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We investigate the interaction between two flat-top solitons within the cubic-quintic nonlinear Schrodinger
equation framework. Our study results point towards a significant departure of flat-top solitons’ collisional
characteristics from the conventional behaviors exhibited in the scattering dynamics of two bright solitons. Our
investigation outlines specific regimes corresponding to the dual flat-top solitons’ elastic and inelastic collisions.
We determine regimes in the parameter space where exchange in the widths of the interacting flat-top solitons is
possible, even within the elastic collision domain. We find a periodic occurrence of completely elastic scattering
of flat-top solitons in terms of the solitons’ parameters. Investigating the internal energy transfers between the
solitons and the emitted radiation reveals the origin of inelasticity in flat-top soliton collisions. We perform a
variational calculation that accounts for the amount of radiation produced by the collision and hence provides
further insight into the physics underlying the loss of elasticity of collisions.
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I. INTRODUCTION

The most interesting and appealing feature of solitons is
that their integrity is preserved while propagating and after
scattering with each other [1-4]. Such a unique feature sug-
gests there may be a plethora of applications for solitons
[5-8]. Within this context, bright solitons of the fundamental
nonlinear Schrodinger equation (NLSE) have been investi-
gated extensively [1-3]. Specifically, the interaction between
bright solitons [9] and their scattering by potentials [10-14]
have been well studied. It is established that collisions be-
tween bright solitons of the fundamental NLSE are elastic,
and it is understood that this is a consequence of the integrabil-
ity of the fundamental NLSE, which implies the existence of
an infinite number of conserved quantities (see, for instance,
Ref. [1]).

Soliton collisions have been studied extensively across
various models [15-19]. The interactions of cosine-Hermite-
Gaussian solitons have been analyzed using the two-
dimensional NLSE [20]. Collisions between anisotropic
dipolar solitons at different velocities and angles, examined
through the three-dimensional mean-field Gross-Pitaevskii
equation, show quasielastic behavior at high velocities with
no deformation, and inelastic behavior with increasing de-
formation at lower velocities [21]. Inelastic soliton collisions
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have also been explored in the nonlinear Klein-Gordon model
[22]. Additionally, the (3 4 1)-dimensional Sharma-Tasso-
Olver-like model, applicable to dispersive wave phenomena
in optics, reveals inelastic fusion or fission phenomena where
some kink waves disappear or split into multiple waves [23].

Recently, an increased interest was directed towards an-
other type of solitons, known as flat-top solitons [24-34].
This was triggered by the experimental realization of so-called
quantum droplets, which are one form of flat-top solitons in
mixtures of Bose-Einstein condensates [24,35-37] and dipo-
lar condensates [38—40]. Flat-top solitons are supported by the
NLSE with dual power-law nonlinearity. In mixtures of Bose-
Einstein condensates, the competing nonlinearities are quartic
and cubic. The former originates from quantum fluctuations,
known as Lee-Huang-Yang (LHY) fluctuations [41,42], while
the latter originates from interatomic interactions [43]. In
nonlinear optics, dual nonlinearities are cubic and quintic,
where the former, known as Kerr nonlinearity, corresponds
to the nonlinear response of the medium, while the latter
corresponds to higher-order corrections [6].

Many features of flat-top solitons have been studied, in-
cluding their dynamics [44—48], collective modes [49], their
scattering by potentials [50], and binding into molecules [51].
It is known that the NLSE with dual nonlinearities is not
integrable [1]. Collisions of flat-top solitons are also known
to be inelastic [52] and lead to the fragmentation of solitons
[44]. Given the importance of understanding the behavior of
flat-top solitons from fundamental and application points of
view, in this paper we aim to investigate mutual collisions
of flat-top solitons, with an emphasis on the elasticity and
inelasticity of the collisions. In particular, we will answer
the following questions: (i) Can collisions of flat-top solitons
be elastic? (ii)) What is the physics underlying inelasticity in
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the collisions of flat-top solitons? To answer these questions,
we start by characterizing the outcome of collisions between
flat-top solitons in terms of the solitons’ parameters, namely
initial relative phase, initial relative speed, initial separation,
and soliton width, where the latter is determined by the
strength of the nonlinearities. This results in a classification of
scattering regimes into (i) nearly elastic scattering associated
with width exchange, (ii) inelastic scattering with radiation
production, and (iii) a single case of completely elastic scat-
tering with no width exchange and no emitted radiation.
Investigating the single case of completely elastic scattering,
we find periodic occurrences of such a case in terms of any of
the initial parameters of flat-top solitons, including their rela-
tive phase, separation, and speed. The second main finding is
revealing the origin of inelasticity through a detailed analysis
of the energy transfers between the different forms of energy.
Specifically, we consider a completely inelastic case in which
the two solitons coalesce after collision, and then we show
that the permanent loss in the initial center-of-mass kinetic
energy is mostly carried by dispersive radiation waves. We
discuss this mechanism with respect to the nonintegrability
of the NLSE with dual nonlinearity. This picture is confirmed
through a variational calculation, where we treat the amplitude
of the produced radiation as a variational parameter. Conser-
vation of norm, energy, and momentum is then used to predict
the norm of radiation that agrees favorably with the numerical
results.

The rest of the paper is organized as follows. In Sec. II,
we present the theoretical model and setup for the numerical
simulations. In Sec. III, we present and discuss our results
for characterizing the outcome of flat-top soliton scattering in
terms of the solitons’ parameters. In Sec. IV, we show results
for periodic occurrences of elastic scattering in terms of the
solitons’ parameters. In Sec. V, we discuss energy transfers,
shedding more light on the origin of inelasticity. In Sec. VI,
we perform a variational calculation to account for the amount
of radiation production. We end in Sec. VII with a summary
of our main findings, conclusions, and an outlook for future
work.

II. THEORETICAL MODEL AND NUMERICAL SETUP
A. Theoretical model

The dimensionless nonlinear Schrodinger equation with
dual power nonlinearities is expressed as
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where ¥ (x, t) represents a complex field corresponding, for
example, to the amplitude of the electric (or magnetic) field
in the case of optical solitons, while it corresponds to the
condensate wave function in the case of Bose-Einstein con-
densates. The term g; is the dispersion coefficient, while g,
and g3 denote the strengths of the nonlinearity terms, and
p and g are arbitrary real constants that are not necessarily
integers. This is one of the nonlinear evolution equations that
admits exact solutions corresponding to flat-top solitons [53].
Experimentally relevant situations, such as quantum droplets

of Bose-Einstein condensates, or optical solitons in fibers
require g = p/2. In this case, Eq. (1) admits the following
exact solution that corresponds to a one-parameter family
comprising four fundamentally different solutions including
flat-top solitons:
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In this equation, ug, xo, ¢o, and vy are parameters that denote
the soliton’s initial amplitude, peak position, phase, and veloc-
ity, respectively. The dimensionless parameter y, expressed
as y = g3/gs0, where g3 = (p+ 1g3/[(p+ 2)%uol, is the
single parameter that dictates the form of the soliton solution.
Depending on y, the soliton may manifest as a kink soliton
(y = —1), a flat-top soliton (—1 < y < 0), a bright soliton
(y = 0), or a thin-top soliton (y > 0), as discussed in [50].

For optical solitons in fibers, the nonlinearities are cubic
and quintic, which correspond to p =2, and for this case,
Eq. (1) takes the form
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and its solution, (2), simplifies to
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Figure 1 illustrates the soliton profiles corresponding to the
four members of this y family of solutions.

