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1. Introduction

In this paper we study the existence of mild and classical solutions of a nonlocal
Cauchy problem for a semilinear functional-differential evolution equation. Methods
of the functional analysis concerning to a compact Cy semigroup of operators and
Schauder’s fixed point theorem are applied. The nonlocal Cauchy problem considered
here is of the following form:

W' (1) + Au(t) = [ (tu(t),u(bi(2)),...,u(bu(t))), t€ (to,to+al, meN, (1.1)
u(to) + g(u) = uo, (1.2)

where #p > 0, a > 0, —A4 is the infinitesimal generator of a compact Cy semigroup of
operators on a Banach space, f,g,b; (i =1,...,m) are given functions satisfying some
assumptions and u, is an element of the Banach space.

Theorems about the existence, uniqueness and stability of solutions of differential
and functional-differential abstract evolution Cauchy problems were studied previously
by Byszewski and Lakshmikantham [3], by Byszewski [4-9], by Balachandran and
Chandrasekaran [2], and by Lin and Liu [10]. The result obtained is a generalization
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and a continuation of some results reported in publications [2-9]. This result consists,
among other things, in this that we apply Schauder’s fixed point theorem to obtain the
solutions of the nonlocal problem (1.1) and (1.2). Consequently, the assumptions (see
Assumptions (A4;)—(A43)) concerning to functions f and g are weaker than in papers
[3-9], where the Banach contraction theorem and the theory of approximation were
applied for nonlocal evolution problems. The result of the paper consists, also, in this
that, applying Schauder’s theorem, we obtain a solution of problem (1.1) and (1.2) of
much stronger regurality than in [2].

Functional-differential evolution Cauchy problems together with classical initial con-
ditions were also considered by Akca et al. [1].

In the case if the functional-differential nonlocal evolution Cauchy problem, studied
in the paper, is reduced to the differential evolution Cauchy problem together with
the classical initial condition then the result of the paper is reduced to the result of
Pazy [11] on the existence of solutions of the classical differential evolution Cauchy
problem.

2. Preliminaries

Let E be a Banach space with norm || - || and let {7'(t)},>0 be a Cy semigroup of
operators on E. A Cy semigroup {7(¢)};>o is said to be a compact Cy semigroup of
operators on E if 7(¢) is a compact operator for every ¢ > 0. A compact Cy semigroup
of operators on E will be denoted by {7(¢)}.

In this paper we assume that —A4 is the infinitesimal generator of a compact Cp
semigroup {7(¢)} of operators on E, D(A4) is the domain of 4, tp > 0,a > 0,

I :=[ty,t + al,
M := sup |T()||pLiz) 21
1€[0,a]
and
X = C(LE).
In the sequel, the operator norm || - ||gr(zx) Will be denoted by || - ||. We will need

the following sets:
E,={z€E|z|]| <p} and X,:={weX|w|x <p},

where p > 0.
Let f:IxE"™! - E g:X—E b:I—1 (i=1,...,m)and u € E.
We will need the following assumptions:

Assumption (A;). f € C(I x E"E),g € C(X,E) and b; € C(LLI)(i = 1,...,m).
Moreover, there are C; > 0 (i = 1,2) such that

1 (s:20,21-szm)|| S C1 for s €1 z € E, (i =0,1,...,m) (2.2)
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and
lgw)|| < Cy for w € X,, (2.3)
where

r:=M(aCy + |lug|| + C2). (2.4)

Assumption (A;).
g (Gwy + (1 = Hwy) = Ag(wi) + (1 — A)g(w2)
forw; e X, (i=1,2), 2€(0,1),
where 7 is given by Eq. (2.4).
Assumption (Aj). The set

{W(to): we X, wltg) =uo—gw)},

where 7 is given by Eq. (2.4), is precompact in E.

3. Existence of a mild solution

A function u € X satisfying the integral equation
u(t) =T1(¢ - to)ug — T'(t — t0) g(u)
[ TG s h i) (s &5, v

to
is said to be a mild solution of the nonlocal Cauchy problem (1.1) and (1.2).
Theorem 3.1. Suppose that the functions f, g and b;(i = 1,...,m) satisfy Assump-
tions (A1) and (Ay), where uy € E. Then in the class of all the functions w, for

which Assumption (Az) holds, the nonlocal Cauchy problem (1.1) and (1.2) has a
mild solution.

Proof. Let
Yi={weX: weX, wt)+gw)=u}, (3.1)

where 7 is given by Eq. (2.4).
It is easy to see that Y is a bounded closed convex subset of X.
Define a mapping F on Y by the formula

(Fw)(t) := T(t — to) o — T(t — 1) g(w) (3.2)

+/ T(t—s)f (s,w(s),w(bi(s)),...,w(bu(s))) ds, weY, tel

fo
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Since, by Egs. (3.2), (3.1) and (2.1)—(2.4),
I(EwYOI < Mlug|| + MCy +aMCy =1, weY, tel
then
F:Y—Y.

