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Abstract. The  -calculus appeared as a connection between mathematics and physics. It has 

several applications in different mathematical areas such as number theory, combinatorics, 

orthogonal polynomials, basic hypergeometric functions, quantum theory, and electronics. 

Recently, a great interest to its applications in differential transform methods,in order to get 

analytical approximate solutions to the ordinary as well as partial differential equations. In this 

paper, we present some of the interesting definitions of  -calculus and  -derivatives. By 

using  -calculus, solutions of some differential equations could be generated. 

1. Introduction and preliminaries 

The quantum calculus is an ordinary calculus without taking the limit. More precisely, in the classic 

calculus the derivative of a function      is defined as  

         
   

         

   
 

subject to the existence of the limit. 

The   -derivative is defined by 
          

    
 

where   is a fixed scalar different from  . Note that this type of derivatives does not use the limit. 

This is a special type of quantum calculus. Quantum derivative can be defined in many different ways. 

For instance, we can define different types of quantum derivatives      , where we do not take the 

limit. By considering             and       the derivatives are then called respectively, 

 -derivative,  -derivative, and  -derivative of      where     are a fixed number different from 

   and   is a fixed number different from  . 

These quantum derivatives (h-derivative, q-derivative and p-derivative) for the function         

are respectively, 
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The history of  -calculus goes back to Euler and Jacobi in the eighteenth century and F.H. Jackson, in 

the early twentieth century, revisited their related work. In the second half of the twentieth century, a 

remarkable research interest in the area of the  -calculus were observed due to its applications in 

several areas of mathematics and physics, [    ]. Recently, a tremendous interest was driven by 

high demands for mathematical models in quantum computing. The  -calculus bridges a connection 

between mathematics and physics. It has a lot of applications in research areas such as number theory, 

combinatorics, orthogonal polynomials, hypergeometric functions, quantum theory, and electronics. 

For more detailed material on quantum calculus, see the monographs [ ] [  ]  and [  ]  and 

references therein. Following the notations and terminology from the references [ ] [  ] and [  ]  
for an arbitrary function      the  -differential is defined by  

                   . 

In particular, let 

            

then the definition of the  -derivative in the sense of Jackson is as follows:  

       
  

   
     

          

      
  

where           and for      
  

   
        

   

      

  
 

Clearly, if      is differentiable, then        
  

   
      

     

  
. For      an arbitrary function, 

the  -differential of      is defined by 

                  

and in particular denoting           then  -derivative of a function      is defined as  

       
          

    
             

          
    

                                      (1) 

          
   

       

For any real number    let us define 

[ ]  
    

   
  

in particular, if       

[ ]  
    

   
               

and  

[ ]  {
      
                                        (2) 

 

      
  {

     

                                       (3) 

The following formulae and definitions [ ] [ [ [  ] [  ] are very useful:  

                 ∑ 

 

   

   
 
     

      
 

[ ] 
 

where   
 
  is defined by   

     and   
        

                 and             is called 

 -Taylor’s remainder of the order   with center at  . 

        
  [ ]      
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[   ]
        

         

The  -derivative of higher order of function      is defined by  

   
                                             (4) 

   
            

                                      (5) 

The  -derivative is a linear operator, i.e., for any constants   and   and arbitrary functions      

and      satisfying: 

                                 

Therefore, the  -derivative of the product and quotient of      and      are defined as follows:  

             
                   

    
 

 
                                       

    
 

 
                                  

    
 

                         (6) 

This result is simply presented as  

 

                                                     (7) 

By interchanging   and    we get  

                                                     (8) 

Equation     and     are valid and equivalent to each other. For the quotient rule, following [ ]  by 

replacing      with 
    

    
 and using the product rule, we get  

               [
    

    
    ] 

        [
    

    
]  

    

   
       

and from this expression  

  [
    

    
]  

                     

         
 

                        (9) 

Similarly, using the functions 
    

    
 and      we obtain easily  

  [
    

    
]  

                       

         
        

                  (10) 

Thus, equations     and     are equivalent. The  -derivative has its own peculiar chain rule  

  [       ]         
    

        
         

where      depends on the function          [  ]  
The function      is called a  -antiderivative of      if             and it is denoted by  

     ∫          

In contrast to the ordinary calculus, the  -antiderivative of a function might not be unique. To 

guarantee the uniqueness, some restrictions and conditions must be imposed. In       Jackson [10] 

defined the general  -integral in the form:  

∫  
 

 

          ∫  
 

 

          ∫  
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and  

∫  
 

 

                ∑  

 

   

          

where          and following Jackson’s idea  

∫  
 

 

               ∑  

 

    

         

provided that the sum of the infinity series converges. 

