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Quantum correlations 
and parameter estimation for two 
superconducting qubits interacting 
with a quantized field
K. Berrada 1,2*, S. Abdel‑Khalek 3, M. Algarni 4 & H. Eleuch 5,6,7

In the present manuscript, we introduce a quantum system of two superconducting qubits (S–Qs) 
interacting with a quantized field under the influence of the Kerr nonlinear medium and Ising 
interaction. We formulate the Hamiltonian of the quantum model and determine the density 
operator of whole quantum system as well as quantum subsystems. We examine the dynamics of 
the quantumness measures for subsequent times including the S–Qs entanglement, S–Qs-field 
entanglement and quantum Fisher information in relation to the system parameters. Finally, we 
display the connection among the measures of quantumness during the time evolution.

Keywords  Superconducting qubit, Kerr medium, Ising interaction, Entanglement, Linear entropy, Parameter 
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Current demonstrations of circuits with up to ∼ 102 physical qubits indicate that S–Qs are a preferred hardware 
platform for executing quantum computing1–5. Large-scale quantum information processing has become more 
possible with recent advancements in the times of qubit coherence6,7 and quantum fidelity of one- and two-qubit 
gates8,9 in superconducting circuits. S–Qs are controlled using ordinary microwave instruments and are created 
using regular nanofabrication and microfabrication techniques10,11. Achieving a balance between high coher-
ence and straightforward connectivity is the primary challenge in developing a fully functional superconducting 
quantum computer. Notable advancements in experimentation have been achieved lately in this context12–16. 
Specifically, it has been demonstrated that Xmon qubits exhibit great coherence and outstanding scalability at the 
same time17. In the meanwhile, a gmon coupler allows for the dynamic variation of the coupling between Xmon 
qubits18. Furthermore, a superconducting circuit is thought to be able to be built up to several tens of qubits, 
to demonstrating its quantum supremacy19. S–Qs chains provide a suitable platform for large-scale quantum 
simulation via these state-of the-art techniques20–30.

The non-classical correlations between distinct subsystems are described by quantum entanglement. It has 
been considered as one of the primary characteristics that set quantum systems apart from classical ones. The 
generation of quantum entangled states is essential for the accomplishment of quantum protocols with supercon-
ducting circuits. These quantum states are important in the domains of quantum cryptography, computation, and 
fundamental quantum physics31. Numerous experiments have accomplished the quantum entanglement of two 
qubits by linking S–Qs to a shared coupler, by considering a micro-wave resonator32,33. Recent investigations have 
demonstrated the production of multiqubit entangled states with substantial improvements in qubit coherence 
time34–37. Stable entanglement of S–Qs in a microwave resonator has been suggested38,39, and experimentation has 
proven this to be possible40. Producing steady-state entanglement of S–Qs in separate resonators is important for 
scalability41. In separated resonators, a number of scalable techniques have been proposed in order to stabilize a 
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two-qubit entangled state42,43, and this was experimentally accomplished44. In this context, the idea is based on 
the squeeze of the resonator modes after transferring the quantum entanglement to quantum bits. Other sug-
gested strategies consider the resonators microwave fields with a high mean photon number42,43. Furthermore, 
one or two types of the four Bell quantum states can be produced through those schemes.

Recently, the analysis of the accuracy of parameter estimation (P–E)45 has been the subject of extensive 
attention by studying the impacts of particle losses and noise sources46–50. Based on modifications in the P–E, 
quantum Fisher information (Q–F–I) is essential for determining the sensitivity of the quantum states. Q–F–I 
was first utilized by Fisher to examine the P–E51. For each given quantum measurement, the Q–F–I is consid-
ered for detecting the P–E with maximum information. The assessment for an unknown parameter contributes 
in the improvement of numerous fields in various quantum technology tasks by ameliorating the approaches 
utilized to detect the sensitivity of the parameters52–55. In this instance, the primary goal of estimation theory is 
to precisely identify the parameter rate resulting from physical quantum effects. In this regard, the Q–F–I may 
be used for characterizing the lower bound of the inequality of Cramér–Rao56. As a result, the Q–F–I may be 
thought of as the main issue that has to be resolved. The phenomena of fluctuation and decoherence that arise 
due to the interactions among the systems and their environment have recently been extensively considered in 
the literature in relation to the Q–F–I dynamics57.