The width of the flat-top soliton, W, is defined by the half-
maximum criterion, namely |¢(W/2,0)| = (1/2)|¥ (xo, 0)],
which gives

g1 3 1 ( 6 )2

W=2/"ln{d+——+- -4+ (8+—) |
Uy Vi+y 2\/ JIF+y

(5)

In the limit y — —1, where y approaches —1 from the
right, the soliton width diverges, and the left and right edges
of the flat-top soliton approach —oo and +o00, respectively.
The soliton, in this limit, will take the form of a finite constant
value, as shown by the thin horizontal line in Fig. 1. However,
since x( is an arbitrary constant, the solution can be shifted
by xo = W/2 such that the left edge of the flat-top soliton is
always at the origin. With this shift, the solution, in the limit
y — —1, takes the shape of a kink localized at x = 0, while
the right edge is shifted to +o0, as shown by the inset in Fig. 1.
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and the center-of-mass kinetic energy
99

9 2
KEc¢om =g1/ <8x> dx.

It should be noted here that this distinction between the two
forms of energy may not be well defined for the general case
when the amplitude, A(x, 7), and phase, ¢ (x, t), have a general
time dependence, since in that case, each of the two types of
energy may have contributions from both definitions (8) and
(9). However, for solutions that depend on time only linearly
through their translational motion, obtained by a Galilean
transformation of a stationary solution, such as the one given
by (4), the two types of kinetic energy are well defined. In this
case, using the solution (4), the kinetic energy pressure takes
the form

o0
A2

[e¢]

€))

»=10"-1, Flat-top soliton -=:= - »=10716-1, Flat-top soliton KEpressure = % g% N 3 F (y), (10)
y=-1, Kink soliton &1
where
FIG. 1. Solution profile of Eq. (4) for different values of y. 3/2
Values of other parameters are g, = 1/2, g, =1, ug =1, vp = 0. 3 _3m y
Fi(y)=— ()"
RN
16 tan~! ( \/)}; )
The energy functional corresponding to Eq. (3) is
, x | /=y —2(1 + y)tanh™!
o0 oY 1 s 1 6
E = 81|50 —582|1/f| —§g3|1/f| dx. (6)
T 24y —-2/T+y
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The first term in the energy functional gives the kinetic energy, 4
which, for a quantum staFe, can be split into .two.terms, namely and the center-of-mass kinetic energy takes the form
the center-of-mass kinetic energy and the kinetic energy pres-
sure. The former corresponds to the translational motion of _ 2
. L. . KEcom = —NUO, (12)
the flat-top soliton, which is analogous to the classical trans- 4g,
lat.lo.nal kinetic energy of I‘lgl.d objects, while the second te.:rm where N is the total soliton intensity, or norm, defined by
originates from the curvature in the profile and has no classical
analog. The two terms can be extracted from the total kinetic N = f = | dx
energy term, KE, = g; ffooo |%|2dx, as follows. Consider o
the polar form of the wave function: ¥ (x, t) = A(x, t)e"®™"),
with real amplitude and phase. The total kinetic energy term _3 g1uo tan-! JI+y =1 13)
can then be written as o &y an N2 ' (
0 ra4\2 00 EY) 2 The total interaction energy is also calculated as
Kew=g [ (50) avra [ a(50)an @)
oo \LO0X o ox o 1 . | 6
IE = —582|1/f| —§g3|1/f| dx
which defines the kinetic energy pressure I
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FIG. 2. The function Fj, = F; — 2F; given by Eq. (18).

and ¢ = 1; ﬁvyy:ll . The total energy is thus
1 1
E = —Nvj+ —&N°Fi(y) - —g%N3F2<y> (16)
4g, 48g1

While the analysis we perform below on the flat-top soliton
dynamics requires the determination of each energy compo-
nent separately, it is instructive to show that the last expression
simplifies to

1 1
E = —Nv? N3 F 17
4g, Uo+48 ]gz 12(¥), 17
where
Fa(y) = F — 2F; 3
12 =F —2FKh=-
—1 (JyFI-1)\2
4tanh™" ( }\'/7 )

Va3

x |14+ —
2 tanh™! (—@ 1)

(18)

The quantity Fj,(y) is real for our relevant range of y,
namely y > —1. Plotting this quantity, as shown in Fig. 2,
shows that it equals —1 for the bright soliton (y = 0), and
0 for the kink soliton (y = —1). In the bright soliton limit,
y — 0, both functions Fi(y) and F>(y) equal 1, and the
energy takes the correct form of bright soliton energy, namely
Egs 4g]N Uo B g%N3 In the limit y — —1, which cor-
responds to the kink soliton, N diverges as — In (1 + y) while
the term F; — 2F, vanishes as 1/[In (1 + y)]?. Equation (17)
shows that the energy, which is proportional to N*(F, — 2F,),
diverges as —In (1 + y). Divergence in energy of the kink
soliton is due to the infinite nonzero flat part of the kink
soliton, which results in a diverging norm. In Fig. 3, we plot
the width, W, the norm, N, and the energy, E, of a single
moving soliton, as given by expressions (5), (13), and (17),
respectively.

B. Setup for numerical simulations

We consider two equal flat-top solitons, namely a station-
ary soliton located at x = —xp and a second soliton at x =
Xo > 0 moving towards the first soliton with initial center-of-
mass velocity vy < 0. The profile corresponding to this initial

FIG. 3. Solid curves correspond to the analytical expressions of
the total energy, £, and norm, N, of two solitons, and the width, W,
of a single soliton, as is essentially given by Eqgs. (17), (13), and
(5), respectively. It should be noted that expression (17) gives the
energy of a single soliton. The corresponding curve in this figure is
for two solitons; initially one is stationary and the other is moving
with a speed vy. Therefore, we have multiplied the interaction energy
term in (17) by 2. Dashed red curves for £ and N, which coincide
with the analytical expressions, are obtained from the numerical
solution. Horizontal dotted line marks the bright soliton energy limit.
Parameters used are up = 1, g1 = 1/2, g, = 1.

setting is
V(x,0) = ¥ (x, 0) + ¥, (x, 0), 19)

where the initial profile of the stationary soliton is

1
¥i(x,0) = | ,
82«/1+V\/1 J1+y +COSh2[ /Z_?(x_i_x())]

EN =7
(20)

and the initial profile of the moving soliton is

/ 1
1aﬁr(x 0)=
g2\/1 Tty \/1 NS cosh?| o —x0)]

2J/1+y

0 G—0)/ Q8] (21

where we have set the initial phase to ¢9 = 0, which will be
the case for most of the numerical experiments. In Sec. IV,
however, we relax this setting and allow this phase to change
in order to investigate its effect on the periodic occurrence of
elastic scattering. This initial profile is evolved using Eq. (3).
We use the iterative power series finite-difference method
[55,56], which proved to be highly accurate in simulating
the scattering of very wide flat-top solitons by potential wells
[54]. The method is superior to other finite-difference meth-
ods in accuracy and speed. We have shown in Ref. [54] that
accuracy can reach machine precision, and speed is at least
three times faster than the split-step finite-different method.

It is instructive to find how the soliton’s main features,
namely energy, norm, and width, depend on the parameter y.
These three quantities are plotted in Fig. 3 for a single soliton
moving with speed vy, using the exact analytical expressions
(5), (13), and (17). As a confirmation of the accuracy of
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FIG. 4. Interaction of two flat-top solitons with widths defined by yy (upper row) and the corresponding total kinetic energy as a function
of time (lower row). The red line indicates the mean value. In each case, one soliton remains stationary while the other is moving towards
it with a speed vy. The velocity and change in kinetic energy, respectively, are (a), (e) vo = —0.04, |AKE| = 1.243 x 107; (b), (f) vy =
—0.06, |AKE| = 1.374 x 1072; (¢), (g) vo = —0.16, |AKE| = 2.074 x 1077; and (d), (h) vy = —0.28, |AKE| = 2.729 x 10~'. Values of

other parameters are g; = 1/2, g2 =1, yp = 1.

the numerical code, the energy and norm are also calculated
numerically using the integrations in (8), (9), (13), and (14),
where a perfect agreement with the analytical expressions is
obtained.