Introducing an operator  ̂  defined by  ̂              see more details in [13] then  

 

    
  ̂         

          

    
             

Knowing that  ̂ 
 
            

  for                  and using properties of the geometric 

series, we obtain the definition of the  -integral of     ,  

     
 

   ̂ 

             

 ∑ 

 

   

 ̂ 
             

 ∑ 

 

   

    
      

      
  

Thus,  

     ∫          ∑ 

 

   

    
      

      
   

The definite  -integral of the function      can be written in different forms. Assume that 

       where                 and the function   is defined on the interval     ]. Then  

∫  
 

 
           

   
∑   

       
      

      
  ∑   

       
      

      
        (11) 

where for any                  
     ]   

∫  
 

 
        ∫  

 

 
        ∫  

 

 
                         (12) 

Geometrical interpretation of Equation      is the area of the union of an infinite number of 

rectangles on the interval [     ], where   is a small positive arbitrary number and the summation 

consists of infinitely many terms as    ; if   a continous function over the interval [   ] the 

norm of the partition approaches zero, and the sum becomes a Riemann integral sum on the interval 

[     ]  therefore  

   
   

∫  
 

 

        ∫  
 

 

       

In general, the  -integral does not always converge to a  -antiderivative [ ] [  ]. We can guarantee 

the convergence of the series by imposing necessary and sufficient conditions. 

We now define the first order partial  -derivatives of multivariable functions, for example, if we 

consider the function   in two variables  

                
where     and            , the first order partial  -derivatives [3]  
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and the second order partial  -derivative of the function        with respect to        is given by  

         
                

      
 

and expending this closed form, we get  

         

                
       

 
              

      

      
                        

            (13) 

The second order partial  -derivative of the function     is defined in a similar way. 

2.  -transform on differential equations 

Example 1: 

Consider the 3-dimensional Laplace equation  

                                          (14) 

Following the notation and definition from      we have respectively,  

           

                    
       

 
                  

      

      
 

           

                    
       

 
                  

      

      
                             

(15) 

            

                    
       

 
                  

      

      
 

Then the second order  -difference equivalent form of the equation      is in the form  

                          

                      

                          

                           

           

   

 

by rearranging and simplifying, we get  

                                 

      [                             ] 
                                             (16) 

Using the method of separation of variables, we will assume that  

                       
                        

                         
                        

and similarly for the terms  

                           
                          

                          

We substitute these values into the partial  -difference equation       we obtain  

                              

                                               (17) 
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      [                            

              ]                   

Now divide each term by               the equation takes the form  

      

    
 

      

    
 

      

    
 

      [
     

    
 

     

    
 

     

    
] 

                                        (18) 

Following the notation from [3], and letting  

             

        
     

        

                

               

             

        
     

        

                

               

             

        
     

        

                

               

and substituting into       we obtain the characteristic equation                Roots of 

the equation are:      and     . Then the solutions are respectively,  

            
         

         
      

 

                                 

Example 2: 

Consider the partial differential equation  

 
  

  
        

                                  (19) 

where   is a constant. The partial first order  -derivatives with respect to   and second order partial 

 -derivative with respect to   are given by  

        
              

      
  

                          (20) 

         

                
       

 
              

      

      
  

                   (21) 

Substituting into equation      and rearranging, we get  

              

 
   

(                                 )

        
 

                               (22) 

For the solution of the heat equation, we apply the method of separation of variables by assuming that  
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and substituting these values into the partial  -difference equation     . Dividing each side by the 

term          and collecting like terms, then setting both sides equal to a constant    and without 

loss of generality, letting      we obtain  
     

     
                                   (23) 

then using the relation              

                                           and               we get 

        [
      

    
 

          

    
  ] 

                                     (24) 

Now make these substitutions into the equation      and       then the corresponding Euler type 

equations and characteristic equations are  

                                                                           (25) 

          (          )                                             (26) 

From the first characteristic equations       we have the corresponding solution 

                     and from the second characteristic equation       the roots of   are  

     
    √              

 
 

The explicit form of the solution depends on the discriminant                   If 

      
   

  
       then          

     
     

     
 and therefore, the solution to the 

partial differential (19) is                               If       
   

  
      , then 

     [
   

  
]       and the solution is                                [

   

  
]        

If       
   

  
      , then      is in the form  

                                            where         and          
   

   
  The 

solution is therefore,                                                               
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