Moreover, the first part of Assumption (4;) imply that F € C(Y,Y).
Now, we will show that F' maps Y into a precompact subset F(Y) of Y. For this
purpose we will show that

Y(&) :={(Fw)(#t): we Y}, tel

is precompact in £ and F(Y) is an uniformly equicontinuous family of functions.
Observe that

Y(t9) = {(Fw)(to): we Y}
= {up — g(w): w € X, w(to) + g(w) = uo} .

Therefore, according to Assumption (A43), Y (%) is precompact in E.
Let ¢t > fy be fixed. For an arbitrary ¢ € (#y,¢), define a mapping F, on Y by the
formula

(Few)(2) :=T(t = to)uo — T(t = 10) g(w) (3.3)

+/ B T(t—s)f (s,w(s),w(bi(s)),...,w(bu(s))) ds

fo

=Tt —t)uy—T(t—1t))gw)

—|—T(8)/ a T(t—s—¢&)f (s,w(s),w(bi(s)),...,w(bn(s)))ds, weY.
Since 7'(t) is compact for every © > fy then the set
Y(2) = {(Few)(t): we Y}

is precompact in £ for every ¢ € (f,t). Moreover, from Egs. (3.2), (3.3), (2.1) and
(2.2),

[(Fw)() = Few )|

/ Tt = $)f (5. w(s ) W(Br(5))s - s W(B(s))) ds

—&

<eMC;, wev.

Consequently, the set Y(¢), where ¢t > fy, is precompact in E.
To show that F(Y) is an uniformly equicontinuous family of functions, observe that,
by Egs. (3.2), (2.3), (2.2) and (2.1),

|(Fw)(t) — (Fw)(t)| (34)
< |(T(tr — to) — T(t2 — to)) uo|
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H[(T(t —t0) — T(ta — 1)) g(w)|

i

/I(T(tl =) = T(t2 = 5)) f (5, (), w(b1(5)), - .., w(Dm(5))) ds

/2 T(ty = 5)f (5, w(s), w(b1(5)),-..,w(bm(s))) ds

4

i

< (luol| + CH | T(t1 = t0) = T(t2 — to)||

i3l
+C1/ ||T(l1 *S)*T([z7S)HdS+MC1(Z‘2711)

to

for wey th<t <hb.

The last three terms in Eq. (3.4) are independent of w € Y and tend to zero, when
t, — t1, as a consequence of the continuity of 7°(¢) in the uniform operator topology
for t > 0, which follows from the compactness of 7T'(¢) for ¢+ > 0. Therefore, F(Y) is
equicontinuous family of functions.

Since all the assumptions of Arzela—Ascoli’s theorem are satisfied then F(Y) is
precompact subset of Y.

Finally, applying Schauder’s fixed point theorem to X, Y and F, it follows that F
has a fixed point in Y and any fixed point of F is a mild solution of the nonlocal
Cauchy problem (1.1) and (1.2).

The proof of Theorem 3.1 is complete. [J

4. Existence of a classical solution

A function u : I — E is said to be a classical solution of the nonlocal Cauchy
problem (1.1) and (1.2) if
(1) u is continuous on / and continuously differentiable on 7\{#},
(2) w(t) + Au(t) = £ (Lu(),u(by(1)), ... u(bu(1))), ¢ € I\ 1o}

and
u(to) + g(u) = uo.

Theorem 4.1. Suppose that the functions f, g and b,(i = 1,...,m) satisfy Assump-
tions (A1) and (Ay), where uy € E. Then in the class of all the functions w, for
which Assumption (Az) holds, the nonlocal Cauchy problem (1.1) and (1.2) has a
mild solution u. Assume, additionally, that

(1) E is a reflexive Banach space,

(ii) there exists a constant L > 0 such that

||f(SsZO7ZI>"->Zm) - .f(S’Z~05£17"-95m)|| é L <|S _§| + Z ||Zk _Ek)
k=0 (4.1)

for s,s€l, zj,z; € E, (i=0,1,...,m),
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(iii) u is the unique mild solution of problem (1.1) and (1.2) and there is a constant
A > 0 such that

[u(bi(s)) — u(b:i())|| < A ||u(s) —u(S)|| for s,5€l, (4.2)

(iv) ug € D(A) and g(u) € D(A).
Then u is the unique classical solution of the nonlocal Cauchy problem (1.1) and
(1.2).

Proof. Since all the assumptions of Theorem 3.1 are satisfied then the nonlocal Cauchy
problem (1.1) and (1.2) possesses a mild solution u which, according to assumption
(iii), is the unique mild solution of problem (1.1) and (1.2).