A final remark about the values of y that we consider in this
work is in order. Our numerical investigations are restricted
to flat-top solitons with —1 < y < 0. For wide flat-top soli-
tons, y has to be very close to —1. It is thus convenient to
consider values of y given by the function y; = 10~ — 1,
where i =0, 1,2, ..., 16. In this manner, the width of the
flat-top soliton, given by Eq. (5), increases almost linearly
with i for i > 2. Here, y, corresponds to the bright soliton and
y16 corresponds to the widest flat-top soliton that we consider
here, with width W ~ 14.3 for gy = 1/2, up = 1.

III. COMPUTATIONAL RESULTS AND ANALYSIS

Elastic scattering of classical rigid objects is characterized
by the conservation of total kinetic energy. Numerical inspec-
tion showed that scattering of flat-top solitons is complicated
by the various possible outcomes. Depending on the solitons’
initial relative speed, phase, and width, the scattering may
be, as in the classical case, completely elastic, completely
inelastic (coalescence), or partially inelastic. These possible
outcomes are complicated by the possibility of permanent
average width exchange, excitation of internal modes such
as width oscillations, and emitted radiation. We found that,
while the collision may be nearly elastic, considerable width
exchange may take place accompanied by very small width
oscillations. It should be noted, however, that only for the
completely elastic case is there no width exchange, no width
oscillations, no radiation, and the kinetic energy is exactly
conserved. Emitted radiation is always present in flat-top scat-

tering, except for the completely elastic scattering case, and it
turns out to provide the key for understanding the source of
inelasticity in flat-top scattering.

In this section, we examine the dynamics of interactions
between two flat-top solitons with an emphasis on kinetic
energy and width changes before and after scattering. In
Sec. IIT A, we select a flat-top soliton with a width correspond-
ing to y9 for the numerical study, outlining the parameter
space for elastic and inelastic collisions, in addition to the
width exchange between the two flat-top solitons postcol-
lision. We also demonstrate that the two flat-top solitons
merge into a single entity at very low and very high col-
lision velocities, where the coalescence in both instances is
accompanied by the ejection of small-amplitude propagating
radiation waves. In Sec. III B, we broaden the study to encom-
pass other flat-top solitons with varying widths corresponding
to the range Yo — y16-

A. Collision of two flat-top solitons with widths
corresponding to y,

For this part of our study, a flat-top soliton with a width
corresponding to yg is used to highlight multiple outcomes.
Total kinetic energy is calculated before and after collision
using Eq. (7). The difference in kinetic energy is then defined
as AKE = KE(t =t7) — KE(t = 0). Figure 4 demonstrates
the degree of elasticity observed in the collision between
two flat-top solitons. In (a), a stationary flat-top soliton with
velocity vg = 0 is approached by another flat-top soliton with
vg = —0.04. The collision is inelastic, as evidenced by the
difference in kinetic energy before the collision and the av-
erage kinetic energy afterward, represented by the red line,
accompanied by a significant width exchange. In (b), the
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FIG. 5. Variation of flat-top solitons width ratios w; = W (r =
tp)/Wi(t = 0) and wy, = Wa(t =1;)/Ws(t = 0) vs y. Here, w; and
w, denote the width ratio of the first and second solitons, respec-
tively. Values of other parameters are g; = 1/2, g2 =1, up = 1.

flat-top soliton’s velocity is increased to vg = —0.06, result-
ing in an oscillation of the kinetic energy around a value
close to the initial energy, with AKE = 0.001 378. Given the
near-zero value of AKE, this collision is nearly elastic, yet a
noticeable width exchange between the solitons still occurs.
Figure 4(c) presents an elastic collision with a velocity of
vo = —0.16, where AKE ~ 0 and no width exchange takes
place. Lastly, Fig. 4(d) showcases an inelastic collision with
a velocity of vg = —0.28, accompanied by a width exchange,
with a recorded AKE = —0.281656. This leads us to con-
clude that there are three possible outcomes for flat-top soliton
collisions: (i) completely elastic collisions with no radiation
and no width exchange, (ii) nearly elastic collision with al-
most no radiation but with width exchange, and (iii) inelastic
collision with both emitted radiation and width exchange. The
rather surprising appearance of a single case of completely
elastic scattering, imbedded within a continuum of inelastic
collisions, will be explained in the next section. It should be
noted that, here and throughout, the spatial domain is taken
large enough such that the backscattered radiation from the
edges of the spatial grid does not reach the soliton during the
evolution time.

To elucidate quantitatively the phenomenon of width ex-
change between two flat-top solitons, as observed in Fig. 4,
we introduce the width ratios w; = W (¢t = t7)/W;(t = 0) and
wy = Wa(t =t7)/Wa(t = 0) to quantify the changes in their
widths. Here, w; is defined as the ratio of the postinteraction
width to the preinteraction width for the left flat-top soliton,
while w, follows the same formula for the right flat-top soli-
ton. These width ratios are plotted versus soliton speed in
Fig. 5. From the figure, it is observed that at low velocities, the
left flat-top soliton emerges from the collision with a reduced
width compared to its original width, while the right flat-top
soliton experiences the opposite effect. Upon increasing the
velocity, a critical point is reached around |vg| = 0.16, at
which no width exchange is observed. Past this point, the
left flat-top soliton begins to emerge postcollision with an
increased width. To comprehend this behavior, we list the

values of AKE as a function of velocity in Table I. Notably,
at |vg| = 0.16, AKE attains its minimum value, registering
at a nearly negligible —2.074 x 10~7. Thus, indeed at this
distinguished speed of |vg| = 0.16, the collision is completely
elastic and no width exchange takes place.

For an overview of the scattering outcomes, we identify
in Fig. 6 the velocity ranges corresponding to elastic and
inelastic domains, as well as regions exhibiting radiational
effects, using the data presented in Table 1. For low velocities
|vg| < 0.08, the collision is inelastic. As the collision velocity
increases, the interaction transitions to being nearly elastic
for velocities in the range 0.08 < |vp| < 0.22, marked by a
reduction in AKE by two orders of magnitude. Nonetheless,
width exchange is still ongoing in this regime, as shown in the
table. For velocities above |vg| = 0.22, we once again observe
inelastic collisions. Notably, at relatively high collision veloc-
ities, |vg| > 0.30, the inelastic collision not only results in a
single flat-top soliton, but it also gives rise to small-amplitude
density waves indicative of radiation. It is noteworthy that at
|vg| =~ 0.16, the collision becomes fully elastic, marked by an
absence of width exchange, width oscillations, and radiation.
The numerical value for AKE is reduced, at this point, by
anywhere from two to five orders of magnitude compared
to the other data in Table I. Strictly speaking, radiation is
almost always produced in flat-top soliton scattering, but it is
negligibly small in the region of nearly elastic scattering and
is absent only in a single case of completely elastic scattering,
as shown in Table I. As will be discussed in Sec. V, the com-
pletely elastic scattering case is part of periodic occurrences
at specific values of the soliton parameters.

The emergence of a single flat-top soliton at high velocity,
along with the symmetry in the data in Table I, i.e., AKE, is
large at both low and high velocities due to the ejection of
small density waves. This raises the question of whether two
flat-top solitons might similarly merge at very low velocities.
Figure 7 depicts this phenomenon, showing two flat-top soli-
tons combining into a single entity at both very low (Jvg| =
0.005) and high (Jvg| = 0.30) collision velocities.