Considering the background information mentioned above, we proceed to investigate the physical phenom-
ena related to S–Qs in order to determine the ideal circumstances for using S–Qs in quantum technology opera-
tions. We introduce a quantum system of a two S–Qs in the presence of a quantized field under the influence 
of the Kerr nonlinear medium and Ising coupling. We formulate the Hamiltonian of the quantum model and 
determine the operator of whole quantum system as well as quantum subsystems by solving the Schrödinger 
equation. We examine the temporal evolution of the quantumness measures for subsequent times including 
the S–Qs entanglement, S–Qs field entanglement and Q–F–I in relation to the system parameters. Finally, we 
exploit the connection among the measures of quantumness.

In the next section, we provide the system dynamics and solution of the Schrödinger equation. “Dynamics 
of quantumness measures” section presents a review on the quantumness measures and give a discussion on the 
obtained results. Last section is dedicated to the conclusion.

The quantum model
We propose a realistic quantum system consisting from a two-Cooper pair box that are connected via a Joseph-
son junction with capacitance CJ and energy EJ . A pair of S–Qs in the presence of an electromagnetic field that 
are in an interaction with a resonator of frequency �r = 1/

√
LC . The system Hamiltonian can be written as

Cg + CJ designs the total capacitance with Cg defines the gate capacitance, σ̂ i
z and σ̂ i

x represent the Pauli matri-
ces and o† (o) denotes the filed-creation (annihilation) operator. By utilizing the rotating wave approximation58, 
the interactive part in the Hamiltonian with the existence of χ is
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The Hamiltonian ĤN introduces the Ising effect as
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ô2
∣∣+j

〉〈
−j

∣∣+ ô†2
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The coefficients Mj(n, t), j = 1, 2, 3, 4 are obtained by solving the Schrödinger equation 
iℏ∂|U(t)�/∂t = Ĥ |ψ(t)�, where the operator Ĥ is defined by equation (4) and we can obtain a system of ordi-
nary differential equations for Mj(n, t)

Here δ(n) = χn(n− 1)+ µs and νj(n) = �

√
(n+2j)!

(n+2(j−1))! .
The density operator of S–Qs is found by performing the trace over the field basis

This formulation allows us to study the influences of the Ising and Kerr parameters on the measures of 
quantumness.

Dynamics of quantumness measures
In this present section, we present the dynamics of the quantumness measures for subsequent times including 
the S–Qs entanglement, S–Qs-field entanglement and Q–F–I under the influences of the kerr nonlinear medium 
and Ising coupling that are modeled through the manipulation of the parameters χ and µS.

In order to study the temporal evolution of the S–Qs entanglement, we consider the concurrence as a measure 
of entanglement and it is introduced by59

where �j represents the eigenvalues-square roots of ρ̂12
˜̂ρ12 in decreasing order, where ˜̂ρ12 defines the density 

operator relating to the Pauli matrix σY and ρ̂∗
12 by

Here ρ̂∗
12 designs the complex conjugate of ρ̂12.

In Fig. 1, the dynamics concurrence for the S–Qs state is shown in terms of the dimensionless time for dif-
ferent values of χ and µS with two-photon transition. Generally, the concurrence C12 presents an oscillatory 
behaviour depending on the parameters χ and µS . The entanglement can be generated during the dynamics due 
to the interaction effect of the S–Qs with the single-mode field. In the absence of the effects of Ising coupling 
and kerr medium, the measure of entanglement experiences a regular oscillatory structure with sudden birth 
and sudden death phenomena of quantum entanglement. When the Ising interaction is considered, the ampli-
tudes of the function C12 decrease as the time goes on and the oscillations become more faster at large values of 
the time. We notice that the kerr medium can lead to enhance the oscillations of the function C12 and almost 
preserve the structure of the oscillations as in the standard case ( χ = µS=0). The consideration of both effects 
can have a destructive effect on the S–Qs entanglement during the quantum dynamics. Now, we discuss why 
the Ising coupling and Kerr nonlinear medium can have a destructive effect on the S–Qs entanglement from 
the view point of population dynamics. In Fig. 2, the population dynamics for the S–Qs state is shown in terms 
of the dimensionless time for different values of χ and µS . Generally, the population ρ11

12 presents an oscillatory 
behaviour depending on the parameters χ and µS . It is clear that the presence of two effects leads to inhibit the 
oscillations’ amplitude of the population and therefore suppress the amount of entanglement.

