of the function w,,, is defined in a similar way.
2. g-transform on differential equations
Example 1:
Consider the 3-dimensional Laplace equation
Ugy +Uyy + U, =0 (14)
Following the notation and definition from Chu, we have respectively,
u(q*x, 3(/ z) —)u(qx. y,z) _u(gx, y(, z) — 1)1(96. Y, 2)
q—1)gx q—Dx
Ur (X,V,2) =
xx( y ) (q _ 1)x
u(x,q*y,z) —ux,qy,z)  ulx,qy,z) —u(x,y,z)
(g — gy (g—Dy
Uy, (x,y,2) =
yyieY (q— Dy
(15)
u(x, y, 61(22) —)u(x, Y,q2) _u(x,y, gZ) - I)i(x. Y, 2)
_ q-—1)qz q—1)z
u’ZZ(‘x'y'Z)_ (q_l)Z

Then the second order g-difference equivalent form of the equation (14) is in the form
u(q*x,y,2) — (q + Du(qx,y,2)
+qu(x,y,z) + u(x, q*y, z)
—(q + Du(x,qy,2) + qu(x,y,z)
+u(x, y,q%2) — (¢ + Du(x,y,qz)
+qu(x,y,z)
=0

by rearranging and simplifying, we get
u(q®x,y,z) + u(x,q*y,z) + u(x,y,q°z)
—(q + D[ulgx,y,2) + u(x,qy, z) + u(x,y,qz)]
+3qu(x,y,y,z) =0 (16)
Using the method of separation of variables, we will assume that
u(x,y,z) = f(x)g(y)h(2),
u(qx,y,z) = f(gx)g(y)h(z)
u(x,qy,z) = f(x)g(qy)h(z),
u(x,y,qz) = f(x)g(y)h(qz)

u(q®x,y,2) = f(q*x)g(Y)h(2),
u(x,q%y,z) = f(x)g(a*y)h(2)
u(x,y,q%z) = f(x)g(»)h(q*2)
We substitute these values into the partial g-difference equation (16), we obtain
f(@*x)gh(2) + f(x)g(a*y)h(2)
+f () g(»h(q*z) 17)

and similarly for the terms
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—(q + D[f () g(h(2) + f(x)g(qy)h(2)
+f () g)h(gz)] + 3qf (x)g(¥)h(z) =0
Now divide each term by f(x)g(y)h(z), the equation takes the form
f(@*x)  g(q*y)  h(q®z)

0O T 9o @)

B flgx)  g9(qy)  h(qz)
R O RO TON

+3q = 0. (18)

Following the notation from [3], and letting
fx) = a'°8e,
1
flax) = ag®" = af (x),
f(@*x) = f(a(gx))
= af (qx) = a*f(x)
g(y) = a8,
1
9(qy) = a, Y = ag(y),
9(q*y) = g9(qa(qy))
=ag(qy) = a*g(y)
h(z) = a'°847,
h(42) = ag*" = ah(2),
h(q*z) = h(q(q2))
= az(qz) = a’h(z)
and substituting into (18), we obtain the characteristic equation a? — (q + 1)a + g = 0. Roots of
the equation are: @; = g and a, = 1. Then the solutions are respectively,
®(x,y,2) = €198 + C,q'°84” + C3q'°84”

Y(x,y,z) = Ciloggx + C,loggy + Cslog,z
Example 2:

Consider the partial differential equation
ou 2 zazu
ta =cCc°x Iz (19)
where ¢ is a constant. The partial first order g-derivatives with respect to t and second order partial

q-derivative with respect to x are given by
u(qt,x) —u(t, x)

R CES
(20)
u(t,q*x) —u(t,qx) u(t,qx) —u(t,x)
_ (g —1Dax (g —Dx
e (£,) = e
(21)
Substituting into equation (19) and rearranging, we get
u(qt,x) —u(t,x) (u(t, q%x) —u(t, qx) — qu(t, gx) + qu(t, x))
t - ¢ (9% — )x?
(22)

For the solution of the heat equation, we apply the method of separation of variables by assuming that
u(t,x) = f(t)gx),
u(qt,x) = f(qt)g(x),
u(t, qx) = f(t)g(gx),
u(t,q*x) = f(t)g(q°x)
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and substituting these values into the partial g-difference equation (21). Dividing each side by the
term f(t)g(x) and collecting like terms, then setting both sides equal to a constant A, and without
loss of generality, letting ¢ = 1, we obtain
(B-1) _
=D A (23)
then using the relation f(t) = go8dt,
f(at) = Bf(t), g(x) = a'°8e*, g(qx) = ag(x)and g(q*x) = a®g(x) we get
2 [9@@®x) (A +aglgx)
g(x) g(x)
=Aq(q - 1) (24)
Now make these substitutions into the equation (23) and (24), then the corresponding Euler type
equations and characteristic equations are

XUy = C

Bp=Aqg—-1+1 (25)
a?—a(l+q)+(g— Ag*>—¢q) =0 (26)
From the first characteristic equations (25), we have the corresponding solution
fo)=A@-1) + 1)l°gqt and from the second characteristic equation (26), the roots of « are
_1+qFJA -1 —-q-41q)
a2 = 2
The explicit form of the solution depends on the discriminant A = (1—¢q)(1—q —4Aq). If

- 1 1
A>0, 1< 14—:, 0<gq<1then g(x)= clalogqx + czazogqx

and therefore, the solution to the

partial differential (19) is u(t,x) = (A(q — 1) + 1)!°8¢*q1%8* If A =0, a = 14;;, 0 <gq<1,then
glx) = [t—qq]“’gqx, and the solution is u(t,x) = f(t)g(x) = (A(q — 1) + 1)1°gqt[%]l°gqx.

If A<0, 1> t—qq, 0 < q<1,then g(x) isinthe form
glx) = |a|10gqx(c3cos(910gqx) + c4sin(Blog,x)), where c¢q,c; €ER and 6 = arccos(%). The
solution is therefore, u(t,x) = (A(q —1) + 1)1°gqt(|a|1°gqx(c4cos(910gqx) + c4sin(Blog,x)))
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