It is interesting to observe that the coalesced soliton ac-
quires a positive momentum in spite of the fact that the total
initial momentum is negative, which raises a question about
the conservation of total momentum. To understand this un-
usual behavior, we first verify that total energy, norm, and
momentum are indeed conserved, up to the accuracy of the
numerical method, as shown in Fig. 8. Since the total momen-
tum

S i /OO <aw*(_x,t) w(x’t) _ al/f(.x,t) w*(x’[))dx
2 J s dax 0x
(22)

is conserved, the total momentum before collision is negative,
and the momentum of the coalesced solitons after collision is
positive, some negative momentum should be carried by the
scattered radiation for the total momentum to be conserved.
We have calculated the momentum carried by the radiation
part and the momentum carried by the solitons separately,
as shown in Fig. 9. The figure shows that the momentum
of the radiation scattered to the left is larger than the mo-
mentum of radiation scattered to the right, such that the total
momentum carried by radiation is indeed negative, and the
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TABLE I. Change in kinetic energy, AKE, radiation production, E.,4, and width exchange expressed by the width ratios w; and w, of
different flat-top soliton collisions. Values of other parameters are g; = 1/2, go =1, uy = 1.

[vol |AKE]| Era wy, Wy

0.005 1.494 x 107! 2.956 x 107! 0.0000%,2.0536
0.02 1.294 x 107! 9.981 x 1072 0.1313,2.0322
0.04 1.243 x 107! 2.033 x 1074 0.1964,1.9107
0.06 1.374 x 1072 1.149 x 1077 0.3929,1.5893
0.08 2.567 x 1073 8.654 x 10~° 0.7143,1.2679
0.10 7.425 x 1077 4.428 x 107° 0.8393,1.1429
0.12 4.397 x 1077 3.924 x 107° 0.8929,1.0893
0.14 4.107 x 10~° 1.009 x 10~° 0.9643,1.0357
0.16 2.074 x 1077 5.726 x 10710 1.0000,1.0000
0.18 2.218 x 1073 1.920 x 1078 1.0536,0.9286
0.20 1.443 x 107* 3.686 x 1078 1.1429,0.8393
0.22 7.947 x 1074 7.642 x 1077 1.2500,0.7143
0.24 8.219 x 1073 4.899 x 1073 1.3750,0.5536
0.26 5.893 x 1072 1.402 x 1073 1.7143,0.3393
0.28 2.729 x 107! 2.567 x 1072 2.0398,0.1964
0.30 3.422 x 107! 1.874 x 107! 2.0621,0.1712

*Two flat-top solitons combine after the collision to form a single flat-top soliton.

total momentum of both the coalesced soliton and radiation is
consequently conserved.

B. Collision behaviors of flat-top solitons
across widths spanning y, to yi6

It is instructive to investigate the elastic collisions be-
tween flat-top solitons of varying sizes. To achieve this,
we conducted numerical calculations to outline the regions
corresponding to elastic, inelastic, and radiative behaviors
for flat-top solitons with widths corresponding to the range
Yo — Y16- We selected three representative velocity values to
characterize the elastic, inelastic, and radiation regions: |vy| =
0.1, |vg| = 0.26, and |vg| = 0.31, as illustrated in Fig. 6. In
Fig. 10, we utilize these velocity values to plot AKE versus
y. For bright solitons (yy), our findings confirm that the ki-
netic energy remains constant before and after the collision,
implying purely elastic behavior for all velocities. It is worth

0.5
Radiation
0.4F —>
Inelastic Scattering
Inelastic Scattering <—>.'.|
0.3} —> L
o b
' I
ﬁ 0.2f o
—_ ' '
Neeen, -
0.1 -: : H Nearly Elastic Scattering . : :
L e - > o
e T
[ 1 A 1 1
0.0F : T."I”oo*ooo*o.-*n-c!oto?coo,o.ofnl’l" . ' .
[ ' ' I I I I I ' 1 I ' ' ' 1

0.00 0.05 0.10 0.15 0.20 0.25 0.30
ol
FIG. 6. Inelastic, nearly elastic, and radiation regimes for the flat-

top soliton collisions with width defined by 9. A completely elastic
collision, indicated by the red square, occurs at |vy| = 0.16.

noting that bright solitons are well-known for their exclusively
elastic collision properties, as discussed above. In contrast,
for y # 0 we identify three distinct regions based on collision
behavior. At |vg| = 0.1, although there is width exchange, all
collisions are nearly elastic, as AKE = 0; at |vg| = 0.26, they
are inelastic, given that AKE # 0. The degree of inelasticity
varies with the width of the flat-top solitons. At |vy| = 0.31,
we observe an inelastic collision that is also accompanied
by radiation. The findings indicate a notable divergence in
the collisional properties of flat-top solitons compared to the
traditional behaviors observed in the scattering dynamics of
two bright solitons.

In Fig. 11, we examine the exchange of widths that occurs
when two flat-top solitons collide with widths correspond-
ing to the range yp — y16. Referring to Fig. 4, a significant
width exchange is evident at both low and high velocities.
We investigated this phenomenon at three specific velocities:
|vg| = 0.06, |vg| = 0.16, and |vg| = 0.26. According to Fig. 4,
there appears to be no width exchange around |vg| = 0.16,
prompting us to investigate whether this holds true for flat-top
solitons of various widths. In Fig. 11(a), we observe that
increasing the flat-top soliton width leads to an exchange
in widths following the collision. Notably, the rate of width
exchange stabilizes for flat-top solitons with widths corre-
sponding to |y| > |ys|. At this velocity, there is an absence
of a noticeable width exchange for flat-top solitons with a
width corresponding to y;. Figure 11(b) presents a fascinat-
ing finding: there is minimal width exchange for all flat-top
solitons of different widths, as w,;, is nearly equal to 1.
This outcome confirms that at this velocity (vg = —0.16), the
collision behavior of flat-top solitons resembles that of bright
solitons, characterized by the absence of width exchange and
a situation in which AKE = 0. For |vy| = 0.26, as shown in
Fig. 11(c), we observe results akin to those in Fig. 11(a),
with a width exchange also taking place. However, there is a
distinct difference: while the left flat-top soliton had a smaller
width after the collision at |vg| = 0.08, it now exhibits a larger
width after the collision.
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FIG. 7. Two flat-top solitons at very low and very high velocities.
A stationary flat-top soliton is approached by another flat-top soliton
moving with (a) vy = —0.005 and (b) vy = —0.30. Spatial domain
taken is L = 800.

IV. PERIODIC OCCURRENCE OF ELASTIC SCATTERING

We found in the previous section that a completely elastic
collision with no width exchange occurs only at a specific
value of the initial soliton speed. Attempting to find an expla-
nation for this behavior, we observe in Fig. 4(c) that flat-top
solitons do not overlap in this case of completely elastic
scattering. Invoking the well-established fact that solitons of
m-phase difference repel each other [9], we conjecture that
completely elastic collision without width exchange occurs
when the two flat-top solitons have a w-phase difference just
before their collision. In Fig. 12, this is confirmed by plotting
the phase for a completely elastic case and one inelastic case.
The present section is devoted to further proofs and conse-
quences of this conjecture.

The first test of our conjecture is to repeat the completely
elastic scattering case of Fig. 4(c) [or equivalently Fig. 12(a)],
namely with |vy| = 0.16, but with a constant phase, ¢, added
to the moving soliton. The initial profile, in this case, takes the

44.2191F (a)
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—-0.11064f
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t

FIG. 8. Time evolution of norm (a), total energy (b), and mo-
mentum (c) of the flat-top soliton shown in Fig. 7(a), showing their
conservation, within the accuracy of the numerical method.
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FIG. 9. Time evolution of the momentum of the coalesced flat-
top soliton and the associated radiation for the scattering shown in
Fig. 7(a).
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FIG. 10. Variation of the change in kinetic energy, | AKE|, and y
for three flat-top soliton collisions, each characterized by the velocity
of the moving flat-top soliton. Values of other parameters are g, =
1/2, 82 = 1, Uy = 1.

form

¥ (x,0) = Yi(x, 0) + ¥, (x, 0) €, (23)

where 1;(x, 0) is the initial profile of the left (stationary) soli-
ton, as given by Eq. (4) with + = 0 and vy = 0, and ¥, (x, 0)
is the initial profile of the right (moving) soliton, as given by
Eq. (4) with r = 0.