To quantify the S–Qs–field entanglement, we use the linear entropy that is defined by

In Fig. 3, we show the dynamics of the S–Qs–field entanglement when the S–Qs is coupled to the radiation 
field for different values of χ and µS with two-photon transition. In general, the linear entropy ε experiences an 
oscillatory structure that depends on χ and µS . We can observe that the temporal variation of the linear entropy 
is liable to the values of χ and µS . Interestingly, the presence of Ising interaction and kerr nonlinear medium 
lead to enhance the entanglement of the S–Qs–field sate and the oscillations during the dynamics. Moreover, 
the measure of entanglement tends to reach a stable oscillatory structure at large values of the time. From the 
obtained result, the manipulation and enhancement the S–Qs–field entanglement can be made through a con-
venable control on χ and µS.

The distribution function, g
�̂
(x) , can be used for expressing the F–I as60
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Figure 1.   The concurrence C12 as a measure of S–Qs entanglement versus �t when the field is initially 
determined by a coherent state for α =

√
20 for different values of µS and χ . (a) is for (χ ,µS) = (0, 0) , (b) is for 

(χ ,µS) = (0, 15) , (c) is for (χ ,µS) = (0.3, 0) , and (d) is for (χ ,µS) = (0.3, 15).

Figure 2.   The population ρ11
12 with similar conditions on the parameters that are defined in the Fig. 1.
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The quantum version of F–I in terms of the estimator θ̂ can be explored via the symmetric logarithmic 
derivative D(α, t) as61

with

In Fig. 4, we illustrate the dynamics of Q–F–I for the S–Q state without and with Ising interaction and kerr 
medium effect. Generally, the measure of Q–F–I is significantly affected by the parameters χ and µS . The func-
tion IQF exhibits an oscillatory behaviour with amplitudes’ values that depend on χ and µS . Interestingly, we 
can observe that the local extrema values of the Q–F–I are extremely dependent on χ and µS . Evidently that 
the maximization, with accuracy of the P–E precision, of the Q–F–I during the dynamics can be realized by a 
convenable selection of parameter sets of χ and µS . Without the effects of Ising interaction and kerr medium, 
the Q–F–I experiences a regular oscillatory structure. When the Ising interaction is considered, the amplitudes 
of the function IQF decrease as the time goes. We notice that the kerr nonlinear medium can lead to reduce the 
oscillations of the function IQF . The consideration of both effects can enhance the oscillations that become more 
faster for a large time. This result illustrates that the P–E precision in the S–Q state can be controlled through 
the parameters χ and µS .

The fidelity for the S–Qs state is defined by

In Fig. 5, we show the function F against the dimensionless time �t for different values of χ and µS . In gen-
eral, we mention that the fidelity begins from its maximal value 1 and experiences an oscillatory behaviour. The 
amount and oscillations amplitude of the function F depend significantly on the values of χ and µS . We can 
observe the value of the fidelity tends to be closer to its maximal value by considering the Ising interaction and 
kerr medium effect as shown in the figure. In this limit, the function F reaches a stable behaviour and nears to 

(12)I
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=
∫

1

g
�̂
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Figure 3.   The time evolution of the linear entropy ξ with similar conditions on the parameters that are defined 
in the Fig. 1.
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Figure 4.   The dynamics of the Q–F–I with similar conditions on the parameters that are defined in the Fig. 1.

Figure 5.   The Fidelity F with similar conditions on the parameters that are defined in the Fig. 1.
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its maximum at large values of the time. This result illustrates how the quantum fidelity can the information or 
which the S–Qs state to be closed its initial pure state.

Conclusion
In summary, we have explored a quantum system of two S–Qs interacting with a quantized field in the pres-
ence of a Kerr nonlinear medium and an Ising coupling. We have formulated the Hamiltonian of the quantum 
model and evaluated the density operator of whole quantum system as well as quantum subsystems. We have 
examined the dynamics of the quantumness measures for subsequent times including the S–Qs entanglement, 
S–Qs field entanglement and Q–F–I in relation to the system parameters. We have discussed how the temporal 
evolution of the quantifiers can be controlled through a considerable selection of the model physical parameters. 
Finally, we display the connection among the measures of quantumness during the time evolution. The findings 
presented here demonstrate the potential use of the system examined in terms of quantum measurements theory 
in facilitating the execution of experiments under ideal circumstances.

Data availability
The datasets used and/or analyzed during the current study are available from the corresponding author on 
reasonable request.
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