Now, we will show that u is the unique classical solution of problem (1.1) and (1.2).
To this end, observe that

u(t+h) —u(t)
=[T(t+h—to)uo — T(t— ty) uo]
—[T(t+h—1)g(u) —T(t—1t0)g(u)]

to+h
+ / T(t+h—s)f (s,u(s),u(bi(s)),...,u(by,(s))) ds

to

t+h
+/ T(t+h—s)f (s,u(s),u(bi(s)),...,u(by,(s))) ds

+h

—/ Tt —s)f (s,u(s), u(bi(s)),...,u(byu(s))) ds

to

=Tt —1)[T(h) =1 uo — T(t — to) [T(h) — 1] g(u)

to+h
Jr/ T(t+h—s)f (s,u(s),u(bi(s)),...,u(by,(s))) ds

to

+/ T(t—s)Lf (s+ hu(s+ h),u(bi(s + h)),...,u(bu(s + h)))

—f (s,u(s), u(bi(s)),...,u(bu(s)))] ds
for t€[to,to+a), h >0 and t+ h € (ty,ty + al. 4.3)

Consequently, by Egs. (4.3), (2.1), (2.2), (4.1) and (4.2),
Ju(t + h) — u(1)| (4.4)
< hM || Auo|| + hM ||Ag(u)|| + hMC, + MLah

+ML / (Hu(s 1) — (|| + D [uCbe(s + 1) - u(bk(s))H) ds
fo k=1

t
= C,.h+ ML(1 —i—m%)/ |lue(s + 1) — u(s)|| ds
to

for ¢t € [ty,t0+a), h > 0 and ¢t + h € (ty, 1y + a,
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where
Cy :=M ||| Aug|| + ||Ag(w)|| + Cy + aL].
From Eq. (4.4) and Gronwall’s inequality,

Hu(t + h) _ u(t)” < C*eaML(leryf)h

for t€[to,to+a), h >0 and t+ h € (ty,ty + a].

Hence, u is Lipschitz continuous on /.

The Lipschitz continuity of # on / combined with the Lipschitz continuity of f on
I x E™V imply that t — f(t,u(t),u(b\(t)),...,u(b,(t))) is Lipschitz continuous on /.
This property of ¢t — f(t,u(t),u(bi(t)),...,u(b,(t))) together with the assumptions of
Theorem 4.1 imply, by Theorem 1 from [12] and by Theorem 3.1 from this paper,
that the linear Cauchy problem

V(0) + Av(t) = £ (Gu(),u(bi(@)), ..o ulba(0)), 1 € I\{10},

v(ty) = uo — g(u)

has a unique classical solution v such that

v(t) = T(t —to)up + T(t — to) g(u)

t
+/ Tt —s)f (s,u(s),u(bi(s)),...,u(by(s))) ds = u(t), tel
)

Consequently, u is the unique classical solution of the nonlocal Cauchy problem (1.1)
and (1.2) and, therefore, the proof of Theorem 4.1 is complete. [

5. Examples and remarks

L. Let p € N and ay,...,a, be given real numbers such that fp < a; < ... <a, <
to + a. Theorems 3.1 and 4.1 can be applied for g defined by the formula

p
gw) = Z cw(a;) for w e X,

i=1

p a;
[g(w)zzg/ w(s)ds forwe X |,
i=1 Y Jai—s

where ¢; (i = 1,..., p) are given constants [and ¢ (i = 1,..., p) are given positive
constants such that 1y < a; —¢; and a;—] < a; — ¢ (i =2,..., p), respectively].
II. Theorem 3.1 can be applied for b; (i = 1,...,m) defined by the following
formulas:
1. bi(¢) == kt" (i = 1,...,m) for t € I, where t(p = 0, a = 1, k; € (0,1] (i =
I,....m), neN;
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2. bi(t) := kisint(i = 1,...,m) for t € I, where tp = 0, a = 7, ks € (0,1] (i =

—(t—g)er(g)z for t € [t t+g)
P P 0540 ) 5

a\? a\? a

k,-(tfi) +(§> f0rt€|:l0+§,to+a],
where t0 =0, a=1, &, €(0,3] i=1,...,m).

Indeed, b; : I — I(i=1,...,m) and b;(i = 1,...,m) are continuous on /.

III. Let 0 =0, a=1, E=R; u(t) = at” for t € I, where o € (0,1],n € N; and
bi(t) .=kt (i =1,...,m) for t € I, where k; € (0,1] (i = 1,...,m). Then Theorem
3.1 can be applied for the above b; (i = 1,...,m), and condition (4.2) holds, where
A = max{k],....kL} .

2 m

3. bi(t) ==
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