If our conjecture is correct, we should see the periodic
appearance of completely elastic scattering in terms of ¢g
at values of relative phase ¢y = m + 2mm, where m is an
integer. Indeed, this is what we see in Fig. 13, where a com-
pletely elastic collision is attained for ¢y = 7w and ¢y = 3.
For values of ¢y # m + 2mm, an overlap between the two
flat-top solitons occurs, and whenever there is an overlap,
there is a kinetic energy loss. It is observed that the maximum
energy loss occurs at ¢y9 =0, 2w, 47, which correspond
to in-phase solitons. It is only when the two solitons are
completely out-of-phase, ¢p = w + 2mur, that the repulsion
between the two flat-top solitons is strong enough such that
they do not overlap and thus do not lose any of their initial
kinetic energy. This connection between overlap and loss in
kinetic energy will be helpful to understand the physics un-
derlying the inelasticity, discussed in more detail in the next
section.

Additional evidence manifesting the dependence of col-
lision elasticity on the relative phase is its dependence on
the initial separation between the two flat-top solitons. Since
phase is a dynamic quantity that evolves with time, it is ex-
pected that the phase at which the two flat-top solitons meet
will be a function of the distance that the initial soliton had
to cross from the initial time until the time of the collision.
We fix the left soliton and change the initial position of the
right soliton and then calculate the kinetic energy change in
terms of the initial separation. Plotting in Fig. 14 the change
in kinetic energy in terms of the initial separation, we see the
periodic appearance of the completely elastic scattering, as an-
ticipated. The positions at which completely elastic scattering
occurs are xo = 14.7, 24.6, 34.4. The difference between any
two consecutive values of these positions, say the first two, is
about Axp & 10.0. Our conjecture that elastic collision occurs
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FIG. 11. Variation of width ratios of flat-top solitons with y from
Yo to vy for three flat-top soliton collisions, each characterized by the
velocity of the moving flat-top soliton. Here, w; and w, denote the
width ratio of the first and second solitons, respectively. (a) |vg| =
0.06, (b) |vg| = 0.16, and (c) |vg| = 0.26. Values of other parameters
areg; =1/2, g =1, uyp = 1.

when the relative phase between the two solitons equals &
plus a multiple of 2 can now be verified by explaining two
features of this curve. First, the distance between the initial
positions of any two successive elastic collisions should cor-
respond to a phase change that is a multiple of 2. Secondly,
the initial separation between the two solitons for any of
the elastic scattering cases should correspond to a m-phase
difference when the two solitons collide, plus a multiple of
27 . The phase of the incident soliton (on the right side), given
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FIG. 12. Density and phase plots of collisions between a stationary flat-top soliton and a moving flat-top soliton, respectively. (a), (b) Elastic
collision with v = 0.16, and (c), (d) inelastic collision v = 0.26. Values of other parameters are g, = 1/2, g2 =1, up = 1.

by Eq. (4), is
¢r(x, 1) = uot + vo[2(x — x0) — vot1/(481),
and the phase of the stationary soliton (on the left side) is
¢1(x, 1) = ugt.

(24)

(25)

6.0 T T T T r T

40

— KEf .-

FIG. 13. Kinetic energy after collision of two flat-top solitons
(solid blue) and their kinetic energy before collision (dashed red),
in terms of the initial relative phase, ¢y. Parameters used are g, =
1/2, & =1, up = 1, vg = —0.64, xo = 20.0.

It should be mentioned that these expressions describe almost
exactly the evolution of phase for both solitons since the
overlap between them is negligible, except just before the
collision time. Therefore, these expressions are expected to
give an accurate estimate of the relative phase between the two
solitons just before they collide. To explain the first feature,
namely the periodic appearance of elastic collision, the change
in the relative phase, A(6¢), due to a change in the position
of the right soliton, Ax,, must be a multiple of 2. Here, §¢
is defined as the relative phase

_ vo[2(x — xp) — vot ]

8¢ = ¢ (x, 1) — u(x,1) ) (26)
81
The two solitons meet at x = —x( at a time ¢t = —2x(/vp.
Their relative phase when they meet is thus
XoVo
8¢ (xo, vo) = Ty 27
81

When the initial position is changed from xp; to x(,, where x;
and x(, correspond to two elastic scattering cases, the phase
difference changes as

AX() Vo
A(S¢) = d¢(x02, vo) — §¢p(xo01, Vo) = ———,

28
20 (28)
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FIG. 14. Kinetic energy after collision of two flat-top solitons
(solid blue) and their kinetic energy before collision (dashed red), in
terms of the initial separation between flat-top solitons, for two val-
ues of the initial relative speed. Parameters used are g; = 1/2, g =
1, Uy = 1, ¢0:0

where Axg = xp» — xo;. For the first period of the curve
in Fig. 14 for |vg| = 0.64, we read off Axy = 24.6 — 14.7,
which corresponds to a phase difference, according to (28),
that equals A(d¢) = 1.008411 x 2. For the second period
with Axg = 34.4 — 24.6, the phase difference is A(¢) =
0.99822 x 2. The second feature to be confirmed is that
values of xy at minimum kinetic energy loss (peaks of the
curves) should correspond to a relative phase, 8¢, that equals
. For the present case, Eq. (27) gives 8¢ = 2.99466 x
mw, 5.01147 x w, 7.00791 x &, corresponding to peak posi-
tions at xo = 14.7, 24.6, 34.4, respectively.

For further confirmation, we repeat this calculation for a
soliton initial speed of |vg| = 0.16. In Fig. 14 for |vg| = 0.16,
the loss in kinetic energy for this case is closest to the initial
kinetic energy atxo =~ 20, 59.5, 100, which correspond to rel-
ative phases 8¢ = 1.01859 x 7, 3.03031 x &, 5.093 x 7,
respectively. Clearly, the out-of-phase condition for elastic
scattering is also verified here as well.

Initial soliton speed is another parameter that affects the
relative phase of solitons, as seen by Eq. (27). Therefore, as
an additional proof of the role of the phase, we fix the initial
soliton position and study the effect of initial soliton speed
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0.2 0.4 0.6 0.8 1.0 12 14
ool

FIG. 15. Kinetic energy after collision of two flat-top solitons
(solid blue) and their kinetic energy before collision (dashed red),
in terms of their initial relative speed, which equals the speed of the
right soliton. Inset shows the kinetic energy change. Parameters used
are g, = 1/2, & = 1, Uy = 1,)6() = 200, ¢() =0.

on elasticity. In Fig. 15, we plot kinetic energy versus initial
soliton speed, vy. Indeed, the periodic appearance of elastic
scattering occurs at speeds |vg| = 0.470, 0.785, 1.100. Equa-
tion (28) gives the phase difference in terms of the change in
the initial speed as follows:

X0 AUO

2¢1
Relative phases corresponding to the above initial soli-
ton speeds are 2.99211 x m, 4.99747 x =, 7.00282 x m,
which correspond to out-of-phase solitons and hence provide

additional evidence that elastic scattering occurs when soli-
tons are out-of-phase.

Adp) = (29)

V. ENERGY TRANSFER ANALYSIS: ORIGIN
OF INELASTICITY

Loss in the kinetic energy signifies inelasticity in soliton
scattering, as shown in Fig. 16, which corresponds to a com-
pletely inelastic scattering where the two solitons continue to
be coalesced after scattering. The reduction in the total kinetic
energy is balanced by an equal increase in the interaction
energy, such that the total energy is constant. However, this
energy transfer does not explain why the two solitons continue
to be coalesced and do not retain their state of two separate
solitons as bright solitons do after coalescence. Scattering

IR
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KE, IE, Etot

!
-
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™

=
=)
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t

FIG. 16. Kinetic energy, KE, interaction energy, IE, and total
energy, Ey, = KE + IE, including both solitons and radiation. Pa-
rameters used are gy = 1/2, g, =1, up = 1, vg = —0.64.
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TABLE II. Energy components of solitons and radiation before and after scattering.

Soliton Radiation

Energy components Initial Final Initial Final
KEcom 4.52794 2.10299 0 1.58479
KEressure 0.999485 0.464666 0 0.126536
KE 5.52793 2.56765 0 1.71133
IE -21.1096 -19.6569 0 —-0.20418
N 44.2191 41.2722 0 2.9469
Veom = ~/2KEcom/N 0.639998 0.319231 0 1.0371

of bright solitons is completely elastic, although solitons do
coalesce momentarily, and part of the kinetic energy trans-
fers to interaction energy. Bright solitons somehow have an
“internal memory” such that they retain their status before
collision of two separate solitons with exactly the same kinetic
energy. The question we try to answer here is as follows: why
does this not happen to flat-top solitons, and why do flat-top
solitons not retain their state of two separate solitons as before
scattering? As we have seen in the previous section, flat-top
soliton scatterings are always inelastic, except for cases when
the two solitons are completely out-of-phase at the moment
of scattering, where the force of repulsion is strong enough
to prevent the solitons from overlapping. Inelasticity always
occurs only when the profiles of the two solitons overlap.
So, we rephrase the above questions as follows: when two
flat-top solitons scatter, why is the reduction in the kinetic
energy, which is supposed to transfer momentarily to interac-
tion energy, not retained? Had solitons retained their original
kinetic energy, they would have the momentum to separate
after coalescence. But with a kind of “permanent” loss in the
kinetic energy, the interaction energy of the coalesced soli-
tons overcomes the kinetic energy such that the two solitons
are “locked” into this state of coalescence. The follow-up
question is, what causes this permanent loss in the kinetic
energy, and why in bright soliton scattering does it seem like
there is no such permanent loss in the kinetic energy? Our
inspection showed that the key answer to these questions is in
radiation production. Emitted radiation carries with it some
kinetic energy and momentum, which are permanently lost
from the solitons since radiation is a dispersive type of wave
and it propagates faster than solitons. Bright solitons, on the
other hand, do not emit radiation during their scattering since
they are exact solutions to a completely integrable system,
namely the fundamental NLSE, i.e., Egs. (3) and (4) with
g3 = y = 0. Integrable systems are characterized by an in-
finite number of conserved quantities. The NLSE with dual
power-law nonlinearities is not integrable and hence radiation
is always produced during the scattering of its exact solutions,
which leads to an irreversible loss in kinetic energy and hence
inelastic scattering of flat-top solitons.

To verify this explanation, we perform a detailed anal-
ysis on the energy transfers of the different energy com-
ponents. We take the specific case of y = yy = 107" —
1 corresponding to a left-moving soliton with velocity
vg = —0.64 scattered by a stationary soliton, leading to a
coalesced single soliton accompanied by radiation. The en-
ergy components of solitons and radiation are calculated

before and after scattering separately, as listed in Table II.
Before scattering, energies are calculated at the initial time.
After scattering, the energies are recorded after an evolu-
tion time sufficient to reach a steady state. Center-of-mass
kinetic energy, KE.om = 4.52794, is carried initially by the
left-moving soliton; the other soliton is initially stationary.
Total kinetic energy pressure, KEjressure = 0.999 485, is the
sum of two equal kinetic energy pressure values of the two
solitons. Total kinetic energy is the sum of these two kinetic
energy components: KEq = KEcom + KEpressure = 5.52743.
After collision, KE o reduces to 2.102 99, KEessure reduces
to 0.464 666, and thus KE,, reduces to 2.567 65. Interac-
tion energy, on the other hand, increases from —21.1096 to
—19.6569. Total kinetic energy decreases by 2.959 77 while
interaction energy increases only by 1.45270. Thus, out of
the total reduction in kinetic energy, 2.959 77, only 1.45270
transfers to interaction energy while the rest, 2.95977 —
1.45270 = 1.507 58, transfers to radiation. Examining the
Radiation column in the table, we see that a total kinetic
energy of 1.7113 is gained by radiation accompanied by
—0.204 18 interaction energy. The total energy carried by ra-
diation is thus 1.711 33 — 0.204 18 = 1.507 85, which equals
to the energy reduction by solitons’ kinetic energy. Another
important feature to point out is that most of the radiation
energy is center-of-mass kinetic energy. This shows that about
50% of the reduction in the kinetic energy of the solitons
transfers mainly to a center-of-mass kinetic energy of the
radiation. The norm of solitons reduces from 44.2191 for the
two incident solitons to 41.2722 for the coalesced solitons.
The reduction in norm equals the radiation norm, 2.9469.
The center-of-mass speed of the incident soliton is 0.64, the
center-of-mass speed of the coalesced solitons is 0.319231,
and the effective center-of-mass speed for radiation is 1.0371,
which is almost three times faster than the speed of the co-
alesced solitons. This analysis shows that a reduction in the
solitons’ kinetic energy is transferred to the center-of-mass
kinetic energy of radiation, which is never retained by the
solitons due to the dispersive nature of radiation.

It is instructive to see how the above-described picture
changes in terms of the width of the scattering solitons. To
find out, we repeat the detailed analysis of energy trans-
fer for a range of y values. We consider the range y €
[—0.95, 10~13 — 1]. For this range, the coalesced soliton is
located almost at the same position at the final time of evo-
lution. This enables us to calculate the energy components
of the soliton and radiation separately using fixed integra-
tion limits. In Fig. 17, we show that the total kinetic energy
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FIG. 17. Energy components of emitted radiation. KEy ,4: total
radiation kinetic energy, KE omr.a: center-of-mass radiation kinetic
energy, KEcqureraa: radiation kinetic energy pressure, 1E,q: radia-
tion interaction energy. Parameters used are g, = 1/2, g, = 1, up =
1, v = —0.64.

of radiation is mainly of the center-of-mass type. The ra-
diation and interaction energies are very small compared to
the center-of-mass or total energy. In Fig. 18, we plot the
difference between the final energy components of solitons
and radiation relative to the total energy. The first subfigure
shows that the kinetic energy pressure of the initial solitons
is mainly transferred to interaction energy. The second sub-
figure shows that the reduction in the center-of-mass kinetic
energy of the initial solitons transfers mainly into the form
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FIG. 18. Change in the kinetic and interaction energies of the
flat-top solitons and radiation as a result of soliton collision. Left:
mainly transfer from solitons’ kinetic energy pressure to solitons’
interaction energy. Right: mainly transfer from center-of-mass ki-
netic energy of solitons to center-of-mass kinetic energy of radiation.
Parameters used are g, = 1/2, g2 =1, up = 1, vy = —0.64.

of radiation center-of-mass kinetic energy. The latter energy
transfer is the main cause of inelasticity in flat-top soliton
collisions.

VI. VARIATIONAL CALCULATION

In this section, we perform a variational calculation that
explains the numerical results. In particular, it provides an
analytical account of the amount of radiation production, and
hence it reveals the physics underlying the degree of analytic-
ity of collisions between flat-top solitons.

The main goal of the variational calculation in this sec-
tion is to provide an analytical account for the amount of
radiation in terms of the parameters of the system. Specif-
ically, we want to confirm that the amount of radiation
increases as the width of the flat-top soliton increases, i.e.,
when y approaches —1. This should explain the above numer-
ical results, which showed that completely elastic collisions
for y =0 (bright solitons) start to increasingly lose their
elasticity as y approaches —1.

The variational calculation, in this section, is divided into
two steps. At first, we choose an ansatz function and perform a
variational calculation for a single flat-top soliton to calculate
the equilibrium ground-state energy and equilibrium width
of the soliton. The purpose of this step is to ensure that the
selected ansatz function leads to the correct static properties
as compared with those obtained from the exact solution.
In the second step, we use the same ansatz function for the
soliton in the presence of an unknown amount of radiation
background. The amplitude of the background radiation is
treated as a variational parameter, which is then determined by
minimizing the energy with respect to the amount of radiation.

A. Single flat-top soliton
1. Static case

Choosing the appropriate ansatz function representing the
profile of the flat-top soliton is a delicate step since the trial
function needs to account for the “flatness” of the top of the
soliton through an additional variational parameter. One needs
also to compromise between the accuracy of the variational re-
sults and the difficulty of calculating the relevant integrations.
In the literature, super-Gaussian is typically used [57,58],

Yup Gauss, (¥, 1) = A e\ OO0+ G0 +0) (3

where A, w, v, xo, B, ¢ are variational parameters correspond-
ing to amplitude, width, velocity, position, chirp, and phase,
respectively. The variational parameter, s, is specific for flat-
top solitons and it controls its degree of flatness. If one is
interested in only the static properties, the variational param-
eters will be independent of time; if the dynamics of the
soliton is to be obtained through the equations of motion, the
variational parameters will be time-dependent.

One may consider other forms of the ansatz function, such
as the following one constructed from tanh functions:

{tanh[d (x + w)] — tanh[d (x — w)]},
(31)

1
nh(X, ) = —/——
Vi (5. 1) = s
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where d = \/up/g1 and w is the variational width. Here, ug
is determined by the norm, N, as given by Eq. (13). Another
ansatz can be written in terms of the piecewise function

1
g |X - 'x0| < w,
1+4c (32)

priccewise (x, 1) =
0, |x — xo| > w.

While the above three ansatz functions result in accurate
estimates of the equilibrium energy and width, employing the
exact solution with a variational width and amplitude provides
another ansatz that leads to the exact width and energy. This
ansatz takes the form of the exact solution, (4), but with width,
w, and amplitude, A, added as variational parameters,

1
\/c + coshz[%(x —Xp — vot)]

x ei{ugi+vo[2(x7xo)fvnt]/(481)} (33)

_ 2u
where f = «/ P «/lo-kiy and

vx,t)=Af

JI4+y =1 2
— ). (G4
Ngd

For A = w = 1, this function becomes the exact solution (4),
which is normalized to N. Requesting the ansatz function to
be normalized to N for general A and w, we get

A= ! (35)

=7

The energy functional, (6), is then calculated using this ansatz
to give

uy = g%Nzy/(64g1tan_' |:

81

82 &3
E=1——1L— —Is——, 36
w: 2w 3w? (36)
where
) PR
d J_s \U (c+ cosh?*(x))3/2
1 00 4
14 = —'/ f—zdx, (38)
d J_« (c + cosh®(x))?
1 [e's) 6
Is = — / f—de. (39)
d J_oo (¢ + cosh*(x))?

Minimizing the energy with respect to w, the condition
dE/dw = 0 gives

4(g1l, — g3l6/3)
&1y '

The width of the soliton at half-maximum is obtained from
the condition (W) = ¢(0)/2, and this will be given by

cosh™'(v/4 4 3¢)

(40)

Wyar =

W = Wy d
81 3
=2 /=In|4+ —
Up |: JI4+y

1 6 \°
— =4+ (8 4+ —] |. 41
+2\/ +<+«/1+V>] @

which equals the width obtained from the exact solution, (5).
This confirms the accuracy of the ansatz function (33) as a
variational function to the flat-top soliton.

2. Dynamic case

For the dynamic case, we use the ansatz
A@) f
\/c + coshz[ﬁ[x — xo(t) — vo(t)t]]

x el FroORlr—xo®l—v@N+AOE—xOF/4g)] - (42)

Yx, 1) =

We have added a chirp variational parameter, S(¢), in the
phase to account for the width variations with time. The La-

grangian
Cifoy , oY*
,/_oo 2( ot ot > o (“43)

is then calculated, from which the Euler-Lagrange equa-
tions give the equations of motion for the variational
parameters:

L L
%g—m—j—)m:o — %vo(t)zo, (44)
AL AL _ o = w,  @9)
dt dvg duvy dt
AOL AL o by = fiw. Boy). (46)
dt ow dw
d oL dL

diop  dp =0—w@) = fa(w,B,y), (47)
where f3(w, 8, y) and f4(w, B, y) are rather lengthy expres-
sions and hence not shown here. The equilibrium value of w is
obtained from the last equation for w’(¢) = 0, which is iden-
tical to the result of the static case, (40). Clearly, the first two
equations of motion correspond to uniform center-of-mass
motion. The last two equations of motion give the dynamics
of width and amplitude (A = 1//w). We have verified, by
solving the equations of motion numerically, that with an
initial width not equal to the equilibrium width, the soliton
acquires breathing oscillations, while with an initial width
that equals the equilibrium width, the soliton’s width remains
constant during the time evolution.

B. Radiation production

Having established confidence in the variational ansatz
function, we use it in this section to calculate the amount
of radiation produced when two flat-top solitons scatter. The
setup is the same as above, namely two equal solitons; one is
stationary at x = —x( and another starting motion from x = xp
towards the first soliton with initial speed vy. We consider the
specific case when the two solitons coalesce and move with a
speed v.. An amount of radiation is produced after scattering,
which carries some norm, energy, and momentum. The main
goal here is to calculate the amount (norm) of radiation in
terms of y that will confirm and explain the numerical results.

The calculation is outlined as follows. We calculate the
energy, norm, and momentum of the two solitons before col-
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lision. Then we calculate the same for the coalesced solitons
after collision together with radiation. Imposing the conser-
vation of energy, norm, and momentum leads to the optimum
amount of radiation produced at a specific value of y. Good
agreement with numerical results is then obtained.

Before collision, we use the ansatz function (33) to calcu-
late the energy, which turns out to be

Ep = KEcom + 2KEpressure +1E; +1E;, (48)
where
KEcom = 81NV, (49)
A%df?
KE g1A~df

pressure — m
x (v/e(I+¢) (1 +2¢) — sinh ™' (Vc)),  (50)
QA fw

B e T opa
x [m sinh—lf—zctanh—l( 1ic>]’
(51)
B, = SAw [—3y/c(1 + o) (1 + 2¢)

C12[c(1 + 0)32d
+ [3 4 8c(1 + o)l sinh ' (1/e)]. (52)

The KEpessure term in Eq. (48) is multiplied by 2 to account
for two solitons, and the terms IE; and IE, are the interaction
energies of the cubic and quintic nonlinearities, respectively.

After collision, the two solitons coalesce and an amount of
radiation is produced. The total norm of the coalesced solitons
is less than the sum of the two norms of the solitons before
scattering, namely

N, =N, -3, (53)

where N, = 2N, with N being the norm of any of the two
equal solitons before scattering, and § is the total norm of
radiation produced after scattering.

The variational function after scattering is written as a
superposition of a soliton part and a radiation part,

Y (x, 1) = Vsoliton + Yrad- (54)

The soliton part, Vsoliton, takes the same form as that of a single
flat-top soliton, (33), but with a norm equal to N, = 2N — §
and consequently a different value of y denoted as y,,

2u,
824/ I+ Ve

Wsoliton (X, ) =

1

\/% l{:;y + cosh?[ 2 —x0 — vet)]

> ei[uﬁt+vt-(2x—v(t)/(4g1)]’ (55)

X

where

2
e = gngy/<64g,tan1[—Vl’:/_Zc_l] ) (56)

and

,, — 4’ INeyg3/81/2V3)]
© O (@n’[Nay/gs/g1/(2V/3)] — 1)

which are obtained from Eq. (34) after replacing y by y, and
N by N, and then solving for y.. The center-of-mass speed of
the coalesced soliton, v, is determined from the conservation
of momentum as follows:

Nvy = 2N = d)v,, (58)

(57)

where the left-hand side is the momentum of the two solitons
before collision—one soliton is stationary—and the right-
hand side is the momentum of the coalesced solitons. We have
ignored the momentum carried by the radiation part since it is
negligible compared to that of the solitons part.

The radiation part, 1,4, is a linear dispersive wave

Vraa = A, €70 (59)
with wave number k and frequency w, and amplitude A, =

\/g . The parameter L is the length of the spatial domain over

which the radiation part is to be integrated and gives a norm
that equals §, namely

L/2
§= / |Wraa|*dx. (60)
/2

—L

The dispersion relation for the wave number and frequency of
the radiation part is determined from the condition that ;g
is a solution to the NLSE, (3). Inserting v,g from Eq. (59) in
the NLSE, (3), this condition gives

0 = ©Ar? + g3AY — g k% (61)

Comparing our ansatz for radiation, v,g, with the exact
constant-wave (CW) solution

+g, — /&5 + 4g3uo i+ 3 2x=u0)

83

Vew(x, 1) =+

(62)

we obtain @ = uy — v3/(4g1), which upon using in (61)
leads to

k:i A2gy) + Atgs —u —i—va (63)
o\ 2 +83 — U 4g, 0
The energy of the coalesced soliton in the presence of radia-
tion should be calculated using the ansatz function (54). Since
the contribution from the overlap between the soliton part and
the radiation part is much smaller than that of the soliton or
radiation, we ignore all terms corresponding to the overlap
and thus the total energy after scattering will be approximated
by that of the coalesced soliton plus that of the radiation.
Finally, equating the energy of the two flat-top solitons before
collision, Ep, with the energy of the coalesced soliton and
radiation, and solving for §, we obtain the amount of radiation
produced. In Fig. 19, we plot the radiation norm, §, versus y
and compare the results with the numerical solution, where
good agreement is obtained. In particular, the specific case of
¥9, which was examined above numerically, is represented in
the inset of Fig. 19 by the point plotted with x. The numerical
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FIG. 19. Lower curve: Radiation norm, §. Upper curve: total
norm, 2N. Values of y range from —0.95 to y;o = 10~'° — 1. Points
correspond to the numerical calculation, and the curves are the
results of the variational calculation. The inset shows the specific
case discussed in the text, with the x corresponding to the value
of § found from the numerical simulations. Parameters used are
g1=1/2, g2=1, ug=1/2, v = —0.64.

—-0.99

solution gives a value of § = 2.99, while the variational calcu-
lation estimate is 6 = 3.1, which is in good agreement with the
numerical value. The calculation shows also that indeed, when
y approaches —1, i.e., the soliton gets deeper into the flat-top
regime, the amount of radiation increases, which increases the
inelasticity of flat-top solitons, as we found in the numerical
simulations.

VII. CONCLUSIONS AND OUTLOOK

There are three main findings in this paper: (i) While col-
lisions of flat-top solitons are in general inelastic, a regime in
the solitons’ parameter space exists such that nearly elastic
collisions occur. Although this regime is characterized by
minimal width oscillations and radiation production, a re-
markable exchange in the widths of the solitons takes place.
Such a case is shown in Figs. 4(b) and 4(f). This behavior may
find an application in optical data processing as data may be
stored in the width of the solitons. (ii). There is a periodic
occurrence of completely elastic collision between flat-top
solitons at specific values of the initial solitons’ parameters,
including their relative phase, relative speed, and separation,
as shown in Figs. 13—15. This periodic occurrence takes place
at values of the parameters such that the two solitons are
out-of-phase, i.e., their relative phase is 7, just before their
collision. In this particular case, no width exchange takes
place, no width oscillations occur, and no radiation is pro-
duced. (iii) The origin of inelasticity lies in the production
of radiation during the scattering process; part of the soli-
tons’ initial center-of-mass kinetic energy will be irreversibly
carried away by the dispersive radiation. This is verified by
Figs. 16-18, where the different components of the solitons
and radiation energies are plotted separately. We show that
most of the radiation energy is in the form of translational
kinetic energy, and a much smaller part of it is in the form of
kinetic energy pressure and interaction energy.

It is observed that coalesced solitons acquire breathinglike
oscillations. These oscillations can be understood within the

context of Ref. [51]. In this work, the potential of interaction
between two flat-top solitons is calculated and shown to be
molecular-type in terms of the separation between solitons,
i.e., there is a nonzero “bond length” where the energy is
minimum. Any initial state of two solitons with separation
slightly deviated from the equilibrium bond length undergoes
bond oscillations. Due to the considerable overlap between
the solitons, these bond oscillations resemble breathing oscil-
lations of a single soliton. The frequency of the oscillation can
be calculated analytically by linearizing in small-amplitude
oscillations around the minimum of the potential. The fre-
quency turns out to be a function of y and the norm of the
soliton, &. In the present work, the oscillations observed in
our simulations after the two colliding solitons coalesce can
be viewed as those of the two-soliton molecule. From the
variational calculation in Sec. VI, the norm of the coalesced
soliton is expressed as the total norm of the two initial solitons,
2N, minus the norm of radiation produced, §. In addition, y is
also different from that of the initial solitons. The frequency
of the coalesced soliton is thus a function of the norm of
radiation, § and y.

The main questions posed in the Introduction of this pa-
per are thus answered. Collisions of flat-top solitons can be
elastic as long as the relative phase between the two colliding
solitons equals 7. In such a case, the solitons do not overlap
at the closest approach as a result of the repulsive force.
Consequently, no production of radiation occurs and hence
total kinetic energy will be conserved indicating an elastic
scattering. The relative phase at collision can be monitored
by the initial parameters of the solitons, namely their initial
relative phase, initial relative speed, and initial separation.
When any of these initial parameters change by an amount
leading to a change in the relative phase that is a multiple
of 2w, the same scattering outcome will be obtained, which
explains the periodic appearance of elastic scattering.

Inelasticity is directly caused by the production of ra-
diation, and the production of radiation is caused by the
nonintegrability of the NLSE equation with dual power-law
nonlinearity, which is confirmed here.

On a fundamental level, we believe the present work lays
down the essentials of two theoretical investigations. First, we
investigate the link between nonintegrability and inelasticity
through the calculation of conserved quantities. One needs
to find out which physical quantity is not conserved and
is responsible for inelasticity. Our preliminary investigations
show that this quantity must be other than norm, energy, or
momentum, as these three quantities turn out to be conserved
for the NLSE with dual nonlinearities. The second investiga-
tion is a variational calculation that accounts for the intensity
of radiation and loss in the solitons’ kinetic energy. In view
of the above findings, specifically Figs. 17 and 18, the trial
function may be set up with a soliton part and a radiation part.
The variational parameters may be the amplitudes and speeds
of the soliton and radiation. These two theoretical works are
left for future investigations.

Finally, the results we found here may be useful for ap-
plications of flat-top solitons such as data carriers, where
elastic collisions are favored due to minimization of errors
[59-61]. Specifically, optical data transfer and data processing
favor elastic scattering in order to minimize errors. Data may
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be coded in the amplitude or width of the soliton. Regimes
of elastic scattering identified in this paper would be useful
in this case. In addition, the interesting regimes of nearly
elastic scattering but with considerable exchange in width
(the “nearly elastic scattering” regime in Fig. 6) would be
particularly important. Data may be coded in the ratio between

the widths of the solitons. Scattering will change this ratio.
The change depends on several parameters, including initial
separation, relative velocity, relative phase, and gamma. By
manipulating these parameters, a certain protocol may be
designed to obtain the function of operations such as logic
gates.
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